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Computer simulation studies of the speckle correlations of light scattered from a random array of
scatterers: Scalar wave approximation
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Two computer simulation studies of the speckle correlations in the light scattered from a volume disordered
dielectric medium consisting of a random array of dielectric spheres are made. In both studies light is treated
in the scalar wave approximation, and the wavelength of the light is taken to be much greater than the radius
of the dielectric spheres. In one study, the scattering medium is formed by placing dielectric spheres of radius
R and dielectric constante randomly in space. The spheres occupy space uniformly, under the provision that no
two spheres overlap. In a second study, the scattering medium is formed by placing dielectric spheres of radius
R and dielectric constante randomly on the vertices of a simple cubic lattice so that a fixed fraction of the
vertices is occupied by the spheres. The lattice constant of the simple cubic lattice is taken to be of the order
of magnitude of the wavelength of light in vacuum. In both studies the the volume filling fraction is the same,
and the region outside the spheres is vacuum. The field equations are integrated numerically to determine the
scattered fields, and these fields are used to calculate the speckle correlation function defined by

C(qW ,kW uqW 8,kW8)5^@ I (qW ukW )2^I (qW ukW )&#@ I (qW 8ukW8)2^I (qW 8ukW8)#&. Here I (qW ukW ) is proportional to the differential

scattering coefficient for the elastic scattering of light of wave vectorkW into light of wave vectorqW , and ^ &
indicates an average over an ensemble of random systems. Results are presented forC(qW ,kW uqW 8,kW8) with

particular attention paid to regions ofkW space in which either theC(1) or C(10) contributions dominate the
correlator.

DOI: 10.1103/PhysRevB.64.165204 PACS number~s!: 71.55.Jv, 78.90.1t, 78.20.Bh
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I. INTRODUCTION

In this paper we present computer simulation studies
features in the speckle pattern of light scattered by volu
disordered media. Of specific interest are the correlati
that exist between the differential scattering cro
sections for two different sets of angles of incidence a
scattering. These correlations are measured by the spe

correlator1–10 C(qW ,kW uqW 8,kW8)5Š@ I (qW ukW )2^I (qW ukW )&#@ I (qW 8ukW8)

2^I (qW 8ukW8)&#‹, whereI (qW ukW ) is proportional to the differen-
tial scattering coefficient for the elastic scattering of light

wave vectorkW into light of wave vectorqW , and^ & denotes an
average over a statistical ensemble of random configurati
Two studies are presented, one for the light scattered b
homogeneous randomly disordered medium and one for
light scattered by a random medium that is periodic on
erage. The media we study are formed by placing dielec
spheres of radiusR and dielectric constante in space at a
fixed volume filling fraction. The spheres, which are not
lowed to overlap, have a radius much smaller than the wa
length of the light in vacuum, and the region outside t
spheres is taken to be vacuum.

The features in the speckle correlator,C(qW ,kW uqW 8,kW8),
of the scattered light that are of interest are t
short-range contributionsC(1)(qW ,kW uqW 8,kW8) ~Refs. 1–9! and
C(10)(qW ,kW uqW 8,kW8).10–12 These features dominat
C(qW ,kW uqW 8,kW8), so that to an excellent approximation w
study C(qW ,kW uqW 8,kW8)'C(1)(qW ,kW uqW 8,kW8)1C(10)(qW ,kW uqW 8,kW8).
The contributionC(10) is a feature in the speckle correlat
0163-1829/2001/64~16!/165204~14!/$20.00 64 1652
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for volume scattering that has recently been predicted on
basis of a diagrammatic perturbation theory for a homo
neous random disordered medium.10–12The general features
of C(1) have been studied both theoretically and experim
tally in other types of volume and surface disordered opti
systems.1–9

The present computer simulation studies are intende
complement and support the Green’s-function study ofC(10)

and to provide a comparison of this term to theC(1) term
occurring in scattering from the same statistical system
addition, different features of these correlators, associa
with the periodic on average system, are presented. The c
puter simulation yields an essentially exact solution for
speckle correlator, and is not subject to the approximati
of a diagrammatic perturbation-theory treatment. Since
general properties of the correlator are faithfully represen
by simulation results, a meaningful comparison ofC(10) with
C(1) in the same bulk randomly disordered optical syst
can be made. An interesting aspect of the present set of s
lation studies is the comparison of the results for the hom
geneous random disordered and the periodic on average
dom system. TheC(1) and C(10) terms of the periodic on
average system are found to exhibit interesting features
observed in these terms for the uniformly random system

Theoretical work on speckle correlations is concern
with computing the features in the speckle correlator aris
from a variety of different types of scattering processes a
classifying the contributions of these processes to the gen
speckle correlatorC(qW ,kW uqW 8,kW8). Short-, long-, and infinite-
range terms denoted byC(1),C(2),C(3), respectively, were
first shown to contribute to the total speckle correlator of
©2001 The American Physical Society04-1
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scattered light and to arise from distinctly different types
scattering processes.1–12 The magnitude of the contributio
of each of these terms,C( i ) for i 51,2,3, was found to de
crease rapidly with increasingi. More recently, additiona
features arising from different types of scattering proces
have been predicted in the speckle correlator.10–12These are
the C(10) short-range and theC(1.5) long-range terms. The
C(10) contribution is found to be of the same order of ma
nitude as theC(1) contribution, but the magnitude of th
C(1.5) term is found to be intermediate between those of
C(1) andC(10) terms and the much smallerC(2) term. For the
systems we treat in this paper theC(1.5), C(2), C(3) contribu-
tion are masked by the statistical noise in our simulation

C(1) first occurs in the lowest order in the perturbati
expansion of the speckle correlator in powers of the volu
disorder.C(1) contains phase coherent peaks in wave-vec
space known as the memory and time-reversed memory
fects in the angular speckle correlator.1–9 C(10) first occurs in
the same order in the expansion of the speckle correlato
powers of the volume disorder10–12as doesC(1). Because of
the scattering geometries involved, theC(10) term, however,
does not display phase-coherent effects.C(10) has been stud
ied by us in the scattering of light from randomly roug
surfaces, and in the context of a Green’s-function pertur
tion theory in the scattering from volume disordered media10

The remainingC(1.5), C(2), and C(3) terms occur as in-
creasingly higher-order terms in the perturbation-theory
pansion ofC in the random disorder.C(1.5) andC(2) contain
a number of features that can be related to multip
scattering processes.10–12 C(3), which is the weakest contri
bution to the speckle correlator, is a smoothly varying fun
tion in wave-vector space.

The general speckle correlator is the sum of the five c
tributions mentioned above. This paper will concentrate
theC(1) andC(10) contributions. These dominate the speck
correlator, and are the only contributions to the speckle c
relator observed in our simulation studies. A comparison
C(1) and C(10) is made for several values of the dielectr
constant in the limit that the wavelength of the incident lig
is much larger than the radius of the dielectric spheres
comparison is also made betweenC(1) andC(10) for a homo-
geneous random system and a random system that is per
on average.

The outline of this paper is as follows. In Sec. II th
model for bulk elastic scattering is presented, and the ca
lation of the scattering cross section in this model is d
cussed. In Sec. III the definition of the speckle correla
C(qW ,kW uqW 8,kW8) is presented, and theC(1), C(10) contributions
to it are discussed. Numerical results for the scattering c
section and the angular speckle correlator in the light ela
cally scattered are then presented and discussed. A discu
and comparison is given of the simulation results for theC(1)

andC(10) contributions to the speckle correlator. In Sec.
our conclusions are presented.

II. MODEL AND DIFFUSE SCATTERING

We consider a bulk random dielectric medium compos
of an array of spheres of dielectric constante and radiusR
16520
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that are randomly distributed in space. The region outside
spheres is vacuum, and a volume filling fractionr of space is
occupied by the spheres. Two different systems are stud
In the first system~homogeneous random system! the
spheres randomly occupy space uniformly with the condit
that they do not overlap. In the second system~periodic on
average random system! the spheres randomly occupy th
sites of a simple cubic lattice of lattice constanta@R. In
both cases the wavelength of the light in vacuum is taken
be much larger than the radius of the spheres, i.e.,l@R.
This is the fundamental restriction in our simulation and it
made to simplify the mathematical treatment of the scat
ing cross section of the electromagnetic waves from the
dividual spheres in the array of scatterers@see Eqs.~9!–~16!
below#.

Both of these systems are described by a positi
dependent dielectric constant of the form

e~rW !511de~rW !, ~1!

where

de~rW !5~e21!(
l

S@rW2rW~ l !#, ~2!

S~rW !5H 1, urWu<R

0, otherwise,
~3!

and $rW( l )% are the position vectors of the three-dimension
array of spheres. In the computer simulation studies p
sented below, a finite volume of the system described by
~2! is considered. The far-field scattering from the finite vo
ume of randomly arrayed spheres is computed and use
compute the speckle correlator. An average is made of
differential scattering coefficient and the speckle correla
over a large number of realizations of the random syste
The resulting averages are taken as approximations of t
quantities for the infinite system.

To simplify the mathematics, the propagation of light w
be treated in the scalar wave approximation.13 In this ap-
proximation the scalar wave field,c(rW,t)5c(rW)exp(2ivt),
is determined by

FD2
e~rW !

c2

]2

]t2Gc~rW,t !50, ~4!

the field energy density is given by

r~rW !5
1

8p S e~rW !

c2
U]c~rW,t !

]t
U2

1u,c~rW,t !u2D , ~5!

and the energy current is given by

JW~rW !52
1

8p
S ]c* ~rW,t !

]t
,c~rW,t !1

]c~rW,t !

]t
,c* ~rW,t ! D .

~6!

The solution to the scattering problem defined by E
~1!–~6! can be formally written in terms of the Green’s fun
4-2
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COMPUTER SIMULATION STUDIES OF THE SPECKLE . . . PHYSICAL REVIEW B 64 165204
tion of the Helmholtz equation for the propagation of t
scalar wave field in vacuum. This Green’s function is defin
as the solution of

FD1S v

c D 2GG~rW,r 8W !524pd~rW2r 8W !, ~7!

subject to an outgoing wave boundary condition at infin
The well-known solution is

G~rWur 8W !5
ei (v/c)urW2r 8W u

urW2r 8W u
. ~8!

In terms ofG(rWur 8W ) the scattering solution of Eq.~4! is

c~rW !5c inc~rW !1
1

4p S v

c D 2E d3r 8G~rWur 8W !de~r 8W !c~r 8W !,

~9!

wherec inc(rW) is the incident field, which we shall take to b
a plane wave. Substituting Eqs.~2! and ~3! into Eq. ~9!, we
find

c~rW !5c inc~rW !1
1

4p S v

c D 2

~e21!(
l
E d3r 8G~rWur 8W !

3S@r 8W2rW~ l !#c~r 8W !. ~10!

If the radiusR of the spheres is small compared to the wa
length of the light in vacuum,c(r 8W ) varies slowly over the
volume of the individual dielectric spheres, and we can
write Eq. ~10! as

c~rW !5c inc~rW !1
e21

4p S v

c D 2

(
l

c@rW~ l !#

3E
V
d3uG@rWurW~ l !1uW #, ~11!

whereV is the volume of a sphere of radiusR centered at the
origin of coordinates.

The differential scattering cross section for the scatter
of scalar waves from the random volume disorder is obtai
from the ratio of the scattered scalar wave current and
incident current. The scattering solution of Eq.~4! as repre-
sented in Eq.~9! is of the form

c~rW !5c inc~rW !1csc~rW !, ~12!

where csc(rW) is the scattered wave. For an incident pla
wave of the form

c inc~rW !5exp~ ikW•rW !, ~13!

the scattered wave is given in the far field by

csc~rW !5 f ~ q̂,k̂!
exp~ ik0r !

r
. ~14!
16520
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Here k05v/c, and kW and qW are the wave vectors of th
incident and scattered fields. The scattering cross sectio
then

ds

dV
~qW ukW !5u f ~ q̂,k̂!u2. ~15!

From Eq.~11! the field scattered from the array of spher
is given in the far field by

csc~rW !'
e21

4p S v

c D 2

3V
j 1~k0R!

k0R

eik0r

r (
k,l

e2 ik0r̂ •rW(k)

3F I
↔

2
e21

4p S v

c D 2

M
↔ G

rW(k),rW( l )

21

c inc@rW~ l !#, ~16!

where the matrix elements ofM
↔

at rW(k),rW( l ) are

MrW(k),rW( l )5E
V
d3uG@rW~k!urW~ l !1uW #. ~17!

In Eqs.~16! and~17! r̂ 5(sinuscosfs,sinussinfs,cosus), for
polar and azimuthal scattering anglesus , fs , and j 1(x) is
the spherical Bessel function of order 1.

III. SPECKLE CORRELATIONS

The angular correlator for the scattering of light measu
the correlations in the speckle patterns arising from two d
ferent scatterings of light from the same randomly disorde
medium. The angular intensity correlator is defined in ter
of the fluctuations in the differential scattering cross sect
given by Eq.~15! from its value averaged over many rea
izations of the random system. These fluctuations are

dI ~qW ukW !5F ]s

]V
~qW ukW !2 K ]s

]V
~qW ukW !L G , ~18!

where^ & represents an average over the ensemble of rea
tions of the random system andI (qW ukW )5(]s/]V)(qW ukW ). In
terms ofdI (qW ukW ), the angular speckle correlator is

C~qW ,kW uqW 8,kW8!5^dI ~qW ukW !dI ~qW 8ukW8!&

5F K ]s

]V
~qW ukW !

]s

]V
~qW 8ukW8!L 2 K ]s

]V
~qW ukW !L

3K ]s

]V
~qW 8ukW8!L G . ~19!

The scattering geometries involved in defining the correla
in Eq. ~19! are shown in Fig. 1.

In the studies below results for the homogeneous rand
systems are obtained from runs involving 125 spheres,
results for the periodic on average studies are obtained f
runs on systems of 225 dielectric spheres. The volume fill
fraction in both of these studies is fixed atr50.000 247. The
spheres occupy a cubic volume that is centered at the or
of spatial coordinates, with faces parallel to thex2y, y2z,
4-3
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A. R. McGURN AND A. A. MARADUDIN PHYSICAL REVIEW B 64 165204
and x2z planes. The radius of the spheres is taken to
R/l50.064, wherel is the wavelength of light in vacuum
For the majority of runse529, but additional runs fore
522, 2, 9 were also made. We have considered the case
negative dielectric constants because metal particles
have negative dielectric constants. While the physical effe
discussed below are observed for particles with both ne
tive and positive dielectric constants, the effects show
best in systems of particles with negative dielectric co
stants. This should be a point of interest to those who wo
be interested in observing the effects predicted in the c
puter simulations studies presented below. For the perio
on average system the spheres are taken to occupy rand
the sites of a simple cubic lattice with lattice constanta/l
'1. The speckle correlators are obtained by averaging o
results from 500 or 1000 realizations of the disorde
system.

For s-wave scattering from the spheres in our model,
solutions of the Helmholtz equation inside the spheres
proportional to the spherical Bessel functio
j 0@(e)1/2(v/c)r # for positive e and the modified spherica
Bessel functioni 0@(2e)1/2(v/c)r # for negativee. For posi-
tive dielectric spheres j 0@(e)1/2(v/c)R#/ j 0(0)
5sin@(e)1/2(v/c)R#/@(e)1/2(v/c)R# is a measure of the va
lidity of the approximation in going from Eq.~10! to Eq.
~11!. For e59 this ratio is 0.77 and fore52 this ratio is
0.95. For negative dielectric spheresi 0@(2e)1/2(v/c)R#/
i 0(0)5sinh@(2e)1/2(v/c)R#/@(2e)1/2(v/c)R# is a measure
of the validity of the approximation made in going from E

FIG. 1. Schematic representation of the wave-vector geom
for the correlation between two elastic scattering processes in th
dimensional space. One process involves the scattering of an

dent wave with wave vectorkW into an outgoing wave with wave

vectorqW , and the other process involves the scattering of an incid

wave with wave vectorkW8 into an outgoing wave with wave vecto

qW 8. The scattering system is at the vertex.
16520
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~10! to Eq. ~11!. For e529 this ratio is 1.26 and fore5
22 this ratio is 1.05. Thee569 results are near the limit
of the validity of the approximation but should give reliab
representations of the speckle patterns from experimenta
alizations of these systems.

A. Scattering cross sections

We first present the differential scattering cross secti
for the two different models. In Fig. 2~a! the differential
scattering cross section is presented for the homogen
random system. The wave vectors of the incident and s
tered waves are, respectively,kW5k0(1,0,0) and qW
5k0(cosfs,sinfs,0), and results are shown for several va
ues ofe. In general the diffuse scattering cross sections
seen to be fairly isotropic in space. This is due to the sm
ratio of the dielectric sphere radius to the wavelength
light. This favors s-wave scattering from the individua
spheres which, along with the uniform random distributi
of spheres in space, gives rise to an isotropic cross sect

For comparison, in Fig. 2~b! the differential scattering
cross section for several values of the dielectric constan
shown for a random system that is periodic on average
these calculations we have takena/l51. Consequently, the
s-wave scattering from an individual dielectric sphere can
affected by the average periodicity of the system to g
phase coherent peaks in the cross section. In genera
scattering cross sections have a small isotropic compo
and four regularly spaced peaks. The peaks that are obse
at fs50, 90, 270, and 360° arise from residual Bragg sc
tering caused by the average periodicity. The residual Br
scattering peaks remain in the cross section when we cha
the wavelength of the light to slightly detune the light fro
the Bragg scattering condition. This is illustrated by the
sults plotted in Fig. 2~c! for a random system witha/l
50.9 that is periodic on average.

B. C„1… and C„10… contributions to the angular speckle
correlator

The contributionsC(1) andC(10) to the speckle correlato
are computed as statistical averages involving the differen
scattering cross sections and their products. These cont
tions dominateC(qW ,kW uqW 8,kW8) since they occur in the lowes
order scattering processes yielding a contribution
C(qW ,kW uqW 8,kW8). A comparison ofC(1) and C(10) is made for
the two types of model disorder and in some cases for s
eral values ofe.

In homogeneous random systems, theC(1)(qW ,kW uqW 8,kW8)
contribution has been shown to be nonzero only for p
cesses that satisfy qW 2kW2qW 81kW850, and the
C(10)(qW ,kW uqW 8,kW8) contribution has been shown to be nonze
only for processes that satisfy the wave-vector conditionqW

2kW1qW 82kW850. We first make some simulation studies th
identify C(1) andC(10) as the dominant contributions to th
speckle correlator in the homogeneous random system,
verify thatC(1) andC(10) occur for wave vectors that satisf
these two conditions. To do this computer simulation ru

ry
e-
ci-

nt
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FIG. 2. ~a! Differential scattering cross section versus azimut
scattering anglefs for a uniformly random system. Results a
shown for systems withR/l50.064,e529 ~solid line!, 2 ~dashed
line!, and 9 ~dotted!. Note that the dotted line results have be
multiplied by 0.1 to fit on the scale of the figure.~b! Differential
scattering cross section for the periodic on average system
a/l51 and R/l50.064. The notation is the same as in~a!. ~c!
Differential scattering cross section for the periodic on average
tem for a/l50.9, R/l50.064 fore529.
16520
are made in whichqW , kW are fixed and a series of values ofqW 8

and kW8 are scanned through. During the scan, maxima
observed in the speckle correlator when either or both of
two wave-vector conditions given above are satisfied. Th
maxima correspond to theC(1) andC(10) contributions to the
speckle correlator. Similar scans are made on the periodi
average system. The periodic on average system is foun
exhibit additional peaks inC(1) and C(10) for qW 2kW2qW 8

1kW8Þ0 and for qW 2kW1qW 82kW8Þ0 that are not found in
these functions for the homogeneous random system.
origins of these peaks will be discussed in Sec. III C.

In Fig. 3 results are presented of a scan onqW 8, kW8 for fixed
qW , kW for C(qW ,kW uqW 8,kW8) in the homogeneous disordered sy
tem. Plots for a number of different positive and negat
values ofe are shown. The wave vectors of the incident a
scattered light are taken to be in thex2y plane and are of
the form

kW5k0~1,0,0!, ~20!

kW85k0~cosf,sinf,0!, ~21!

qW 5k0~0,1,0!, ~22!

qW 85k0~sinf,2cosf,0!. ~23!

Here the azimuthal anglef runs from 0 to 360°. The plots
have maxima atf590°, corresponding to wave vectors th
satisfyqW 2kW1qW 82kW850 for a nonzeroC(10). A second set of
maxima are found atf5270° and satisfyqW 2kW2qW 81kW8
50 for nonzeroC(1). Figure 3 clearly display, the contribu
tions of bothC(1) and C(10) to the speckle correlator. It is
interesting to note that the results forueu59 exhibit peaks in
the correlator scans that are similar to the results forueu52.
The intensities of these correlators, however, are quite dif
ent.

In Fig. 4 results are presented as in Fig. 3, but for
random system that is periodic on average. The wave vec
and the anglef are defined as in Eqs.~20!–~23!, and the
average periodicity is defined such thata/l51. Unlike the
homogeneous random system, in the scan overf the peri-
odic on average system displays four peaks instead of
peaks. The two additional peaks atf5180° and 360° arise
from the average periodicity of the array of spheres, a
correspond to scattering sequences in which at least
Bragg reflection is involved. A further discussion of the o
gin of of these peaks will be given below in subsection
Well defined peaks are observed in theueu59 plots, but a
more complicated behavior involving a central peak w
side dips is found in theueu52 plots. The widths and side
peaks observed in Figs. 3 and 4 are for angular scans pas
though, not along, the envelopes ofC(1) andC(10), and arise
from finite-size effects. For an infinite sample the cent
peaks would become delta functions and the side pe
would disappear. For finite-sized samples, the side pe
arise from diffractive effects due to the finite sample size

l

ith

s-
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FIG. 3. C(qW ,kW uqW 8,kW8) versus the scattering anglef for the uniformly disordered system. Results are shown fore5: ~a! 29; ~b! 9; ~c!
22; and~d! 2.
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Figures 3 and 4 exhibit the existence of theC(1) andC(10)

functions, which are nonzero whenqW 2kW2qW 81kW850 and
qW 2kW1qW 82kW850, respectively. We now look at the env
lopes of these functions. The envelopes are obtained asqW , kW ,
qW 8, kW8 are varied so that either or both of the conditionsqW

2kW2qW 81kW850, qW 2kW1qW 82kW850 are always satisfied.
Results are first presented for the envelope function

C(1). We account for theqW 2kW2qW 81kW850 restriction on
C(1)(qW ,kW uqW 8,kW8) by writing

kW5k0~sinu,0,cosu!, ~24!

kW85k0~sinu,0,2cosu!, ~25!

qW 5k0~sinu cosf,sinu sinf, cosu!, ~26!

qW 85k0~sinu cosf,sinu sinf,2cosu!. ~27!

In this representationqW 2kW and qW 82kW8 are parallel vectors
that are sent into one another by reflection through thx
2y plane. They lie on chords of the sphere of radiusk0
16520
f

centered at the origin of coordinates in wave-vector spa

This is a natural way to choose vectors satisfyingqW 2kW2qW 8

1kW850.
In Fig. 5 the speckle correlator of the homogeneous r

dom system is shown as a function of the polar angleu for
fixed azimuthal anglesf50, 20, and 90°. For the choice o
wave vectors in Eqs.~24!–~27!, the correlator is symmetric
under reflection through thex2y plane so that results ar
shown only for 0<u<90°. Forf50°, peaks are observe
at u50° andu590°. These correspond to light that is sca

tered along time reversed@qW 5kW52qW 852kW85k0(0,0,1)#
and same sequence scattering@qW 5kW5qW 85kW85k0(1,0,0)#
paths, respectively. It is expected in Fig. 5 and the ot
figures presented in this paper that time reversed and s
sequence scattering process may lead to enhanced co
tions. In the case of same sequence scattering, two w
that undergo exactly the same scattering process in traver
a disordered medium should undergo the same chang
phase from the initial to the final scattering. This retention
the phase difference before and after scattering should
tribute to a constructive interference in the intensity whi
would tend to increase the intensity correlator when sa
4-6
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FIG. 4. C(qW ,kW uqW 8,kW8) versus the scattering anglef for the periodic on average system. Results are shown fore5: ~a! 29; ~b! 9; ~c!
22; and~d! 2.
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sequence scattering process are possible. Same seq
scattering processes can only occur for a restricted rang
qW , qW 8, kW , and kW8 values. Likewise, for time reversed pro
cesses two waves encounter the scatterers of the mediu
an exactly reversed sequence, and the retention of the
tive phase difference of the two waves is expected to
hance the intensity correlations between the processes
tering the two waves. Once again time reversed proce
can only occur for a restricted range ofqW , qW 8, kW , andkW8. For
f520°, a small peak is observed atu50° corresponding to
the time reversed sequence@qW 5kW52qW 852kW85k0(0,0,1)#,
but no peak is found associated with theu590° same se-
quence scattering processes. Forf590° a peak structure is
observed near the time reversedu50 sequence. Otherwise
thef590° correlator is a smoothly varying function ofu. It
is noted in these plots that bothC(1) andC(10) are nonzero at
generalf for u50° and atf590° for u590°. At these
points the correlator has contributions from both theC(1) and
C(10) processes.

To study theC(10)(qW ,kW uqW 8,kW8) contribution to the angula
speckle correlator, theqW 2kW1qW 82kW850 restriction on the
wave vectorsqW ,kW ,qW 8,kW8 is accounted for by writing
16520
nce
of

in
la-
-
at-
es

kW5k0~sinu,0,cosu!, ~28!

kW85k0~2sinu,0,cosu!, ~29!

qW 5k0~sinu cosf,sinu sinf,cosu!, ~30!

qW 85k0~2sinu cosf,2sinu sinf,cosu!. ~31!

The vectorsqW 2kW andqW 82kW8 are now antiparallel vectors in
a plane of constant polar angle of the sphere of radiusk0
centered at the origin of coordinates in wave-vector spa
and occupy parallel chords of the sphere. This is agai
natural representation for wave vectors that satisfyqW 2kW

1qW 82kW850. Hereu is the polar angle of the plane contain
ing qW 2kW and qW 82kW8, and f is the azimuthal angle in this
plane.

The results forC(10)(qW ,kW uqW 8,kW8) are plotted in Fig. 6 ver-
susu for f50, 20, and 90°. These results are, again, inva
ant under reflection in thex2y plane so that results ar
shown only for 0<u<90°. For the case in whichf50°
peaks are observed foru50° corresponding toqW 5kW5qW 8
4-7
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A. R. McGURN AND A. A. MARADUDIN PHYSICAL REVIEW B 64 165204
5kW85k0(0,0,1) ~same sequence scattering!, and for u590°
corresponding toqW 5kW52qW 852kW85k0(1,0,0) ~time re-
versed scattering!. At these points, in addition to the phas
coherence of the same sequence and time reversed scat
processes, as per our discussion of Fig. 5, bothC(1) andC(10)

scattering processes make nonzero contributions
C(qW ,kW uqW 8,kW8), and the increase in the number of types

FIG. 5. C(qW ,kW uqW 8,kW8) versusu for the uniformly disordered
system. Results are shown forf5: ~a! 0°; ~b! 20°; and~c! 90°.
16520
ring

to
f

correlated scattering processes contributes to an enha
ment of C(qW ,kW uqW 8,kW8). For generalf and u50° both C(1)

andC(10) are nonzero and arise from same sequence sca
ing paths. Peaks are generally observed in Figs. 6 atu50°.

In Figs. 7 and 8 we present results for the periodic
average system corresponding to those in Figs. 5 and 6
spectively, for the homogeneous random system. In th

FIG. 6. C(qW ,kW uqW 8,kW8) versusu for the uniformly disordered
system. Results are shown forf5: ~a! 0°; ~b! 20°; and~c! 90°.
4-8



to
i

nd
ng

eaks

in

g ge

COMPUTER SIMULATION STUDIES OF THE SPECKLE . . . PHYSICAL REVIEW B 64 165204
plots either or both of the conditionsqW 2kW2qW 81kW850 or

qW 2kW1qW 82kW850 are satisfied. The plots are very similar
the results for the uniform isotropic system. An exception
the f590° results for bothC(1) and C(10). For this case
peaks are observed forC(1) along a same sequence path a
for C(10) along paths of antiparallel incident and scatteri

FIG. 7. Results as in Fig. 5 but for the periodic on avera
system.
16520
s

beams. Associated with these peaks are two large side p
arising from residual Bragg scattering effects.

Finally, we note that in plotting the envelope functions
Figs. 5–8 we fixed the azimuthal angle,f, of the vectorsqW ,
kW , qW 8, kW8 and scanned over the polar angleu. As a results of
this the differencesqW 2kW and qW 82kW8 change with changing

e FIG. 8. Results as in Fig. 6 but for the periodic on avera
system.
4-9
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FIG. 9. Plot of the angular speckle correlator for the system of Fig. 4~a!. Plots as functions off are presented for the wave vecto
defined in Eqs.~32!–~35! for: ~a! u510°; ~b! u545°; and for the wave vectors defined in Eqs.~36!–~39! for: ~c! u510°; ~d! u545°.
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polar angle. While this samples a wide range of behavior
the correlators inqW , kW , qW 8, kW8, it is interesting to study the
correlators for scans in wave-vector space which invo
fixed differences ofqW 2kW andqW 82kW8. If u is fixed andf is
allowed to vary in the vectors defined by

qW 5k0~sinu,0,cosu!, ~32!

kW5k0~sinu,0,2cosu!, ~33!

qW 85k0~sinu cosf,sinu sinf,cosu!, ~34!

kW85k0~sinu cosf,sinu sinf,2cosu!, ~35!

a plot of the envelope ofC(1)(qW ,kW uqW 8,kW8) for qW 2kW5qW 8

2kW85k0(0,0,2 cosu) is obtained. In Figs. 9~a! and 9~b! we
present results forC(1) versusf from the periodic on aver-
age system withe529 for scattering processes in whichu
510 and 45°. In general, the correlator is seen to b
smooth slowly varying function off for both polar angles. If
we fix u and varyf for vectors defined by

qW 5k0~sinu,0,cosu!, ~36!

kW5k0~sinu,0,2cosu!, ~37!
16520
of

e

a

qW 85k0~sinu cosf,sinu sinf,2cosu!, ~38!

kW85k0~sinu cosf,sinu sinf,cosu!, ~39!

a plot of the envelope ofC(10)(qW ,kW uqW 8,kW8) for qW 2kW52(qW 8

2kW8)5k0(0,0,2cosu) is obtained. In Figs. 9~c! and 9~d! we
present results forC(10) versusf from the periodic on aver-
age system withe529 for scattering processes in whichu
510 and 45°. Again, the correlator is found to be relative
independent off. Similar behaviors are observed in the ra
dom system that is not periodic on average.

C. Discussion of additional peaks arising from an average
periodicity

An explanation based on analytic techniques can be gi
for the new peaks observed in the results for the periodic
average system shown in Fig. 4.~Specifically, these are the
peaks occurring atf50 and 180°.! This is done by applying
diagrammatic Green’s-function methods to a model syste10

which, though different from the one described in Eqs.~1!–
~3!, exhibits a periodic on average randomness that is ea
to handle analytically and which is qualitatively similar
that of the periodic on average system discussed in Sec

We consider a form fore(rW) given by
4-10
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e~rW !5u~rW !1e0~rW !, ~40!

whereu(rW) is a periodic function ande0(rW) is drawn from a
set of Gaussian random functions,10,14–16$e0(rW)%. The scat-
tering properties of the system are expressed in term
e(rW), and the average scattering properties are then d
mined by averaging over the set of Gaussian random fu
tions,$e0(rW)%. In Eq. ~40!, the periodic functionu(rW) is rep-
resented by

u~rW !5(
GW

uGW eiGW •rW, ~41!

where the sum is over the set of reciprocal-lattice vect

$GW % of the average periodic lattice, and the Gaussian rand
function e0(rW) satisfies

^e0~rW !&50, ~42!

^e0~rW !e0~r 8W !&5s2g~ urW2r 8W u!. ~43!

In Eqs.~42! and~43! ^ & indicates an average over the set
Gaussian random functions, and the functiong(urW2r 8W u) is
such thatg(0)51 and lim

r→`
g(r )→0.

Following a well-known treatment,10–12,14–16 it can be
shown that the electromagnetic scattering cross section o
system in Eqs.~40!–~43! is proportional to a two-particle
Green’s function, i.e.,

]s~qW ,kW !

]V
}^uGR~qW ,kW !u2&. ~44!

Here the Green’s function of the random system,GR(qW ,kW ),
satisfies the Dyson equation

GR~qW ,kW !5~2p!3d~qW 2kW !G~kW !

1G~qW !E d3p

~2p!3
V~qW upW !GR~pW ,kW !, ~45!

whereG(kW ) is the Fourier transform of Eq.~8!, and the scat-
tering potential for the dielectric system described in E
~40!–~43! is given by

V~pW ukW !5v~pW ukW !ê~pW 2kW !. ~46!

In Eq. ~46! ê(qW )5*d3re2 iqW •rWe(rW), so that from Eqs.~40!
and ~41!

ê~qW !5(
GW

uGW ~2p!3d~qW 2GW !1 ê0~qW !, ~47!

whereê0(qW )5*d3re2 iqW •rWe0(rW), uGW 5*plcd
3re2 iGW •rW andplc

indicates that the integral is over a primitive lattice cell. T
coefficient v(pW ukW ) in Eq. ~46!, whose general form is no
important to our discussions, contains details of the inter
16520
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tion of the electromagnetic fields with the system which
not affect the gross geometric features of the speckle
relator.

In terms of the Green’s functionGR(qW ukW ), it has been
shown1,10–12 that the angular speckle correlato
C(1)(qW ,kW uqW 8,kW8) satisfies

C(1)~qW ,kW uqW 8,kW8!}^GR* ~qW ,kW !GR~qW 8,kW8!&

3^GR* ~qW 8,kW8!GR~qW ,kW !&

2u^GR~qW ,kW !&u2u^GR~qW 8,kW8!&u2, ~48!

and that the angular speckle correlatorC(10)(qW ,kW uqW 8,kW8)
satisfies10–12

C(10)~qW ,kW uqW 8,kW8!}^GR* ~qW ,kW !GR* ~qW 8,kW8!&

3^GR~qW 8,kW8!GR~qW ,kW !&

2u^GR~qW ,kW !&u2u^GR~qW 8,kW8!&u2.

~49!

An understanding of the gross geometric properties
C(1)(qW ,kW uqW 8,kW8) and C(10)(qW ,kW uqW 8,kW8) can be obtained by
using Eqs.~45!–~47! to expand Eqs.~48! and ~49! through
terms of orderuGW s2. We now turn to a discussion of thes
terms.

The two-particle Green’s functions in Eqs.~48! and ~49!
can be written as

^GR~qW ,kW !GR~qW 8,kW8!&5~2p!3d~qW 2kW !G~kW !~2p!3

3d~qW 82kW8!G~qW 8!1G~qW !G~qW 8!

3G0~qW ,kW uqW 8,kW8!G~kW !G~kW8!, ~50!

and

^GR* ~qW ,kW !GR~qW 8,kW8!&5~2p!3d~qW 2kW !G* ~kW !~2p!3

3d~qW 82kW8!G~qW 8!1G* ~qW !G~qW 8!

3G1~qW ,kW uqW 8,kW8!G* ~kW !G~kW8!,

~51!

whereG0(qW ,kW uqW 8,kW8) and G1(qW ,kW uqW 8,kW8) are the respective
reducible vertex functions arising from the scattering int
action described by ^V(qW ukW )V(qW 8ukW8)& and

^V* (qW ukW )V(qW 8ukW8)&. Computing the reducible vertex func
tion in Eq. ~50! to terms of orderuGW s2, we find the general
form

G0
0~qW ,kW uqW 8,kW8!5A~qW ,kW uqW 8,kW8!d~qW 2kW1qW 82kW8!

1B~qW ,kW uqW 8,kW8!(
GW

d~qW 2kW1qW 82kW81GW !,

~52!
4-11
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FIG. 10. Results for the angular speckle correlator for the system of Fig. 4~a!. Plots are presented for the wave vectors defined in E
~56!–~59! showing the total correlator function as a function of the scattering anglef. Results are shown for:~a! u530°; ~b! u545°; ~c!
u550°; and~d! u570°.
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whereA(qW ,kW uqW 8,kW8) andB(qW ,kW uqW 8,kW8) are smoothly varying
functions ofqW , kW , qW 8, andkW8. Computing the reducible ver
tex function in Eq.~51! to terms of orderuGW s2, we find the
general form

G0
1~qW ,kW uqW 8,kW8!5D~qW ,kW uqW 8,kW8!d~qW 2kW2qW 81kW8!

1E~qW ,kW uqW 8,kW8!(
GW

d~qW 2kW2qW 81kW81GW !,

~53!

whereD(qW ,kW uqW 8,kW8) andE(qW ,kW uqW 8,kW8) are smoothly varying
functions ofqW , kW , qW 8, andkW8.

From Eqs.~48!–~53! we see that

C(1)~qW ,kW uqW 8,kW8!}(
GW

d~qW 2kW2qW 81kW81GW ! ~54!

and

C(10)~qW ,kW uqW 8,kW8!}(
GW

d~qW 2kW1qW 82kW81GW !. ~55!
16520
The effect on the speckle correlator of the average perio
ity in the random system is found in the additional del
function terms in Eqs.~54! and ~55! over the single (GW
50) delta-function terms found in the system that is n
periodic on average. In the absence of average period
~the uGW u→` limit !, only theGW 50 terms contribute in Eqs
~54! and ~55!.

To investigate, in the context of our computer simulatio
discussed in Sec. II, theGW Þ0 terms in Eqs.~54! and~55!, it
is useful to take the forms

kW5k0~sinu,0,cosu!, ~56!

kW85k0~cosf sinu,sinf sinu,cosu!, ~57!

qW 5k0~0,sinu,cosu!, ~58!

qW 85k0~sinf sinu,2cosf sinu,cosu!. ~59!

In the limit thatu590° the wave vectorskW , kW8, qW , qW 8 in Eqs.
~56!–~59! reduce to those given in Eqs.~20!–~23! and repro-
duce the results in Fig. 4 for the periodic on average syst
4-12
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COMPUTER SIMULATION STUDIES OF THE SPECKLE . . . PHYSICAL REVIEW B 64 165204
For uÞ90° all four vectors have the samez component, and
for u50° all four vectors are parallel to thez axis. Using the
wave vectors in Eqs.~56!–~59! we find for generalu andf

qW 2kW2qW 81kW85k0sinu~212sinf1cosf,11cosf

1sinf,0!, ~60!

and

qW 2kW1qW 82kW85k0sinu~211sinf2cosf,12cosf

2sinf,0!, ~61!

which give simple expressions inf and u for these two
important linear combinations of the incident and scatter
wave vectors of the angular speckle correlator.

From Eqs.~54! and ~55!, it is seen that when the right
hand side of either Eq.~60! or ~61! becomes equal to a
reciprocal-lattice vector, then eitherC(1) or C(10), respec-
tively, are nonzero. Otherwise, these contributions to
general angular speckle correlator are zero. We shall now
these results to explain the peaks observed in Fig. 4 for
periodic on average system. Following this, we shall pres
additional results for the periodic on average system con
ered in Fig. 4 that illustrate the generalGW Þ0 results in Eqs.
~54! and ~55! for these types of systems.

In Fig. 4 simulation results have been presented for
u590° case of the wave-vector geometry described by E
~56!–~61!. Peaks are observed forf50, 90, 180, and 270°
Upon evaluating Eqs.~60! and~61! for the values ofu andf
at which peaks are found in the angular speckle correla
we find that the four peaks correspond to cases in which
right-hand sides of Eqs.~60! and ~61! become equal to
reciprocal-lattice vectors. In particular, the peaks observe
f50 and 180° arise from cases in which the right-ha
sides of Eqs.~60! and~61! are nonzero reciprocal-lattice vec
tors, and the peaks atf590 and 270° arise in part from
cases in which the right-hand sides of Eqs.~60! and~61! are
the zero reciprocal-lattice vector.

In Fig. 10 we extend this analysis to cases in whichu
Þ90°. Scans are presented inf for the angular speckle cor
relator of thee529 periodic on average system treated
Fig. 4~a!. Plots are presented of the total correla
C(qW ,kW uqW 8,kW8) versusf for u530, 45, 50, 70°, and a variet
of peaks and dips are observed as a function off in these
plots. Evaluating Eqs.~60! and ~61! we find that the four
peaks in theu530° plot occur when the right-hand sides
Eqs.~60! or ~61! equal vectors of the reciprocal lattice. Th
peaks atf50° and 180° arise from nonzero reciproca
lattice vectors, and are consequently absent in the sys
that is not periodic on average. The peaks atf590 and 270°
arise in part fromGW 50 and will be found in the results fo
the homogeneous random system. From Eqs.~60! and ~61!
we find that the peaks in theu545° plot located aboutf
50, 90, 180, 270° occur for cases where Eqs.~60! or ~61!
become equal to reciprocal-lattice vectors, and the peak
cated aboutf545, 135, 225°, occur for cases in which th
right-hand sides of Eqs.~60! or ~61! are close to, but no
16520
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quite equal to, reciprocal-lattice vectors. From Eqs.~60! and
~61! we find that the peaks or dips in theu550 and 70° plots
for the peaks or dips atf545, 90, 135, 225, 270, 315° occu
for cases in which the right-hand side of Eqs.~60! or ~61! are
close to reciprocal-lattice vectors.

The delta functions in Eqs.~54! and~55! represent results
for an ideal random system that is of infinite extent. F
random systems of finite extent we expect that the d
function in Eqs.~54! and ~55!, d(qW 2kW2qW 81kW81GW ) and
d(qW 2kW1qW 82kW81GW ), are replaced by peaked function
f (qW 2kW2qW 81kW81GW ) and f (qW 2kW1qW 82kW81GW ) with
maxima at the zero of their arguments and widths of orderl
wherel is a typical linear size dimension~i.e., the radius of
the smallest covering sphere! of the finite system. Conse
quently, the peaks observed near reciprocal-lattice vector
the plots foru545, 50, 70° should in some cases beco
less pronounced as the size of the system increases.

To complement the runs made in Figs. 4 and 10, wh
plots off for fixed u are given, it is interesting to fixf at 45
or 180° and plot the angular speckle correlator foru running
from 0 to 90°. These plots are then analogous to the p
made in Figs. 5–8 for theGW 50 envelopes. In Fig. 11 result

FIG. 11. Results for the angular speckle correlator for the sa
system as considered in Fig. 10, now plotted as a function of
scattering angleu for fixed values of:~a! f545°; and ~b! f
5180°.
4-13
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are presented for thee529 periodic on average system
studied in Fig. 4~a! for f545 and 180° for the speckle co
relator as a function ofu. In these plots, anomalous behavi
is found near sets of angles for which the right-hand side
Eqs.~60! and~61! are approximately equal to vectors of th
reciprocal lattice. It is interesting to note that in both plo
negative dips in the correlator are found nearu570°.

IV. CONCLUSIONS

We have computed the scattering cross section and
speckle correlator for the far-field scattering of light by
finite, random, array of dielectric spheres. Two differe
types of randomness are considered. In one, the spheres
domly occupy space uniformly subject to the condition th
different spheres do not overlap. In a second, the sph
randomly occupy space with a distribution that is periodic
average. The results presented confirm the existence of
the C(1) contribution to the speckle correlator~which has
been known to exist from a number of publications1–12! and
the C(10) contribution to the speckle correlator~which has
recently been predicted in three-dimensional scattering10 but
only as yet measured in the light scattered from rough m
surfaces19!. The simulation has been used to determine
envelope function of these correlators. The envelope fu
tions of C(1) andC(10) are seen to be similar to one anoth
when plotted in the angular variables we have used. Inter
ing additional features are observed both inC(1) and C(10)

when an average periodicity is introduced into the rando
ness of the system. For the periodic on average systems
ditional regions of nonzeroC(1) and C(10), other that those
defined by the conditionsqW 2kW2qW 81kW850 and qW 2kW1qW 8

2kW850, are observed, that are caused by scatterings inv
ing one or more Bragg reflections.
et

B
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In conclusion, we note that recently a contribution to t
speckle correlator from volume scattering has been in
duced, called theC(0) correlation function.17,18 The systems
studied in Refs. 17 and 18 differ from the systems studied
the present paper in that the speckle in Refs. 17 and 18 a
from a point or extended source of electromagnetic radia
in the medium, respectively, whereas in this paper the s
tered electromagnetic waves arise from incident plane wa
It appears, however, that the diagrams contributing toC(0)

are part of a set of diagrams entering into the definition
the C(1.5) contribution to the speckle correlator defined f
both surface and volume scattering.10–12 This is clear from
the characterization of theC(1.5) diagrams for volume scat
tering given in the second paragraph of Sec. III B of Ref. 1
This is to say thatC(0) is composed from two two-particle
Green’s functions that are connected by a line of scatte
interaction, and this is part of the class of contributions
C(1.5). The reader is also referred to our earlier paper
surface scattering12 where theC(1.5) contributions are dis-
cussed in Sec. 2.2. We note in this regard that Fig. 2 of R
12 does not explicitly list theC(0) diagrams because Fig. 2 o
Ref. 12 was a list, taken from the many diagrams contrib
ing to C(1.5), of contributions toC(1.5) that have peaks. Thes
peaks were the focus of the work in Ref. 12 and theC(0)

diagrams, though part of of theC(1.5) contributions, do not
display peaks. TheC(1.5) correlator is not a topic of the re
sults presented in this paper, and we will not pursue t
topic further here.
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