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Extraordinary temperature dependence of the resonant Andreev reflection
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An extraordinary temperature dependence of the resonant Andreev reflection via discrete energy level in a
normal-metal/quantum-dot/superconductor (N-QD-S) system is predicted theoretically by using Green-
function technique. The width of zero-bias conductance peak inN-QD-S is aboutAGL

21GR
2 and does not

exhibit thermal broadening, whereGL andGR are the coupling strength between QD and leads. Considering the
intradot Coulomb interaction, the Coulomb blockade-oscillations conducted by Andreev reflection differs dra-
matically from that inN-QD-N. Instead of thermal broadening, finite-temperature induces more resonant peaks
around the oscillation peaks of zero temperature. This effect can be applied to determine the coupling strength
and QD level spacing inN-QD-S.
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Mesoscopic hybrid normal-metal/superconductor (N/S)
systems have been investigated intensively in the last dec
Aside from their potential applications, these systems p
vide us an opportunity to combine with the two differe
quantum coherent behaviors, the coherence of quasipart
in mesoscopic system and the coherence Cooper pairs in
perconductors. The key mechanism to connect the above
together is the Andreev reflection~AR! process at theN/S
interface.1,2 Many new phenomena and effects involving A
have been addressed in recent years~for a review see3 and
references therein!. Among them, normal metal/quantum do
superconductor (N-QD-S) is one of the interesting system
in which resonant AR occurs via discrete energy levels
QD.4–6 Considering the strong intradot interaction, the pro
lem of Kondo resonance inN-QD-S were also studied by
several authors.7–11 In this paper, we shall predict the uniqu
temperature dependence of the resonant AR process an
vestigate the interplay of Coulomb blockade effect and
Andreev tunneling in theN-QD-S systems.

Temperature usually gives us the impression of averag
and smearing. At finite temperature, the sharp-resonant
ductance peak usually has a thermal broadening of the o
of kBT, but we find this is not true for the case of resona
AR conductance. Let us begin by considering aN-QD-S
system modeled by the following Hamiltonian,

H5HL1HR1Hdot1HT ,

HL5(
ks

ekaks
† aks ,

HR5(
ps

epbps
† bps1(

p
~Dbp↑

† b2p↓
† 1H.c.!, ~1!

Hdot5(
s

E0cs
†cs ,

HT5(
ks

~ tLaks
† cs1H.c!1(

ps
~ tRbps

† cs1H.c.!,
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whereHL and HR describe the leftN lead and the rightS
lead, Hdot describes QD with one spin-degenerate ene
level, andHT is the tunneling between them.

In the regime ofkBT!D, the zero-bias conductance
dominated by the AR process, and can be derived by us
Green-function technique~see Ref. 6! as,

GNDS5
4e2

h E dvF2
] f ~v!

]v GGL
2uG12

r ~v!u2, ~2!

wheref (v) is the Fermi distribution function,GL is the cou-
pling strength~defined later!, G12

r is the 12 element of 2
32 Nambu matrixGr , depicting the conversion from a
electron into a hole.Gr is defined by

Gr~v!5E dt e2 ivt~2 i!u~ t !

3S ^$c↑~ t !,c↑
†~0!%& ^$c↑~ t !,c↓~0!%&

^$c↓
†~ t !,c↑

†~0!%& ^$c↓
†~ t !,c↓~0!%&

D , ~3!

and can be solved from the Dyson equation,

Gr5gr1grSrGr , ~4!

where

gr5S 1

v2E01 i01
0

0
1

v1E01 i01

D , ~5!

Sr52
i

2
GLS 1 0

0 1D 2
i

2
GRrRS 1 2

D

v

2
D

v
1
D , ~6!

in which
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TABLE I. In the two limits ofkBT!GL ,GR andkBT@GL ,GR , the integrands of Eq.~2! and Eq.~8! can be evaluated, and the results a
summarized here.

System Condition Conductance Half peak width Peak shape

N-QD-S kBT!GL ,GR 4(e2/h)@GL
2GR

2/4(E0
21GL

21GR
2/4)2# 0.64AGL

21GR
2 Squared Lorentzian

N-QD-S kBT@GL ,GR 4(e2/h)(p/4kBT)$GLGR
2/4(E0

21@GL
21GR

2 #/4)% AGL
21GR

2 Lorentzian

N-QD-N kBT!GL ,GR 2(e2/h)$GLGR /E0
21(@GL1GR#/2)2% GL1GR Lorentzian

N-QD-N kBT@GL ,GR 2(e2/h)(p/kBT)@ebE0/(ebE011)2#@2GLGR /(GL1GR)# 3.53kBT Derivative of f (v)
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uvu

Av22D2
uvu.D

v

iAD22v2
uvu,D

, ~7!

and GL/R[2pNL/RutL/Ru2, with NL/R being the density of
states in the left/right lead in normal state. For comparis
we also write down the zero-bias conductance
N-QD-N,12

GNDN5
2e2

h
GLGRE dvF2

] f ~v!

]v G 1

~v2E0!21S GL1GR

2 D 2 ,

~8!

in which single-particle tunneling-process dominates. In
riving the above formulas, we assume thatGL/R is indepen-
dent ofv, which is reasonable in the calculation of zero-b
conductance.12 In the two limits of kBT!GL ,GR and kBT
@GL ,GR , the integrands of Eq.~2! and Eq.~8! can be evalu-
ated, and the results are summarized in Table I.

Figure 1 shows the curves ofGNDS vs E0 andGNDN vs E0
at different temperatures for the symmetric coupling c
GL5GR[G. One can see the following features:

~1! For T→0, GNDS has its maximum 4e2/h at E050
while GNDN has 2e2/h, and GNDS is much steeper than
GNDN , which is of the Lorentzian shape.

~2! With the increase of temperature, bothGNDS and
GNDN are suppressed, but surprisingly, the conductance p
of GNDS does not exhibit thermal broadening whileGNDN
obviously does.

Table I tells us that the peak width ofGNDS is always of
the order AGL

21GR
2 for either kBT!GL ,GR or kBT

@GL ,GR . Feature~1! has been obtained in Ref. 4, whi
feature~2! is addressed for the first time in this work, to o
knowledge.

Taking into account of that AR is a special two-partic
process, feature~2! has a simple interpretation shown in Fi
2. ForN-QD-N @Fig. 2~b!#, the conductance is dominated b
the process of single-particle tunneling. At finite temperatu
the Fermi surface of leads spreads out around the chem
potential in the range ofkBT, allowing incident electron has
energyE in this range. The resonant tunneling occurs wh
E05E, resulting in the broadening of conductance peak
the orderkBT. For N-QD-S @Fig. 2~a!#, on the contrast, the
single-particle tunneling is forbidden due to superconduct
gap, and AR-process dominates. In the AR process, an
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dent electron with energyE ~with respect to the supercon
ductor chemical potential! picks up another electron with
energy2E to form Cooper pair and enterS, with a hole
reflected in the Fermi sea ofN. Since both the incident elec
tron and the picked-electron pass QD through the disc
energy levelE0, the resonant tunneling requires not on
E05E but alsoE052E. Therefore, the resonant AR proce
occurs only whenE050, i.e.,E0 lines up with the chemica
potential of superconductor. BecauseE0 has a small broad-
ening and shifting due to coupling with the leads, the con
tion E050 becomes touE0u,O(G) with O(G) being the
order of the coupling strength. Thus, the resonant AR cau
a bottle neck of the conductance peak width inN-QD-S,
leading to a broadening aboutG instead ofkBT.

Next, we investigate a more realistic model, in which Q
has multiple single-particle energy levels and intradot C
lomb interaction, i.e.,

FIG. 1. The zero-bias conductanceG vs the resonant levelE0 at
different temperature for~a! N-QD-S and~b! N-QD-N. Parameters
are: GL5GR50.1, D51 for N-QD-S, D50 for N-QD-N, kBT
50.001, 0.1, 0.2, 0.3 corresponding to the decrease of peak hei
1-2
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EXTRAORDINARY TEMPERATURE DEPENDENCE OF THE . . . PHYSICAL REVIEW B64 134521
Hdot5(
is

Eicis
† cis1

U

2 (
iaÞ j b

nianj b , ~9!

where i , j are indices of the single-particle energy leve
s,a,b are indices of the spin, andU is the strength of Cou-
lomb interaction. ForN-QD-N with intradot Coulomb inter-
action, it is well known that the zero-bias conductance vs
gate voltage exhibits Coulomb blockade oscillatio
~CBO!.14 For N-QD-S in which one ofN electrodes is re-
placed byS, we also expect to see CBO except the condu
ing mechanism is AR. Taking into account of the unus
temperature dependence of the resonant AR process, CB
N-QD-S may have significant change from that inN-QD-N.

We constrain ourselves to discuss the weak-coup
and low-temperature regime, i.e.,G!kBT!D. If the cou-
pling between QD and leads is weak enough, the atom
limit solution13 (G→0) should be a good starting point. Be
cause we study the zero-bias conductance, i.e.,VL2VR
501, QD can be viewed as in equilibrium, and the curre
driven by the small-bias voltage servers as a probe to
state of interacting QD. By generalizing the exact solution
the retarded Green function of QD in the atomic lim
~see the Appendix for details!, we propose the
following scheme for the calculation of zero-bia
conductance. Suppose QD hasl spin-degenerate
energy levels, E1↑ ,E1↓ ,E2↑ ,E2↓ , . . .El↑ ,El↓ , with 22l

configurations of occupation represented byF
5(N1↑ ,N1↓ ,N2↑ ,N2↓ , . . .Nl↑ ,Nl↓) in which Nis50 or 1.

FIG. 2. Schematic picture for understanding the unusual t
perature dependence of the conductance in Fig. 1. For~a! N-QD-S,
resonant AR requiresE0 lines up with the chemical potential of th
superconducting lead. For~b! N-QD-N, single-particle tunneling
occurs when the resonant levelE0 within the range ofkBT.
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In the weak-coupling regime, the retarded Green function
QD can be derived by an approximated Dyson equation

Gr5g̃r1g̃rSrGr , ~10!

in which g̃r is the atomic-limit solution for an isolated inter
acting QD andSr is the self-energy caused by the tunneli
between QD and leads.Sr is presented in Eq.~6!, andg̃r can
be obtained as

g̃r[(
F

P~F !gr~F !,

P~F !5
1

Z
e2bEdot(F), Z5(

F
e2bEdot(F), ~11!

gr~F !5S (
i

1

v2Ẽi↑~F !1 i01
0

0 (
i

1

v1Ẽi↓~F !1 i01

D ,

in which Edot(F)[( isEisNis1(U/2)( iaÞ j bNiaNj b is the
total energy of QD for the configurationF, and Ẽis(F)
[Eis1U( j bÞ isNj b is the renormalized single-particle lev
els of QD. And the total conductance through QD can
expressed in terms ofGr derived from the above equations6

We plot GNDS vs Vg andGNDN vs Vg for different tem-
peratures in Fig. 3~a!–3~d! and Fig. 3~e!, where QD contains
two spin-degenerate levels,E1↑5E1↓5E15Vg , E2↑5E2↓
5E25Vg1DE, with level spacingDE50.1, interacting
constantU51. ForkBT!DE, we see typical CBO pattern in
Fig. 3~a!, with nearly equal-spaced peaks atVg
50.0, 1.0, 2.1, 3.1. With the increase of temperature, p
heights are suppressed, roughly proportional to 1/(kBT) @No-
tice different scaling in Fig. 3~a!–~d!#. The most striking fea-
ture of CBO in N-QD-S is, when kBT;DE, temperature
induces more resonant peaks around the original CBO pe
instead of thermal broadening. One can see in Fig. 3~a!–~d!
that the separation among peak groups is aboutU, while the
spacing of peaks within one peak group isDE/2, and each
resonant peak has a width aboutG. Notice that all these
properties are independent on temperature.

Qualitatively, this unusual pattern can be understood
follows. Due to the intradot Coulomb interaction, the orig
nal two resonancesE15E1↑5E1↓ andE25E2↑5E2↓ exhib-
its eight subresonances,E1 , E2 , E11U, E21U, E112U,
E212U, E113U, E213U ~see Appendix and Ref. 15 fo
detail!. At zero temperature, only four resonancesE1 , E1
1U, E212U, E213U are active, and the other four ar
Coulomb blockaded. But for higher temperature ofkBT
;DE, the Coulomb blockade effect is partially remove
Not only E1 but alsoE2 are active and contribute to the tot
conductance. ForN-QD-N, since resonant peak is broaden
by finite temperature, the contributions ofE1 and E2 are
indistinguishable and combined to form the first CBO pe
aroundVg50 in Fig. 3~e!. ~This mechanism was first pro

-
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FIG. 3. Coulomb blockade oscillations ofG vs Vg at different
temperatures forN-QD-S in Fig. 3~a!–~d! andN-QD-N in ~e!. QD
has two-spin degenerate levels,E1↑5E1↓5E15Vg and E2↑5E2↓
5E25Vg1DE, with level spacingDE50.1, Coulomb interacting
strengthU51. Other parameters are:G[G15G250.002,D51 for
N-QD-S, D50 for N-QD-N, kBT50.01, 0.02, 0.05, 0.10 marked i
the plots.
13452
posed by Y. Meiret al. to explain the anomalous temperatu
dependence of CBO peak heights inN-QD-N).15 For
N-QD-S, however, resonant AR peak has the width ofG
instead ofkBT. The first group of peaks aroundVg50 in Fig.
3~c! consists of three distinguishable contributions of A
AR via E1, AR via E2, and AR betweenE1 andE2.6 Other
groups of peaks can be understood similarly. Furtherm
one finds groups with tiny peaks aroundVg50.5, 1.5, 2.5 in
Fig. 3~d!, which can be attributed to the AR process betwe
E1 andE11U, E1 andE21U, E2 andE21U, E2 andE1
1U, etc. In short, temperature dependence of CBO
N-QD-S differs dramatically from that inN-QD-N.

Finally, we would like to make three remarks:
~1! The extraordinary temperature dependence of CBO

N-QD-S provides a new approach to determine the coupl
strengthG;AGL

21GR
2 and QD level spacingDE, which are

impossible to do inN-QD-N because of thermal broadenin
~2! The suggestedN-QD-S structure is accessible of th

up-date nanotechnology, either by a metal nanoparticle c
nected to superconducting and normal-metal electrodes16,17

or in a gate controlledN-2DEG-S structure.18–20 The key
point to observe the predicted unusual temperature de
dence of AR is to perform resonant AR process via discr
energy levels.

~3! Similar extraordinary temperature dependence of ze
bias conductance have been observed experimentally e
in normal-metal/semiconductor/superconductor junction21

or in normal-metal / high-Tc superconductor contacts.22 Per-
haps, the discrete electronic state in our model correspo
to the quantum-well state and surface-bound state in t
situations.

In conclusion, we predict an extraordinary temperatu
dependence of the resonant AR process inN-QD-S, in which
the conductance peak does not exhibit thermal broaden
We also investigate CBO inN-QD-S, and find that finite-
temperature induces more resonant peaks around the ori
CBO peaks of zero temperature, rather than gives them t
mal broadening, which can be applied to determineG and
DE in N-QD-S.
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APPENDIX

In this Appendix, we present the atomic solution in eq
librium, which is generalized to the weak-coupling case a
linear-response regime in Sec. II.

In the atomic limit, QD is nearly isolated from the lead
and the negligible coupling to leads determines the equi
rium / nonequilibrium distribution in QD. Suppose QD ha
multiple discrete energy levels, indexed byi 51,2, . . .L
~herei contains the spin index!, and QD in the atomic limit
can be described by
1-4
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TABLE II. For the three-level QD, the results for the calculation of the correlation functions like^n1n2& are listed in the following table.

^n1n2n3& (1/Z)e2b(E11E21E313U) ^n1(12n2)(12n3)& (1/Z)e2bE1

^(12n1)n2n3& (1/Z)e2b(E21E31U) ^(12n1)n2(12n3)& (1/Z)e2bE2

^n1(12n2)n3& (1/Z)e2b(E11E31U) ^(12n1)(12n2)n3& (1/Z)e2bE3

^n1n2(12n3)& (1/Z)e2b(E11E21U) ^(12n1)(12n2)(12n3)& (1/Z)e2b•0
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Hdot5(
i 51

L

Eici
†ci1U(

i , j
ninj , ~A1!

in which the second term is the intradot Coulomb interacti
U[e2/2C is the charging energy of QD.

By using the equation of motion, the retarded Green fu
tion of QD can be solved exactly. For example, for a thr
level QD, Hdot5( i 51

3 Eici
†ci1U(n1n21n2n31n3n1), one

obtains

^^c1uc1
†&& r5

^~12n2!~12n3!&
v2E1

1
^~12n2!n3&
v2E12U

1
^n2~12n3!&
v2E12U

1
^n2n3&

v2E122U
~A2!

(v contains an infinitesimal imaginary parti01, for all the
retarded Green functions!. The atomic-limit solution have
clear physics meaning: due to intradot interaction, the sin
particle energy levelEi exhibits several subresonance
Ei ,Ei1U,Ei12U, . . . , theweights of these subresonanc
are determined by the occupation configuration of other
ergy levels. For the three-level QD,E1 has the weight of
^(12n2)(12n3)&, i.e., the probability of bothE2 andE3 are
empty; E11U has the weights of̂ (12n2)n3& and ^n2(1
2n3)&, i.e., the probability of one ofE2 andE3 is occupied
and the other empty;E112U has the weight of̂n2n3&, i.e.,
the probability of bothE2 andE3 are occupied.

The calculation of the correlation functions like^n1n2&
should be done self-consistently when QD is in the noneq
librium distribution. However, for the equilibrium QD in th
atomic limit, the calculation is straightforward. In this cas
the thermal equilibrium QD can be depicted by the dens
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operatorr5(1/Z)e2bHdot, and the observablêO& can be
calculated by Tr̂rO&. For the three-level QD, the results a
listed in Table II, and the weights in Eq.~A2! can be evalu-
ated with the help of this table, for example,^n2n3&5^(1
2n1)n2n3&1^n1n2n3&.

Generally, QD withL energy levels may have 2L occupa-
tion configurations, represented byF5(N1 ,N2, . . . ,NL)
with Ni50 or 1. One has

P~F ![K )
i 51

L

mi L 5
1

Z
e2bEdot(F),

~A3!

mi[H ni for Ni51

~12ni ! for Ni50,

in which Edot(F)[( iEiNi1U( i , jNiNj is the total energy
of QD for the configurationF. Defineg̃r[( i 51

L ^^ci uci
†&& r , it

is easy to obtain

g̃r5(
F

P~F !gr~F !,

~A4!

gr~F !5(
i 51

L
1

v2Ẽi~F !
,

in which Ẽi(F)[Ei1U( j Þ iNj is the renormalized single
particle level.

In short, in the atomic limit, the retarded Green functi
g̃r is the average over different occupation configuratio
weighted by a thermal factor, and each configuration beha
as a set of renormalized single-particle levels.

.:

12A.-P. Jauho, N. S. Wingreen, and Y. Meir, Phys. Rev. B50, 5528
~1994!.

13A. L. Yeyati, F. Flores, and A. Martı´n-Rodero, Phys. Rev. Lett
83, 600 ~1999!.

14M. A. Kastner, Rev. Mod. Phys.64, 849 ~1992!.
15Y. Meir, N. S. Wingreen, and P. A. Lee, Phys. Rev. Lett.66, 3048

~1991!.
16D. C. Ralph, C. T. Black, and M. Tinkham, Phys. Rev. Lett.78,

4087 ~1997!.
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