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Decay of superfluid turbulence at a very low temperature: The radiation of sound
from a Kelvin wave on a quantized vortex

W. F. Vinen
School of Physics and Astronomy, University of Birmingham, Birmingham B15 2TT, United Kingdom

~Received 25 April 2001; published 12 September 2001!

In an earlier paper@Phys. Rev B61, 1410 ~2000!# concerned generally with grid turbulence in superfluid
4He, we discussed the mechanisms by which such turbulence might decay at a very low temperature. One such
mechanism involves generation of Kelvin waves on quantized vortex lines that are present in the turbulent
superfluid component, and the loss of energy from these waves by radiation of sound. An inadequate theory of
this radiative process is replaced here by a more rigorous treatment. The speculative conclusions in our earlier
paper are not substantially changed.
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I. INTRODUCTION

Turbulence in the superfluid phase of liquid4He has been
studied experimentally and theoretically since the 195
Turbulence in the superfluid component must take the fo
of an irregular configuration of quantized vortex lines,1,2 and
turbulence of a more conventional type can exist in the n
mal component. Early work was concerned largely with
perfluid turbulence produced by a counterflow of the t
fluids, such as occurs in the presence of a heat current,
which has no classical analog. More recently work has b
reported on superfluid turbulence produced by flow throu
a grid, which is the analog of an important form of classic
turbulence, which, when fully developed at high Reyno
number, has a simplicity associated with its being appro
mately homogeneous and isotropic. The elements of a th
of superfluid grid turbulence were developed recently in R
3 ~referred to later asV!, and the ways in which it is simila
to and differs from the classical analog were explored
particularly interesting aspect of superfluid grid turbulen
relates to the mechanisms by which it can decay at very
temperatures, where there is little or no normal fluid. O
such mechanism involves the generation on the vortex l
of Kelvin waves, as a result of the occasional close appro
of vortices and of vortex reconnections,4,3 and the subse
quent decay of the Kelvin waves by frictional interactio
with a small density of normal fluid or, at the very lowe
temperatures, by radiation of sound~phonons!. The discus-
sion inV was based on formulas for the rate of sound rad
tion for which there was no fully satisfactory proof. In th
paper we discuss this radiative process more rigorously,
we use our results to modify, albeit only slightly, the spec
lative conclusions of our earlier work. We do not attemp
full-scale review of this earlier work.

II. THE RADIATION OF SOUND BY MOVING
RECTILINEAR QUANTIZED VORTICES

Any accelerated motion of a quantized vortex will res
in the radiation of sound waves. The particular case of t
parallel rectilinear vortices of the same sign encircling ea
other has been treated by Pismen5 and by Howe.6 Here we
consider two cases involving rectilinear vortices, the sec
0163-1829/2001/64~13!/134520~4!/$20.00 64 1345
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of which reproduces the earlier results, and then extend
treatment to deal with the radiation from a Kelvin wave. T
vortices with which we deal have circulationk and move in
a pure superfluid of densityr, in the absence of any norma
fluid ~we shall apply the results to temperatures where
normal fluid density is negligible!.

A. Radiation from a rectilinear vortex moving in a circle

Consider first a rectilinear vortex parallel to the axis,r
50, of a system of cylindrical polar coordinates,r ,u,z. Sup-
pose that the vortex core moves in a circle,r 5b, at velocity
(0,bv,0) under the influence of a radial force (rkbv,0,0).
The motion of the vortex perturbs the pressure near it,
this perturbation acts as a source of sound of angular
quencyv and wave numberk5v/c; we shall assume tha
kb!1. The perturbationp1 in the pressure at the poin
P(r ,u,0) can be calculated from the linearized integral of t
Euler equation for irrotational flow

]f

]t
52

p1

r
, ~2.1!

wheref is the velocity potential. First we consider the ran
of r given bykr!1, where there are no retardation effects.
terms of the lengths and angles shown in Fig. 1 we find t
the perturbation in the velocity potential is given by

FIG. 1. Illustrating the calculation of the perturbation in th
velocity potential when a vortex moves in a circular orbit.
©2001 The American Physical Society20-1
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f15
k

2p
a5

k

2p
sin21Fb sin~u2vt !

s G' k

2p

b sin~u2vt !

s

5
k

2p
b sin~u2vt !F 1

r 21b222rb cos~u2vt !G
1/2

. ~2.2!

The perturbationp1 can be expressed as a power series
b/r , and we shall be interested in only the first two terms
this series. Nonlinear corrections to Eq.~2.1!, and higher-
order terms in the expansion ofa, make no contribution to
these terms, while the expansion of Eq.~2.2! leads to

f15
k

2p

b

r
sin~u2vt !1

k

4p

b2

r 2 sin~2u22vt !; ~2.3!

or, equivalently,

f15
2 ik

2p

b

r
exp~ iu!exp~2 ivt !2

ik

4p

b2

r 2 exp~2iu!

3exp~22ivt !. ~2.4!

It follows that

p15
rvk

2p

b

r
exp~ iu!exp~2 ivt !1

rvk

2p

b2

r 2 exp~2iu!

3exp~22ivt !. ~2.5!

Inclusion of retardation must lead to an outgoing sound w
with the general form

ps5 (
m51

m5`

Am@Jm~kr !1 iNm~kr !#exp~ imu!exp~2 ivt !.

~2.6!

In the case that we are considering here the dipole (m51)
term dominates the radiated field, so that Eq.~2.6! has the
limiting forms

ps→2 i
2A1

pkr
exp~ iu!exp~2 ivt ! as kr→0; ~2.7!

ps→A1S 2

pkr D
1/2

exp~ iu!expi Fkr2vt2
3p

4 G as kr→`.

~2.8!

For b!r !2p/k, the first term in Eq.~2.5! and the form
~2.7! must join smoothly, so that

A15 i
rkbv2

4c
. ~2.9!

It follows that the far sound field is given by

ps5 irkbv3/2S 1

8pcr D
1/2

exp~ iu!expi Fkr2vt2
3p

4 G .
~2.10!

The corresponding total mean power radiated by unit len
of vortex is then given by
13452
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P5E
0

2p ^ps
2&

rc
rdu5

rk2b2v3

8c2 . ~2.11!

B. Radiation from a pair of equal rectilinear vortices
encircling each other

The case of a pair of parallel vortices, equal in magnitu
and sign, circling around each other under their own veloc
fields, is now easily considered. If the separation of the v
tices is 2b, the angular velocity of encircling rotation isv
5k/4pb2. Each vortex radiates as in Sec. II A, but the d
pole fields cancel, leaving only a quadrupole field (m52)
with frequency 2v and wave number 2k. For each vortex the
appropriate limiting forms corresponding to Eqs.~2.7! and
~2.8! are then given by

ps→2 i
4A2

p~2k!2r 2 exp~2iu!exp~22ivt ! as kr→0

~2.12!

ps→A2S 2

p~2k!r D
1/2

exp~2iu!expi F2kr22vt

2
5p

4 G as kr→`. ~2.13!

For b!r !2p/k, the second term of Eq.~2.5! and the form
~2.12! must join smoothly, so that

A25 i
rkb2v3

2c2 . ~2.14!

It follows that the far sound field for the pair of vortices
given by

ps5 i
rkb2v5/2

c S 1

pcr D
1/2

exp~2iu!expi F2kr22vt2
5p

4 G .
~2.15!

The corresponding total mean power radiated at freque
2v by unit length of the vortex pair is then given by

P5
rk2b4v5

c4 . ~2.16!

This result seems to agree with those given by Pismen
Howe.

III. RADIATION FROM A KELVIN WAVE

Let the Kelvin wave have wave vectork̃. Its angular fre-
quency is given by the approximate dispersion relation7

ṽ5
k k̃2

4p
lnS 1

k̃j0
D , ~2.17!

wherej0 is the vortex core parameter. The wave is circula
polarized, so that each element of the vortex is describin
circle with radiusb equal now to the amplitude of the wave
The situation is very similar to that described in Sec. II
0-2
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DECAY OF SUPERFLUID TURBULENCE AT A VERY . . . PHYSICAL REVIEW B64 134520
each element of the line tending to radiate in the way
scribed by Eq.~2.10!; the radial force mentioned in Sec. II A
is due now to the line tension in the vortex. However, t
Kelvin wave differs from the case in Sec. II A because d
ferent parts of the wave will radiate with different phase
Consider radiation emitted at an angleb to the plane norma
to the length of the undisplaced vortex. Simple diffracti
theory shows that, in the case of a Kelvin wave of unifo
amplitude on a rectilinear vortex of infinite length, there
radiation only at values ofb equal to6sin21@k̃/k#, although
at these angles the radiated power is similar to that given
Eq. ~2.11!. Therefore there is no radiation of sound unle
( k̃/k),1. In practice this condition can be satisfied for
quantized vortex in helium only if the wavelength of th
Kelvin waves is comparable withj0 . As we shall see, the
only important Kelvin waves in superfluid turbulence ha
wave numbers satisfying the conditionk̃@k.

This total absence of radiation relates only to Kelv
waves on a rectilinear vortex of infinite length. Suppose t
the vortex has a finite length 2l 1 . Each element of the Kelvin
wave acts as a source of sound, with a certain complex
plitude z(z). The total radiated amplitude in a direction d
fined by the angleb is given by the Fourier transform ofz(z)

p~q!5
B

2 E
2 l 1

1 l 1
z~z!exp~2 iqz!dz, ~2.18!

whereB is a constant, andq5k sinb. For a Kelvin wave of
wave numberk̃, z(z)5z0 exp(ik̃z), wherez0 is a constant.
For the case of a rectilinear vortex moving in a circle~Sec.
II A ! k̃50.

Evaluating Eq.~2.18! for the Kelvin wave we find that

p~q!5Bz0l 1

sin@~ k̃2q!l 1#

~ k̃2q!l 1

, ~2.19!

while for the case of Sec. II A we have

p~q!5Bz0l 1

sin~ql1!

ql1
. ~2.20!

The form~2.20! has a sharp peak of heightBz0l 1 centred on
q50 (b50), with width Dq;p/ l 1 . The total radiated
power into this peak is therefore given roughly by

P'pB2z0
2l 1 , ~2.21!

which can be compared with Eq.~2.11! in Sec. II A. For the
case of the Kelvin wave withk̃@k, there is no sharp peak
the amplitude oscillating rapidly with the angleb; apart from
this oscillation the power is radiated more or less uniform
over the range ofb from 2p/2 to p/2(Dq52k). The total
power radiated is given by

P8'~Bz0l 1!2~ k̃l 1!222k5
2B2z0

2k

k̃2
. ~2.22!

The ratio
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p

1

k̃l 1

k

k̃
~2.23!

is the factor by which the power~2.11! is reduced by inter-
ference effects for the case of the Kelvin wave whenk̃@k.
As we expect, (P8/P)→0 asl 1→`.

IV. APPLICATION TO THE DECAY OF SUPERFLUID
TURBULENCE

Turbulence in the superfluid component of liquid4He
must take the form of a more-or-less random array of vor
lines. If the length of line per unit volume isL, the line
spacing is roughlyl 5L21/2. At temperatures close to th
absolute zero there is a negligible concentration of norm
fluid, so there is no frictional interaction with the norm
fluid to damp the motion of the vortex lines. It is known fro
experiment that the vortex lines can decay under th
conditions,8 and possible mechanisms have been discus
by Svistunov and Vinen. Svistunov4 suggested that the occa
sional close approach of two vortex lines, leading to vor
reconnection, would give rise to kinks on the lines. The
kinks can be regarded as superpositions of Kelvin wav
and energy loss from these waves can make a signifi
contribution to the energy loss from the turbulent superflu
In the absence of frictional interaction with the normal flu
the Kelvin waves can lose energy only by radiation of sou
and the effect of such radiation was discussed tentatively
Vinen (V), using rough estimates of the rate of radiation. W
can now extend this earlier discussion by using the m
rigorous results derived here.

The ideas inV were openly speculative, and we use the
as the basis of this extension. There is clearly a need
review their validity, but we believe that it is premature to d
so here, because such a review ought to await the results
interpretation of computer simulations that are presently
ing carried out by other authors.

In superfluid turbulence the Kelvin waves are formed
vortex lines that form a tangle. The lines are not straight
are typically bent with radii of curvature of orderl, the line
spacing, the Kelvin waves being superimposed on these
lines. It turns out, as we shall see, that much of the import
sound radiation has a wave number of orderl 21 ~or a little
less!, the Kelvin waves themselves having a much larg
wave number. This means that Kelvin waves from parts o
vortex that are separated by a distance greater thanl will not
radiate coherently, so that the total power dissipation can
obtained by considering vortex lengths of orderl as acting
independently of each other. We can therefore use Eqs.~2.11!
and ~2.23! to estimate the total radiative loss, replacing t
length l 1 by the vortex spacingl. It should be added that a
review of the ideas ofV may lead to the conclusion that fo
real, randomly irregular, configurations of vortex line it is n
appropriate to think of harmonic Kelvin waves~with a range
of frequencies! as linearly superimposed on lines that a
smoothly curved on the length scalel. In that case the effec
tive correlation length for coherent radiation may be le
than l, but l must remain an upper limit.
0-3
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Equation~7.5! in V, which gives the power radiated pe
unit length of vortex in the tangle, is replaced by

P5
rk3ṽ3b2

16p2c3l
lnS 1

k̃j0
D , ~2.24!

whereb is now the amplitude of the Kelvin wave. Remem
bering the energy per unit length in the Kelvin wave
(rk2k̃2b2/4p)ln(1/k̃j0), we find that the time constant cha
acterizing the rate of loss of energy from the Kelvin wave
therefore given by

ts5
c2

kṽ2

16p2cl

k ln~1/k̃j0!
, ~2.25!

which replaces Eq.~7.6! in V. The rate of loss of vortex line
from the tangle is still given by Eq.~7.12! of V, but the value
of the cut-off wave vectork̃2 is now given by

k̃2l 5S cl

A1/3k D 3/4

, ~2.26!

where we have dropped factors of order unity as we did inV.
Inserting a typical value ofl equal to 1025 m, and takingA
51, we find that k̃2;23108 m21 ~corresponding toṽ
;109 s21!. The corresponding value ofk is roughly 4
13452
3106 m21, so that we were justified in making the assum
tion that k̃@k; and we confirm that the wavelength of th
emitted sound wave is somewhat less thanl.

A straightforward modification of the calculations inV
allows us to update our calculation of the temperature ab
which the damping of Kelvin waves in the vortex tangle
determined by mutual friction rather than sound radiatio
We find that this temperature is approximately 0.46 K, ve
similar to one of our earlier estimates based on an inadeq
treatment of the radiation.

V. SUMMARY AND CONCLUSIONS

We have derived a fairly reliable expression for the rate
energy loss from a Kelvin wave on a quantized vortex
superfluid4He due to radiation of sound, and we have use
to improve an earlier discussion of the rate of energy l
from superfluid turbulence at a very low temperature. T
conclusions of the earlier discussion are not substanti
changed.
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