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We propose and investigate a model for the coexistence of supercondu@@tyand ferroelectricityFE)
based on the dynamical symmetrie$Zuor the (pseudospinSC sectoh(4) for the(displaced oscillatgrFE
sector and su(2yh(4) for the composite system. We assume a minimal symmetry-allowed coupling and
simplify the Hamiltonian using a double mean-field approximation. A variational coherent-state trial wave
function is used for the ground state: the energy and the relevant order parameters for SC and FE are obtained.
For positive sign of the SC-FE coupling coefficient, a nonzero value of either order parameter can suppress the
other one(FE polarization suppresses SC and vice verfhis gives some support to the “Matthias’ conjec-
ture,” that SC and FE tend to be mutually exclusive. For such a ferroelectric superconductor we predt that
the SC gap (andT,) will increase with increasing applied pressure when pressure quenches FE, as in many
ferroelectrics, andb) the FE polarizatiorjﬁ| will increase with increasing applied magnetic field upHgp,
which is equivalent to the prediction of a new type of magnetoelectric effect in a coexistent SC-FE material.
Some discussion will be given of possible relation of these results to the cuprate superconductors.
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[. INTRODUCTION AND BACKGROUND forming a trial eigenfunction analogous to the product coher-
ent state. After carrying out the variational solution, the en-
This paper concerns an investigation of coexistence oérgy spectrum and the eigenfunctions are obtained.
superconductivitfSC) and lattice ferroelectricityFE) based In Sec. VI we calculate the expectation values of the SC
on a model which expresses the dynamical symmetry undesnd FE order parameters in the ground state of the coupled
lying the physics. The model combines the dynamical symsystem. Our results for the order parameters show that the
metry of the SC and FE subsystems into that for the compresence of one nonzero order paramégeg., spontaneous
posite system. polarization tends to suppress the oth@.g. superconduc-
In Sec. Il we review the algebra of thes‘wave” pairing  tiVity) and vice versa in the case of positive sigepulsive
BCS model of a superconductor. It is well known that a©f the coupling between the two subsystems. This leads to
dynamical symmetry €@) algebra can be identified based on the predlcnon t_hat the supgrcon_ductmg critical temperature
time-reversed electron pair operators. The mean-field recan increase with pressure if FE is quenched by pressure and
duced Hamiltonian will be an element in this algebra. ByIS n agreeme.nt. W'th experiment in sodlu.m tungster! bron.ze.
rotating the Hamiltonian in the space of the generators to g\nother prediction is that the ferroelectric polarization will

“diagonal” form, the energies, the eigenfunctions, and then crease with applled magnetic f'eld.' 1_'h|s IS & new type Of.
magnetoelectric effect. These predictions are discussed in

the expectation value of the SC order parameter in thPSec. VI,
ground coherent st_ate are obtaln_ed. - . In the final section VII we discuss the results especially
I_n Sec. Il we mtrc_Jduce a simplified a!gebrayc model for the sodium tungsten bronze and doped SETégstems,
which hash(4) dynamical symmetry for a displacive ferro- 54 e suggest the relation of the present work to the mecha-
electric. It is a “displaced oscillator” model for the phonon \ism of high-temperature superconductivity in copper-oxide
soft mode whigh has.represening the soft transverse-optigyst(:),-nS as previously proposed by Peter and Wédersed
(TO) mode. This Hamiltonian can also be transformed to & the close proximity of a near-ferroelectric instability to
“diagonal” form to give the energies, the eigenfunctions, andipe superconducting transition.
the FE order parameter in its ground coherent state. e believe the model presented here offers a simple “ge-
In Sec. IV we introduce the SC-FE coupling, and we dis-peric” way to treat the two broken symmetries relevant to the
cuss interactions which will respect the gauge and inversiorﬂ,romem: for SC, broken gauge symmettie basic pair op-
symmetries that will be broken. The Hamiltonian of the com-grators do not conserve number of electjofisr FE broken
posite system, including the initially biquadratic interaction, jnyersion symmetry(spontaneous TO phonon displacement
is simplified using a “double-me:’:m-field approximation.” is not i invariany. In passing we will show later that, if
The resulting bilinear Hamiltoniaf g4 is in the direct  certain couplings vanish, our model can reduce to other,
product su(2p h(4) algebra, and appears to be the simplestvell-studied models: the Jaynes-Cummings model and the
way that the two subsymmetries can be joined. spin-phonon model. Our model is more general than either of
In Sec. V we show that although this Hamiltonian cannotthese two, and truncating our model to obtain either of them
be solved exactly, a variational solution can be found, bywould result in losing relevant physics for our case.
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Apart from interest in new models for competing phasesductor plus antiferromagnetisi8C-AFM), as well as pre-
there are several reasons for work on this problem at thisenting and analyzing a general @YU “grand unified
time. As far back as 1964, Matthias and co-worReeported  theory” (GUT) model unifying singlet and triplet supercon-
superconductivity withT; below 1 K in a sodium tungsten ductivity and charge- and spin-density-wave cooperative
bronze N@WO, with 0.1<x<1. These authors remarked effects>® Recently, ST6) and SU4) models for multicritical
that the host crystals are isomorphit x=1) to barium superconductor-antiferromagnetic behavior in the _high-
titanate, so that it is “probable that they are also ferroelectrictemperature superconductors have a|508£3999” studied by
in the sense of developing a polar axis, similar again to teZhang and Demler, Guidrgt al., and others™
BaTiO; and WQ,.” Matthias® and Matthias and Wodchad
confirmed the polar state for the sodium tungsten bronzes Il. SU(2) PSEUDOSPIN MODEL FOR A
which they studied. Subsequent work of Abrahaetsal? SUPERCONDUCTOR

and others has also reported on the structural phase transi- The BCS theorv for superconductors can be convenientl
tions and the development of a polar axis in many of these .. . y Up . ) y
eﬁltomlzed at a mean-field level by introducing the pseu-

compounds. The doped tungsten bronzes have aiso be%ospin sii2) algebra of the fermion pair operatofs.>3Since
studied as examples of the Mott and metal-insulator, . " . . ‘ .
this is well known, here we briefly summarize the material

transitions’ In undoped WQ, five phase transitions have needed for later reference. Some more notational and other
been identified: at 40, 65, 130, 220, and 268 Kand most details are given in Appendix C.

recently such transitions were studied by Aird and Sklje. In the dynamical symmetry &) model for a supercon-

Several re_cent repprts of high-temperature superconducnwt&uctor we take the Hamiltonian in a reduced mean-field ap-
T.~90 K in a sodium tungsten bronze NaWO; systend eproximation as

added considerable new stimulous for this work, since w
can suppose that the system is in a polar state at the super- R R
conducting temperature, which allows ferroelectricity. HSC=E hy, D
It is worth recalling, too, that SC-FE coexistence and K
competition played a role in motivating the work of Bednorz yith the Hamiltonian at sectdt given as
and Mullet!® on the high-temperature cuprate superconduct-
ors. Even earlier, work on the “old” superconductors@w he=— 264 skt 2A1] o+ 26 . 2
structure like \4Si,Nb;Sn, etc., wherd .~23 K and a mar-
tensitic phase transition occurs in the same temperaturgdere €, is the single-electron energy, wiy= € =€y,
range, gave rise to investigations on the possibility of aandA, is the pairing(“gap”) energy. The dynamical sym-
“ferroelectric metal” or a “polar metal” and thus to the metry or spectrum generating algebra for eﬁgms su(2).,
study of SC-FE coexistencé:*® so the SGA of the entire Hamiltonian &, su(2).. When it
A number of theoretical papers have already discussedauses no confusion we drop the index
microscopic models for the effect of lattice instability on  1pe su2) pseudospin operatofgk obey
supercorg}dtljsctivity in the sodium tungsten bronze
systgmsl. These papers have illuminated many aspects of [okodaid - =i€paqrirk,  Where (p,q,r)=(1,23, (3
the interplay between the structural deformations, such as
rotation of gnderlying octahedaral units and COUpling Wlthand eacl"ipk is a bilinear in the fermion Operato(see Ap_
electron pairs. The present work looks at the same probIerBendiX 0. When allA, =0, eachh, is the Hamiltonian for

?f the coexistence .Of SCl ar;)d Fgé;c:m a dyn?mical alﬁg k;)]ra %ree electrons and the total wave function in the ground state
spectrum generating algebre( ) point of view, whic is simply the product of individual creation operators acting

corgplgme?téct:hgée deta'IEd modeli.l b | on the vacuum state for th&t The filled Fermi sea is the
tudy o -FE coexistence problems can be relevant t?nany-electron ground state or the “disordered” state, de-

recent work by Weger and collaboratbf®n the mechanism A .
of high-temperature superconductivity in the cuprates. In thaﬁ10tecj|0> =Ilatgat-|0). ForA,#0 the ground state is

work the presence of a nearby FE instability close to the S@btained at eack by rotatingh, about thej,, axis by the
transition is related to the anomalously large ionic dielectric@ngle 6y, =tan *(A,/€) so that the transformed Hamil-
coefficient in the cuprates, which reduces the electrontonian will be parallel to the s, axis.
electron repulsion and can then lead to an enhanced net The rotation operator is given by
electron-electron attraction, producing higfigr.

The present work also relates to earlier dynamical sym- Ue=exp(i 61 1), (4)
metry investigations by Birman and Solondr’ for sys-
tems with multicritical behavior involving superconductivity SO that
and charge and spin density waves. Based on the mean-field S .
models which had earlier been used to investigate hi=0:h 07 " =Ej . )
superonductor-charge  density waves superconductor- a R ) ) )
antiferromagnetic coexistence, these papers were the first foW h, is directed along 3, and its eigenvalue is
introduce models with S6)-SQ5) symmetry for supercon-
ductor plus charge density wavé8C-CDW) and supercon- Ex= VA + €. (6)
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The key ingredient needed in order to discuss a phasg ). We will assume that only a small region in tkespace

transition is the order operatéfsc for superconductivity. A
natural choice is the real part of the pair operator, ige

softens, and we can take that to be niear0. Thus we con-
sider a homogeneous ferroelectric material, and we neglect

=], Then, the order parameter in a state is the expectatiohE density waves or stripes which may occukif 0. The
value of that order operator in that state. We single out twcs0ft mode will be represented by a harmonic oscillator.

states: the disordered stdt# ;) =|0) and the ordered state

In the presence of spontaneous polarizaﬂfbna macro-

|Wora). Using the identifications given above for each of scopic self-electric fielE arises, giving an energy propor-

these states , depending on whethgr=0 or #0, we have
nsc=0 or psc#0, respectively. We can go further. When
A#0, the ordered state is|¥q.g)=1Ik|orak)
=11,U7,}/jm) where|jm) is the ususal eigenstate of(8)
(for details see Appendix )CThen, in the ordered state we
have

nsc= {2 0 (7
=(im|04j207 *|jm) ®
=(jm|(] 2c0S0; + ] gisin 6;)|jm) 9
=msiné, (10

or
Nsc= mAk/Jm- (13)

The lowest(ground-statgenergy occurs whem= —1/2 and
the order parametémsd # 0 in this state.

The stategy,)=U;*|jm) and, in particular, the ground

tional toE - P.*® The fieldE is the internal transverse electric

field generated by the transverse polarization. The origin of
the latter is the frozen TO mode. Translating this self-term
into the language of our problem we shall write this energy

term asy,£(B}+By), wherey; is a coupling constant we
shall take as positive.

We then take as our model for the ferroelectric sector of
the Hamiltonian the sum of the harmonic oscillator term for
the soft mode, plus the energy due to the self-field coupled to
the polarization; higher-order anharmonic terms are omitted.
In second-quantized form this Hamiltonian is

Hee= wro(BiBo+1/2) + y,E(BL+By). (13

The frequency of the soft TO mode ésrg, we takey; as a
positive constant, anél is the magnitude oE. We immedi-
ately recognizéd - as a “displaced oscillator” Hamiltonian
for the soft mode, including coupling to the self-macroscopic
field.

Before proceeding, note that the theory of ferroelectricity
for soft-mode perovskitelike systems has a long history. Mi-

state| ) are su2) coherent states in accordance with thecroscopic models including anharmonic terms in the Hamil-

usual definitions*~3’ Globally the symmetry of the total

HamiltonianH, which is® su(2),, gives a total wave func-
tion of the ground state which is the global coherent state

|‘I’Bcs>:1;[ | ) (12

tonian followed the original work of Cochrdh and
Andersori® who proposed the “soft-mode” model. The mod-
els were carefully analyzed by Cochré&hCowley*® Bruce

and Cowley?® and others. Soon after experimental work on
the doped tungsten bronzes was reported, several detailed
theoretical papers appeared giving various microscopic mod-
els for the interplay between SC and FE and also related to

The steps used in this section will be used again belowthe metal-insulator transition in these materfal$®'6~%nd

Namely, we (a) identify the dynamical symmetry of the
Hamiltonian chosen(b) diagonalize the Hamiltonian, thus
obtaining the ground- and excited-state eigenfuncti@mus

herent statesand energies, an@) evaluate the expectation

active study continues to the preséht.

Now we briefly comment about the soft mode. In the
context of a traditional soft-mode displacive ferroelectric
such as a perovskite like BaTi(or a tungsten bronze like

of the relevant order operator in the appropriate state to givé,WOj3 the soft mode can exhibit a typical temperature de-

the order parameter.

Ill. ALGEBRA h(4) FOR A DISPLACIVE
FERROELECTRIC SOFT MODE

pendence such as

w2,=Q(T-To)l, (14)

with () a constant and; the FE transition temperature. On

Ferroelectricity in perovskitelike systems is due to a “softthe other hand, in their very recent investigations on the
phonon” transverse optic lattice mode resulting from ionicmechanism of high-temperature superconductivity in the cu-

displacements that break inversion symmé&ti/* When

prates, Weger and collaboratdrs$have examined quantita-

these displacements are “frozen” by higher-order anhartively how the electron-phonon and electron-electron inter-
monic terms stabilizing a distorted structure, a macroscopi@ctions are affected by the medium itself having a high

FE poIarizationI3 arises; the magnitud|e5| is proportional

lattice-induced dielectric coefficient. For example, values of

to the expectation value of the frozen soft mode amplitudef(@)~50 or more foro=10 meV in Lg_,Sr,CuO, and

(60>. Here(SO is the operator of the normal coordinate dis-

placement for the soft mod@.In terms of the harmonic os-
cillator boson operator,, B} of the soft modeQy~ (B

YBCO were recently measuré®?® As noted by these au-
thors, the relevant soft-mode TO phonon is governed by the
Lyddane-Sachs-Telle(LST) relatiorf? which for a single
pair of LO and TO modes is
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JOSEPH L. BIRMAN AND MEIR WEGER PHYSICAL REVIEW B54 174503

e(w)= E(oo)(wZ—wEO)/(wZ_w%). (15) If, further, we identify the magnitude of the order param-
eter with the macroscopic polarization, we have
Here e(«) is the high-frequency dielectric coefficient and
w o710 are the characteristic phonon frequencies. This | 7eel :||5| = (27,6 w1o- (24)
single-mode expression works well for tbeaxis component
of the modes in both La ,Sr,CuQ, and YBCO. In our work  Although the fieldE is a self-field due to the spontaneous
we will not use the explicit expression given in E@4), but  polarization, we may treat this expression as defining a mac-
we shall make contact with the idea that the dielectric coefroscopic dielectric susceptibility, given as(=(|I5|/5)
ficient at low frequencies is very large, which is related to the=2(y, / wtp). For a soft mode witlwo— 0 (for example, as
“near ferroelectric instability.” T—T.) the susceptibilityy will become very large. This
We return to the Hamiltonian for the ferroelectric sector,interpretation agrees with what one would expect of a ferro-
Hee. It is well knowr?”%%% that the “displaced oscillator ~€lectric or “near-ferroelectric” transition. Higher-order terms
Hamiltonian” can be transformed by the unitary operator ~ Will stabilize the system and prevent actual divergence.
While the soft-mode displaced oscillator Hamiltonian is a

U,=exd &(Bi—Bo)1, (16)  very sirpplified version of the true state of affairs, this Hamil-

_ . . tonian Hgg captures the physics of the FE sector for our
which displaces the oscillator Bose operators as purposes in this paper. Namely, this Hamiltonian exhibits the
n At At FE displacement of the oscillator, which breaks a preexisting
U2BoU, "=Bg+ &o. (17 inversion symmetry and gives the enhanced dielectric sus-

ceptibility in a simple algebraid(4) setting. To include
higher-order anharmonic or coupled terms could make the
model more realistic, but would depart from our algebraic
framework.

Just as we do not expect the(3uSC model to be a
o microscopic model which can give all the features of super-
=[w1o(B{Bo+1/2) — (y1£)% wo]. (19 conductivity, so theh(4) FE model does not claim to be a

. microscopic model incorporating interactions needed to ex-
This transformed oscillator Hamiltonian ¢ is shifted to a plain all properties of ferroelectric media.

new minimum, but retains the same excitation frequengy

as the original oscillator. . . IV. INTERACTION TERMS: DOUBLE-MEAN-FIELD
We seek the eigenstate®) of the original Hamiltonian APPROXIMATION

We take the simplest case witly real, and by choosing,
=(— y,&lwto), we obtain the transformed Hamiltonian as

Hie=UoHpel5 ! (18)

Hee|®)=W|®). (20) A. Interaction terms

) ) ) . ) To procede we need the total Hamiltonian which we take
Transforming this equation by the operatdy and continu-
ing as in Sec. I, we find the eigenvalues and eigenfunctions

as

H=Hsc+Hee+Hint. (25
W= (n+1/2) = (y1£)? 21 . .
n=t )~ (&) e @1 We will take Hgc andH g as before, and now we turn to
and H,nt. For the Hamiltonian to be translation invarignthe
R o interaction term must match the wave vectors of the soft-
|®)y=U0,ny=exp{ —[£(Bi—Bo)1}|n), (220 mode phonon and the Cooper pairs. Since the center-of-mass

i . momentum of the pairs vanishes, we will directly couple the
where|n) is a number eigenstate of the phonon number opy — g |attice soft mode and the electron pairs.
eratorNg=B{Bo. Thgssltatdfb) is a Glauber coherent staté |y order to find the form ofi,yr in our algebraic frame-
for the FE oscillator” work, we need to use the basic operators in the SC and FE

A natural choice of the order operator for the FE polar-sectors, and combine them in an invariant fashion. It is natu-
ization is the coordinate operat®, or (B}+By). Thus ral to be guided by general prescriptions used in the Landau
nre~Qo~ (B} +By). Clearly, in the statén), i.e.,| W 4is), of approach’® and especially in Ginzburg-Landd®L) theory
the free phonon the expectation value of this order operatdPr competing order parameters. Here, for competing ferro-
is zero:(n|Qo|n)=O, meaning no spontaneous polarization.eleCtriCty and superconductivi}y, the order parameters are the
But in the Glauber coherent sta@), which is|¥,,,), we  Spontaneous FE polarizatigi®| and the superconducting
have a nonzero value of the order parameter as the following@P A respectively. It is required, in GL theory, that every

argument shows: term in the free energy shall be a scalar invariant under the
relevant symmetry group, which in the present work is the

7]FE:<(I)|QO|(I)>:<n|U2_l(B(§+ Bo)Usln) direct prodyct of thg configuration space symmetry group of

the crystalline medium and the gauge group of the unbroken

=2&0=—2(y1E)] w1g. (23 many-electron sector. We take the TO phonon in a prototype
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paraelectric crystal coupled to as-tvave” SC complex gap where the SC current operator would have the form
parameter. For example, take the prototype systems to be

V\_/03 or perovskitelike, with cubic symmetry in the parael_ec- jscz (—ie*hi2m)[¢* Vi— gV * ) — (e* 2/mc)| ¢|2A,

tric and nonsuperconducting phases. The TO phonon will be (29
split off from a I'(15) or other three-dimensional ) ) i )
representatiof? In the homogeneous approximation where Wheree* is the SC pair charge anilis the vector potential.
the order parameters are uniform, the free energy density ¢ff the London approximatiodsc~nscA wherensc is the

the system will be of the form superconducting electron density aWdk A=h, with h the
local magnetic field. Such a term which we can also write
SF=a|P|2+ (b/4)|P|*+ a|A|2+ BIA|A|*+ k12| A|2|P|2. proportional toPrg-A would be symmetry allowed in the

(26) correct geometrylower than cubic and with preexisting bro-
' ~ keni symmetry. It would be linear in the transverse polar-
In such a GL theory, the lowest-order, “generic” coupling ization. We could rewrite this term to bring it to the form of
between superconductiny and the ferroelectri® will be a  the operators of our model if we further takgc propor-
biquadratic term of the form proportional t§A|2P?), i.e.,  tional to the number of pairs, &bib,, and then express
the last term inSF above. This is the lowest-order term these in terms of th;;lzof the SC sector, whil® would be
which satisfies gauge and parity symmetry requirements. iven in terms of the Bose creation and annihilation opera-
similar ch'- t.hﬁory \I/vas analyzec:éby Liu and Fisfétmry, tors B} andB,, respectively. However, since these terms are
and Yurkevich, Rolov, and Stani€jand is dlscusse7d N tXS |inear inP and refer to preexistent broken inversion symme-
such as that by Vonsovsky, Izyumov, and Kurmae# rich try, we do not include them here
phase diagram can result, depending on the relative magni=" o microscopic theory of the electron—soft-ferroelectric-
“!des and_ signs of the coefﬂments_of q“"’.‘dfa“‘:' quartic, a.nﬂwode(TO phonon interaction was studied by Epifanov, Le-
biquadratic terms. A case of particular interest to us W'"vanyuk and Levanyul® They point out that in the con-
occur for *antagonistic” order parameters for whioh is  n,um approximation there is no transverse optic phonon to

positive. It is then possible to have four distinct stable re-alectron coupling because the TO mode does not induce a

gions in the phase diagram, including one for which there 'S‘macroscopic" electric field. By contrast, a longitudinal

coexistence of nonzerd and nonzeroP. Although our o6 will give such a macroscopic field through the effec-
Hamiltonian will not contain terms of the fourth degree like .. - . .
tive charge: V-P=—4mp, where p, is an effective

[P|* or |A]%, we will carry over the positive sign of the A . ! .
coupling constant denotegh below, corresponding ta. Y SR S8 FATIER B B S0 B8, SRS e
We need to translate this coupling term into the operator§ T coupiing
electron to the local internal electric field due to the TO

of our model. Thus we we must add to the free Hamiltonian~. ; . .
displacement. Taking the effective mass approximatiom,

HsctHee the interaction term, in which we use the corre- meaningful continuum approximation can be, and was, de-

spondencefA|?~(],)? and P?~Qj so that fined for the electron—soft-TO-mode interaction and is dis-
. o o at cussed in Epifanoet al®®
Hint=72(12)(Q%) = 72(13) (Bo+ Bo)*. (27 In very recent work Fay and Wed&rdiscuss the renor-

We takev.. which corresponds ta- to be a positive cou- malization of the electron-phonon vertex in media with large
. Y2 . P 2 PO dielectric constant near the ferroelectric phase transition.
pling constant, as discussed above, in order to implement the

“antagonism” of the two ordering fields. In principle both a ) o

microscopic theory of the basic interaction and comparison B. Double-mean-field approximation

with experiment(see below in Sec. Viwill be needed in Assume now that the system is in a stai such that the
order to decide on the sign of, for a particular system. eProduct of the squares of the fluctuations of the operatprs

It should also be noted that if the initial paraelectric phas A . o~
is of lower symmetry than cubic, a term of lower degree, fora"dQ evaluated in that state can be neglected. Thus ahd

example,|A|?P could occur. This would preserve gauge in- B are such operators, and we write
variance and use the componentRtransforming like the I -
identity representation of the paraelectric group. Another A=[A=(AY]+(A)=5A+(A) (30)

manner in which a coupling linear iR might arise uses the and similarly forB; then, neglecting((SA)2>X(((SB)Z), we

fact that the soft-mode displacement and the associated fe”9v’il| have

electric poIarizationlA3 are transverse in the “long-wave”

limit.*? So in order to couple t&® we should seek a trans- A2B2~ (2A(A)— (A)?)(2B(B)— (B?)). (31)
verse field operator associated with the superconductive sec-

tor. A natural candidate is the operator for the transversépplying this to the biquadratic interaction term we obtain
superconducting current. Such a coupling term could have

the form Hint~15(B+Bo)2~4AP]»(B{+Bo)

Ayt~ Pre-Jsc, (28) —2AP?%),—2PA?%(Bl+Bg)+A%P%. (32
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Our double-mean-field approximatidbMFA) yields a bi- coupled to a two-level “pseudospin” atom. We obtain the
linear effective interaction terf,Q, and it renormalizes the Jaynes-Cummings model by taking’=0 andI';=0, in
coefficients of the SC pairing tery and of the linear self- Howmra, and if we write

term in Q and in addition there is an energy shift term pro-
portional to|A|?P2. In Appendix A we examine the validity
of the DMFA using the variationally determined wave func-

1,=(12) (g, +0_)=(1/12)(b"+b), (36)

where on the right-hand side tihé andb refer to the elec-

tions. ~ o
Recapitulating, we assume that initially we have thel™on Pair operators and in the bilinear coupling tefpiB,
Hamiltonian +By), and if we retain only the “energy-conserving” inter-
action, we obtain
H=—-23 (jact 2020+ 0o(Ng+ 1/2)+ 7,£(Bf + Bo) (o, Byt o BY). (37)
This is the rotating wave approximatio(RWA) to the
+ Ek: 72k(]§k)(ég+ [3,0)2_ (33 Jaynes-Cummings model. However, we cannot make this ap-

proximation for the SC-FE problem, that is, for d@leFA,

as we will lose essential physics of our problem; a similar
point was made in the review of Leggettal®® on the spin-
phonon problem.

The bare coefficientA and vy, refer to the prototype super-
conductor and the prototype ferroelectric apdis the initial

pair—TO-mode coupling coefficient. After making the
double-mean-field approximation and isolating a single

modek, we have the effective Hamiltonian at mokén the V. VARIATIONAL “COHERENT-STATE"
DMEA: EIGENFUNCTION

A A A A o In order to obtain the ground state eigenfunction and ei-
Homra= —2€]3+2A" [+ wo(Ng+1/2) +T 1 (B{+Bo) genvalue of our modefpyra, We will use a variational
procedure based on the su@h(4) symmetry. Recall that

° BTLA 272
+12j2(BotBo) +v2P7A”. (34 Wwheny,=0 the uncoupled Hamiltonian at modtds

The renormalized coefficients atg andI'; ,. This will be
our working Hamiltonian. It includes the SC and FE proto-
type systems and their coupling via the soft-mode oscillatoRecall that this Hamiltonian is “diagonalized” by the prod-
couhpled ”t0 tL]e pSEL;dOSDIT pairing Hamhlltoman.l Note ”I‘atuct of two unitary transformations previously denoted
technically, the initial Hamiltonian is in the “enveloping al- -0.0 - _

; . . =U,U, where the parameterg;=tan “(A)/e and &=
gebra® of su(2)ph(4) because of the biquadratic terms, (= y1/wg) are the definite values obtained in Secs. Il and IIl.

while Hpyra is an element in the direct product algebraThe resulting total state of the system without interaction,
su(2)®h(4). Extensions of our model to include various 1w)y=0;Yjm)0;Yn), is a coherent state which is the

iFIIIg)hZ:g rdg;b%rgs i(r:@ogri)rl—mgi;h?e?nﬁgn\?vﬂlrgz(i?}?;ggogllscé- product of the coherent state of the pseudospi@)saigebra

Wyhere P pifpair-p for the SC sector times the Glauber coherent state for the
' ) o N h(4) algebra for the FE sector.

_ The values of the renormalized coefficient$igx are, For our coupled g at modek we introduce an analo-

in terms of the original coefficients, gous trial variational coherent stat¢CS) which is the prod-

uct of two “coherentlike” states and is denotéd ,):

ﬂ:ﬁSC+|:|FE' (38)

A'=A(1—y,P?),
, [W,)=Vjm)|n)=V*im)V; Y n), (39)
[1=v,E-2(y,PAY),
where
I',=4vy,. 35 A A ~ ~ ~
27772 (35 Vi=expifj,), Vo=exd&(Bi—Boy)]l, (40)

When y,—0, we recover the sum of two separate Sectorsy,;t oy the parameterg and ¢ are variational unknowns.

for SC and FE. The kets|jm) and|n) are as in Secs. Il and Ill. We now

Our working modelHpyra reduces to two other well- define the energy in statgl,) as the diagonal value of
known models in certain limits: the “Jaynes-Cummings Fipuea in the variational coherent stat@, ),

modef! and the “spin-phonon” modéi®®3 The single-mode
“spin-boson” or “spin-phonon” model arises iA'=0 and " _
I';=0. Like our model, the spin-boson problem is not ex- (¥olHomeal ¥ o) =Emn(.6), (41)
actly soluble, but there has been much literature on it, includand we determin® and ¢ from

ing very recent work. Another related model is the single-

mode “Jaynes-Cummings” model for a photofibosor) IEmn/d60=0 and JE,,/9&=0. (42
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The evaluation ofEn, is particularly simple since the As a check we verified that in the absenceryft, both
only nonzero contributions to the diagonal value are from theyrder parameters;Y©S revert to their values for the un-

matrix elements of the operatofg,Ng, and the constant.
These enter as

Cajs+ woNg+Co, (43
where
C3=(2ecosfH+2A'sinf+2I',£sin6h) (44)
and
Co=wo(E2+1/2)+ 2T £+ T Hé. (45)
Hence,
Emn(6,6)=mCs+nwo+Co, (46)
and from this we have
tang=—(A'le)—(&T,)l e (47
and
E=—T1/wg—m(I',siN0)/ wg. (49

As a check of these results we verify that)if=0, then

— 6, and é— &, of Secs. Il and I, withH7=0. Correc-
tions to the expressions f@rand ¢ are bilinear or quadratic
in the coupling constant&’, 'y, andI", and are not consid-
ered here.

VI. PHYSICAL CONSEQUENCES, AND PREDICTIONS

A. Energy and order parameters

coupled systems with'— A and £é— &,.

Keeping terms up to second degredimndP we find the
order parameters in the coexisting phase. For the SC order
parameter,

786>=ns(1— 72P?) (53
or
AVES=A(1-y,P?). (54)
For the FE order parameter,
nre = nee(1—7,A2) (55
or
PYCS=PO(1—y,|A ). (56)

In writing the above we identified the order parameters
evaluated in the coexisting state with superscripts VCS, and
we used superscipts 0 for the gap and polarization values
with y,=0, e.g.,A? and P°, respectively, and we expressed
the final results using the bare coupling parametgiinstead

of I',.

At this point it is necessary to emphasize again that the
sign of the parametey, is not fixed by any symmetry argu-
ment, but must be determined from some microscopic con-
siderations and comparison to experiments. As we pointed
out in Sec. IV above, we have taken positive in order to
implement the competition between the two types of order.
With this sign taken, we immediately conclude that the pres-
ence of one nonzero order parameter will tend to supress the
other one. Thus our model supports the “Matthias

There are some immediate physical consequences of thenjecture,® which we quote here: “Ferroelectricity seems
previous results. First, consider the values of the SC and FB exclude superconductivity more rigorously than ferromag-

order parameters in the coherent s{alfg), where the varia-

tional parameterg and¢ take on the values just determined.

For the SC order parameter we have
78eo=(W, |12/ W,)=(imK(n| Vi,V jm)[n)
=(jm|(j,cos6—]zsin@)|jm)=—msing (49
or

NeSS=m(A' e+ Tyl e)l[1+ (A"l e+ T 1 €)?]Y2,

(50)
For the FE order parameter,
re o= (V,|(B§+Bo)[W,)
=(im[(n[V(Bg+Bo)V ™ Hjm)|n)
=(n|BJ+By+2¢ny=2¢ (51)
or
e =2[-T1/wg—Ty(1-msind)|/wy. (52

netism seems to exclude superconductivity.” We take the
conjecture in a weaker sense for both coexisting supercon-
ductivity and ferromagnetism and for superconductivity and
ferroelectricity. Namely, in both cases there is an “adver-
sarial tendency,” rather than some selection rule prohibiting
coexistence. Since Matthias’ statement, numerous examples
of SC-FM and SC-AFM coexistence and competition have
been found experimentally and studied theoretically. And as
pointed out in the Introduction, examples of the SC-FE co-
existence are known in perovskite-type systems and in
alkalie-tungsten-bronze doped systems. Older work on the
B—W systems has considered superconductivity in “polar
metals;” some examples are given in Refs. 12-14,15,67,65.
Returning to our results, in the pseudospin model of pure
superconductivity, the excitation energy at e&dh given by
E = [e2+AZ]*2 In our model,Hpyra, the coupling, will
renormalize the gap parametkrto A’. So as a first approxi-
mation we can estimate the renormalized SC sector excita-
tion energy and gap order parameter as

E'=[eg+ (207

A'=A(1-y,P?), (57)
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or It is tempting to attribute this as confirmation of our predic-
tion above. But no direct measurement of change of polar-
E'=E—(y,A%P?)/E*+0(A?PY). (58) ization with pressurer was made. We encourage the mea-
o ] ] - surement of the pressure-dependent ferroelectric polarization
The excitation energf’ is smaller in the presence &t p( ) in these tungsten bronze systems, which will enable a
#0, and the “SC gap;"A’ is also smaller thar. test of our prediction.

Similarly we note that the renormalized parameler We need also to recall other factors affecting the pressure
causes a shift of the2m|n|mum potential energy of the FEjependence of the gap aiid of superconductors. It is well
oscillator from —(y,E%/wo) 10 —(¥1E—2y,PA%)*/wg OF  knowr?” that a pure superconductor will exhibit pressure de-
N_(71E2/“’0)_+47172EPA2/?’0- Thus there is a smaller pendence off, due to a number of factor€a) shift of the
downward shift of the_ poten_tlal energy of the FE oscillator pgrmi level under pressure, thus modifying the density of
and a less stable minimum in the FE sector. electron states at the Fermi levé) change of phonon fre-

Now consider the energlinn(6,£) for which we have  guency under pressure, aful effects of pressure on defects,

to mention some factor¢éAdditonal complexity is exhibited,
Enmn=MCs;+nwy+Cy. 59 for example, in \Si, where hydrostatic pressure and
We can identify the SC contribution a®mC,, with m=  uniaxial pressure in thgl11] direction give positive coeffi-
(+1/2,0), which includes some FE admixture. Alsa ( Ccients, while u.n|.aX|eng pressure in th00] direction gives a
+1/2)— €2/ w, is the FE oscillator part, including some SC negative coefficient®) It is not 5|mpl_e_ to separate these ef-
admixture. Such a separation is certainly not strict as thdeCts, although for some specific cases theory was

renormalized coupling constants’, T';, andT", involve all developed****“"Also it is well known that even in the
the interactions. very well-studied class oAB3; A-15 or 8-W compounds, the

sign of the pressure effect of, can be either positive or

negative for different materials, with “no apparent

universality.”’

Some experimental predictions follow from these results. For theK and Rb tungsten bronzes the meastftsitn of
the slope of the pressure dependenc& ois negative; how-

B. Experimental predictions

1. Pressure effect on T ever, these materials have different crystal structures. As far
From as we can determine, there is no report of pressure effect on
T, for the materials used by Reich and co-workers, i.e. so-

AVCS=A%(1— y,P?), (60) dium tungsten bronzes witk~ 0.05.

To summarize, the available experiments on the older so-
we can use the BCS result that JgZ.=2A. We identify  djum tungsten bronze materials of Matthias §fmgree with
A°~T? as the “gap” or transition temperature when there isour prediction. If the effect of pressure on the “pure” super-
no FE. conducting gagino FE presentA® is small, then the experi-

According to this result, the SC order parameter in thements support the assumption th@>0 in our model
coexisting state, i.e., the “gapAV®S, is decreased from®  Hamiltonian.
by nonzeroP. So reducingP should increase the gap and
thus our prediction thaf, should increase @ decreases. In 2. Magnetic field enhancement of the ferroelectric polarization:
order to test this prediction, we need a means of reduing A nonreciprocal magnetoelectric effect
by some applied field. Turn now to the FE order parametey <>, which is the
For most perovskite ferroelectrics, application (@bsi-  spontaneus FE polarization. Using
tive) hydrostatic pressure will decreaseP.*! ThusdP/d
<0, where is the applied hydrostatic pressure. If, further PVCS=pPO(1—y,|A|?), (63)

we assume that the effect of pressure on the bare(\gip 0: . , .
no FE presentis small, i.e.dA%d=~0, then it is clear that whereP” is the “bare” FE polarization in the absence of SC.

for y,>0 anddP/dw<0 we would have as one testable FO" ¥2>0, P is decreased by the presencebf+0. Hence,

consequence of the above result: the FE polarization should increase/ss decreased. Appli-
cation of magnetic field will decreag¥, ultimately to zero at
dT./dm>0. (61) H., the thermodynamic field. Hence we predict
Experimentally, the pressure dependencd ofn several dP/dH>0, H<H.. (64)

alkalie tungsten bronzes has been meastft@f. particular ) ) )
interest for us are the sodium tungsten bronze family in Ve are unaware of any experiments testing the predicted
which we distinguished the materials used by Matthias andncrease of the ferroelectric polarizati®nwith applied mag-
others, with 0.&x=<1, and the newer materials of Reich and netic field for the sodium tungsten bronze samples of Mat-
co-worker§ with x~0.05. For the “Matthias-type” sodium thias type 0.kx<1.0 used either by Matthias and

tungsten bronze Ng4aWOs,, it was found that co-worker$ or by Bloom et al®® Nor have we found any
reports of such measurements on other SC-FE materials,
dT./dm~+1.7x107%° K/bar. (62 such as doped SrTiQor the newer sodium tungsten bronzes.
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Our prediction of a change of the spontaneous polariza- The physical idea motivating the present work is that the
tion with applied magnetic field due to quenching of the superconducting and ferroelectric transitions are close to one
superconductivity is a prediction of a new type of magneto-another at a multicritical point. As we know from Ginzburg-
electric (ME) effect or, more precisely, a magnetopolariza-Landau theory and renormalization group theories of such
tion effect, since multicritical behavior, each transition will renormalize the

other. A simple example of this is that our DMFA renormal-

dP/dH#0 (65) izes the “bare” coupling constanfsee Eq.(35)], and leads

to shifts in the two order parametdisee Eqs(60) and(63)]
signifies the magnetopolarization efffect in the coexistanfrom bare values. Hence the frustration, or reduction, of one
SC+FE system. The usual magnetoelectric effect, predictedrder parameter will enhance the other. This is consistent
by Landau and LifshitZ? and first discussed for @03 by  with the weaker form of the Matthias conjecture on the mu-
Dzyaloshinsky’ is a property of materials which are usually tually antagonistic effects of superconductivity and ferroelec-
ferromagnetic or antiferromagnetic, whose total symmetrytricity as shown earlier in this paper. Matthias was led to this
group includes composite antiunitary operations which willstatement in part by his work on the sodium tungsten
be broken such as rotation and reflectioninversion) com-  pronzes. The new work by Reich and co-workers on the
bined with time reversal. Our coexistent SC-FE systemsodium tungsten bronzéim a different sodium composition
breaks inversion plus gauge symmetry. Adding the appliedangé reopens interest in the particular questions related to
magnetic field to quench superconductivity breaks time rethe superconducting-ferroelectric competition. We hope that
versal® and places the SC-FE in the presence of an externgur predictions in this paper and elsewhere on
B field in a symmetry class for the ME effe®’* electrodynamic® will stimulate further experimental work

Thus a material in the coexistent superconductingon these known coexistent systems including the titanate and
ferroelectric state, in the presence of an applied externdironze systems.
magnetic field, will exhibit broken inversion plus time rever- ~ Now we turn to possible relevance of this scenario to the
sal and broken gauge symmetries. Hence our new magnetbigh-temperature cuprates. As was noted by Peter and
polarization effect is allowed. If we now use one of Pauli's collaborators;? conventional Eliashberg-McMillan theory of
famous aphorisms, “anything not prohibit¢by symmetry ~ phonon-mediated interaction does not consider a multicriti-
is mandatory,” we can then predict the existence on symmecal point or, in particular, the case where one phonon is a
try grounds of this new class of magnetoelectric or magnesoft-mode ferroelectric phonon. There is no direct neutron
topolarization effect in a superconducting ferroelectric. Therescattering evidence for a soft ferroelectric phonon; however,
is, however, one important remark to be made. Unlike théhere is evidence that a close near-ferroelectric lattice insta-
usual ME effect, in the SC-FE case, the effect is not “recip-bility exists in cuprates and can play a role in the supercon-
rocal” between the magnetic field and applied electric field.ductivity mechanism.

Previous work on the magnetoelectric effect has been re- The measurements of ionic dielectric coefficients in sev-
viewed authoritatively®’* But to our knowlege our predic- eral highT. cuprates shows exceptionally high values of the
tion is the first of this new magnetoelectric effect in a dielectric coefficients. Thus in YBCO and LaSrCuO values
superconducting-ferroelectric material. of e~40-50 were measured below dispersion frequencies of
19 and 27 meV, respectively. These values are reminiscent of
the well-known near ferroelectricity in the perovskitéRe-
call that enhancement of SC by nearby FE was predicted for

The present work was motivated by our attempt to formu-doped SrTiQ in 1964 by Coheff and was investigated thor-
late the simplest algebraic model which would embody theoughly by A. Baratoff and Binnig* By itself doped SrTiQ
relevant dynamical symmetries to describe the multicriticalis not expected to be a superconductor, but rather a nearly
point for coupled superconductivity and ferroelectricity. In ferroelectric semiconductor. However, the electron-phonon
that framework it is natural to use the pseudospi®sal-  interaction is enhanced by the near ferroelectricity, and pos-
gebra for superconductivity, since this algebra expresses ttaibly by the multivalley conduction band, and as a result
breaking of gauge symmetry embedded in the BCS th&ory, doped SrTiQ is a superconductor witfi,~1.5 K.)
and has proved useful in other contexts. We introduced the In order to identify the phonons responsible for the high
linearly displaced oscillator for the soft-mode phonon in de-dielectric coefficient in the cuprates consider the dispersion
scribing a ferroelectric via th@(4) “Heisenberg algebra” of e(w), which identifies thec-axis motion of the alkaline-
since this captures several key aspects of the displacivearth ion(Ba in YBCO, Sr in LaSrCu@as responsible for
ferroelectric transition: namely, the shift to a new equilibrum,the large values of. These araotthe phonons inducing the
which breaks a preexisting inversion symmetry and allows a&uperconducting pairing, which are the planar oxygen dis-
spontaneous ferroelectriand pyroelectrigmoment, and the placements, at around 35 méWansversgRef. 75, and pos-
high dielectric coefficient. The simplest invariant coupling of sibly near 70 meMlongitudina).
these two order parameters which respects both the gauge We can then suggest the following picture which will re-
and inversion symmetries requires a biquadratic couplindate to our model: the usual electron-acoustic phonon and
which then turns to a bilinear coupling when reduced via oupossibly other electron nonsoft phonon interactions are re-
“double-mean-field approximation.” The Hamiltonian sponsible for electron pairing,and their effect is present in

Homea is an element in su(2)h(4). the “pairing” coefficientA in I:lsc, which carries over to the

VII. DISCUSSION AND CONCLUSIONS
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coupled HamiltoniarHpyea, Which we use in our analysis. tually measured in the IR experiments, thép;{(w) will be
The separate electron—soft-mode or ferroelectric phonon reprequency dependent. Further, the small is associated

& A ; ot ith the lower edge of the “mid-IR” band, and it is de-
resented by operatof&, andB,, with characteristic phonon W' _ ' _
f h les to the f d electron airs,scnbed by a Jahn-Teller plcturg, as fi_nalyzed by Moskvin and
rgguencwao, E en couples 1o the forme P Pano\®® Added support for the identification of a sméll;
glv:rqgt:]zelzir;;gg .of Eliashberg-McMillan thedhy the can come from the report that there is a softening of a lon-

) X gitudinal mode at a wave vector near the zone boundary.
electron-phonon coupling constany, for coupling to pho-  gince this can indicate a tendency for charge segregation

non m_odeQA is renormalized by proximity to a ferroelectric petveen the coppers, it is consistent with a sro&lj;.
transition, so that the constant becomes frequency dependent Returning to the sodium tungsten bronze systems there is
as \(w)~e*(w)\..,* and also is large at low frequencies a clear case for the applicability of this model. Pure W
w<Q,, i.e., away from the physical sheet. This is consistenferroelectric, with largee, so the reported high, (Ref. 9
with the small phonon shifts in the superconducting state forgives a picture of a material which is a high-system in the
e.g., YBCO!® where we can argue thai(w) is very large. presence of ferroelectricity but without copper which was
Note, however, that large shifts were observed in BaCapreviously anticipated to be ubiquitously associated with
HgCuO (Ref. 80 and in organic saltd: high-temperature superconductivity. In the new bronzes now
Making a short digression from the cuprates we can reunder study, the superconductivity seems to be restricted to
mark that the data on (BEDT-TTEJFuU(CNS), are illumi-  portions of the physical surface of the material; this could be
nating in this context. The frequency of the phonon at 2 meVeijther an inherent effect or possibly due to a preferential
increasesby almost 20% belowTl ;. The superconducting sodium concentration on the surface. The recent scanning
gap in this material is =10 meV® According to the tunneling microscopySTM) data of Leviet al? indicates a
theory of Zeyher and Zwicknagf, the phonon frequency superconducting gap which is shaigs for swave pairing
should be pushedown below T, while experimentally it but much smaller than in YBCO, suggesting weak or inter-
increases. We suggest that the mode at 2 meV is the soft aiediate coupling strength. Thus, if the pairing is due to
nearly “ferroelectric” phonon, which isiot the one respon- phonons, the frequency of the pairing phonon must be much
sible for the pairing, the phonons responsible for the pairinghigher—about 70 meV, as, for example, due to longitudinal
being around 6—8 meV. According to the results presented ioxygen displacements. Ferroelectricity here would involve
this paper, superconductivity suppresses the tendency to fedisplacements of the tungsten atoms, again consistent with
roelectricity and thus, in effect, it “hardens” the relevant two types of phonons playing different roles.
phonon. In short, the cuprates may present a more complicated
The data on HgBaCaCu, O (Ref. 80 are that the mode  situation than the titanates or bronzes because the role of a
at 30 meV softens &t by about 7% and the mode at 50 latent or near-ferroelectric soft mode instability is partly
meV by about 10%. Thus the direction of the effect is oppo-masked—this is not surprising in view of the more compli-
site to that in the organic superconductor. Hadjenal®®  cated chemical composition and possible effects of magnetic
account for the effect as being due to the enormous anisoexcitations, as well as disorder in the cuprates. In the stron-
ropy (which is the cause of thd-wave pairing. We do not  tium titanate and sodium tungsten bronze cases application
consider this in the present work. Also, the frequency of theof the model seems straightforward, and it captures
phonon is considerably higher than that of the “ferroelec-symmetry-related aspects of the coexistence and competition
tric” mode, which is 19 meV in YBCO. of the two collective effects. At a microscopic level our pic-
The cited infrared measurements have sH&Wtthat the  ture supports the view that there are two kinds of phonons
ionic dielectric constant is dominated by th@xis motion of  playing a decisive role in these systems with SC-FE coexist-
the alkaline-earth ion. Additional support for the existence ofence: first, the usual Frohlich-coupled acoustic phonons giv-
a large ionic dielectric coefficient associated with the motioning the familiar BCS electron-electron pairing effects, and,
of the Srion and its connection to the electronic properties osecond, the soft-mode ferroelectric phonons which yield the
this material can be found from the extended x-ray-strongly enhanced static dielectric coefficiet#.g., via
absorption fine-structuréEXAFS) measurements of Poll- Lyddane-Sachs-Teller-related  physics As  discussed
inger et al® which show an anomaly in the distances of Srelsewheré;? the latter phonons give an enhanced Thomas-
to oxygen in the LaSrCuO material. The large difference inFermi screening length, which in turn changes the electron-
distances between La-O and Sr-O supports a large polarizghonon coupling and then the net effective electron-electron
tion associated with the Sr. The interpretation is in terms of a&oupling, so that when inserted in the Eliashberg equations
Zhang-Rice singlet and an anti—Jahn-Teller triplet which arehe new physics arises.
nearly degenerate in energy. Some theoretical calculations of The dynamical symmetry model proposed here captures
Anisimov et al® and Kamimura and Safftsupport the near certain essential features of the superconductor-ferroelectric
degeneracy, which contributes to the high values.of competition and coexistence. Predictions of pressure and
Another way to obtain the value of dielectric coefficient is magnetic-field effects can be tested and will enable the sign
via the small difference in energies between the Zhang-Ricef the coupling constany, to be determined. For a given
singlet and the Jahn-Teller triplet. We can call thig¢y  material the same coefficient will regulate the changd in
=Uypare/ €, Which can serve as a definition ef Now, if we  under pressure and the ferroelectric polarization under mag-
assume that this is just that ionic dielectric coefficient ac- netic field as given in Sec. VI. Novel electrodynamic effects
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which are predicted for a nearly ferroelectric superconductothat the variance of the operator representing (8@ real

are discussed elsewhéfe. part of the gap operatpis negligable in the variational co-
herent state.
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APPENDIX A: CALCULATION OF VARIANCES verify that (8Q<))<1 in the variational coherent state
AND THE DMFA v,)

o)
We may then conclude that the DMFA, in the variational
In order to examine the validity of the DMFA we need to coherent state approximation with wave functidh,), is a

calculate variances of the operatojs and Q> = (B}  self-consistent approximation.
+By)?. First, we estimate the corrections to the parameters

and ¢ due to adding the interaction Hamiltoniatﬁ,NT, _ _
which is characterized by the strenggh, to the noninteract- Using our model we can examine the thermal average of
ing hsc andFle¢ . Going back to Eq(54) and the renormal- two-time correlators of the basic operators of the model: the

ized coefficients given in Eq55), after a little algebra and FE phonon displacement opera@rand the real part of the
retaining terms of lowestlinear order iny,, we obtain pair operatorj,. The thermal average of the two-time cor-

relator of an operato®,, is

APPENDIX B: CORRELATORS

tand=(tan6,;)(1— y,P?) (A1) ) - )
and ((O4(1)04(0)))=(1/Z)Tr[exp{ — BH)}]

£=Eg—AMy,sin by, (A2) XexpiHt)O exp—iHt)O,.

(B1)
The partition function isZ=Tr e A with B=(kgT) L.
Cross correlators can be similarly defined by replacing one
of the a subscipts by a different index referring to another of

N e ~p ) o .5 2o the operators.
= + + X . L
Vij3V1 ' =2 co$0j5+(1/2)sin 20j,+sit0j3,  (A3) Calculation of these correlators is not possible if we use

with V;=exp(6j,) as in Eq.(39). We then find the full Hamiltonian or even if we usepyra. However, if
we denote the transformedipy s by H',

where sing;=(A/e)/\[1+ (Al€)?]. Next, we note thaf?

=(1/4)(2n,n_,—2] ) so that we will be able to easily find
the expectation values directly. We then calculate

((812%)=((12%—((]2))?=3 coge, (A4)

H'=VFApueaV 4, B2
and then as a figure of merit we can take R PMFA (62
and evaluatéd’ at 6= 6\, csand&é= &, cs, we may then take
((812)%)/((j2))2=cof 6y 1+(1/2) y3Psir’6,]/(1~ y,P?).  as a good approximation

(A5)

Substituting the value of tafy, this normalized variance can . ] . . ]
then be expressed in terms of the parameters of the Hamil- Making this ansatz will permit us to easily evaluate the

H' ~Cs+ woNg+Cy. (B3)

tonian as operators in Heisenberg picture and then evaluate the traces.
This is consistent with retaining the dominant leading order
((5]2)2>)/(<]2>)2 in the cc_JupIing parameters, Y1 and y,. _
We first work out the displacement-displacement cor-
=12(A/€)?[(1+ y,P?sirf6,)/(1— y,P?)]. (A6)  relator. Using invariance of the trace we can then write

Apart from the numerical factor, the scale of the variance is <<Q(t)Q(o)>>:(1/Z)Tr[\“/efﬁﬁ\“/fl\“/eiﬁt(/fl\“/@\“/flf/
set by (A/€)? which is clearly<1. This will be true as well L
when the FE polarization is nonzero. Consequently we verify xe Hy~lyQv1]. (B4)
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Using the properties of the operato@ and H trans-
formed undeN we obtain an intermediate result

(Q1)Q(0))) = (1/Z)Tr [ePuoNs(giwotBI 4 e 1w0!B + 2¢)

+2¢e FooNe(O+28)]. (B5)

As only the lattice oscillator Bose operators have survived
we now carry out the diagonal summation over the harmonic

oscillator quantum number. We then find
Z(B) =€ 2 sinh( Bwg)] ™ (B6)

and finally

{(Q(1)Q(0))y =42+ e 10+ 2Z(B)coswot.  (B7)

The same correlator can be evaluated for a Hamiltonian

PHYSICAL REVIEW B54 174503

where we note thgf = (NN _+jsx+]30)- Thusj?, as well
as]3k, depends only on the number operatorsfdc and so
their eigenvalues are easily computed from the allowed ei-
genvalues i, ,n_,). Also the same states are obtained by
applying creation operators to the vacuum state ﬁ&k{»,

etc. Enumerating these states at ekate have

(0,0~ 3/4,1/2~0), (C7
(0,D~[0,0)~a" |0y, (C8)
(1,0~]0,00~aj;|0), (C9)
(1,D)~[3/4-1/2~al,a", |0)~b{[0).  (C10

In each line, the states are presented in order, labeled by

A2 = wo(Ng+1/2), without the linear displaced term; it (Mc:N-k) by [j,m), and finally by creation operators applied

gives the same result as above without the tef. Zhe
value of ¢ to be taken here i§,,c5 from the solution of the
variational problem.

to the vacuum|0). In constructing the eigenstates f6|;
these basic states of the free Hamiltonian will be rotated to
produce the d@)-coherent states, which are eigenstates of

In exactly the same way, but now doing the trace over théh,. Recalf* that the state€0,0) and(1,1) are the basis for the

four electronic states witm=0,0,+1/2, we obtain

((J2(D)]2(0))) = (sinP by csX cOShBC3)

X[4(1+coshBCy)] L. (B8)

APPENDIX C: SOME SU(2) RESULTS

In this appendix we record some known results, which
will be useful in various calculations throughout the paper. If

ay; andaj, are the electron annihilation and creation opera
tors for wave vectok, spin (1), the relevent pair operators

are defined by

BEEéETéikly be=(b)", ﬁkEéITé—kT- (Cy

The su2) pseudospin algebra at eakhs generated by

ju=(—i/2)(bf—by), (C2)
ja=(12) (b +by), (C3)
Ja=(—1/2(n+n_—1), (C4
so that
[]\pka]?qk]fziepqrjrka where (p,q,r)=(1,2,3.
(C5)

A basic set of states for each sedircan be obtained by

irreducible representatio®*?, and (0,1) and (1,0 are
bases forD(®, of su2). [N.B. The latter two states are a
time-reversed pair for the corepresentation of si(®).]

The eigenstates Gy are the basic seéfm) given above.
To obtain the eigenstatég,) or |V, 4), of the original prob-
lem

Al =Nl v, (C1Y
transform byU; as
01001 0490 =004l 90, (C12
and then we find
M=mE, and |#)=07"jm). (C13

Now we can evaluate the order parameter in the $tate=
|q,0rd>:
5= 2xl )= (im[ U] 07 *|jm)
=(jm|(] 2kCc0S6; + ] 3csin 61)| jm) =msin 6,
(C19

or

nsc— mAk/\Ak‘I‘ €k (C15)

The lowest (ground-state energy Ag occurs whenm=
—1/2 and the corresponding order paramétgsd #0 and

starting from s(2) eigenstates labeled by a pair of indices.\g;=(—1/2)E,. The ground eigenstatgyc) is the BCS
Thus, since the eigenvaluesrof, are(0,1), the states can be pair state which can be written in several alternate forms.

labeled by the eigenvaluesy(,n_,). Or we can use the
(jm) labels of the ketfjm) referring to s@2) (suppressing
k), which is an eigenstate gf and ofj5. Here

P2limy=j(j+1)[jm),

J3ljm)y=mljm), (C6)

These are
| ha) =exp(—i 03] 1) 3/4,~ 112) (C16

= exp{ —[(6:/2)(b}—by)1b{]0)} (C17)
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=0"13/4,-1/2) (C18)

or

[y = — (Uk+oib])[0),
with u,= —sin(#,/2), andv,=cos{®,/2).

(C19

In passing we note that we can recover the BCS gap equa-

tion from the above. Thesc given above is for one secthr
If we assume thah, =VA, i.e., is independent df and that
the “global” order parameter is

A= Ek NSqK) + (C20

we may then obtain a self-consistent equation for the total

gap function as

PHYSICAL REVIEW &} 174503
A=; nsqk)=(1/2)2k (VA)/e+AZ,  (C21)

and substituting the above we have
2=§k) (V)/ ek+Ak=vf p(e)del Je2+A2. (C22

Here, we changed variables to the energy afel) is the
density of stategat the Fermi level This reproduces the
familiar result

(C23

(2/\/)=f p(€)delJe>+AZ.
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