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Computer simulation studies of the speckle correlations of light scattered from a random array of
scatterers: Scalar wave approximation
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Two computer simulation studies of the speckle correlations in the light scattered from a volume disordered
dielectric medium consisting of a random array of dielectric spheres are made. In both studies light is treated
in the scalar wave approximation, and the wavelength of the light is taken to be much greater than the radius
of the dielectric spheres. In one study, the scattering medium is formed by placing dielectric spheres of radius
R and dielectric constartrandomly in space. The spheres occupy space uniformly, under the provision that no
two spheres overlap. In a second study, the scattering medium is formed by placing dielectric spheres of radius
R and dielectric constand randomly on the vertices of a simple cubic lattice so that a fixed fraction of the
vertices is occupied by the spheres. The lattice constant of the simple cubic lattice is taken to be of the order
of magnitude of the wavelength of light in vacuum. In both studies the the volume filling fraction is the same,
and the region outside the spheres is vacuum. The field equations are integrated numerically to determine the
scattered fields, and these fields are used to calculate the speckle correlation function defined by
C(q.Kla’".K")=([1(q|k)—(1(qlk))I[1(a’'|k")—(1(q'|k')]). HereI(q|k) is proportional to the differential
scattering coefficient for the elastic scattering of light of wave vektarto light of wave vectorﬁ, and()
indicates an average over an ensemble of random systems. Results are preseﬁlﬁiil?fp}’,l?’) with
particular attention paid to regions &fspace in which either th€™ or C'*9 contributions dominate the
correlator.

DOI: 10.1103/PhysRevB.64.165204 PACS nuniber71.55.Jv, 78.90:t, 78.20.Bh

[. INTRODUCTION for volume scattering that has recently been predicted on the
basis of a diagrammatic perturbation theory for a homoge-
In this paper we present computer simulation studies oheous random disordered medidi? The general features
features in the speckle pattern of light scattered by volumef C*) have been studied both theoretically and experimen-
disordered media. Of specific interest are the correlationglly in other types of volume and surface disordered optical
that exist between the differential scattering crosssystems:™®
sections for two different sets of angles of incidence and The present computer simulation studies are intended to
scattering. These correlations are measured by the speckiemplement and support the Green’s-function studg df)
correlatot° C(q,k|q’,k")=([1(qalk)—(1(q|K))][I(q’|k’)  and to provide a comparison of this term _to_tﬁé” term
S, - s . : occurring in scattering from the same statistical system. In
—{1(q’|k"))1), wherel (g|k) is proportional to the differen- o . ;
tial scattering coefficient for the elastic scattering of light of ac_jdmon, dn_‘fergnt features of these correlators, associated
> . with the periodic on average system, are presented. The com-
wave vectok into light of wave vector, and( ) denotes an  pyter simulation yields an essentially exact solution for the
average over a statistical ensemble of random Configurationgpeck|e correlator, and is not Subject to the approxima’[ions
Two studies are presented, one for the light scattered by éf a diagrammatic perturbation-theory treatment. Since the
homogeneous randomly disordered medium and one for thgeneral properties of the correlator are faithfully represented
light scattered by a random medium that is periodic on avby simulation results, a meaningful comparisorGt® with
erage. The media we study are formed by placing dielectri€™) in the same bulk randomly disordered optical system
spheres of radiuR and dielectric constar¢ in space at a can be made. An interesting aspect of the present set of simu-
fixed volume filling fraction. The spheres, which are not al-lation studies is the comparison of the results for the homo-
lowed to overlap, have a radius much smaller than the wavegeneous random disordered and the periodic on average ran-
length of the light in vacuum, and the region outside thedom system. Thec®) and C*% terms of the periodic on
spheres is taken to be vacuum. average system are found to exhibit interesting features not
The features in the speckle correlata®(q,k|q’,K), observed in these terms for the unlformly rand'om system.
of the scattered light that are of interest are the Theoretical work on speckle correlations is concerned

! I W3 Ll B with computing the features in the speckle correlator arising
ST?or)t Eaggae, S?nig_blgtlong (a.kla" k") (Refs. 1-9 ahd from a variety of different types of scattering processes and
c (aqlklcl K. These  features  dominate c|assifying the contributions of these processes to the general
C(q.klq" k"), so that to an excellent approximation we speckle correlato€(q,k|q’,k’). Short-, long-, and infinite-

study C(q.k|q’,k")~C™(q,k|q’,k")+C19%q,k|q’,k').  range terms denoted bg®),C? C®), respectively, were
The contributionC™? is a feature in the speckle correlator first shown to contribute to the total speckle correlator of the
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scattered light and to arise from distinctly different types ofthat are randomly distributed in space. The region outside the
scattering processés!? The magnitude of the contribution spheres is vacuum, and a volume filling fractjpof space is

of each of these term&() for i=1,2,3, was found to de- occupied by the spheres. Two different systems are studied.
crease rapidly with increasing More recently, additional In the first system(homogeneous random systerthe
features arising from different types of scattering processespheres randomly occupy space uniformly with the condition
have been predicted in the speckle correldtol? These are that they do not overlap. In the second systgrariodic on

the C(*9 short-range and th€* long-range terms. The average random systenthe spheres randomly occupy the
C19 contribution is found to be of the same order of mag-sites of a simple cubic lattice of lattice constar#R. In
nitude as theC™) contribution, but the magnitude of the both cases the wavelength of the light in vacuum is taken to
C19 term is found to be intermediate between those of thébe much larger than the radius of the spheres, L&:R.

c® andC™9 terms and the much small&X? term. For the  This is the fundamental restriction in our simulation and it is
systems we treat in this paper t8&-%, C(?), C® contribu- made to simplify the mathematical treatment of the scatter-
tion are masked by the statistical noise in our simulations. ing cross section of the electromagnetic waves from the in-

c@ first occurs in the lowest order in the perturbative dividual spheres in the array of scatterfsse Eqs(9)—(16)
expansion of the speckle correlator in powers of the voluméelow].
disorder.C™Y) contains phase coherent peaks in wave-vector Both of these systems are described by a position-
space known as the memory and time-reversed memory eflependent dielectric constant of the form
fects in the angular speckle correlato?.C(*? first occurs in R )
the same order in the expansion of the speckle correlator in €(r)=1+Je(r), 1)
powers of the volume disordér!?as doe<C*). Because of
the scattering geometries involved, 16&'% term, however,
does not display phase-coherent effe€€® has been stud- R .
ied by us in the scattering of light from randomly rough se(r)=(e—1)2, Sr—r(h], (2
surfaces, and in the context of a Green’s-function perturba- !
tion theory in the scattering from volume disordered média. -

The remainingC*®, C®, andC® terms occur as in- S(f) = L Irf=R 3)
creasingly higher-order terms in the perturbation-theory ex- 0, otherwise,
pansion ofC in the random disorde€*® andC® contain .

a number of features that can be related to multipleand{r(l)} are the position vectors of the three-dimensional
scattering processé%:2C®), which is the weakest contri- array of spheres. In the computer simulation studies pre-
bution to the speckle correlator, is a smoothly varying func-sented below, a finite volume of the system described by Eq.
tion in wave-vector space. (2) is considered. The far-field scattering from the finite vol-

The general speckle correlator is the sum of the five contime of randomly arrayed spheres is computed and used to
tributions mentioned above. This paper will concentrate orfompute the speckle correlator. An average is made of the
theC™®) andC0 contributions. These dominate the Speck|edifferential scattering coefficient and the speckle correlator
correlator, and are the only contributions to the speckle corover a large number of realizations of the random system.
relator observed in our simulation studies. A comparison off he resulting averages are taken as approximations of these
c® and C19 is made for several values of the dielectric quantities for the infinite system. _ . _
constant in the limit that the wavelength of the incident light ~ To simplify the mathematics, the propagation of light will
is much larger than the radius of the dielectric spheres. Q€ treated in the scalar wave appioxmaﬁii)nn this ap-
comparison is also made betwe@f) andC'? for a homo-  proximation the scalar wave fieldi(r,t) = %(r)exp(—iwt),
geneous random system and a random system that is periodi&cdetermined by
on average.

The outline of this paper is as follows. In Sec. Il the
model for bulk elastic scattering is presented, and the calcu-
lation of the scattering cross section in this model is dis-
cussed. In Sec. Il the definition of the speckle correlatorthe field energy density is given by
C(q,k|q’,k") is presented, and the@™), C(9 contributions R
to it are discussed. Numerical results for the scattering cross (f) = 1 ﬂ
section and the angular speckle correlator in the light elasti- P~ g c2
cally scattered are then presented and discussed. A discussion
and comparison is given of the simulation results for@4®  and the energy current is given by
and C(19 contributions to the speckle correlator. In Sec. IV Lo ey

i - r, - r, -
our conclusions are presented. J(r)=—g< l/fa(t V(. + lﬁ((gt )Vzﬂ*(r,t)).

Il. MODEL AND DIFFUSE SCATTERING (6)

where

e(r) &2

A_?E lﬂ(r_),t):o, (4)

ap(r 1)
ot

2
+|w<rit)|2), (5)

We consider a bulk random dielectric medium composed The solution to the scattering problem defined by Egs.
of an array of spheres of dielectric constanand radiusR  (1)—(6) can be formally written in terms of the Green'’s func-
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tion of the Helmholtz equation for the propagation of the Here ky= w/c, and k and q are the wave vectors of the
scalar wave field in vacuum. This Green’s function is definedncident and scattered fields. The scattering cross section is

as the solution of then
2
w > 5 iy do - - o TyI2
A+| o] BRI ==4ma(f—1), 7) o alo=If@kl (15
subject to an outgoing wave boundary condition at infinity.  From Eq.(11) the field scattered from the array of spheres
The well-known solution is is given in the far field by
. gitelr=r7] . €e—1[w\?  ji(kgR) o’ e
G(TIM == ® el = | o) Ver e
r—r ,

-1

E—l(a))zH .
iyl g B YindF(D],  (16)

¢ (k)7 (1)

In terms ofG(F| r_7) the scattering solution of Ed@4) is

X

¢<F>=wmc<r*>+%

2
%) fd3r'G(F|F)5e(F)¢(F),

where the matrix elements off at F(k),F(I) are

9

wherey,..(r) is the incident field, which we shall take to be M 79,71y = fvd3uG[F(k)|F () +ul. 17
a plane wave. Substituting Eq®) and (3) into Eqg. (9), we

find In Egs.(16) and(17) r = (sin 6.C0S¢s,sin ASin ¢s,coséy), for

1 ) polar and azimuthal scattering anglés, ¢, andjq(x) is

N - w > i i
WD) = ine(F) + E(E) (6_1)2 f 43 G(r]r7) the spherical Bessel function of order 1.
- - — Ill. SPECKLE CORRELATIONS

XSr'=r()]y(r’). (10)

The angular correlator for the scattering of light measures
If the radiusR of the spheres is small compared to the wavethe correlations in the speckle patterns arising from two dif-
length of the light in vacuumy(r’) varies slowly over the ferent scatterings of light from the same randomly disordered
volume of the individual dielectric spheres, and we can resmedium. The angular intensity correlator is defined in terms
write Eq.(10) as of the fluctuations in the differential scattering cross section
given by Eq.(15) from its value averaged over many real-
izations of the random system. These fluctuations are

2
2 ylr(h]

- . e~1llw
‘p(r):'pinc(r)"'?(g

sl (qlk) = : (18)

Jo K Jdo SR
R A E((ﬂ ) E(Cﬂ )
X | duG[r|r(l)+u], (11)

v where( ) represents an average over the ensemble of realiza-
whereV is the volume of a sphere of radicentered at the tions of the random system anda|k) = (do/3€2)(q[k). In
origin of coordinates. terms of 51 (q|k), the angular speckle correlator is

The differential scattering cross section for the scattering . L
of scalar waves from the random volume disorder is obtained C(d,k|q’,k")=(8l(qlk)5I(q’|Kk"))
from the ratio of the scattered scalar wave current and the P P P
incident current. The scattering solution of E4) as repre- :K_ 3K — (a’ |k’ >_<_ Jlk >
sented in Eq(9) is of the form ﬁQ(q' )ﬁQ(q <) ﬁQ(q' )

- - - Jdo . .

(1) = thine(r) + (1), (12) X<E(Q'|k')> : 19
where y5(r) is the scattered wave. For an incident planeThe scattering geometries involved in defining the correlator
wave of the form in Eq. (19) are shown in Fig. 1.

R . In the studies below results for the homogeneous random

Yinc(r)=explik-r), (13 systems are obtained from runs involving 125 spheres, and

o ) ) results for the periodic on average studies are obtained from

the scattered wave is given in the far field by runs on systems of 225 dielectric spheres. The volume filling

) fraction in both of these studies is fixedmt 0.000 247. The
ol 1) = F(8.5) explikor) (14) spheres occupy a cubic volume that is centered at the origin
s¢ 9 r ' of spatial coordinates, with faces parallel to they, y—z,

165204-3



A. R. McGURN AND A. A. MARADUDIN PHYSICAL REVIEW B 64 165204

k’ (10) to Eq. (11). For e=—9 this ratio is 1.26 and foe=

— 2 this ratio is 1.05. The&=*+9 results are near the limits

of the validity of the approximation but should give reliable
representations of the speckle patterns from experimental re-
alizations of these systems.

A. Scattering cross sections

We first present the differential scattering cross sections
for the two different models. In Fig.(8) the differential
scattering cross section is presented for the homogeneous
random system. The wave vectors of the incident and scat-

q tered waves are, respectivelyjk=Kky(1,0,0) and q
=Kkq(coses,Sings,0), and results are shown for several val-
ues ofe. In general the diffuse scattering cross sections are
seen to be fairly isotropic in space. This is due to the small
ratio of the dielectric sphere radius to the wavelength of
light. This favors sswave scattering from the individual
spheres which, along with the uniform random distribution
of spheres in space, gives rise to an isotropic cross section.
For comparison, in Fig. (®) the differential scattering
ross section for several values of the dielectric constant is
for the correlation between two elastic scattering processes in thre hown for a random system that is periodic on average. In

dimensional space. One process involves the scattering of an inc1€S€ calculations we have takaf =1. Consequently, the
dent wave with wave vectdk into an outgoing wave with wave S WVave scattering from an individual dielectric sphere can be

vectorg, and the other process involves the scattering of an incide affected by the average periodicity of the system to give

' S ; i nE)hase coherent peaks in the cross section. In general the
wave with wave vectok’ into an outgoing wave with wave vector scattering cross sections have a small isotropic component

q’. The scattering system is at the vertex. and four regularly spaced peaks. The peaks that are observed
at ¢s=0, 90, 270, and 360° arise from residual Bragg scat-

and x—z planes. The radius of the spheres is taken to béering caused by the average periodicity. The residual Bragg

R/\=0.064, where\ is the wavelength of light in vacuum. scattering peaks remain in the cross section when we change

For the majority of runse= -9, but additional runs fok the Wavelength of the ||ght to S|Ight|y detune the |Ight from

=—2, 2, 9 were also made. We have considered the cases tfé Bragg scattering condition. This is illustrated by the re-

negative dielectric constants because metal particles catlits plotted in Fig. @) for a random system witfa/\

have negative dielectric constants. While the physical effectss 0.9 that is periodic on average.

discussed below are observed for particles with both nega-

tive and positive dielectric constants, the effects show up g c® and c contributions to the angular speckle

best in systems of particles with negative dielectric con- correlator

stants. This should be a point of interest to those who would _— 1) (10)

be interested in observing the effects predicted in the com- ' N€ contributionsC™ and C™ to the speckle correlator

puter simulations studies presented below. For the periodig™® COmPuted as statistical averages involving the differential

on average system the spheres are taken to occupy randonﬁ?atte”ng cross {egtlgné and their products. These contribu-

the sites of a simple cubic lattice with lattice constafk  tions dominateC(q,k|q’,k") since they occur in the lowest

~1. The speckle correlators are obtained by averaging ovedtder scattering processes yielding a contribution to

results from 500 or 1000 realizations of the disorderedC(q,k|q’,k’). A comparison ofC™) and C'? is made for

system. the two types of model disorder and in some cases for sev-

For swave scattering from the spheres in our model, theeral values ofe.

solutions of the Helmholtz equation inside the spheres are |n homogeneous random systems, @€7(q,k|q’,K")

proportional ~ to  the  spherical = Bessel function contripution has been shown to be nonzero only for pro-

jol(e)"(w/c)r] for positive e and the modified spherical cesses that satisfy ﬁ—E—ﬁ’+E’=O, and the

Bessel functiori[ (— €)Y w/c)r] for negativee. For posi- S o >
tive dielectr(i)c spheres  jol (€)Y%w/c)R]/jo(0) Cc9(q,k|q’,k") contribution has been shown to be nonzero

=sin(e)¥(w/c)R]/[(e)¥w/c)R] is a measure of the va- only for processes that satisfy the wave-vector condiﬁon
lidity of the approximation in going from Eq10) to Eq.  —k+q’—k’=0. We first make some simulation studies that
(11). For e=9 this ratio is 0.77 and foe=2 this ratio is identify C*) andC*? as the dominant contributions to the
0.95. For negative dielectric sphereg (— €)Y w/c)R]/ speckle correlator in the homogeneous random system, and
i0(0)=sinH(— &)Y w/c)R]/[(— €)YYw/c)R] is a measure verify thatCY) andC™® occur for wave vectors that satisfy

of the validity of the approximation made in going from Eq. these two conditions. To do this computer simulation runs

k

FIG. 1. Schematic representation of the wave-vector geometr
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0.030

o ] are made in whicly, k are fixed and a series of valuesapf
?1 ] andk’ are scanned through. During the scan, maxima are
0.025 A 3 observed in the speckle correlator when either or both of the
a H . two wave-vector conditions given above are satisfied. These
g 0020 El" =] maxima correspond to tHe®) andC? contributions to the
] - e speckle correlator. Similar scans are made on the periodic on
g 0015 - average system. The periodic on average system is found to
S E: ] exhibit additional peaks irc® and C9 for q—k—q’
0.010 [f =] +k'#0 and forq—k+q’'—k’'#0 that are not found in
i . these functions for the homogeneous random system. The
0.005 ::- — origins of these peaks will be discussed in Sec. Il C.
FL L 1 | ] In Fig. 3 results are presented of a scargonk’ for fixed
Ch L jom -+ ot == = =] > > S s o . .
0.000 50 100 150 q, k for C(q,k|q’,k") in the homogeneous disordered sys-
(@) Scattering Angle tem. Plots for a number of different positive a.nd.negative
values ofe are shown. The wave vectors of the incident and
0.030 [ H scattered light are taken to be in the-y plane and are of
i H the form
0.025 ;—' H
) i E k=Kko(1,0,0), (20)
g o020 j i )
o E k' =ko(cos¢,sing,0), (22)
0.015 - -
; F ; G=Ko(0,1,0 (22
0.010 f- -+ 4=l B20,
n 1
Fl B - .
0.005 F ,’n'— ' =Ko(sing,—cos¢,0). (23
El'y . i3
o I T LI S Here the azimuthal anglés runs from O to 360°. The plots
0 000 l" DN = 4= += T 1 1 =)=t = T _ .
’ 0 50 100 150 have maxima atp=90°, corresponding to wave vectors that
() Scattering Angle satisfyq—k+q’ —k’ =0 for a nonzercc*?). A second set of
0.030 N maxima are found atp=270° and satisfyq—k—q’ +k’
' F [ . =0 for nonzeroCY). Figure 3 clearly display, the contribu-
C B tions of bothC™*) and C*? to the speckle correlator. It is
0.025 r E interesting to note that the results fet=9 exhibit peaks in
a C ] the correlator scans that are similar to the resultd b 2.
g 0020 ¢ = The intensities of these correlators, however, are quite differ-
& E . ent.

8§ 0015 — =] In Fig. 4 results are presented as in Fig. 3, but for a
S C ] random system that is periodic on average. The wave vectors
0.010 — A and the anglep are defined as in Eq$20)—(23), and the

C ] average periodicity is defined such tteh =1. Unlike the
0.005 — — homogeneous random system, in the scan avehe peri-
o . odic on average system displays four peaks instead of two
0000 b Lo by [ 1 peaks. The two additional peaks ét=180° and 360° arise
’ 0 50 100 150 from the average periodicity of the array of spheres, and
(€) Scattering Angle correspond to scattering sequences in which at least one

Bragg reflection is involved. A further discussion of the ori-
gin of of these peaks will be given below in subsection C.

FIG. 2. (a) Differential scattering cross section versus azimuthalwe” deflned_ peaks are o_bse_rved |_n dh¢=9 plots, but a_
scattering anglep, for a uniformly random system. Results are Moré complicated behavior involving a central peak with
shown for systems witR/\ =0.064, e=—9 (solid line), 2 (dashed  Side dips is found In thee| =2 plots. The widths and side _
line), and 9 (dotted. Note that the dotted line results have beenP€aks observed in Figs. 3 and 4 are for angular scans passing
multiplied by 0.1 to fit on the scale of the figuréh) Differential  though, not along, the envelopes@f" andC*?, and arise
scattering cross section for the periodic on average system witffom finite-size effects. For an infinite sample the central
a/N=1 andR/A=0.064. The notation is the same as(a). (c) peaks would become delta functions and the side peaks
Differential scattering cross section for the periodic on average syswould disappear. For finite-sized samples, the side peaks
tem fora/A=0.9, R/\=0.064 fore=—9. arise from diffractive effects due to the finite sample size.
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0.0003 ) ) T 1 | T T T 1 | 1 T 1 T T L) 0.000008 _I 1 T 1 | 1 T T 1 I ) T T T | ) L]
0.0002 — — 0.000006 ]
5 I 1 3 [ )
] r . @  0.000004 [— —
£ o0.0001 |— — g - ]
3 i 1 8 X ]
[ ] 0.000002 |— —
0.0000 C ]
- . 0.000000 }W\M WWA\WVW
o000t Lo I L L LA 5T B A | S
0 100 200 300 0 100 500 300
(@ Scattering Angle (©) Soattering Angle
0-03 T T T L I T L) L T I T T L T ¥ L 0-0000003 T T T L} I T T T T I L T T T T L}
0.02 — 0.0000002 —
£ B 7 N B 7
r i 1 3 B ]
£ 0.01 — — £ 0.0000000 — —
S C 1 3 C ]
0.00 W 0.0000000 U\f/\/\/J»/\yM
_0'01 -| | I -] | N | I T I | | 1 |_ —0.0000001 -| I | l [T W | | I N I | | 1 |-
0 100 200 300 0 100 200 300
(b) Scattering Angle (d) Scattering Angle

FIG. 3. C(q,k|q’,k") versus the scattering angde for the uniformly disordered system. Results are shownefer (a) —9; (b) 9; (c)
—2; and(d) 2.

Figures 3 and 4 exhibit the existence of &) andC*®  centered at the origin of coordinates in wave-vector space.
functions, which are nonzero whem—k—q’+k’=0 and  This is a natural way to choose vectors satisfyingk—q’
q—k+q’'—k'=0, respectively. We now look at the enve- +k'=0.
lopes of these functions. The envelopes are obtaine}j RS In Fig. 5 the speckle correlator of the homogeneous ran-
q’, k' are varied so that either or both of the conditiqns dom system is shown as a function of the polar artgfer
—K—q'+K'=0, g—K+q'—K'=0 are always satisfied. fixed azimuthql angleg=0, 20, and 90°. For _the choice _of

Results are first presented for the envelope function ofVave vectors in Eqs24)—(27), the correlator is symmetric
under reflection through the—y plane so that results are
o shown only for G< #<90°. For$=0°, peaks are observed
C™(q.kla’ k") by writing at6=0° azd 6=90°. These coﬁespong to light that is scat-
tered along time reversef=k=—q’' = —k’ =Kko(0,0,1)]

c®. We account for thej—k—q’+k’'=0 restriction on

k=ko(sin 6,0,cosh), (24) AV R
and same sequence scatterimy=k=q’' =k’ =k(1,0,0)]

> . paths, respectively. It is expected in Fig. 5 and the other
k' =ko(sin®,0,~cos), (29 figures presented in this paper that time reversed and same
. sequence scattering process may lead to enhanced correla-
q=ko(sin# cose,sind sin¢, coso), (26)  tions. In the case of same sequence scattering, two waves
that undergo exactly the same scattering process in traversing

0’ =ko(sin 6 cose,sind sin g, —cosb). (27)  a disordered medium should undergo the same change in

L o phase from the initial to the final scattering. This retention of
In this representatiog—k andq’ —k’ are parallel vectors the phase difference before and after scattering should con-
that are sent into one another by reflection throughxhe tribute to a constructive interference in the intensity which
—y plane. They lie on chords of the sphere of radkgs would tend to increase the intensity correlator when same
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0.000006 T 1 1 T | T 1 1 1 l T 1 1 1 I T 1

0.000004
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0.000000
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100 200
Scattering Angle

0.00000010

0.00000005

0.00000000

—0.00000005

100 200
Scattering Angle

-0.00000010 0

FIG. 4. C(q,k|q’,K’) versus the scattering angie for the periodic on average system. Results are showaar(a) —9; (b) 9; (c)

—2; and(d) 2.

sequence scattering process are possible. Same sequence

scattering processes can only occur for a restricted range of

d, q', k, andk’ values. Likewise, for time reversed pro-

cesses two waves encounter the scatterers of the medium in
an exactly reversed sequence, and the retention of the rela-
tive phase difference of the two waves is expected to en-

hance the intensity correlations between the processes scat-
tering the two waves. Once again time reversed processes

can only occur for a restricted range@fq’, k, andk’. For
¢=20°, a small peak is observed @&t 0° corresponding to
the time reversed sequenae=k=—q’ = — k' =k,(0,0,1)],
but no peak is found associated with the-90° same se-
guence scattering processes. kot 90° a peak structure is
observed near the time reversée 0 sequence. Otherwise,
the ¢=90° correlator is a smoothly varying function 6f It

is noted in these plots that bo@{*) andC'® are nonzero at
general¢ for 6=0° and at¢=90° for 6=90°. At these
points the correlator has contributions from both @& and
Cc9 processes.

To study theC*%(q,k|q’,k’) contribution to the angular
speckle correlator, thg—Kk+q’—k’'=0 restriction on the
wave vectorsy,k,q’,k’ is accounted for by writing

k= ko(sing,0,cosh), (28)

K’ = Kko( —sin ,0,cosh), (29)

0= Ko(sin 6 cose,sin sin ¢, cosé), (30)
€|’=ko(—sinﬁcos¢,—sin05in¢,cosa). (31

The vectorgy—k andq’ —k’ are now antiparallel vectors in
a plane of constant polar angle of the sphere of ra#us
centered at the origin of coordinates in wave-vector space,
and occupy parallel chords of the sphere. This is again a

natural representation for wave vectors that satigfyk
+€|’ —Kk’'=0. Hered is the polar angle of the plane contain-
ing g—k andq’—k’, and ¢ is the azimuthal angle in this
plane.

The results foilC9(q,k|q’ k') are plotted in Fig. 6 ver-
susé for ¢=0, 20, and 90°. These results are, again, invari-
ant under reflection in th&—y plane so that results are
shown only for G<#<90°. For the case in whiclpp=0°

peaks are observed fat=0° corresponding taj=k=q’
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FIG. 5. C(q,k|q’,k") versus# for the uniformly disordered FIG. 6. C(q,k|q’,k’) versusé for the uniformly disordered
system. Results are shown feér=: (a) 0°; (b) 20°; and(c) 90°. system. Results are shown fer=: (a) 0°; (b) 20°; and(c) 90°.

=K' =ko(0,0,1) (same sequence scatteringnd for 6=90°  correlated scattering processes contributes to an enhance-
corresponding tog=k=—q’'=—k’=k(1,0,0) (time re-  ment of C(q,k|q’,k’). For generakp and §=0° both C*)
versed Scattel’lr)gAt these pOIntS, in addition to the phase andC(lO) are nonzero and arise from same sequence scatter-
coherence of the same sequence and time reversed scatteriﬁg paths. Peaks are generally observed in Figs. 6=a0°.
processes, as per our discussion of Fig. 5, kit andC*®) In Figs. 7 and 8 we present results for the periodic on
scattering  processes make nonzero contributions  taverage system corresponding to those in Figs. 5 and 6, re-
C(q,k|q’,k"), and the increase in the number of types ofspectively, for the homogeneous random system. In these
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FIG. 7. Results as in Fig. 5 but for the periodic on average FIG. 8. Results as in Fig. 6 but for the periodic on average
system. system.

plots either or both of the conditions—k—q’+k’=0 or  beams. Associated with these peaks are two large side peaks

G—K+q’'—K'=0 are satisfied. The plots are very similar to arising from residual Bragg scattering effects.

the results for the uniform isotropic system. An exception |s . Finally, we note that in plotting the envelope functions in
the ¢=90° results for bothc® and C19. For this case |gs 5-8 we fixed the azimuthal anglg, of the vectorsq,

peaks are observed f@®) along a same sequence path andk, ', K’ and scanned over the polar angleAs a results of
for C19 along paths of antiparallel incident and scatteringthis the differences|—k andq’ —k’ change with changing
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FIG. 9. Plot of the angular speckle correlator for the system of Hig. Llots as functions of are presented for the wave vectors
defined in Egs(32)—(35) for: (a) #=10°; (b) 6=45°; and for the wave vectors defined in E(6)—(39) for: (c) #=10°; (d) 6=45°.

polar angle. While this samples a wide range of behaviors of
the correlators ig, k, q’, k, it is interesting to study the
c.orrela.tors for scans in waye-viactor spa(?e which mvolve K’ = Kq(Sin 6 cOS¢h, Sin 6 sin b, cos6), (39)
fixed differences ofj—k andq’—k’. If @ is fixed and¢ is

allowed to vary in the vectors defined by

g’ =ko(sin cose¢,siné sing, —coso), (39)

a plot of the envelope ot1%(q,k|q’ k") for q—k=—(q’
—k’)=kq(0,0,2co9) is obtained. In Figs. @) and 9d) we

g=ko(sin6,0,cos), (32 present results foE 19 versus¢ from the periodic on aver-
. . age system witke= —9 for scattering processes in whi¢h
k=ko(sin6,0,~cosb), (33 =10 and 45°. Again, the correlator is found to be relatively
- _ . _ independent ofp. Similar behaviors are observed in the ran-
q' =Ko(sin6 cosg,siné sin¢,cosb), (39 dom system that is not periodic on average.
k' = ko(sin 6 cosé,sin 6 sin ¢, — cosé), (35)

C. Discussion of additional peaks arising from an average

a plot of the envelope of£™)(q,k|q’,k’) for q—k=q’ periodicity

—Kk’ =ky(0,0,2 co9) is obtained. In Figs. @ and 9b) we An explanation based on analytic techniques can be given
present results foE(*) versus¢ from the periodic on aver- for the new peaks observed in the results for the periodic on
age system withe= —9 for scattering processes in whish average system shown in Fig. @pecifically, these are the
=10 and 45°. In general, the correlator is seen to be @eaks occurring ab=0 and 180°). This is done by applying
smooth slowly varying function o for both polar angles. If ~diagrammatic Green’s-function methods to a model sy&tem

we fix 6 and vary¢ for vectors defined by which, though different from the one described in Eds-
(3), exhibits a periodic on average randomness that is easier

ﬁzko(sin 6,0,c0s6), (36)  to handle analytically and which is qualitatively similar to
that of the periodic on average system discussed in Sec. Il.
k=ko(sin6,0,— cosé), (37 We consider a form fok(r) given by
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e(r)=u(r) + &(r), (40) tion of the electromagnetic fields with the system which do
not affect the gross geometric features of the speckle cor-
whereu(r) is a periodic function and(r) is drawn from a  relator. .
set of Gaussian random functiotfst*~2{¢,(r)}. The scat- In terms of the Green's functio®r(qlk), it has been
tering properties of the system are expressed in terms thowrt that the angular speckle correlator

e(F), and the average scattering properties are then detef" )(a.klg' k') satisfies
mined by averaging over the set of Gaussian random func-

tions,{eo(r)}. In Eq. (40), the periodic functionu(r) is rep- CM(q,klq" k") (GK(q,K)Gr(q',K"))
resented b
’ X(GA(d' K Gr(G.K))
u(N=2 uge®", (41) ~|(Gr(a,K)[2(Gr(A" KNI (48)

G
and that the angular speckle correlat6f'%(q,k|q’ k")
where the sum is over the set of reciprocal-lattice VECIOrg 4 4icfied0-12

{G} of the average periodic lattice, and the Gaussian random

function eq(r) satisfies c9(q,k|q’ k' ) (GR (q, k)G* (q' k' ))
(€0l(1))=0, (42) X(Gr(d',k")Gr(q,K))
_ S V(2 S 2

(49)
In Egs.(42) and(43) () indicates an average over the set of ) ) )
Gaussian random functions, and the functgme— r—7|) is An uptiefstai\ndlng of theﬁ gross geometric properties of
such thag(0)=1 and lim _g(r)—0. cW(q,k|q’,k") and C*%(q,k|q’,k’) can be obtained by
== 4p-12.14-16 using Eqgs.(45—(47) to expand Eqs(48) and (49) through
' tgrms of ordemgo?. We now turn to a discussion of these
rms.
The two-particle Green’s functions in Eqgl8) and (49)
can be written as

Following a well-known treatme it can be
shown that the electromagnetic scattering cross section of t
system in Eqs(40)—(43) is proportional to a two-particle
Green'’s function, i.e.,

do(q,K)

0 =(IGR(ER[). 44 (GrAKGR(A' K))=(2m)®5(q—KIG(K)(2m)®

x8(q'—k)G(q")+G(q)G(q")

Here the Green’s function of the random systeBg(q,k),

satisfies the Dyson equation xT(q,klg",k")G(K)G(K"), (50)
Gr(G,K)=(2m)28(G-KIG(K) and
S dp L. . (GX(9.K)Gr(q' K))=(2m)38(q—K)G* (k)(2m)®
6(d) [ ~Lv@lpIGpR, @9 o
) X 8(q'=K')G(q")+G*(a)G(a')
whereG(K) is the Fourier transform of E¢8), and the scat- xTYq,klq’.k)G*(K)G(K'),
tering potential for the dielectric system described in Egs.
(40)—(43) is given by (51
. I whereI'°(q.k|q’,k’) andT'Y(q,k|q’,k’) are the respective
V(plk)=v(plk)e(p—k). (48)  reducible vertex functions arising from the scattering inter-
In Eq. (46) E(ﬁ)zfd3re*“i'Fe(F), so that from Eqs(40) act|or2 . df’SS”bEd by_ {V(q|k)V(q_’|k’)> and
and (41) (V*(qlk)V(q'|k")). Computing the reducible vertex func-
tion in Eq. (50) to terms of ordeugo*, we find the general
“ o e A form
e(q)=2, ug(2m)°8(q—G) +eo(0), 47
S R I

whereeo(q) = [d3re 19" ey(), ug= fp|cd3re*‘é'F andplc

indicates that the integral is over a primitive lattice cell. The +B(q,klq’,k) X 8(g—k+q' —k'+G),
coefficientv(p|k) in Eq. (46), whose general form is not G
important to our discussions, contains details of the interac- (52
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FIG. 10. Results for the angular speckle correlator for the system of Fg.Plots are presented for the wave vectors defined in Egs.
(56)—(59) showing the total correlator function as a function of the scattering apigRResults are shown fofa) 6=30°; (b) =45°; (c)
6=50°; and(d) 6=70°.

whereA(q k|q K’ ) andB(q k|q K’ ) are smoothly varying The effect on the speckle correlator of the average periodic-
functions ofg, k q andk’ Computing the reducible ver- ity in the random system is found in the additional delta-
tex function in Eq.(51) to terms of ordeuga?, we find the ~ function terms in Eqs(54) and (55 over the single G

general form =0) delta-function terms found in the system that is not
periodic on average. In the absence of average periodicity
r'y(q.klq’,k")=D(q,k|q",k")8(q—k—q' +k") (the |G|— oo limit), only theG=0 terms contribute in Eqgs.
(54) and (55).
+E(a I2|ﬁ K )2 5 K a,+|2,+é) To investigate, in the context of our computer simulations

discussed in Sec. I, th&+#0 terms in Eqgs(54) and(55), it
(53) is useful to take the forms

whereD(q,k|q’,k") andE(q,k|q’,k’) are smoothly varying k=Ko(sin6,0,cosh), (56)
functions ofq, k, q', andk’. A
From Egs.(48)—(53) we see that k' =Kkp(cos¢ sin6,sin¢ sin 6,cosb), (57)
C‘”(G,Elﬁ’,lZ’)mZ 5(a_|z_a,+|2,+é) (54) q=Kkq(0,siné,cosh), (58
G
and g’ =ko(sin¢ sin@, —cose sin @, cos6). (59)

In the limit thaté=90° the wave vectork, k', g, q’ in Egs.
c9qK|g’ k=Y, s(g—k+q' —k'+G). (55  (56)—(59 reduce to those given in EqR0)—(23) and repro-
G duce the results in Fig. 4 for the periodic on average system.
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For 6+ 90° all four vectors have the samm&omponent, and 0.0025 T T T T T T 1
for =0° all four vectors are parallel to tieaxis. Using the
wave vectors in Eq956)—(59) we find for generab and ¢ @

ci—IZ—(i’JrIZ’ =Kkosinf(—1—sin¢+cos¢,1+ cosg

+sin¢,0), (60) 0.001 { -

Correlator

and

q—Kk+q' —k’ =kosin6(— 1+ sin ¢ —cos¢, 1—cosed
—sing,0), (61)

_00005 1 1 1 1 1 1 | 1
0 10 20 30 40 50 60 70 80 90

which give simple expressions it and 6 for these two Scattering Angle

important linear combinations of the incident and scattering
wave vectors of the angular speckle correlator. 0.004 T T T T T T T T
From Egs.(54) and (55), it is seen that when the right-
hand side of either Eq(60) or (61) becomes equal to a )
reciprocal-lattice vector, then eith&® or C(*9, respec- 0.002 i
tively, are nonzero. Otherwise, these contributions to the
general angular speckle correlator are zero. We shall now use
these results to explain the peaks observed in Fig. 4 for the
periodic on average system. Following this, we shall present
additional results for the periodic on average system consid-

ered in Fig. 4 that illustrate the geneébﬁo results in Egs.
(54) and (55) for these types of systems.

In Fig. 4 simulation results have been presented for the
#=90° case of the wave-vector geometry described by Egs. . . ) . \ . L X
(56)—(61). Peaks are observed fa@r=0, 90, 180, and 270°. 0 10 20 30 40 50 60 70 80 90
Upon evaluating Eqg60) and(61) for the values o and ¢ Scattering Angle
at which peaks are found in the angular speckle correlator,
we find that the four peaks correspond to cases in which thgystem as considered in Fig. 10, now plotted as a function of the

right-hand Si(_jes of Eqs(60) an_d (61) become equal to scattering angled for fixed values of:(a) ¢=45°; and(b) ¢
reciprocal-lattice vectors. In particular, the peaks observed at gqe

¢=0 and 180° arise from cases in which the right-hand
sides of Eqs(60) and(61) are nonzero reciprocal-lattice vec-
tors, and the peaks ab=90 and 270° arise in part from
cases in which the right-hand sides of E(0) and(61) are
the zero reciprocal-lattice vector.

In Fig. 10 we extend this analysis to cases in whith
#90°. Scans are presenteddnfor the angular speckle cor-
relator of thee=—9 periodic on average system treated in
Fig. 4(a). Plots are presented of the total correlator

Correlator
o

FIG. 11. Results for the angular speckle correlator for the same

quite equal to, reciprocal-lattice vectors. From E@f) and
(61) we find that the peaks or dips in tile= 50 and 70° plots
for the peaks or dips ab=45, 90, 135, 225, 270, 315° occur
for cases in which the right-hand side of E(R0) or (61) are
close to reciprocal-lattice vectors.

The delta functions in Eq$54) and(55) represent results
for an ideal random system that is of infinite extent. For

SN SN random systems of finite extent we expect that the delta
C(qg,k|g’ k") versus¢ for #=30, 45, 50, 70°, and a variety y b

of peaks and dips are observed as a functiobdh these funﬁcucln Ln E9S-(5f‘) and (59, 8(q—k-q'+k'+G) a”?'
plots. Evaluating Eqs(60) and (61) we find that the four 8(d—k+q'—k’+G), are replaced by peaked functions
peaks in the#=30° plot occur when the right-hand sides of f(q—k—q'+k'+G) and f(q—k+q' —k'+G) with
Egs.(60) or (61) equal vectors of the reciprocal lattice. The maxima at the zero of their arguments and widths of order 1/
peaks at¢=0° and 180° arise from nonzero reciprocal- wherel is a typical linear size dimensiaie., the radius of
lattice vectors, and are consequently absent in the systethe smallest covering spheref the finite system. Conse-
that is not periodic on average. The peakgat90 and 270°  quently, the peaks observed near reciprocal-lattice vectors in
arise in part fromG=0 and will be found in the results for the plots for§=45, 50, 70° should in some cases become
the homogeneous random system. From E6) and (61)  !ess pronounced as the size of the system increases.

we find that the peaks in thé=45° plot located about To complement the runs made in Figs. 4 and 10, where
=0, 90, 180, 270° occur for cases where E@) or (61)  Plots of ¢ for fixed 6 are given, itis interesting to fix at 45
become equal to reciprocal-lattice vectors, and the peaks I&r 180° and plot the angular speckle correlatordaunning
cated aboutp=45, 135, 225°, occur for cases in which the from 0 to 90°. These plots are then analogous to the plots
right-hand sides of Eq¥60) or (61) are close to, but not made in Figs. 5-8 for th&=0 envelopes. In Fig. 11 results
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are presented for the=—9 periodic on average system In conclusion, we note that recently a contribution to the
studied in Fig. 4a) for ¢=45 and 180° for the speckle cor- speckle correlator from volume scattering has been intro-
relator as a function of. In these plots, anomalous behavior duced, called th€(® correlation function”*® The systems

is found near sets of angles for which the right-hand sides oftudied in Refs. 17 and 18 differ from the systems studied in
Egs.(60) and(61) are approximately equal to vectors of the the present paper in that the speckle in Refs. 17 and 18 arises
reciprocal lattice. It is interesting to note that in both plotsfrom a point or extended source of electromagnetic radiation

negative dips in the correlator are found néas70°. in the medium, respectively, whereas in this paper the scat-
tered electromagnetic waves arise from incident plane waves.
IV. CONCLUSIONS It appears, however, that the diagrams contributingCt®

are part of a set of diagrams entering into the definition of
We have computed the scattering cross section and thge C(*® contribution to the speckle correlator defined for
speckle correlator for the far-field scattering of light by apoth surface and volume scatteritfg*? This is clear from
finite, random, array of dielectric spheres. Two differentihe characterization of the*5 diagrams for volume scat-
types of randomness are considered. In one, the spheres ragring given in the second paragraph of Sec. 11l B of Ref. 10.
domly occupy space uniformly subject to the condition thatrhis s to say thaC® is composed from two two-particle

different spheres do not _overla_p. !n a second, the_ Sphereéreen's functions that are connected by a line of scattering
randomly occupy space with a distribution that is periodic on.

average. The results presented confirm the existence of bo@tfgawon’ and thi; Is part of the class of coqtributions to
the C™) contribution to the speckle correlatowhich has 9. The reaqler Is also referred to our e_arller paper-on
been known to exist from a number of publicatib™d and surface scatterifg where theC*® contributions are dis-
the C(19 contribution to the speckle correlatéwhich has cussed in Sec. 22 W_e note ion this regard that Fig. _2 of Ref.
recently been predicted in three-dimensional scatt&tingt 12 fdolezs not ex?h;:lttlylllst t]twé:( )tglagramsé)_ecause F'g'tz.gft
only as yet measured in the light scattered from rough metahQe : (\{VSS a list, taken from (le5)many lagrams contribut-
surface®). The simulation has been used to determine thé"Y tlfc o OLCOPtrIbUIIC}nS;]tCC ' kthat ha}ve peakj.;{ré)ese
envelope function of these correlators. The envelope funcR€aks were the focus of the Vo™ Ref. 12 an

tions of C andC1 are seen to be similar to one another di2grams, though part of of theé'™ contributions, do not

. . i (1.5) i i -
when plotted in the angular variables we have used. InteresfiSPlay peaks. Th€=>" correlator is not a topic of the re-
ing additional features are observed bothdf and C(19 sults presented in this paper, and we will not pursue this

when an average periodicity is introduced into the random©PIC further here.
ness of the system. For the periodic on average systems ad-
ditional regions of nonzer€") and C(*9, other that those

defined by the conditiong—k—q’'+k'=0 andq—k+q’
—k’'=0, are observed, that are caused by scatterings involv- The research of A.A.M. was supported in part by Army
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