
PHYSICAL REVIEW B, VOLUME 64, 165115
Role of relaxation and time-dependent formation of x-ray spectra

Timofei Privalov, Faris Gel’mukhanov, and Hans A˚ gren
Theoretical Chemistry, Royal Institute of Technology, S-10044 Stockholm, Sweden
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A fundamental problem of x-ray spectroscopy is the role of relaxation of the electronic subsystem in the field
of the transient core hole. The main intention of the present study is to explore the dynamics due to core-hole
relaxation in the whole time domain, and to find out how it is manifested in finite molecular systems in
comparison with solids. A technique is developed based on a reduction of the Nozie´res-De Dominicis equation
to a set of linear algebraic equations. The developed time-dependent formalism is applied to a numerical
investigation of a one-dimensional tight-binding model. The formation of the x-ray profiles is explored on the
real time scale, and the role of interaction with the core hole, band filling, and the final-state rule are investi-
gated for systems of different size. The formation of spectra of the infinite translational invariant system is
studied by extensions of the finite systems. We found that the dynamics of finite systems, like molecules,
differs qualitatively from solids: Contrary to the latter the time lapse of the Nozie´res-De Dominicis domain for
finite systems is squeezed between the inverse bandwidth and the revival time, which is proportional to the
system size. For small molecules this means that there is no time for a ‘‘Mahan-Nozie´res-De Dominicis
singularity’’ to develop. Comparison with the strict solution of the Nozie´res-De Dominicis equation shows that
the adiabatic approximation describes x-ray absorption and emission considerably better than the fast approxi-
mation. This explains the suppression of the relaxation effects in x-ray emission of, e.g., gas phase and surface
adsorbed molecules, but also that these effects are essential for the absorption case. There is still a quantitative
distinction between the adiabatic approximation and the strict approach, which becomes more important for
larger systems. Adopting the so-called finite state rule by von Barth and Grossman also for molecules, an
almost complete numerical agreement between this rule and the strict x-ray-absorption and emission profiles
for systems of different sizes is obtained. The simulations indicate that the final-state rule correction is impor-
tant mainly near the absorption edge and at the top of the emission band.

DOI: 10.1103/PhysRevB.64.165115 PACS number~s!: 78.70.Ck, 32.30.Rj, 31.70.Hq
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I. INTRODUCTION

X-ray spectroscopy constitutes a set of powerful exp
mental techniques to obtain insight into the nature of elem
tary excitations of molecules and condensed species.
worldwide development of synchrotron-radiation sources
during the 1990s created a breakthrough in this field ne
analogous to the one with laser sources in the optical reg
some 40 years ago. Even if this development has switc
over much of the research emphasis to the resonant x
spectroscopies, the nonresonant counterparts have take
vantage of these modern synchrotron facilities as well.

The revival of x-ray spectroscopy has brought about n
implications and applicabilities in molecular and mater
science for typical x-ray concepts like element, positio
and polarization specificity, local bond and orientation
probing, building-block principles, and chemical shift
However, two interrelated conceptual issues remain with
great a concern as ever, namely, the role of relaxation in
formation of x-ray spectra and the extent to which the x-
spectrum relates to the ground-state species. Since the
spectra connect to core-electron excited states, the chem
and physical properties of which completely differ fro
those of the ground state~cf. the equivalent cores notion!,
these issues are of real concern for the main applicability
x-ray spectroscopy. The fundamental questions in this fi
thus refer to the role of the core hole in the formation of t
spectral profile, and much efforts with so-called initial a
final-state rules, with simplifying models and with larg
0163-1829/2001/64~16!/165115~15!/$20.00 64 1651
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scale computations have been devoted to find out for wh
type of systems and for which type of processes relaxatio
important or not. One has thus found indication that rela
ation in most cases is important for x-ray absorption, wh
e.g. resonant inelastic x-ray scattering spectra of surface
sorbate species are best described by the frozen or
approximation.1

However, thea posterori fact of whether experimenta
agreement is obtained with or without relaxation provid
rather limited insight and predictability of the issue. Mor
over, the direct connections between the role of relaxat
with relevant concepts like detuning, band filling, and cha
nel interference, and with processes for spectral forma
that occur at different time scales—such as relaxation tim
decay time, measurement time, and duration time—are
easily obtained using common time-independent comp
tional methods. In order to better accomplish this ambit
we believe a nonstationary, time-dependent framework
analysis and computations of the x-ray spectra is the on
look for. Time-dependent techniques have indeed been
tremely fruitful for studying fundamental processes asso
ated to thenucleardynamics of x-ray spectra,2 giving impe-
tus to accomplish the similar picture for the electronic part
the problems.

To find a key and a starting point for this program we
back to Mahan’s prediction of the edge singularities in x-r
spectra of metals,3 and to the discovery by Nozie´res and De
Dominicis4 ~ND! that the core-hole problem is reduced, in
certain sense, to a one-electron problem in the Fermi-liq
©2001 The American Physical Society15-1
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framework. Two distinct approaches were used to num
cally solve this equation for solids: the direct solution of t
time-dependent ND equation5 and the solution of the ND
equation in an energy representation.6,7 Other theoretical ma-
chineries have been proposed as reviewed in Refs. 8
The ND theory, which contains an explicit treatment of t
interaction with a core hole, admits a strict solution only ne
the threshold, while only numerical solutions are enabled
the whole spectral region. Thus, while the ND theory und
putably was a great breakthrough for the knowledge of
dynamics of an electronic system in the field of a core ho
it is limited to infinite systems and gives the analytical so
tion only for the long-time asymptote. The evolution of th
electronic subsystem in the whole time domain, includ
also finite systems, has continued to be an open question
to our knowledge a theory based on such a strict solution
the ND equation has never been implemented.

A key problem in the theory of x-ray spectra, and a go
of the present work, is thus a search of methods for a s
solution of the ND equation in the whole time domain. T
present paper derives such a time-dependent method an
dresses several issues concerning core-hole relaxation
interaction within the Fermi-liquid framework. The tech
nique developed here to solve the ND equation is based
the reduction of the integral ND equation to linear algebr
equations and is adapted also for finite systems. Using
technique the spectra of infinite systems is computed a
extension of the size of the finite system. We test our form
ism by applications to several main x-ray spectroscop
x-ray absorption~XA !, nonresonant x-ray emission~XE!,
and x-ray photoelectron spectroscopy~XPS!, with the ambi-
tion to implement a similar technique in a more complica
many-body treatment for resonant x-ray Raman scatter
That will be the subject of a forthcoming paper.11 We use the
formalism to explore the appearance of x-ray spectra ve
the strength of interaction with the core hole, versus ba
filling, and versus the time of interaction with the radiatio
A special accent is also made on the role of excitonic sta
and on the applicability of the final-state rule12 for finite
systems.

The content of the paper is as follows. The basic N
theory of x-ray photoabsorption is described in the next s
tion. Section III addresses our main result, the reduction
the time-dependent ND equation to an algebraic probl
The different limiting cases and the role of the band filli
are discussed in Secs. III A and III B. We implement in Se
IV and V the developed formalism to nonresonant x-r
emission and core-electron photoelectron spectra. The e
tonic enhancement of many electron transitions is discus
in Sec. VI. Sections VII and VIII embody the details of n
merical simulations and the discussion of the applicability
the final-state rule to the finite systems. The characteri
times of the electron dynamics and the time evolution of
XA, XE, and XPS profiles are studied in Sec. VIII E. O
findings are summarized in the last section.

II. BACKGROUND THEORY OF X-RAY ABSORPTION

We considerK photoabsorption with the photon (v,e)
and the dipole operatorDn5S i(e•din)ai

†bn . Herebn andai
†

16511
i-

0.

r
n
-
e
,

-

g
nd

of

l
ct

ad-
nd

on
c
is
an
l-
s:

d
g.

us
d
.
s

c-
f
.

.

ci-
ed

f
ic
e

are the operators of annihilation of the core electron a
creation of a valence electron, respectively. It is natural
express the wave function of the valence electron as a su
the atomic orbitalsfn ,

c i5(
n

cinfn , (
i

ucinu25(
n

ucinu251, ~1!

which for simplicity are assumed to be nonoverlapping.
localization of the wave function of the 1sn electron near the
absorbing atomn results in the following expressions for th
electron-hole interaction and the transition matrix elemen

ui j
n 5cin* cjnun , ~e•d! in5cin* d, ~2!

whered5*fn* (e•r )1sndr . It is worthwhile to note that the
readjustment of the Fermi sea in the field of the core h
suppresses strongly the coupling strength,13 un
5(fn1snufn1sn).0.

We start out from the time-dependent representation
the cross section of x-rayK absorption, which is the sum o
the contributions from each absorbing atomn,

s~v!5(
n

sn~v!,

sn~v!54pav ReE
0

`

dt^0uDn
†~ t !Dn~0!u0&e~iv2G!t

54pavudu2 ReE
0

`

dte~ iv2G!tKn~ t20,t !. ~3!

Here a5 1
137. The cross section takes the form of a ha

Fourier transform of the two-electron propagator

Kn~t,t !5(
i j

cin* cjn^0uT$bn
†~ t !aj~t!ai

†~01!bn~0!%u0&,

0,t,t, ~4!

with A(t)5exp(iHt)Aexp(2iHt) andG is the lifetime broad-
ening of the core excited state. The basic ND assumptio
noninteracting valence electrons yields the following ele
tronic Hamiltonian~see Appendix A!:

H5(
i

e iai
†ai1Ēnbn

†bn2(
i j

ui j
n ai

†ajbnbn
† ,

Ẽn5En1un(
i .F

ucinu2. ~5!

We use notationse i andEn for the Hartee-Fock~HF! ener-
gies of valence and core electrons, respectively. The sym
i .F means that thei th one-electron level is unoccupied an
vice versa. We emphasize here one qualitative distinction
the valence and core-electron contributions to the Ham
tonian ~5!: contrary to the energye i of the valence electron
Ēn[Ẽn2un is not equal to the HF valueEn . The often used
identification ofĒn andEn is thus incorrect, for example, i
results in a violation of the Manne-A˚ berg~MÅ ! theorem14,15
5-2
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~Secs. IV and VII, and Ref. 8!. Obviously,Ēn andEn differ
strongly due to the sharp dependency ofĒn ~5! on the filling
of the valence band.

A key step is the profound idea of Nozie´res and De
Dominicis4 to treat the core hole as a nonstationary class
scattering center switched on during the time lapse@0,t#
~but not as a particle!. Due to this the correlatorKn(t,t)
factorizes into the product of the one-electron Gree
functions for valence @wn(t,t)# and core (gn(t)5
2i^0uTbn(0)bn

†(t)u0&) electrons,

Kn~t,t !5wn~t,t !gn~ t !. ~6!

The diagrammatic technique4 or the equation-of-motion
formalism16 leads to the ND equations

wn~t,t !5Gn~t!2unE
0

t

Gn~t2t1!wn~t1 ,t !dt1 ,

gn~ t !5iu~ t !e@ iẼnt1Dn~ t !#, Dn~ t !5unE
0

t

wn~01 ,t1!dt1 .

~7!

When the interaction with the core hole is neglected,wn(t,t)
coincides with the free-particle Green’s functionGn(t)
5u(t)Gn

1(t)1u(2t)Gn
2(t). This results in a Hartree

Fock expression for the cross section~3!. Here u~t! is the
step function, which is equal to one whent.0 and 0 other-
wise, Gn

6(t)56iS i ucinu2u@6(eF2e i)#exp(2ieit), and eF

is the Fermi energy.

III. REDUCTION OF THE ND EQUATION TO LINEAR
ALGEBRAIC EQUATIONS

First of all we perform a Fourier transform of the N
equation~7! and extract the free-electron Green’s function

wn~e,t !5Gn~e!w̃n~e,t !5E
2`

`

dteietwn~t,t !. ~8!

It is instructive to write the Fourier-transformed ND equati
~see Appendix B!,

@11un ReGA~e!#w̃n~e,t !

511
un

p E
2`

`

de1w̃n~e1 ,t !
Im GA~e1!

e2e1

3@u~eF2e1!1u~e12eF!ei~e2e1!t# ~9!

in terms of real and imaginary parts of the advanced Gre
function,

ReGA~e!5P(
i

ucinu2

e2e i
, Im GA~e!5p(

i
ucinu2d~e2e i !.

~10!

Making use of the expression for the density of sta
Im GA(e) we obtain from Eq.~9!
16511
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w̃n~e,t !

5

11un( i

ucinu2w i~ t !

e2e i
@u~eF2e i !1u~e i2eF!ei~e2e i !t#

11un ReGn~e!
.

~11!

Clearly, to findw̃n(e,t) the quantities

w i~ t ![w̃n~e i ,t ! ~12!

must be known. However, to determine these functions
must knoww̃n(e i ,t). To escape this vicious circle, the finite
ness ofw̃n(e,t) is used. One can show that, indeed,w̃n(e,t)
is finite for t,` everywhere on the real axis, as well a
whene approaches the rootsEa

n of the equation

11un ReGn~Ea
n !50. ~13!

Because of thatw̃n(e,t) is finite, and the nominator of the
right-hand side of Eq.~11! must be equal to zero in thes
points:

11un(
i

ucinu2w i~ t !

Ea
n2e i

@u~eF2e i !1u~e i2eF!ei~Ea
n

2e i !t#

50, w i~0!51. ~14!

The solution of these algebraic time-dependent equat
gives what we need:w i(t). The inverse Fourier transform o
wn(e,t) ~8!, ~11! yields finally

wn~t,t !52i(
i .F

(
a

ucinu2w i~ t !j ia
n e2iEa

ntei~Ea
n

2e i !t, t.0.

~15!

The residues of the functionsw(e,t)e2iet at e5Ea
n obey the

useful sum rule11

(
a

j ia
n 51, j ia

n 5
21

un~Ea
n2e i !( j S ucjnu

Ea
n2e j

D 2 5un

uc̃anu2

e i2Ea
n .

~16!

The reduction of the ND equation to the algebraic probl
~11!, ~14!, and~15! constitutes the main result of the prese
paper.

The zerosEa
n of the denominator ofw̃n(e,t) ~11! are noth-

ing else than the spectrum of the ‘‘completely relaxed’’ v
lence shell due to a core hole in thenth atom. One can see
that the eigenvalue problem~13! is equivalent to the standar
secular problem associated with the equations

aa i
n ~Ea

n2e i !1(
j

Vi j
n aa j

n 50, Vi j
n 5uncin* cjn . ~17!

The eigenvectors$aa i
n % define the wave function of a valenc

electron in the field of a static core hole,

c̃a
n5(

i
aa i

n c i5(
n

c̃anfn , c̃an5(
i

aa i
n cin ,
5-3
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(
i

uaia
n u251. ~18!

A. Limiting case: Fast and adiabatic XA

According to Eq.~3! the duration of x-ray absorption i
restricted by the lifetime broadening. One can treat XA a
fast process whenun ,De!G. HereDe is the effective width
of the valence band. In such a case the valence elect
have no time to rearrange in the field of the core holeun

→0): Ei
n.e i2unucinu2, j ia.da i , w i(t).1. Hence, the XA

cross section is defined by the unperturbed propaga
wn(t,t).Gn(t), gn(t). ieiEnt, andKn(t,t). ieiEntGn(t).

An adiabatic switching on of the core hole@0,t#⇒
@2`,`# forms the other extreme case. The system now
time to relax completely. The corresponding valence pro
gator ~7! reads

Gn~e!5
Gn~e!

11unGn~e!
5(

a
uc̃anu2H u~Ea

n2eF!

e2Ea
n1i0

1
u~eF2Ea

n !

e2Ea
n2i0J . ~19!

The cross section for these two limits reads

sn
f ,a~v!522pavudu2 Im (

n
H Gn

2~v1En ,G! fast,

Gn
2~v1En8 ,G! adiabatic.

~20!

Here,

Gn
2~e,G!522ip (

a.F
uc̃anu2D~e2Ea

n ,G!,

En85Ẽn82un (
a.F

uc̃anu2, ~21!

and D(e,G)5G/p(e21G2). The lifetime-broadened unpe
turbed Green’s functionGn

2(e,G) is defined by the same
expression~21! after replacementsc̃an→cin andEa

n→e i .

B. Limiting case: Empty valence band

To understand the role of the band filling17,7 we consider
the XA profile of the completely empty valence band. Wit
out valence electrons the creation of electron holes is imp
sible, and the final states are well-defined as strict Hart
Fock states in the stationary field of the core hole. When
valence band is empty, Eq.~14!, it is brought into the form

(
i .F

ucinu2w i~ t !

Ea
n2e i

ei~Ea
n

2e i !t52
1

un
. ~22!

This and Eq.~16! show that the propagators~7!, ~15! coin-
cide with the ‘‘completely relaxed’’ Green’s functions,

wn~t,t !5Gn
2~t!52i (

a.F
uc̃anu2e2iEa

nt,
16511
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Thus, when the occupancy of the valence band decreases
XA cross section becomes closer to the one in the adiab
limit ~complete relaxation!.

IV. NONRESONANT X-RAY EMISSION

X-ray emission is an inverse process of x-ray absorpt
and the theory of the two processes follow similar steps
contrast to XA, the initial state for XE is an ionic stateun&
with a core hole~in the nth atom!. The ‘‘relaxed’’ one-
electron states (c̃a

n ,Ea
n) ~17!, ~18! form the vacuum stateun&.

The golden-rule expression for the emission probability
unit time P(v8) suggests the following time-dependent re
resentation:

Pn~v8!5
~av8!3

2p2 ReE
0

`

dte2 i ~iv81G!t^nuDn
†~ t !Dn~0!un&

5
~av8!3udu2

2p2 ReE
0

`

dte2~iv81G!tKn~ t20,t !,

P~v8![
dP~v8!

dv8d08
5(

n
Pn~v8!. ~24!

Now the Hamiltonian reads H5SaEa
naa

†aa1Enbn
†bn

1Sabuab
n aa

†abbn
†bn , where uab

n 5unc̃an* c̃bn . The relation
of En with the HF energy of the core electron will be clarifie
by Eq. ~31! below. The two-electron propagatorKn(t,t)
5Sabc̃anc̃bn* ^nuTbn(t)ab

†(t)aa(0)bn
†(0)un& factorizes simi-

larly to photoabsorption~6!: Kn(t,t)5gn(2t)wn(t,t). The
Green’s function of the valence electronwn(t,t) satisfies the
ND equation~7! after the replacements:un→2un , Gn(t)
→Gn(2t), and Gn(t2t1)→Gn(t12t). The propagator
Gn(t) has the same expression asGn(t) ~7! after replace-
ment (e i ,cin)→(Ea

n ,c̃an). The expression for the core
electron Green’s function resembles~7!

gn~2t !52iu~ t !exp@2iEnt2D~ t !#,

D~ t !5unE
0

t

dtwn~01 ,t!. ~25!

The solution of the ND equation is similar to XA. The fina
result reads

wn~t,t !5i (
a,F

(
i

uc̃anu2wa~ t !ja ie
ie ite2i~e i2Ea

n
!t, t.0.

~26!

Here,

ja i5
1

un(buc̃bnu2
~e i2Ea

n !

~e i2Eb
n !2

5un

ucinu2

e i2Ea
n , (

i
ja i51.

~27!
5-4
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The functionswa(t) satisfy algebraic equations, which a
similar to Eq.~14!:

12un(
a

uc̃anu2wa~ t !

e i2Ea
n @u~Ea

n2eF!1u~eF2Ea
n !e2i~e i2Ea

n
!t#

50, wa~0!51. ~28!

A. Limiting cases

1. Fast and adiabatic XE

Analogously to XA~20! it is straightforward to write the
formulas for the XE probability in the extreme limits,

Pn
f ,a~v8!5

~av8!3udu2

4p2 Im (
n

H Gn
1~v81En ,G! fast

Gn
1~v81En8 ,G! adiabatic.

~29!

HereEn85En1unS j ,Fucjnu2,

Gn
1~e,G!52ip (

a,F
uc̃anu2D~e2Ea

n ,G!. ~30!

The same expression is valid forGn
1(e,G) after the follow-

ing replacements:c̃an→cin , Ea
n→e i . To find En we first

note that (2En8) ~21! in photoabsorption and that (2En8)
means the ionization potential of the core level in the cas
full relaxation of the core excited state. Clearly, they must
the same:En85En8 . This yields

En5En2un(
j ,F

ucjnu21dn ,

dn5unF (
i .F

ucinu22 (
a.F

uc̃anu2G . ~31!

It is interesting to note that this formula differs from th
expression forĒn ~5!.

2. Completely filled valence band

The role of band filling is clearly seen when the valen
band is completely filled. This limit is inverse to the limit o
empty valence bands in photoabsorption, but displays
same physics. The electron-hole pairs can then not be cre
since no unoccupied states are available. The only role o
annihilation of the core hole due to an emissive transition
to rearrange the relaxed valence states into unrelaxed o
The calculations are very similar to the photoabsorption ca
Making use of Eqs.~27! and~28! one can see that the prop
gators~26! and~25! coincide with the unrelaxed ones in th
limit:

wn~t,t !5Gnn
1 ~2t!5i(

i ,F
ucinu2eie it,

gn~2t !52iu~ t !e2iEn8t. ~32!

The probability of x-ray emission is now given by the ad
batic limit ~unrelaxed approximation! ~29!.
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V. INNER-SHELL X-RAY PHOTOELECTRON SPECTRA

The next important process we consider is photoioni
tion of a core electron. When the photon energy essenti
exceeds the ionization potential of the core electronI n , the
cross section of the XPS process reads

s~«,v!5(
n

sn~«,v!, sn~«,v!

54pavudpu2 Im E
0

`

dte@i~v2«!2G#tgn~ t !. ~33!

Heredp5*cp* (e•r )1sndr andcp is the wave function of the
photoelectron with momentump and energy«.

When the valence band is completely filled, the valen
propagator~15! is equal to zero,wn(t,t)50, and the Green’s
function coincides with the unperturbed one,gn(t)5
2iu(t)exp(iEnt). This results in a single resonance for ea
atom ~N resonances for the whole system! with the unper-
turbed ionization potentialsI n

0 ~34!.
The case of an empty valence band was considered ab

according to Eq.~23! the Green’s function of a core electro
coincides with the propagator in the limit of complete rela
ation. In this case the photoelectron spectrum of each a
has a single resonance with the HF ionization potential~34!.

The partial band filling ‘‘opens’’ the shake-up channe
the many-electron resonances appear on the high-energy
of the XPS spectrum. It is readily understood that the m
one-electron resonance is shifted relative to the cente
gravity ^«&n into the low-energy side when the shake-up s
ellites appear. This is in accordance with the M˚

theorem,14,15,8 which states that the center of gravity of th
XPS spectrum of a core level

^«&n5v2I n
0, I n

052En ~34!

is equal to ‘‘Koopman’s value’’~see also below!.

VI. EXCITONIC STATES

When the interaction strength exceeds the critical va
ucr ,

un.ucr52ubu, ~35!

the lowest level is split off far from the main body of th
valence spectrum of a core-hole state. For an insulator, s
a local or excitonic level can appear also in the gap betw
occupied and empty states~this case is not considered here!.
The probability of shake-up transitions is enhanced stron
when the photon energy is sufficient to excite the seco
electron from the excitonic level. This leads to an addition
high-energy band in the XA spectrum and in XPS.18,17 The
threshold of this band,I n1Dexc, is shifted to the high-energy
side relative to the main thresholdI n by Dexc, which is the
energy of excitation from the excitonic level to the bottom
the unoccupied states. Clearly, the number of split level
equal to the number of equivalent atoms because each a
has a particular relaxed spectrum.
5-5



e
re

re
o
d
n
W
ro

i-
ics

S
it
e

in

e
h
ns
e
ec

e
t
n

ul

he

th

le
io
at
o

th
ne

pu-
ain

in
vo-
nd
ed
s are

st
rse

en
m,

a-

sity

tate.
r-

TIMOFEI PRIVALOV, FARIS GEL’MUKHANOV, AND HANS Å GREN PHYSICAL REVIEW B64 165115
The ‘‘strict’’ analysis shows that without a core hole th
final state of the XE transition effectively lacks the signatu
of an excitonic state. One can only expect such a signatu
a many-electron framework~shake-up transitions related t
nonorthogonality of the one-electron orbital of initial an
final states!. The intensities of these transitions are weak a
tend to zero with an increase in the size of the system.
note that the absence of the secondary threshold in XE f
metals was predicted by Combescott and Nozie´res.17 The fast
approximation~29! yields on the other hand a strong exc
tonic peak in XE, but this limit describes the real phys
poorly.

VII. COMPUTATIONS

In the numerical simulations we study XA, XE, and XP
from the prototype systems containing linear chains of fin
length. In particular we focus on the linear even polyen
with N52M atoms. The molecular orbital~MO! coefficients
and MO energies of such a one-dimensional tight-bind
model are given by Coulson formulas,

cin5S 2

N11D 1/2

• sinS inp

N11D , e i5a12b cosS ip

N11D .

~36!

The parameterb defines the width of the valence band. W
neglect the site dependence ofEn and the interaction strengt
un . The following parameters are used in the simulatio
a50, b522.4 eV, andG50.09 eV. We put the referenc
point of all energies in the middle of the unperturbed sp
trum of the valence band by settinga50. The lifetime-
broadened density of states~DOS! of the studied system is
shown in Fig. 1. Let us restate that the lifetime-broaden
DOS is obtained from the DOS~10! by the replacemen
d(e2e i)→D(e2e i ,G). To evaluate the XA cross sectio
~3! we need the propagatorwn(t,t) ~15!. The sum rule~16!
results in a very useful formula,

wn~ t,t !52i(
i .F

ucinu2w i~ t !e2ie i t, ~37!

which we implemented in the simulations. A similar res
for the valence propagator~26! is straightforward.

We start the computations of XA and XPS by finding t
‘‘relaxed’’ one-electron states (Ea

n ,c̃an) ~17!. The functions
w i(t) are computed for discrete timest as a solution of the
time-dependent algebraic equation~14!. At the next step we
evaluatej ia

n ~16! and the propagatorswn(t,t) ~15! for differ-
ent times. After that the core-electron Green’s function~7! is
evaluated. The final step of the numerical procedure is
calculation of the correlatorKn(t20,t) ~6! and the partial
and full XA ~3! and XPS~33! cross sections. To see the ro
of the electron-core-hole interaction, the XA cross sect
was also computed in the framework of the fast and adiab
limits ~20!. The numerical procedure for XE is similar t
XA.

We also implemented the direct numerical solution of
Dyson equation~7! using the discrete time grids as was do
16511
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earlier in Ref. 5. This method requires much larger com
tational time and we used it only as a tool to check our m
code.

VIII. RESULTS AND DISCUSSION

A. XA spectra

The interaction with the core hole may be activated
three ways: fast, adiabatic, and explicit, according to the e
lutional ND equation. The XA spectral shapes in the fast a
adiabatic limits copy the densities of unoccupied unrelax
and relaxed states, respectively. These densities of state
the parts of the DOS lying above the Fermi level~Fig. 1!.
The comparison of strict calculations with the adiabatic~re-
laxed! approximation are shown in Figs. 2 and 3: The fa
approximation leads to worse results, showing the inve
intensity distribution, Fig. 1. The photon frequency is giv
here relative to the core ionization potential of the midato
which is I M52EM in the fast limit, whileI M52EM8 in the
strict and the adiabatic calculations~20!. The role of band
filling ~the ratio of the number of occupied states to all v
lence states!,

FIG. 1. The lifetime-broadened unperturbed and relaxed den
of states ImGA(e,G) ~10! and ImGA(e,G) for the midatomM515.
N530, un54 eV, G50.09 eV, andb522.4 eV. The strong low-
energy peak in the lower panel corresponds to the excitonic s
The vertical arrows show the position of the Fermi level for diffe
ent band fillings%5

1
3 ,0.5,23 .
5-6
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%5
Nocc

N
, 0<%<1, ~38!

can be seen from Fig. 2. The adiabatic approximation diff
from the strict calculation mainly in the region adjoint to th
XA edge where the Mahan-Nozie´res-De Dominicis~MND!
singularity begins to form. One can see the expansion of
region of coincidence of the discussed spectral profiles
wards the XA edge with a decrease of the band filling%.
Both spectral profiles coincide exactly for an empty band%
50 ~Sec. III B!. Since the excitonic level is now empty,
becomes active in XA and gives a dominant contribut
because ofun;ucr ~Fig. 2!. The comparison of Figs. 1~b1!
and 1~b2! indicates that the spectrum of a bulk atom rep
duces the main spectral features of the total XA cross sec
of the chain withN530.

Let us now turn attention to the site dependence of the
spectra of the moderate size chain withN510 ~Fig. 3!. Both
strict and adiabatic approaches demonstrate strong site
pendence of the XA profile, referring both to intensities a

FIG. 2. The dependence of XA on band filling% ~38!. ~a!, ~b2!,
~c!, and ~d! show the partial XA cross section of the bulk (M th)
atom, while~b1! shows the total XA cross section from allN atoms
~decreased by 30 times!. The solid line: strict solution; the shade
profiles and dashed line: adiabatic approximation. The numbek
52.36, 1.85, and 1.33 denote that the corresponding adiabatic
section is enlarged byk times.N530; un54 eV.
16511
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relaxation energies$Ea
n% ~Fig. 3!. Similar to Fig. 2, one can

observe a better agreement between the strict and adia
approaches in the high-energy region of the spectra. Cont
to the partial cross sections, the total cross section is
hanced close the XA edge where the MND singularity form
Apparently, the total XA spectrum is close to the XA spect
shape of the midatom for the long chains where the
dependence is negligible.

Both Figs. 2 and 3 show that the adiabatic approximat
~20! gives a smaller area of the XA profile,sn

a

5*sn
a(v)dv54p2avudu2(a.Fuc̃anu2, than the strict ap-

proachsn5*sn(v)dv. A reason for this can be found in
the following sum rule:

sn5sn
f 54p2avudu2(

i .F
ucinu2.sn

a , ~39!

which states thatsn coincides with the fast limit value6 sn
f .

The adiabatic cross section is suppressed,sn
a,sn , since the

excitonic state borrows the main part of the relaxed den
of states ImGA(e) ~Fig. 1!.

ss

FIG. 3. The site dependence of XA spectra: exact results ve
adiabatic approximation. Panels withn51,..,5 present adiabatic
~filled profiles! and strict~solid lines! partial XA cross sections. The
total cross sections~upper panel! are decreased by 2 times. The ba
show the relaxed spectrum$Ea

n% ~13!. N510, %50.3, and un

54 eV.
5-7
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B. XE spectra

Opposite to XA, x-ray emission in the fast and adiaba
approximations~29! copies the densities of occupied state
which are, respectively, the parts of the relaxed and un
laxed DOS below the Fermi level~Fig. 1!. We first analyze
the role of the band filling~Fig. 4!. To be specific we treat the
midatom and consider the frequency of the emitted pho
relative to the core ionization potential of the midatom; th
is I M52EM in the fast limit, whileI M52EM8 52EM8 in the
strict and adiabatic calculations~29!. A consideration of the
fast limit case~Fig. 1! shows that this limit is too crude fo
XE: In contrast to the case of fast absorption, neither
strict approach nor the adiabatic limit shows excitonic re
nances~see Sec. VI!. Similar to photoabsorption the adia
batic approximation agrees with the strict calculation, exc
for the region close to the Fermi level, where one can see
trend of a formation of a MND singularity. The agreeme
improves essentially with growth of the band filling. Whe
the band is completely filled the adiabatic approximation~the
unperturbed density of states! coincides exactly with the
strict solution~see Sec. IV A 2!.

FIG. 4. The dependence of XE from the bulk atom on the ba
filling % ~38!. The shaded profiles and solid lines present the res
of the adiabatic approximation and strict approach, respectiv
The shaded profiles in~c! and ~d! are enlarged by 1.1 and 1.3
times, respectively.N530; un54 eV.
16511
c
,
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The dependence of XE spectra and shake-up trans
intensities on the length of the system is illustrated by Fig
When the chain is short, we see clearly weak shake-up r
nances below the main body of the XE band. The fi
shake-up resonance occurs due to transitions of the elec
from the highest occupied MO~HOMO! to the lowest unoc-
cupied MO~LUMO!. The amplitude of shake-up resonanc
decreases with the increase of length of the system. The
tance between shake-up resonances decreases with th
crease of the system length due to an increase of the de
of states. The shake-up resonances move towards the bo
of the occupied band due to a decrease of the gap betw
HOMO and LUMO with an increase ofN. They form the
low-energy tail in the XE spectra of long chains. The form
tion of the ‘‘double peak’’ shape of XE is clearly seen fo
largeN. The low-energy peak is due to the unrelaxed dens
of states~Fig. 1!, while the stronger high-energy peak show
the formation of the MND singularity.

Similar to XA, the area of the XE profile,Pn
a

5*Pn
a(v8)dv85@(av8)3udu2/2p#( i ,Fucinu2, in the adia-

batic approximation~29! is smaller than in the strict approxi

d
ts
y.

FIG. 5. The dependence of XE spectra and shake-up contr
tions on the chain length for the bulk atom (n5M ). N550, 30, 16,
12, and 8. Solid line: strict time-dependent calculation; shaded
files: adiabatic approximation~29!. The arrows indicate position o
shake-up resonances. Vertical lines show the margins of the o
pied valence band@24.8; 0# eV. %50.5; un58 eV.
5-8
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mationPn5*Pn(v8)dv8 ~see Figs. 4 and 5!. To understand
this we consider the sum rule,

Pn5Pn
f 5

~av8!3udu2

2p (
a,F

uc̃anu2.Pn
a , ~40!

which says thatPn coincides with the fast limit value6 Pn
f .

Hence, the reason forPn.Pn
a is the enhancement ofPn due

to a large excitonic contribution in the sum overa in Eq.
~40! ~see Fig. 1!.

C. The final-state rule for XA and XE

The analysis of XA and XE above shows that the relax
solution describes the XA profile well while the frozen o
bital approximation is more appropriate for the analysis
XE data. Indeed, the relative resonant energies of XA
XE one-electron transitions are equal to the adiabatic va
v(1sn→c j )2I n.Ej

n , v(c i→1sn)2I n52I i.e i , respec-
tively. HereI i is the ionization potential of the valence leve
However, it is clear that such an agreement for the spec
profile is not complete, for example, because of the MN
edge singularities von Barth and Grossmann formulated
so-called final-state rule~FSR!.12 The intensity distribution is
a product of the adiabatic and the ND profiles~see also Refs
19 and 8!. This rule adapted for the discrete spectrum rea

sn~v!5sn
a~v!Ln~v!, Pn~v8!5Pn

a~v8!Ln~v8!,

Ln~v!5kS e i
2

~v2e i2I n!21G2D an/2

, an52
dn

p
2S dn

p D 2

.

~41!

The parameterk is here defined from the best fit to the stri
solution. The phase shift due to scattering of the vale
electron on the core hole can be calculated using the Fri
formula.20,17

dn5pS e i2Ei
n

e i 112e i
D . ~42!

The ND theory operates with the phase shift at the Fe
surface. We encounter some uncertainty concerning the v
of e i in Eqs.~41! and ~42!, and the best agreement with th
exact solution for XE is received whene i is equal to the
energy of the highest occupied valence leveleF . In the XA
case the best agreement is obtained whene i coincides with
the energy of the lowest unoccupied valence level. The F
expressions coincide with the adiabatic limitssn

a(v) and
Pn

a(v8) when the interaction with the core hole is weak,dn

!p.
Figure 6 shows the photoabsorption by the bulk atom. T

intensities as well as the transition energies in the fast~unre-
laxed! limit differ strongly from the strict values. The trans
tion energies in the adiabatic~relaxed! approximation coin-
cide exactly with the strict calculation. One can see a cer
improvement also in the intensity distribution, except at
edge where the MND singularity forms. The FSR correct
of the adiabatic approximation changes the picture dra
cally: We now see quantitative agreement with an exact
16511
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culation. When we implement FSR for XE~see Fig. 7! we
obtain an even worse agreement between the fast approx
tion and the strict result. A salient disagreement concerns
region for the strong excitonic peak given by the fast a
proximation~see Sec. VI! where the strict result only show
very weak two-electron satellites. The adiabatic approxim
tion reproduces exactly the transition frequencies, howe
the intensity distribution differs essentially from the exa
spectrum. FSR improves the adiabatic approximation up
almost complete coincidence with the strict calculation. It
necessary to point out that the FSR correction increases
emission intensity near the top of the occupied band wh
the MND singularity appears. We note that the discus
trends are typical for all atoms and different lengths of t
chain.

D. XPS spectra

The XPS profile of thenth atom consists of only a singl
resonancev2«5I n

0, if the interaction with the core holeun

is neglected. To be specific we discuss here the spectra o
M th bulk atom. With an increase ofun the shake-up transi
tions begin to form the high-energy tail of a main peak, F
8. As soon asun approachesucr54.8 eV ~35!, the shake-up

FIG. 6. The final-state rule in x-ray absorption by the bu
(M th) atom. Dashed line: fast approximation~20!, dashed line with
filled circles: adiabatic approximation~20!, solid line: strict solu-
tion, and shaded profile: final-state rule~41!. The shaded profile is
enlarged by 5.7 times.N540, %50.5, andun54 eV.
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channels involving the excitonic level are opened. The g
between the main and excitonic thresholds becomes la
with an increase ofun because of the lowering of the excito
energy. The site dependence ofI n leads to a broadening o
the spectra. This effect though can be neglected for l
chains. The comparison of the whole spectrum~dashed line!
with a spectrum of bulk atoms~solid line! of a long chain
confirms this, Fig. 8.

We consider now the spectra of bulk atoms when the
teraction with the core hole is sufficient to split the loc
level from the main body of the occupied band~Fig. 9!. We
see clearly two qualitatively different groups of shake-
transitions related with the main and excitonic channels. T
threshold of the shake-up transitions of the main channe
equal to the excitation energy from the HOMO to t
LUMO. The transition energies are the differences of
corresponding energiesEa

n of the ‘‘relaxed’’ spectrum. The
shake-up transition from the excitonic level to LUMO sta
the second shake-up band. Apparently, the threshold of
excitonic band~energy distance from main resonance! Dexc

5ELUMO
n 2Eexc

n .eF2Eexc
n increases linearly when the Ferm

energy @and the band filling% ~38!# increases. When the
band is completely filled we see only a one-electron re

FIG. 7. The final-state rule in x-ray emission by the bulk (M th)
atom. Dashed line: fast approximation~29!, dashed line with filled
circles: adiabatic approximation~29!, solid line: strict solution, and
shaded profile: final-state rule~41!. The arrow marks the shake-u
band. The excitonic peak in the fast XE spectrum is marked
‘‘EXC.’’ The FSR, strict, and adiabatic profiles are enlarged by 1
5, and 5 times, respectively. The other input data are the same
Fig. 6, exceptN520.
16511
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nance~Sec. V!. The intensity of the excitonic band increas
with the decrease of the band filling up to%→0. When%
→0, the excitonic threshold takes a minimum value equa
the distance of the local level from the bottom of the ma
valence band. Again, only one-electron resonances form
XPS spectrum when the band, as well as the excitonic s
is empty. Such a discontinuous dependence of the excit
band intensity on the band filling% is due to a special shap
of the density of states, Fig. 1, which takes a maximum va
at the bottom and at the top of the valence band. It should
mentioned that the intensity of the excitonic band peaks n
%;0.5 if the unperturbed density of state has a bellli
shape,7 which is opposite to that used here~Fig. 1!.

Both Figs. 8 and 9 show that the shake-up band redu
the intensity of the main one-electron resonance. The rea
for this is the constant value of the area of the XPS pro
~33!: *sn(«,v)d«54p2avudpu2. The center of gravity of
XPS coincides exactly with the HF value~34! in accordance
with the MÅ theorem14,15 ~Figs. 8 and 9!: The main one-
electron peak is pushed out into the low-energy side w
many-electron satellites appear on the high-energy sid~a
‘‘lever arm’’ relationship!. A deep analysis of this theorem
has been given by Almbladh and Hedin.8 One should note
that the often used treatment ofĒn in the Hamiltonian~5! as
En leads to wrong shifts of the XPS bands, and results i
violation of the center-of-gravity theorem.

E. Dynamics of the readjustment of valence electrons in the
field of a transient core hole

1. The time dependence of propagators

The dynamical aspect of the interaction with a core hole
the heart of the studied problem. The natural way to und

y
,
in

FIG. 8. The XPS profile~33! of the bulk atom~M th atom! for
different strengths of interaction with the core holeun . N540, %
50.225. The full XPS spectrum~summed over all atoms and d
vided byN! is shown by a dashed line. The filled and hollow arrow
mark shake-up transitions from excitonic~filled profiles! and from
HOMO to LUMO, respectively. The centers of gravity of the spe
tra coincide exactly withv2e5I n

0 ~34!.
5-10
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stand the dynamics is to analyze the time evolution of
valence and core-electrons propagators. Two character
time scales are responsible for the dynamics:

t05
2p

Du
, tR5

2p

n
5t0M . ~43!

The shortest time scalet0 , describing fast oscillations, i
related to the inverse bandwidth of the unoccupied bandDu
~in our caseDu52ubu andt0.0.9 fs!. The density of states
or distance between valence levelsn5Du /M gives the sec-
ond characteristic time scaletR.0.9 M fs. Approximate po-
sitions of these time scalest0 andtR are shown in Figs. 10
and 11. These times are related with three essentially di
ent dynamical regions. According to Fig. 10 the first step
relaxation, 0,t,t0 , is described approximately byGn(t).
One can ask what happened duringt0 . It is possible to say
that the valence shell relaxed partially during this time. T
motivation for this is seen directly from Fig. 10 showing th
relaxation suppression of the oscillations ofwn(t,t) com-
pared withGn(t).

The MND spectral profile begins to form during the ne

FIG. 9. The XPS profile~33! of the bulk atom (M th atom) for
different band fillings% ~38! and different chain lengthsN. un

55 eV.ucr54.8 eV ~35!. The hollow arrows show the shake-u
transitions from HOMO to LUMO. The shaded profiles correspo
to the shake-up transitions from the excitonic level. The position
the centers of gravity of spectra isv2e5I n

0 ~34!.
16511
e
tic
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f

e

time lapset0,t,tR , with the XA intensity being redistrib-
uted towards the edge. Figure 10 demonstrates that the
asymptotic solution,4

wn~ t,t !'CS t0

t D 122dn /p

, tR.t@t0 ~44!

almost coincides with the strict solution in this time doma
except for the oscillations. These damping oscillations of
strict solution relative to the ND asymptote are though sm
whenun is comparable with the bandwidth. The amplitude
these oscillations is suppressed compared with the un
turbed Green’s functionGn(t) due to the ‘‘charge transfer’
into the excitonic state~Fig. 1!.

One can see that the Green’s functions~Fig. 10! and
ReDn(t) ~Fig. 11! almost recover their fast oscillations afte
the ‘‘revival’’ time tR ~strictly speaking we have a set of th
revival times!. The display of the fine structure of the mo
lecular spectrum including the sharpening of the MND ed
singularity begins during the third step of the evolutiont
.tR . We discover here that for finite-size systems there

f

FIG. 10. The imaginary part of the valence electron propaga
wn(t,t) ~37! of the midatom.N5150, %50.5. The upper pane
displays the imaginary part of the free-electron Green’s funct
Im Gn(t). The filled and hollow arrows mark the positions of th
‘‘relaxation’’ time t0 and revival timetR ~43!, respectively. The
following notations are used in the inset of the lower panel. T
dashed line A shows the ND asymptote~44! with the phase~42!
dn.0.7. The thin solid line B is the ImGn(t) from the upper panel.
The thick solid line is the strict solution.
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breakdown of the ND asymptote for large times,t.tR ~Fig.
10!. The revival time~43! tends to infinity when the size o
the system increases (N→`) and the spacings between v
lence levels disappear. This is the case of metals with a c
tinuous spectrum. Clearly, to see the fine structure, the
time and the measurement time must exceed the revival t
t.tR ~see also the next section!. It is interesting here to
observe that the time lapse~44! for the validity of the ND
asymptote becomes smaller when the size of the system
creases. Moreover, the ND scenario has no time to dev
for small moleculesN,10, wheret0;tR .

2. Time evolution of XA, XE, and XPS profiles

We consider now an experiment with a finite time delayT,
between the instant measurement and the beginning of in
action with the x-ray light. The corresponding observabl
sn(vuT), Pn(v8uT), ands(«,vuT) are defined by Eqs.~3!,
~24!, and ~33!, respectively, after replacing the upper limi
in the time integrations:̀ →T. The results of the corre
sponding evaluations for different timesT are displayed in
Figs. 12, 13, and 14. The short-time picture (T!1/G) is ap-
proximately the same for all spectra. We thus see a br
spectral profile with small sign-changing tails. The origin
such a signal can be understood from the expression for
imaginary part of the polarization describing the interact
of light with two levels,n and 0,

FIG. 11. The exponentDn(t) of the core-electron Green’s func
tion of the midatom~7!. Other notations are the same as in Fig. 1
16511
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Im P;
sin~v2vn0!T

v2vn0
, Dv&

1

T
. ~45!

This expression implies that the interaction of radiation w
a target forms a periodical sequence of absorption and e
sion for times shorter than the lifetime.21,22 Let us note that
the averaging of the signal over the finite time of a measu
ment removes the negative contributions.22 What we learn
from Eq. ~45! is nothing but the uncertainty relation: Th
spectral resolution cannot be better than the inverse d
time 1/T. Figures 12, 13, and 14 demonstrate that the form
tion of narrower spectral features requires more time. Thi
seen more clearly from snapshots of the XA spectra of a l
chain, Fig. 12. Here we first observe the formation of
smooth high-energy part of the spectrum and then the slo
formation of the sharp MND singularity. XE deserves a sp
cial comment in this context. Contrary to intuition in XE w
do not see any excitonic peak even for very short times. T
can be referred to the fact that the characteristic time of
readjustment of the relaxed one-electron states due to
switching off of the core-hole potential is the inverse ban
width of the relaxed spectrum 1/DEa

n , and that one can ex
pect to observe excitonic states only forT,1/DEa

n . How-
ever, the energy resolution;1/T anyway does not allow this
in principle.

.

FIG. 12. Formation of the XA spectrum of the bulk atom as
function of timeT. N5150, un54 eV, and%50.5. Solid line:T
5`.
5-12
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IX. SUMMARY

Time-dependent formalisms appeal to our inclination
relate observations to processes which progress in time
the area of x-ray spectroscopy and x-ray scattering such
malisms have proven to be very successful in predicting
analyzing phenomena associated to the coupling of nuc
motion.2 A goal has been to achieve an analogous formal
for the electronic degrees of freedom in the formation
x-ray spectra. Such a formalism could, for example, aid
exploring and understanding the role of relaxation in x-r
spectroscopies, which is of fundamental importance for th
applicability in molecular and material science.

To our knowledge only the theory of Nozie´res and De
Dominicis ~ND! ~Ref. 4! has addressed a rigorous tim
dependent treatment of core-hole effects in x-ray spectra.
infinite-size systems like metals, the ND equation admit
strict solution only in the limit of large time lapses.4 We
explore in this paper the formation of x-ray spectra in t

FIG. 13. Formation of the XE probability of the bulk atom as
function of time T. N530, un58 eV, and%50.5. Solid line:T
5`.

FIG. 14. Formation of XPS of the bulk atom as a function
time T. N520, un56, and%50.2. Solid line:T5`.
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a

general cases of finite-size systems and provide strict s
tions of the ND equation in the whole time domain. O
approach is based on the reduction of the ND integral eq
tion to linear time-dependent algebraic equations. We ap
our technique also to infinite-size systems through extens
of the system size.

Clearly, the long-time ND asymptote cannot describe
whole spectral region, especially not so for finite systems.
understand the nature of the electronic readjustment due
molecular core hole we explore the evolution of the valen
and core-electron propagators as well as the full x-ray sp
tra on the real time scale. The present study of the electro
dynamics in the whole time domain demonstrates a ric
dynamics for molecules compared to solids. Two charac
istic time scales responsible for the relaxation dynamics w
found, namely, fast oscillations related to the inverse ba
width of the unoccupied band, and slow oscillations or
vivals related to the inverse distance between the adja
valence levels. These time scales are related with three
sentially different dynamical regions, with, respectively, v
lence relaxation, formation of the MND profile, and form
tion of a molecular spectrum and a sharpening of the MN
profile near the edge. These dynamical regions are of co
very dependent on size and character of the system, an
the organization of the energy bands. The revival time m
be smaller than the lifetime and the measurement time
produce a fine structure in the spectrum. We found that
long-time ND asymptote ceases to be valid when the ti
exceeds the revival time, which is proportional to the syst
size. For small molecules this means that there is simply
time for the MND singularity to develop. On the other han
when the size of the system increases and the spacings
tween valence levels disappear, as in the case of metals
revival time tends to infinity and there will be a sharp MN
singularity.

To estimate the dynamics of the formation of the x-r
spectra, the XE, XA, and XPS profiles were simulated
different times of interaction with the radiation. It was foun
that short-time interaction leads to broad spectral profi
which though is nothing but a manifestation of the unc
tainty relation. When the time increases, one can observ
development of a fine structure and the MND singularity
XA and XE. The excitonic level, split from the bottom of th
occupied valence band, appears only in the core exc
state. One can expect to observe this level in XE only at
very beginning of the emission process. However, in prac
this is impossible due to the large broadening of the spect
for short times. The shake-up band related with the excito
level is seen clearly in XPS. The manifestation of such
second threshold in XA~Ref. 17! is weaker.

The comparison with the strict solution of the ND equ
tion shows that the adiabatic approximation describes
and XE essentially better than the fast approximation. T
explains the suppression of the relaxation effects in XE
gas phase and surface adsorbed molecules. However, ou
merical simulations show a quantitative distinction betwe
the adiabatic approximation and the strict approach. This
tinction becomes significant for longer chains. To take
nonadiabaticity of the of x-ray transitions into account w
5-13
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adapted the finite state rule12 to molecules and found an a
most complete numerical agreement between this rule
the strict XA and XE profiles for chains of different length
The simulations indicate that the final-state rule correctio
important mainly near the XA edge and at the top of the
band.

Special attention was paid to the size of the system.
and XE spectra clearly show site dependency, which
comes negligible for an infinite chain, where the bulk ato
contributions dominate. These spectra show a sharpenin
a threshold MND singularity with the increase of the syst
size. We found an enhancement of the strength of the e
tonic band in XPS with a decrease of the size of system
with the decrease of the band filling. The investigation of
role of band filling in molecular x-ray spectra shows a clo
resemblance with the corresponding trend in solids, nam
the suppression of many-electron effects towards an em
or a completely filled valence band.

The computational applications outlined in this wo
should very well be extendable to a more preciseab initio
electronic structure framework. In that connection it is r
evant to qualify the limitations of the MND model itsel
This model operates with noninteracting quasiparticles in
valence shell and, hence, neglects collective excitations
example, plasmon excitations in metals giving rise to si
bands. This is probably still not of any large consequence
finite systems. However, the multiplet structure caused
configurational interaction and exchange interaction w
inner-shell spin can certainly be important and should
accounted for in systems like transition metals. Another
fect lying beyond the standard MND model is the dynami
screening of the core-hole potential resulting in the reduc
of the interaction of the valence electrons with the core ho
The role of this effect is a dependence of the scattering ph
on the excitation frequency. These and other aspects o
limitations of the MND model were reviewed in Refs. 8 an
10. Notwithstanding these limitations we believe that an
plication of the MND model generalized in the way outline
in this work can have wide ramifications for the understa
ing of the formation of x-ray spectra. This conjecture c
only be strengthened by improvement or correction of
orginal MND model itself.
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APPENDIX A: HAMILTONIAN

The second quantized Hamiltonian withai
† andai acting

in the HF space reads

H5(
i j

hi j ai
†aj1

1

2 (
i jkl

~ j i ukl !ai
†aj

†akal ,

~ j i ukl !5E E dx1dx2c j* ~1!c i* ~2!r 12
21ck~1!c l~2!.

~A1!
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The matrix element of the one-electron operator is expres
via the HF one-electron energye i ,

hi j 5e id i j 2(
l ,F

@~ i l u j l !2~ i l u l j !#. ~A2!

Then the Hamiltonian takes the form

H5(
i

e iai
†ai2(

i j
(
l ,F

@~ i l u j l !2~ i l u l j !#ai
†aj

1
1

2 (
i jkl

~ j i ukl !ai
†aj

†akal . ~A3!

The next step is the selection of the core-electron contri
tion and taking into account the Coulomb interaction on
between the core electron and noninteracting valence e
trons. This yields immediately the ND Hamiltonian~5!.

APPENDIX B: THE FOURIER TRANSFORM OF THE
ND EQUATION

The Fourier transformation6 of the ND equation~7! and
an extraction of the free-particle Green’s function give

w̃n~e,t !511
un

2pi E2`

`

de1S 12ei~e2e1!t

e2e1
DGn~e1!w̃n~e1 ,t !,

wn~e,t !5Gn~e!w̃n~e,t !. ~B1!

It is convenient to rewrite this equation in terms of the a
vanced Green’s function~10! making use of Gn(e)
5GA* (e)12iu(eF2e)Im GA(e):

w̃n~e,t !511
un

p E
2`

`

de1w̃n~e1 ,t !Im GA~e1!Fu~eF2e1!

3S 12ei~e2e1!t

e2e1
D 1

ei~e2e1!t

e2e1
G

1
un

2pi E2`

`

de1w̃n~e1 ,t !

3S GA* ~e1!2GA~e1!ei~e2e1!t

e2e1
D . ~B2!

According to Eq.~11!,

w̃n~e,t !5a~e!1b~e!eiet ~B3!

is analytical fort.0 in the upper half-plane. The coefficien
a(e) and b(e) have poles only on the real axes in poin
where 11un ReGA(Ea

n)50. Meanwhile,w̃n(e,t) is finite on
the real axis.

This allows to integrate the last term in Eq.~B2!: The
integration contour is lying in the upper half-plane for th
term;GA* (e1) whereGA* (e1) is analytical. The second con
tribution is integrated over a closed contour in the low
half-plane whereGA(e1) is analytical and exp(2ie1 t)→0
when Im(e1)→2`. This results finally in Eq.~9!.
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