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Electrodynamics of nearly ferroelectric superconductors

Joseph L. Birman and Natalya A. Zimbovskaya*
Department of Physics, The City College of CUNY, New York, New York 10031

~Received 29 March 2001; published 19 September 2001!

We report here the frequency-dependent optical response of a nearly ferroelectric superconductor~NFE-SC!,
like NaxWO3, or n-SrTiO3. Fromv50, up to a critical frequencyvc1, Meissner-like field extinction occurs as
in a usual superconductor. In the ‘‘anomalous’’ regionvc1,v,vTO ~the TO frequency of the NFE! the field
propagates as in a dielectric. Forv.vTO Meissner-damping recurrs, then at higherv, dielectriclike propaga-
tion is found. Optical anomalies~peaks in transmission! are predicted for a film of NFE-SC below the soft-
mode frequencyvTO . These effects are due to including the contribution of the NFE displacement current in
the solution of the coupled Maxwell, lattice and London equations. Quantitative calculations are given for the
NFE-SCn-SrTiO3 to illustrate this.

DOI: 10.1103/PhysRevB.64.144506 PACS number~s!: 74.20.De, 74.25.Nf, 78.20.Bh
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I. INTRODUCTION

This paper predicts effects in the electromagnetic
sponse of a material that exhibits superconductivity~SC!,
and is in a ‘‘nearly ferroelectric’’~NFE! state. We use the
description ‘‘nearly ferroelectric’’ to mean a material that is
typical soft-mode phonon Cochran-Anderson system,1, with
high-static dielectric constant. Materials in this class inclu
the sodium tungsten bronze NaxWO3 and n- ~or p-! doped
SrTiO3 systems.

Recently,2~a! sodium tungsten bronze NaxWO3 with x
;0.05 was reported to be a high-temperature supercondu
with Tc;90 K. It is noteworthy that for 0.1,x,1, Mat-
theis and collaborators long ago reported superconduct
but with Tc;3 –5 K.2~b! Also Mattheis and Wood2~b! first
reported ferroelectricity in the host WO3 system. Another
material,n- ~or p-! doped SrTiO3 exhibits superconductivity
with Tc;1 –3 K.3 The host SrTiO3 is known to be a
‘‘nearly ferroelectric’’ material, where the static dielectr
constant«(0) has been measured as;104 in the temperature
range where superconductivity occurs.4 In addition to these
two materials, Weger and collaborators have recently p
posed that in the high-temperature cuprate superconduc
a new multicritical point occurs due to an underlying, nea
ferroelectric instability that renormalizes the electron-phon
and electron-electron interaction and enhancesTc .5,6

In the present work we will assume the ‘‘host’’ ionic la
tice is a soft-mode NFE, with high dielectric coefficie
«(0). To clarify the scope of our work we also assume th
all the carriers injected in the host by doping are fully co
densed intos-wave Cooper pairs in that lattice, so there a
no ‘‘free’’ electrons. This assumption is consistent with e
lier work on such systems by Cohen and Koonce3 who pre-
sented a strong-coupling theory applied to superconducti
in SrTiO3 ~see also Refs. 4!. Hence the free charge densi
re50, and free current densityJe50.

In our present phenomenological approach, we solve
coupled equations for:~a! the transverse electromagnet
field ~Maxwell equations!; ~b! soft-mode lattice vibrations
~Born-Huang equations!; ~c! the superconducting electron
in London~local! approximation. We report dispersive stru
ture, when the electromagnetic frequency is tuned thro
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the resonant frequency region near the basicvT0 and vL0
frequencies of the soft mode. The theory is applied to a se
infinite medium, and to a film in order to calculate the r
flectivity and transmittivity ~impedance!. We illustrate the
results quantitatively, using experimental data for superc
ducting doped SrTiO3, which is one of the materials fo
which all the needed lattice, electronic, and superconduc
data are available.

We use London local electrodynamics for the superc
ducting sector, rather than a nonlocal BCS or Pippard
proach. These NFE-SC materials are all type II (lL.j
wherelL is the London penetration depth, andj is the co-
herence length! and in some cases they are strongly type
(lL@j).7 It is well known that London electrodynamics
valid in these cases. We also do not consider in the pre
work effects due to vortex creation in these systems.

II. MODEL AND DISPERSION

At the outset we note that all the relevant dynamical fie
considered, are transverse. These are the electromag
fields, the lattice vibrations, and the London supercurre
Maxwell’s equations for the macroscopic fields are

“•B50; “•D50;

“3E1
1

c

]B

]t
50;

“3H2
1

c

]D

]t
50, ~1!

with the constitutive equations of the medium taken as

B5H14pM and D5E14pP5«~v!E. ~2!

For the host ionic lattice we assume a ‘‘diatomic’’ basis, w
w the relative displacement vector of the (6) ions (w5u1

2u2). The equations of motion of the lattice, omittin
damping, are8

d2w

dt2
5b11w1b12E; P5b21w1b22E, ~3!
©2001 The American Physical Society06-1
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wherebi j are frequency-dependent coefficients, and the e
tric field E and the polarizationP are the same as in Eqs.~1!
and~2!. Now we seek a plane-wave solution proportional
exp(ik•r2 ivt) for the Eqs.~3! in the long-wave approxima
tion. We follow Huang, and for these transverse waves, in
ionic medium with a single-resonance frequencyvT0 we ob-
tain the usual expression for the dielectric function

«~v!5«`~vL0
2 2v2!/~vT0

2 2v2! ~4!

where the expressions for the coefficientsbi j were given in
Refs. 8. In media such as the perovskites, bronzes, or
prates we have to take account of the other~nonsoft! L0 and
T0 modes by renormalizing«` to some ‘‘effective’’ value
« 8̀ ,9 where« 8̀ 5«`P i8vLi

2 /vTi
2 , ~the primed product overi

includes all oscillations except the soft mode! and we sup-
pose the frequencyv is far below all frequenciesvLi and
vTi except the soft mode. In what follows we use Eq.~4!
with «` replaced by« 8̀ . The generalized Lyddane-Sach
Teller ~LST! relation is10

«0

«`
5P ivLi

2 /vTi
2 . ~5!

Note that all oscillators, includingi 50 ~the soft mode! are
included in Eq.~5! ~no prime on the product!. Finally we
take the London equation11 in the form:

“3M5
1

c
Js52

1

c2L
A52

nse
2

m* c2
A. ~6!

HereA is the vector potential for the electromagnetic fiel

“3A5B; 2
1

c

]A

]t
5E. ~7!

The London gauge has been used, and in Eq.~6! ns is the
superconducting electron density, andm* is the electron ef-
fective mass. From Eqs.~1!,~2!,~4!,~6!, and~7! we obtain the
equation for the electric field

“3“3E52
1

c2
«~v!

]2E

]t2
2

4p

c2L
E. ~8!

The field equations describe the coupled electromagn
field, the soft-mode NFE oscillator, and the London sup
current.

We now look for a transverse~T! plane-wave solution for
E, and recalling that“3“3E52“

2E for such solutions,
we obtain our result, the dispersion equation forT waves

k25
v2

c2
«~v!2

4p

c2L
. ~9!

If the London term~last on the right-hand side! is absent,
then Eq.~9! is the usual equation for a transverse phon
polariton;8 on the other hand, if the displacement term due
the polarization is absent~first term on the right-hand side!
then the field attenuates in the distancelL

215A4p/c2L
where lL is the London penetration depth.7 Owing to the
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dispersive form~4! for «(v), interesting physics emerges a
v is increased from zero. Depending on the sign of the rig
hand side of Eq.~9!, k will either be real and electromagnet
waves will propagate, or imaginary so the wave will dam
with frequency-dependent penetration depthlL* where

lL* 5lL /S U12
v2

c2
«~v!lL

2U D 1/2

. ~10!

Figure 1 illustrates this. Atv50 the usual London penetra
tion depthlL is found. As the frequency increaseslL* (v)
grows, up to a frequencyvc1, where k2(vc1)50 and
lL* (vc1) is infinite, so the field is uniform inside the me
dium. Forvc1,v,vT0 , k2.0, and the field propagates i
the medium as in a dielectric. ForvT0,v,vL0 , k2,0, and
again there is a frequency dependentlL* (v), i.e., Meissner
effect. Exactly atvL0 , «(vL0)50, so lL* (vLO) coincides
with the London penetration depth. ForvL0,v,vc2 , k2

,0 giving increasinglL* (v), and atk2(vc2)50, a uniform
field. Then, forv.vc2 , k2.0 and the wave propagates
the medium again, as in a dielectric.

In summary, our dispersion equation~9! as a function of
frequency gives alternately regions of Meissner-li
frequency-dependent penetration depthlL* (v) that are su-
perconducting with the magnetic fieldB excluded for x
.lL* , then changing to regions of field propagation wi
v-dependent real wave number, as in a dielectric medi
This alternating dielectric and Meissner behavior sugge
that our model has a zero-temperature phase transition
tween normal dielectric and superconductor phases drive
the electromagnetic frequencyv, i.e., a type of ‘‘quantum
phase transition.’’12

Up to this point damping was ignored . To examine th
we write the dielectric function~4! allowing for a phenom-
enological damping coefficientG ~Ref. 13!

FIG. 1. Solutions of the dispersion equation~9! for zero damp-
ing. Frequency intervalsvc1,v,vT0 and v.vc2 correspond to
real root of the Eq.~9!.
6-2
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«~v!5« 8̀ ~vL0
2 2v2!/@~vT0

2 2v2!22ivG#. ~11!

As shown on Fig. 2, including ‘‘moderate’’ dampingG of
the soft-mode oscillator changes the results quantitatively
the above qualitative features remain the same.

Our first step is to determine the extent of the import
frequency intervalvc1,v,vT0. The frequencyvc1 is the
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smallest root of the Eq.~9! for k50,

«~v!5
4p

L

1

v2
. ~12!

The roots of this equation are,
v1,25vT0A1

2 S 11
1

11a2D 2
2G2

vT0
2 ~11a2!

6
1

2
AS 12

1

11a2D 2

2
4G2

vT0
2 ~11a2!

S 11
1

11a2D . ~13!
d

(

cy
ior
e

n

of
the
f a
ls,
Herea25vL0
2 « 8̀ L/4p is a dimensionless parameter that c

take on values of the order of unity in nearly ferroelect
materials such asn-SrTiO3 ~see below!.

As we demonstrate below, when we calculate the ac
size of the regiondv5vTO2vc1 for n-SrTiO3 using mea-
sured parameters includingG, dv is, we believe, sufficiently
wide to enable measurement of our predicted effects in a
of NFE-SC. First, we consider a semi-infinite medium a
then the film.

III. SEMI-INFINITE MEDIUM

We consider a semi-infinite NFE-SC medium occupyi
the half-spacez.0. An incident electromagnetic-wav
propagates in thez direction with electric and magnetic field
E(r ) and B(r ) polarized alongx and y axes, respectively
The Maxwell boundary conditions at the interface planez
50 are14

Eix~0!1Erx~0!2Etx~0!50;

FIG. 2. Solutions of the dispersion equation~9! for nonzero
damping coefficientG. For moderate damping~curve 1! the
‘‘anomalous’’ frequency ranges still exist. The enhancement oG
leads to disappearence of such frequency intervals~curve 2!.
al

m

Eix~0!2Erx~0!2
4p

cZ
Etx~0!50. ~14!

HereEix(0), Erx(0), Etx(0) are the incident, reflected, an
transmitted electric fields, respectively andZ is the surface
impedance . First consider the case without dampingG
50), where we have

Z5
4p

c
Etx~0!/Bty~0!57

8iv

c2
~lL* !2E

0

` dk

16~lL* k!2
.

~15!

We defined the effective penetration depthlL* by Eq.~10!. In
the expression~15! the upper signs are used for frequen
ranges where the material exhibits Meissner-like behav
(k2,0), while the lower signs apply to the frequency regim
of dielectriclike behavior (k2.0). After integrating overk,
we obtain

Z52
4p iv

c2
lL* whenv,vc1 orvT0,v,vc2 ;

and

Z5
4pv

c2
lL* whenvc1,v,vT0 orv.vc2 . ~16!

Using these results we can solve the equations~14! and cal-
culate the reflection coefficient for the Meissner–like (k2

,0) or dielectriclike (k2.0) frequency ranges. We obtai
the following:

R5UErx~0!

Eix~0!
U2

5S k0lL* 21

k0lL* 11
D 2

; k05
v

c
~17!

for the anomalous frequency ranges (vc1,v,vT0 ;v
.vc2); andR[1 whenv,vc1 or vT0,v,vc2. Of course
the latter confirms a well-known result of electrodynamics
superconductors, i.e., when we do not consider vortices,
electromagnetic field cannot penetrate into the volume o
superconducting medium. For the ‘‘anomalous’’ interva
6-3
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e.g., vc1,v,vT0, the reflection coefficient tends to unit
near the limiting pointsvc1 and vT0 becauselL* tends to
infinity when v→vc1 andlL* tends to zero whenv→vT0.
However in the interior of this frequency rangeR takes val-
ues that are considerably smaller than unity. This means
the electromagnetic field can penetrate into a semi-infi
NFE-SC medium within the ‘‘anomalous’’ frequency rang
where the Meissner effect is suppressed. We did not incl
the effect of damping that will be discussed below. T
damping effect is small in the practical case ofn-SrTiO3.

IV. THIN FILM OF NFE-SC

We turn to the case of a slab or film of thicknessL so that
the material occupies the region 0<z<L. As previously, we
take the electromagnetic field normally incident on the int
face atz50, propagating in thez direction with the electric
and magnetic fields depending only onz and parallel tox and
y respectively. To proceed, we expand the electric field in
medium in a Fourier series, as done in Refs. 7,

E~z!5
2

L (
N50

` S 12
1

2
dN0DENcos~kNz!

1
2

L (
N51

ẼNsin~kNz!. ~18!

Here

EN5E
0

L

E~z!cos~kNz!dz;

ẼN5E
0

L

E~z!sin~kNz!dz; kN5
pN

L
.

Using the dispersion equation~9!, we get

EN5
lL*

2

7lL*
2kN

2 21
@E8~0!2~21!NE8~L !#;

ẼN5
lL*

2

kN~7lL*
2kN

2 21!
@E~0!2~21!NE~L !#. ~19!

The upper sign in the denominators of Eq.~19! is used for
those frequency ranges wherek2,0, and the lower sign cor
responds to the frequency ranges wherek2.0.

Since the results emerge in the regiondv5vC12vTO ,
whenk2.0 we consider this case in this Section@lower sign
in ~19!#, and for the present we takeG50. In this frequency
range the material exhibits dielectriclike behavior. Substit
ing Eq. ~19! into Eq. ~18! we get
14450
at
e

e

-

e

t-

Ex~0!5
ivlL*

c
By~0!cotS L

lL*
D 2

ivlL*

c
By~L !sin21S L

lL*
D ;

Ex~L !5
ivlL*

c
By~0!sin21S L

lL*
D 2

ivlL*

c
By~L !cotS L

lL*
D .

~20!

The solution of this system of equations for the magne
induction is

By~0!5
ic

vlL*
Ex~0!cotS L

lL*
D 2

ic

vlL*
Ex~L !sin21S L

lL*
D ;

By~L !5
ic

vlL*
Ex~0!sin21S L

lL*
D 2

ic

vlL*
Ex~L !cotS L

lL*
D .

~21!

The boundary conditions on the interfacesz50 and z5L
can be written as follows:

Eix~0!1Erx~0!5Etx~0!;

Eix~0!2Erx~0!5By~0!;

Ex~L !5By~L !. ~22!

Using these boundary conditions and expressions~21! for the
magnitude of the magnetic field on the interfacesz50 and
z5L we arrive at the following expressions for the reflecti
and transmission coefficients:

R5
1

11r2~v!sin22~L/lL* !
; ~23!

T5
r2~v!sin22~L/lL* !

11r2~v!sin22~L/lL* !
, ~24!

where the the functionr(v) has the form

r~v!5
2ck*

v

1

12c2k* 2/v2
. ~25!

Herek* 51/lL* is the solution of the dispersion equation~9!
in the ‘‘anomalous’’ frequency rangevC1,v,vTO . For
frequencies very close tovT0, we havek> (v/c)A«, which
corresponds to a polariton-phonon transverse wave.

We now note an interesting result following from Eq
~23! and ~24!, when the effective London penetration dep
lL* , and the Fourier componentk5kN are in resonance. Tha
is, for lL* 5L/(pN) or k5kN , sin(L/l* ) in Eqs. ~23! and
~24! equals zero and we get for the reflection and transm
sion coefficients the valuesR50, T51, which means total
transparency of the slab atkN ~See Fig. 3!.

Total transparency can also occur at a frequency for wh
k5k05v/c. At this frequency we have«(v)24p/v2L
51 so it is located close to the left-boundary frequencyvc1.
6-4
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Whenk05k the functionr(v) tends to infinity and again we
getR50 andT51. To explain this we can treat the quanti
A«̃(v)5A«(v)24p/v2L[ñ(v) as an effective reflective
index of the slab material. When it equals unity the elect
magnetic field from outside passes through the slab with
reflection.

Our results~23! and~24! were obtained, neglecting damp
ing. For a nonzero damping constantG we have to replace
our expressions~23! and ~24! near the resonances by th
following:

R5
1

11r2~v!1S2~v!sin22~L/lL* 8!
; ~26!

T5
r2~v!sin22~L/lL* 8!

11r2~v!1S2~v!sin22~L/lL* 8!
, ~27!

where

S~v!5r~v!cos~L/lL* 8!1A11r2~v!sinh~L/lL* 9!
~28!

and 1/lL* 51/lL* 81 i /lL* 9.
We can use the following approximation forlL* 8 andlL* 9:

1

lL* 8
'Av2

c2
«8~v!2

1

lL
2
; ~29!

1

lL* 9
'S 2vG

vT0
2 2v2D 1/2

1

lL
. ~30!

FIG. 3. Transmission coefficient for the transverse electrom
netic field through a thin NFE-SC film versus frequency in t
anomalous frequency rangevc1,v,vT0. Two different thick-
nesses of films are illustrated. The parameters used were
n-SnTiO3 ~see text!.
14450
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It was shown before that damping in the lattice system
duces the anomalous frequency rangedv. The frequency
interval vc1,v,vT0 has to be replaced by the narrow
intervalv1,v,v2. The imaginary part of 1/lL* depends on
frequency and increases when the latter increases. As we
illustrate below, moderate damping, as inn-SrTiO3 will only
slightly modify the sharp resonances that occur atk5kN and
k5k0.

To the best of our knowledge the general behavior
predict for an NFE-SC system has not been observed
order to examine the practicality of making such obser
tions we have calculated the effects quantitatively
n-doped SrTiO3. This material was much studied, as a nea
ferroelectric, and as a superconductor, prior to the era of h
T c , so that the needed physical parameters are availabl

V. APPLICATION TO N-SrTiO3, A PROTOTYPE NFE-SC

In order to evaluate the magnitudes and locations of
predicted effects, we require lattice, dielectric, and electro
data. So far as we can determine such measured data is
available for n-SrTiO3, and we will use it below. Nearly
ferroelectric SrTiO3 has been studied for some time. Th
temperature-dependent static dielectric coefficient«(0) has
been measured in a wide temperature range, extending d
to about 1 K.4 The frequency dependent«` is known at
various temperatures.4 Lattice dynamic studies were carrie
out based on the shell model,13 neutron scattering,13 infrared,
and Raman~including electric-field dependence! optical
properties have been measured.9 As a result the lattice dy-
namical parameters are known, and the generalized LST
lation ~5! has been verified. From the line widths in infrare
and Raman properties,9 the damping parameterG for the
soft-mode lattice frequencyvTO is known. Hence all the
physical parameters of the dielectric host are actually kno
The temperature-independent quantities are

«`55.5,

vLO55.231012 s21,

P i8vLi
2 /vTi

2 54.1.

Using the LST relation we have at;1 K

vTO51.631011 s21

and at 1 K

«~0!;2.253104.

The damping constant for the soft TO mode as in Eq.~13! is
measured from optical line width9

G2/vT0
2 ;0.2

at the temperature of interest.~Actually the measuremen
was at a higher temperature than the region ofTc so the
relevantG for our work will be smaller, but we use the abov
value.!

-

or
6-5
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For the needed electronic parameters we use the effe
massm* ;10me whereme is the free electron mass. A rang
of n doping from 1017 to 1021 cm23 was used for SC
n-SrTiO3. We choosens5931017 cm23 for our calculation.
We recall thatn-doped SrTiO3 exhibits concentration depen
dentTc , with Tc50.3 K in the optimum doped system.3 In
this temperature range«(0) has the high value given abov
as was noted also by Cohen.3

We now determine the anomalous frequency interval
below vTO . We first need the parametera25vLO

2 « 8̀ L/4p
@see Eq.~13!#. For SrTiO3 with ns5931017 cm23, and
m* '10me , we geta2'2.1. Taking, first,G50, and solving
Eq. ~12! we find vc150.931011 c21. This givesdv5vTO
2vc150.43vTO . Using the measuredG for SrTiO3, we ob-
tain that v2 shifts negligibly while vc1 shifts slightly to
vc18 50.9631011 c21, and the anomalous frequency regio
becomes slightly smaller

dv85vTO2vc18 ;0.4vTO .

We expect that this intervaldv8 is still sufficiently wide to
examine optical response experimentally by reflecti
transmission studies inn-SrTiO3. The small effect of damp-
ing makes it likely also thatG50 is a good approximation
for the calculations that follow.

We now turn to calculating the reflection/transmission c
efficients for an-SrTiO3 film of NFE-SC of thicknessL, first
for G50, using the formulas~23!–~25!. In this case the re-
sults are shown on Fig. 3. We predict a ‘‘comblike’’ structu
of narrow perfect transmissionTr51 spikes alternating with
regions whereTr50. The spikes occur at the resonance co
dition wherelL* 5L/pN. Next we estimate the effect includ
ing damping. For weak dampingG2/vTO

2 50.2 the value of
the factor @2vG/(vT0

2 2v2)#1/2 changes from 0.9 to 1.5
when v runs over the interval betweenv1 and v2. Thus,
when the thickness of our filmL is small or of the same orde
as thev50 London penetration depthlL ~here lL;1.8
31023 cm) moderately weak damping as in SrTiO3 cannot
significantly change the height of the peak in the transm
sion coefficient. Peaks arise due to the propagation of
transverse mode corresponding to the solution of the dis
sion equation~9!. We believe that these peaks can be o
served in any NFE-SC material in the appropriate freque
ranges, and at temperatures belowTc . Such an observation
would give support for theory proposed here.

It is not possible to make realistic estimates of the inter
dv ~or dv8 with damping! for NaxWO3, or for cuprates
pending the availability of the necessary material consta
as we had inn-SrTiO3. The theory presented will apply t
any such NFE-SC material, so the experimental search
the resonance comblike structure inT(v) just below v
5vTO will be highly valuable.

VI. SUMMARY

We solved the coupled ‘‘soft-mode’’ lattice-dynamic
~long-wavelength! equations of motion, together with Max
well equations for the associated electromagnetic field
the London equations for the supercurrent, in a nearly fe
14450
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electric superconductor~NFE-SC!. The analysis can apply to
several material systems of current interest: sodium tung
bronzes NaxWO3, doped n-SrTiO3, and possibly high-
temperature cuprates. We note that several authors have
cussed microscopic theories for the superconductivity
n-SrTiO3 ~Ref. 15! in the strong-coupling framework. How
ever, our macroscopic approach has not previously been
ported, to our knowledge. We assume all the free carriers
condensed in Cooper pairs, as in some earlier work on
SrTiO3 ~See Refs. 3,4!. The resulting coupled modes can b
considered as phonon-polaritons dressed by the supercu
or electromagnetic waves in a London superconduc
dressed by the transverse optic waves~TO phonons!.

A result, which we illustrated, is the alternation of th
system response between Meissner-like superconductor
a dielectriclike medium, as the incident electromagnetic f
quency is continuously varied. Particularly of interest is t
‘‘comblike’’ series of transmission resonance peaks we p
dict, which should be measurable. Such measurements w
test our theory. One NFE-SC material of choice would
n-SrTiO3 for which we made quantitative estimations.
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APPENDIX: PARTITION OF ENERGY BETWEEN
RADIATION, LATTICE POLARIZATION, AND LONDON

FIELD

It is useful to obtain the frequency-dependent partition
energy between the three propagating fields. This can be
as extending Huang’s early treatment of the radiation-lat
coupling ~phonon polariton8! to include the London super
current, or conversely extending London treatment16 of the
energy momentum theorem, to include the dielectric po
ization.

Within our treatment all fields are transverse and we c
sider the infinite medium. We will obtain the continuit
equation for energy densityU and Poynting energy flux vec
tor s. From Maxwell’s equations~1! we have

“•s52
1

4p
H•

]B

dt
2

1

4p
E•

]D

dt
, ~A1!

where

s5
c

4p
@E3H#. ~A2!

In order to simplify the right-hand side of Eq.~A1! we use
the lattice equation of motion~3! to obtain

1

c
E•

]D

dt
5

1

2c
«`

]

]t
~E2!1

2p

c

]

]t S ]

]t
w21vT0

2 w2D .

~A3!

Then, using the first of equations~2!, and equations~6! and
~7! we have
6-6
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@“3M #5
1

c
J52

1

c2L
A ~A4!

and

@“3@“3M ##52“

2M52
1

c2L
B. ~A5!

Now we will assume plane monochromat
electromagnetic-wave propagation@;exp(ik•r2 ivt)#. So

“

2→2k2;
]

]t
→2 iv.

Then

k2M52
1

c2L
B, ~A6!

so

B5H2
1

lL
2k2

B, ~A7!

or with B5mH we get:

1

m
511

1

lL
2k2

~A8!

and

2
1

c
H•

]B

]t
52

1

c

1

m
B

]B

]t
52

1

2c S 11
1

lL
2k2D ]

]t
B2.

~A9!

Since all waves are transverse takeE5(Ex ,0,0);B
5(0,By,0);k5(0,0,k) giving By5(ck/v) Ex . We eliminate
H from ~A1!, and combining all terms, we get

]U

dt
5

1

4p
H•

]B

]t
1

1

4p
E

]D

]t

5
1

8p S «`

]

]t
E21

]B2

]t D2
1

2

]

]t
~ẇ!21

vT0
2

2

]

]t
w2

1
1

8p

c2

v2lL
2

]

]t
E2. ~A10!

It is simple to identify the various terms in the energy dens
U as belonging to radiation field, lattice polarization, a
London supercurrent. Thus

URAD5
1

8p
«`E21

1

8p
B2, ~A11!

ULATTICE52
1

2
~ẇ!21

1

2
vTO

2 w2 ~A12!
14450
y

USC5
1

8p

1

lL
2k0

2
E2 ~A13!

wherek05v/c. All these contributions to the energy densi
can be expressed in terms ofE2 in our plane-wave case
giving

URAD5
1

8p S «`1
k2

k0
2D E2, ~A14!

ULATTICE5
~«02«`!vTO

2 ~v21vTO
2 !

8p~vTO
2 2v2!2

E2, ~A15!

and, as before:

USC5
1

8p

1

lL
2k0

2
E2. ~A16!

Before proceeding we note that the expression for
lattice term in energy density is unchanged from that fou
by Huang8 for the phonon polariton. Formally that is als
true for the radiative term, however hidden inURAD is the
effect of the London term via the changed dispersion eq
tion ~9!, which includesL. Note that substituting the dispe
sion equation~9! into URAD we get

URAD5
1

8p S «`1«~v!2
1

lL
2k0

2D E2 ~A17!

or

URAD5
1

8p S 2«`1
«`~vLO

2 2vTO
2 !

vTO
2 2v2

2
1

lL
2k0

2D E2,

~A18!

and

USC5
1

8p

1

lL
2k0

2
E2. ~A19!

We may see that the energy-density contributionUSC will
exactly cancel the London contribution to the radiation e
ergy densityURAD . Thus, if we calculate the lattice~polar-
ization! fraction of the energy we obtain exactly the result
Huang8 despite the coupling of the London supercurrent. W
have

rLATTICE5
ULATTICE

UTOTAL
5

ULATTICE

ULATTICE1URAD1USC

5
1

2

~vTO
2 1v2!~vLO

2 2vTO
2 !

~vTO
2 2v2!21vTO

2 ~vLO
2 2v2!

. ~A20!

This result shows that the mode described by the disp
sion equation~9! is a mixed photon-phonon mode within a
frequency rangevc1,v,vTO . We emphasize this result i
6-7
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only meaningful in the intervals wherek2.0. The lattice
contribution to the energy enhances when the frequency
creases and gets its maximum whenv goes tovTO . At the
frequencies close tovTO r'1, so all the energy density
is concentrated in the ion system. Taking into account t
the frequency vTO is a boundary frequency for th
O
ys
d

r,
e

n

y,

.
3,

14450
n-

at

‘‘anomalous’’ frequency range, we can expect that the
oscillations at the frequencyvTO being excited by the elec
tromagnetic field that can penetrate to a NFE-SC mate
within the ‘‘anomalous’’ frequency interval, will exist at fre
quencies larger thanvTO where the material behaves as
superconductor.
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