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Elementary excitations in the spin-tube and spin-orbit models
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A bond operator representation for threeS5
1
2 spins is obtained along the same line as the two-spin cases.

With the spin and the chirality freedom expressed by the same bond operators, we studied the elementary
excitations of the spin-tube and the spin-orbit models. For 3-leg spin ladders and general spin ladders with an
odd number of legs and periodic boundary conditions in the rung direction, the spinonlike excitations, which
carry 1

2 spin and chirality freedoms, are calculated by a variational ansatz. The magnonlike excitations, which
denote the change of a dimerized bond from spin singlet to spin triplet and/or from chirality triplet to chirality
singlet, or from one kind of chirality triplet to another chirality triplet, with differentz-component, are also
studied. Bound states of spinonlike excitation pairs exist near the vicinity of momentum zone centerp/2. The
bond operators are also applied to other general spin-orbit models with spontaneously dimerized ground states,
and the elementary excitations are studied.

DOI: 10.1103/PhysRevB.64.174410 PACS number~s!: 75.50.Ee, 75.10.Jm, 75.30.Ds
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I. INTRODUCTION

One-dimensional and quasi-one-dimensional quan
spin systems have been extensively studied in the past y
More recently, a combination of experimental and theoret
efforts has produced significant advances in the realiza
and understanding of the properties of spin ladders.1 Various
double-chain models2–7 with S5 1

2 have been studied in re
lation to Haldane conjecture.8 However, when the number o
chains is odd, the case becomes different. In the case of
boundary conditions in the rung direction, the spin ladde
massless and effectively equivalent to a spin-1

2 chain. While
for the periodical boundary conditions in the rung directio
the spin-ladders are frustrating in the rung direction a
show different properties such as spin-gap and expone
decay correlation functions. Kawano and Takahashi9 consid-
ered such a three-leg model~it is often called spin tube if the
periodic boundary conditions are applied in the rung dir
tion! with the next-nearest neighbor interactions included

H5(
i 51

N

(
p51

3

~J0SW ip•SW ip111J1SW ip•SW i 11p1J2SW ip•SW i 12p!,

~1!

where, periodic boundary condition in the rung direction
applied,p135p, J0 is the intrarung interaction, andJ1 and
J2 are the nearest- and next-nearest-neighbor interact
along the chain. In the limit of strong intrarung interaction
can can be mapped to a spin-orbital model9–11

Heff5
J1

3 (
i

Si•Si 11@114~t i
1t i 11

2 1t i
2t i 11

1 !#

1
J2

3 (
i

Si•Si 12@114~t i
1t i 12

2 1t i
2t i 12

1 !#, ~2!

whereS and t are the effective spin and chirality, respe
tively. At J152J2, the effective Hamiltonian is exactly solv
able and has a spontaneously dimerized ground state, sim
0163-1829/2001/64~17!/174410~7!/$20.00 64 1744
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to what occurs in the single spin-1
2 antiferromagnetic chain.12

By the DMRG alogrithm Kawano and Takahashi al
showed that there is no transition between 0<J2 /J1< 1

2 . On
the other hand, partly stimulated by the progress in the
perimental study of the the quasi-one-dimensional spin
materials Na2Ti2Sb2O and NaV2O5,13 some other spin-tube
models, double chain models with biquadratic interactio
and spin-orbit models are extensively studied. For exam
the SU~8! quantum spin tube,14 the spin ladder with single-
ion anisotropy and bond alternation,15 have been studied by
Bethe ansatz or bosonization technique. As a general
spin-orbit model and a candidate model of Na2Ti2Sb2O and
NaV2O5, the coupledXXZ chains with biquadratic interac
tions with a Hamiltonian

H5(
i

@u1g~Si
1Si 11

2 1Si
2Si 11

1 !1JzSi
zSi 11

z #

3@v1a~t i
1t i 11

2 1t i
2t i 11

1 !1Jz8t i
zt i 11

z #, ~3!

was studied by the bosonization technique.11 With different
symmetries between the spin and orbital variables, the s
orbit models have different properties. The SU~4! point (g
5a5Jz/25Jz8/2, u5v5Jz /4) is Bethe ansatz solvable an
critical with three gapless bosonic modes.16 Many studies
focus on this point or near this point.17,18A phase diagram of
the SU(2)3SU(2) spin-orbit model (g5Jz/2,a5Jz8/2) was
given by Itoi et al.19 by the bosonization and DMRG tech
nique. When the symmetry of the orbital part isXY-like (g
5Jz/2,Jz850), another phase diagram is given by Pati a
Singh.20 At some special points, the spin-orbit model may
exactly solvable.21–24 Kolezhuk and Mikeska21,22 found a
family of spin-ladder models which can be exactly solvab
by the matrix product approach. For the checkboard-dim
model, they found that the elementary excitation is neithe
magnon nor a spinon, but a pair of propagating triplet
singlet solitons connecting the two spontaneously dimeri
ground states, belonging to the non-Haldane gap beha
predicted by Nersesyan and Tsvelik.25 By a strong-coupling
©2001 The American Physical Society10-1
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HAN-TING WANG PHYSICAL REVIEW B 64 174410
expansion and numerical diagonalizations, Cabraet al.26

studied the excitations of the spin-tube model~1! with J2
50, they obtained the magnonlike and spinonlike excitat
spectra. In this paper, starting from the three-leg spin lad
model, we obtain a generalized bond operator representa
for three spin-12 spins along the same line to that of two sp
cases.27,28With the spin and the chirality operators express
by the same bond operators, the representations are ap
to the 3-leg spin ladders and then in general, to spin ladd
with any odd number of legs and periodical boundary c
ditions in the rung direction. The spinonlike and magnonl
elementary excitations are studied by a variational ans
These excitations provide another example of non-Hald
spin-liquid properties. The obtained bond operator repres
tations can also be applied to the general spin-orbit mod

II. BOND OPERATOR REPRESENTATION OF THREE
SPIN-1

2 SPINS

For threeS5 1
2 spins,S1 , S2 andS3, which form an equi-

lateral triangle as a rung of the spin ladder, the ground s
with energy2 3

4 J0 is fourfold degenerate, composed of tw
doublets of spin-12 excitations, corresponding to the right an
left chirality. The excited states are spin-3

2 quadruplet with
energy3

4 J0. Since the quadruplet has much higher energy
the largeJ0 limit, we can project out the quadruplet in stud
ing the zero and low-temperature properties. Just as Sac
and Bhatt27 did in the case of twoS5 1

2 spins, we can intro-
duce four bosonic bond operators to denote the
doublets:9–11

u↑L&5ul
†u0&5

1

A3
~ u↑↑↓&1 j u↑↓↑&1 j 21u↓↑↑),

u↓L&5dl
†u0&5

1

A3
~ u↓↓↑&1 j u↓↑↓&1 j 21u↑↓↓),

~4!

u↑R&5ur
†u0&5

1

A3
~ u↑↑↓&1 j 21u↑↓↑&1 j u↓↑↑),

u↓R&5dr
†u0&5

1

A3
~ u↓↓↑&1 j 21u↓↑↓&1 j u↑↓↓),

where↑ and↓ denote the spin states andL andR the left and
right chirality. u0& is the vacuum state andj 5exp@i(2p/3)#.
With these definitions,Sp with p51,2,3 can be expressed a

Sp
152

1

3
~ul

†dl1ur
†dr !1

2

3
j 2pul

†dr1
2

3
j pur

†dl ,

Sp
25~Sp

1!†,
~5!

Sp
z5

1

6
~ul

†ul1ur
†ur2dl

†dl2dr
†dr !1

1

3
j 2p~dl

†dr

2ul
1ur !1

1

3
j p~dr

†dl2ur
1ul !.
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A complete bond operator representation, with the remain
S5 3

2 eigenstates included, can also be obtained.29 The re-
striction that the physical states are either of the doub
leads to the constraint

ul
†ul1ur

†ur1dl
†dl1dr

†dr51. ~6!

The total spin of every triangle,S5S11S21S3, can be
obtained as

S 152~ul
†dl1ur

†dr !,

S 252~dl
†ul1dr

†ur !, ~7!

S z5
1

2
~ul

†ul1ur
†ur2dl

†dl2dr
†dr !.

For the chirality freedom, defining9

t1u•L&50, t1u•R&5u•L&, t2u•L&5u•R&,
~8!

t2u•R&50,

we can express the chirality operators as

t15ul
†ur1dl

†dr ,
~9!

t25ur
†ul1dr

†dl .

The tz can be obtained from the SU~2! algebra. The spin
operators and the chirality operators have similar form. W
Eqs.~7! and ~9!, the original spinsSp can be expressed as11

Sp
15

1

3
S 12

2

3
j 2pS 1t12

2

3
j pS 1t2,

~10!

Sp
z5

1

3
S z2

2

3
j 2pS zt12

2

3
j pS zt2.

Although Eqs.~7! and~9! are obtained from the three-le
spin ladders, they are general for all spin ladders with a
odd number of legs and periodical boundary conditions
the rung direction. It is remarked that with the same ba
states, a fermionic SU~4! representation, similar to Eqs.~7!
and ~9!, was obtained from the group theory anlysis.18 The
concrete representations ofSp @Eqs. ~5! and ~10!# may be
helpful in studying the frustrated Heisenberg models
kagoméand triangular lattices.30,31 The obtained representa
tions can also be used to study the general spin-orbit mo
when we regard the chirality freedom as the orbit freedo
In the following, we will use the bond operator represen
tions to study the elementary excitations of the spin-tube
spin-orbit models.

III. ELEMENTARY EXCITATIONS OF SPIN-TUBE
AND SPIN-ORBIT MODELS

Substituting the bond operator representations in Eqs.~7!
and~9! into the effective Hamiltonian~2! @or substituting Eq.
~5! into Hamiltonian~1!#, we get
0-2
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H5(
i

~Hi ,i 111bHi ,i 12!, ~11!

where, we have setJ151, J2 /J15b, andHi ,i 1d with d51,2 are

Hi ,i 1d5(
i

1

2 F1

3
~uli

†dli 1uri
† dri !~dli 1d

† uli 1d1dri 1d
† uri 1d!1

4

3
uli

†dri dri 1d
† uli 1d1

4

3
uri

† dli dli 1d
† uri 1d1H.c.G

1(
i

F 1

12
~uli

†uli 1uri
† uri 2dli

†dli 2dri
† dri !~uli 1d

† uli 1d1uri 1d
† uri 1d2dli 1d

† dli 1d2dri 1d
† dri 1d!1

1

3
~dli

†dri 2uli
†uri !

3~dri 1d
† dli 1d2uri 1d

† uli 1d!1
1

3
~dri

† dli 2uri
† uli !~dli 1d

† dri 1d2uli 1d
† uri 1d!G . ~12!
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At b5 1
2 , Kawano and Takahashi9 showed that the spin tub

has two degenerate spontaneously dimerized ground st
corresponding to the Majumdar-Ghosh point12 in the single
spin-12 antiferromagnetic chain. They also showed by t
DMRG technique that there is no transition between 0<b
< 1

2 . Using the bond operator representation, which uni
the spin and chirality freedom together, we can easily
scribe the ground state as

Fa5@1,2#@3,4#•••@2N21,2N#,
~13!

Fb5@2,3#@4,5#•••@2N22,2N21#@2N,1#,

where @2i 21,2i # denotes a bond with a spin singlet an
chirality triplet of tz50: @2i 21,2i #5 1

2 (ul2i 21
† dr2i

†

2dr2i 21
† ul2i

† 1ur2i 21
† dl2i

† 2dl2i 21
† ur2i

† )u0& with u0& the
vacuum state. After a direct calculation, we obtain

^FauHuFa&52
5

4
N, ^FbuHuFb&52

5

4
N, ~14!

whereN is the number of the bond. Especially, atb5 1
2 , we

have

HuFa&52
5

4
NuFa&, HuFb&52

5

4
NuFb&. ~15!

The excited state of the spin tube with two spontaneou
dimerized ground states are likely to be domain walls
tween the two ground states. For the checkboard-di
states,21,22the domain wall is represented by a diagonal sp
orbit bond and described by the matrix product. In t
present case, the domain wall can be described by a si
bond operator, it carries half-integer spin and chirality d
grees of freedom. In the following, we will call the doma
wall a soliton or spinonlike excitation. Since the spinonli
excitations or the solitons can only be created in pairs,
excitation spectrum is a two-particle continum. To study
scattering soliton states, we consider the spin tube withN
11 spin triangles and with open boundary conditions alo
the chain direction. The soliton state at siten can be de-
scribed as
17441
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ucn&5@1,2#@3,4#•••@2n23,2n22#a2n21
†

3@2n,2n11#•••@2N,2N11#, ~16!

wherea denotes any one of the four operators oful , ur , dl ,
anddr . In the calculations we choose operatora asul . The
scattering spinonlike state is

uc&5 (
n51

N11

eip(2n21)ucn&. ~17!

The variational soliton energy is then

«~p!5
^cuHuc&

^cuc&
1

5

8
~2N11!, ~18!

where 2 5
8 (2N11) is the zero energy of the

(2N11)-triangle system.
When n2n8>1, the inner products that appear in E

~18! are

^cn8ucn&5S 2
1

4D n2n8
,

~19!

^cn8uHucn&5S 2
5

4D S 2
1

4D n2n8

@N1b1~122b!~n2n8!#.

The norm of the wave function is then

^cuc&5 (
n,n8

ei2p(n2n8)^cn8ucn&

5N
15

1718 cos 2p
1

17

1718 cos 2p

1
30~4 cos 2p11!

~1718 cos 2p!2 , ~20!

and the spectrum of the spinonlike excitation is

«~p!5S 5

8
1

b

6 D1
2

3
b cos 2p1

2

3
~122b!

8117 cos 2p

1718 cos 2p
.

~21!
0-3
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FIG. 1. The spinonlike excitation spectra o
three-leg spin ladders atb5

1
2 ~full line!, b5

1
4

~dashed line!, and b5
1
8 ~dot-dashed line!, re-

spectively. The excitation gap«(p/2) decreases
with decreasingb.
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When b5 1
2 , the spinonlike excitation spectrum is«(p)

5 17
24 1 1

3 cos 2p and «(p/2)5 3
8 . When b deviates from1

2 ,
Fa andFb are no longer the eigenstates of Hamiltonian~2!.
However, as shown by Kawano and Takahashi,9 the model is
still in the spontaneously dimerized phase. Approximate
the spinonlike excitation and its spectrum can also be
scribed by Eqs.~16!, ~17!, and~18!. In Fig. 1, we show the
spinonlike excitation spectra ofb5 1

2 , 1
4 and 1

8 . The spin gap
at p5p/2 decreases with decreasingb. Around b5 1

2 , the
decrease is linear. This behavior is similar to that of
single antiferromagnetic spin-1

2 chain.32 At b5 1
20 , the gap

«(p/2) goes to zero and we cannot give the results ab
50. In the view of perturbation, whenb deviates from1

2 , the
ground state is the mixture of segments ofFa andFb . This
mixture will decrease the energy of the spinonlike excitat
and make the multi-spinon-like excitation effects beco
more significant. Cabraet al.26 gave a spectrum of the
spinonlike excitation forb50 by extrapolating their exac
diagonalization results. Our analytical results nearb5 1

2

agree well with it.
The continum of the soliton-antisoliton pair is given by

v~k,q!5«S k1q

2 D1«S k2q

2 D , ~22!

where, k and q are the total and relative momentum. Th
lowest boundary of the continum can be obtained by mak

v(k,q) minimal with respect toq. At b5 1
2 , v(k)5 17

12

2 2
3 ucosku. In comparison, a single spin-1

2 antiferromagnetic
chain at Majumdar and Ghosh point has a two spinon co
num of e(k)5 5

4 2ucosku.33

Other possible elementary excitations are magnonl
They describe the changes of the bond: from spin single
spin triplet, from one kind of chirality triplet to another on
with different tz , and/or from chirality triplet to chirality
singlet. A traveling magnonlike excitation can be expres
as

uw&s(c)5
1

AN
(
n51

N

eik(2n21/2)uwn&s(c) , ~23!
17441
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uwn&s(c)5@1,2#@3,4#•••@2n21,2n#s(c)•••@2N21,2N#,

~24!

where,@2n21,2n#s(c) denotes a bond with changes of sp
and/or chirality. The variational energies of the magnonl
excitations are

vs(c)~k!5^wuHuw&s(c)1
5

4
N. ~25!

In the view of bond change, there are totally 15 kin
of magnonlike excitations and atb5 1

2 they are all
dispersionless. @2n21,2n#sc15 1

2 (ul2n21
† dr2n

† 2dr2n21
† ul2n

†

2ur2n21
† dl2n

† 1dl2n21
† ur2n

† ), @2n21,2n#sc25(1/
A2)(ul2n21

† ur2n
† 2ur2n21

† ul2n
† ) and @2n21,2n#sc35(1/

A2)(dl2n21
† dr2n

† 2dr2n21
† dl2n

† ) denote the bonds with spin
triplet and chirality singlet, the corresponding magnonli
excitations have energies ofesc151.

@2n21,2n#c15(1/A2)(ul2n21
† dl2n

† 2dl2n21
† ul2n

† ) and @2n
21,2n#c25(1/A2)(ur2n21

† dr2n
† 2dr2n21

† ur2n
† ), represent the

bond with spin singlet and chirality triplets withtz561.
Their energy isec151.

@2n21,2n#sc45a2n21
† a2n

† with a5ul , ur , dl and dr ,
@2n21,2n#sc55(1/A2)(ul2n21

† dl2n
† 1dl2n21

† ul2n
† ) and @2n

21,2n#sc65(1/A2)(ur2n21
† dr2n

† 1dr2n21
† ur2n

† ), represent the
bond with spin triplet and chirality triplets withtz561.
Their energy isesc25 4

3 .
@2n 2 1,2n#s15 1

2 (ul2n21
† dr2n

† 1 dr2n21
† ul2n

† 1 ur2n21
† dl2n

†

1dl2n21
† ur2n

† ), @2n21,2n#s25(1/A2)(ul2n21
† ur2n

†

1ur2n21
† ul2n

† ) and @2n21,2n#s35(1/A2)(dl2n21
† dr2n

†

1dr2n21
† dl2n

† ) are bonds with spin triplet withSz50, 61
and chirality triplet withtz50, the corresponding excitatio
energy ises5

5
3 .

@2n21,2n#c3 5 1
2 (ul2n21

† dr2n
† 1 dr2n21

† ul2n
† 2 ur2n21

† dl2n
†

2dl2n21
† ur2n

† ), denotes a bond with spin singlet and chirali
singlet. The energy isec252. For all of the fifteen kinds of
0-4
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FIG. 2. The threshold of the two spinonlik
excitation continum for three-leg spin ladder
The dashed line and the dot-dashed line are
termined by the magnonlike excitation energi
of esc151, ec151, andesc25

4
3 , indicating the

presence of the possible bound states.
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excitations, some of them may have lower energies than
two soliton continum boundary in the vicinity of the zon
centerp/2 indicating the possible presence of bound state
soliton-antisoliton pair. In Fig. 2, we show the threshold
the continum of two spinonlike excitation spectra. T
dashed and dot-dashed lines denote the dispersionless
gies of magnonlike excitations ofesc151, ec151, andesc2
5 4

3 . Kawano and Takahashi9 studied the low energy spectr
of spin-singlet witht total

z 50 andt total
z 51 and spin-triplet

with t total
z 50 and t total

z 51 for b50.5, 0.25, and 0 by
DMRG, Cabraet al.26 studied the spectra forb50 at the
sectors ofSz50, Sz51 and Sz50, Sz50, by the exact
diagonalizations. Compared with these numerical result
is found that near the momenta ofk50 andk5p, the mag-
nonlike excitaitons are well consistent with the two partic
continum boundary, while near the momentum zone ce
of k5p/2, the magnonlike excitations are bound states
two spinonlike excitations, and their energies are largely
fected by the interactions between the spinonlike excitatio

For those spin ladders with 5 legs, 7 legs, and in gen
M (M is an odd number! legs and periodical boundary con
ditions in the rung directions, an effective Hamiltonian c
be obtained in the strong intrarung interaction limit:

Heff5
J1

M (
i

Si•Si 11@11aM~t i
1t i 11

2 1t i
2t i 11

1 !#

1
J2

M (
i

Si•Si 12@11aM~t i
1t i 12

2 1t i
2t i 12

1 !#,

~26!

where,a55 64
9 , a7510.483,a9514.005 and in the largeM

limit, aM'1.76M .9,26 For generalaM , at b5J2 /J15 1
2 , the

effective Hamiltonian has the same ground states to thos
M53. The spinonlike excitation is still described by Eq
~16! and~17!. After a similar calculations, we get the spect
of the spinonlike excitations as
17441
he

f
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.

«~p!5
3J1

4M
~11aM !F1

2
1

2b

15
~4 cos 2p11!

1
8

15
~122b!

8117 cos 2p

1718 cos 2pG . ~27!

At b5 1
2 , the threshold of the two spinonlike excitation co

tinum is v(k)5(J1 /M )(11aM)( 17
20 2 2

5 ucosku). In Fig. 3,
we show the spectra of the spinonlike excitations forM
53, M55, M57 and the limit result ofM→`. For com-
parison, we also show the spinon spectrum of a single s
1
2 antiferromagnetic chain. The spectra of the magnonl
excitations can also be calculated. These excitation ener
areesc15(11 1

2 aM)(J1 /M ) for the bond of spin triplet and

chirality singlet; ec15( 3
4 aM)(J1 /M ) for the bond of

spin singlet and chirality triplet withtz561; esc25(1
1 3

4 aM)(J1 /M ) for the bond of spin triplet and chirality trip
let with tz561; es5(11aM)(J1/M ) for the bond of spin

triplet and chirality triplet withtz50; andec25( 3
2 aM)(J1 /

M ) for the bond of spin singlet and chirality singlet. Amon
these states, the excitations describing the bond of spin
let and chirality singlet always have the lowest energies,
excitation and those denoting the bonds of spin singlet/trip
and chirality triplet withtz561, have lower energies tha
the continum boundary near the momentum zone cente
k5p/2, indicating that there may be possible bound stat

As we have pointed out before, although the bond ope
tor representation is obtained starting from the three-leg s
ladders, it can also be applied to other spin-orbit models
more general spin-orbit model with the orbit partXY-like
has been studied by Pati and Singh.20 We rewrite the model
as

H5(
i

@JsSW i•SW i 111Jo~t i
xt i 11

x 1t i
yt i 11

y !1K~SW i•SW i 11!

3~t i
xt i 11

x 1t i
yt i 11

y !#. ~28!
0-5
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FIG. 3. The spinonlike excitation spectra o
3-leg ~solid line!, 5-leg ~dashed line!, and 7-leg
~dotted line! spin ladders atb5

1
2 . The dot-

dashed line denotes the largeM limit result with
aM51.76M . For comparison, «(p)5
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2 cos 2p, the spinon spectrum of a single spin-1
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dashed line!.
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Compared with the effective Hamiltonian of the spin ladd
with odd number of legs and periodical boundary conditio
in the rung direction, a nonzero pure orbital partJo is added.
Because of this term, there is no exact solution even whe
additional next-nearest neighbor interaction is included. T
phase diagram of the above model has been given by
and Singh through DMRG,20 and for suitable parameters, th
system is still in a phase with spontaneous dimerizati
Therefore, with the ground state and the excited states
scribed by Eqs.~13!, ~16!, and~17!, respectively, we can als
study the spinonlike excitations by the variational ansa

The variational ground state energy per bond is (2 3
4 Js

1 1
2 Jo2 3

8 K), and the spinonlike excitation spectrum is

«~p!5S 3

4
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2
Jo1
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8
K D S 1

2
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8
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8117 cos 2p

1718 cos 2pD .

~29!

IV. SUMMARY

In summary, starting from the three-leg spin ladders w
periodical boundary conditions in the rung direction, we o
17441
s
s
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ati

.
e-

.

h
-

tain a bond operator representation for threeS5 1
2 spins

along the same line to that of twoS5 1
2 spins. With the spin

and the chirality operators expressed by these bond op
tors, we studied the elementary excitations of the spin-t
and spin-orbit models. For the spin ladders with 3, and
general, with any odd number of legs, when periodi
boundary conditions in the rung direction are imposed a
suitable next-nearest-neighbor interactions are included, t
ground states are spontaneously dimerized with each bou
spin singlet and chirality triplet. The spinonlike excitation
which carry1

2 spin and chirality freedoms are calculated by
variational ansatz. The magnonlike excitations, which den
the changes of the bond from spin singlet to spin trip
and/or from chirality triplet to chirality singlet or from on
kind of triplet to another one with differenttz , are also stud-
ied. Near the vicinity of the momentum zone centerp/2,
bound states of paired spinonlike excitations exist. Mo
general spin-orbit models with spontaneously dimeriz
ground states are also studied. It should be pointed out
the obtained bond operator representations can also be
plied to other systems such as kagome´ lattice and triangular-
lattice Heisenberg antiferromagnets.
v.
1E. Dagoto and T.M. Rice, Science271, 618 ~1996!, and refer-
ences therein.

2J. Solyom and T. Zimonen, Phys. Rev. B34, 487~1986!; 38, 6832
~1988!; 40, 7150~1989!; H.J. Schulz,ibid. 34, 6372~1986!; H.J.
Schulz and T. Ziman,ibid. 33, 6545~1986!.

3E. Dagotto, J. Riera, and D.J. Scalapino, Phys. Rev. B45, 5744
~1992!; T. Barnes, E. Dagotto, J. Riera, and E.S. Swanson,ibid.
47, 3196~1993!.

4K. Hida, Phys. Rev. B45, 2207~1992!; 46, 8268~1992!.
5H. Watanabe, Phys. Rev. B50, 13 442~1994!; 52, 12 508~1995!.
6S.R. White, Phys. Rev. B53, 52 ~1996!.
7Y. Nishiyama, N. Hatano, and M. Suzuki, J. Phys. Soc. Jpn.64,

1967 ~1995!.
8F.D.M. Haldane, Phys. Rev. Lett.50, 1153 ~1983!; Phys. Lett.
93A, 464 ~1983!; J. Appl. Phys.57, 3359~1985!.
9K. Kawano and M. Takahashi, J. Phys. Soc. Jpn.66, 4001~1997!.

10H.J. Schultz, cond-mat/9605075~unpublished!.
11E. Orignac, R. Citro, and N. Andrei, Phys. Rev. B61, 11 533

~2000!.
12C.K. Majumdar and D.P. Ghosh, J. Math. Phys.10, 1388~1969!.
13S.K. Pati, R.R. Singh, and D.I. Khomskii, Phys. Rev. Lett.81,

5406 ~1998!; M. Mostovoy and D. Khomskii,
cond-mat/9806215~unpublished!.

14J. de Gier, M.T. Batchelor, and M. Maslen, Phys. Rev. B61,
15 196~2000!.

15K. Totsuka and M. Suzuki, J. Phys. A29, 3559~1996!.
16B. Sutherland, Phys. Rev. B12, 3795~1975!.
17F. Mila, B. Frischmuth, A. Deppeler, and M. Troyer, Phys. Re
0-6



,
t,

v.
n

are

. B

ELEMENTARY EXCITATIONS IN THE SPIN-TUBE AND . . . PHYSICAL REVIEW B64 174410
Lett. 82, 3697 ~1999!; B. Frischmuth, F. Mila, and M. Troyer
ibid. 82, 835 ~1999!; P. Azaria, A.O. Gogolin, P. Lecheminan
and A.A. Nersesyan,ibid. 83, 624~1999!; Y. Yamashita, N. Shi-
bata, and K. Ueda, Phys. Rev. B58, 9114~1998!; J. Phys. Soc.
Jpn.69, 242 ~2000!.

18Y.Q. Li, M. Ma, D.N. Shi, and F.C. Zhang, Phys. Rev. Lett.81,
3527 ~1998!.

19C. Itoi, Shaojin Qin, and I. Affleck, Phys. Rev. B61, 6747~2000!.
20S.K. Pati and R.R.P. Singh, Phys. Rev. B61, 5868~2000!.
21A.K. Kolezhuk and H.-J Mikeska, Phys. Rev. Lett.80, 2709

~1998!.
22A.K. Kolezhuk, H.-J Mikeska, and U. Schollwo¨k,

cond-mat/0008321~unpublished!.
23K. Itoh, J. Phys. Soc. Jpn.68, 322 ~1999!.
24M.J. Martins and B. Nienhuis, Phys. Rev. Lett.85, 4956~2000!.
25A.A. Nersesyan and A.M. Tsvelik, Phys. Rev. Lett.78, 3939

~1997!.
26D.C. Cabra, A. Honecker, and P. Pujol, Phys. Rev. B58, 6241

~1998!.
27S. Sachdev and R.N. Bhatt, Phys. Rev. B41, 9323~1990!.
28Han-Ting Wang, Jue-Lian Shen, and Zhao-Bin Su, Phys. Re

56, 14 435 ~1997!; Han-Ting Wang, H.Q. Lin, and Jue-Lia
Shen,ibid. 61, 4019~2000!.
17441
B

29The remaining eigenstates are theS5
3
2 quadrupletsqa (a53, 1,

21, 23, corresponding to the eigenstates ofSz 5
3
2 , 1

2 , 2
1
2 ,

2
3
2 ). With these four states included, the spin operators

expressed as

Sp
152

1
3~ul

†dl1ur
†dr!1

2
3q1

1q2111/A3 ~q3
1q11q21

1 q23!

1
1
3 j 2p~2ul

†dr2ur
†q212q1

†dl1A3dr
†q231A3q3

†ul !

1
1
3 j p~2ur

†dl2ul
†q212q1

†dr1A3dl
†q231A3q3

†ur !.

Sp
z5

1
6 ~ u l

† ul1u r
† ur1q 1

† q12d l
† dl2d r

†dr2q21
† q21 !

1
1
2 ~q3

†q32q23
† q23!1

1
3 j 2p~dl

†dr1dr
†q21

1q21
† dl2ul

1ur2ur
†q12q1

†ul !1
1
3 j p~dr

†dl

1q21
† dr1dl

†q212ur
1ul2q1

†ur2ul
†q1!

.
30F. Mila, Phys. Rev. Lett.81, 2356~1998!.
31S. Sachdev, Phys. Rev. B45, 12 377~1992!; V. Subrahmanyam,

ibid. 52, 1133~1995!.
32E. Sorensen, I. Affleck, D. Augier, and D. Poilblanc, Phys. Rev

58, R14 701~1998!.
33B.S. Shastry and B. Sutherland, Phys. Rev. Lett.47, 964 ~1981!.
0-7


