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The magnetic susceptibilitieg versus temperatur of powders and single crystals of the ambient-pressure
(AP) and high-pressuréHP) phases of (VO)P,0; are analyzed using an accurate theoretical prediction of
x(T,J1,J,) for the spin% antiferromagnetic alternating-exchangh (J,) Heisenberg chain. The results are
consistent with recent models with two distinct types of alternating-exchange chains in the AP phase and a
single type in the HP phase. The spin gap for each type of chain is derived from the respective set of two fitted
alternating-exchange constants and the one-magnon dispersion relation for each of the two types of chains in
the AP phase is predicted. The influences of interchain coupling on the derived intrachain exchange constants,
spin gaps, and dispersion relations are estimated using a mean-field approximation for the interchain coupling.
The accuracies of the spin gaps obtained using fits to thellggT) data by theoretical loW- approximations
are determined. The results of these studies are compared with previously reported estimates of the exchange
couplings and spin gaps in the AP and HP phases and with the magnon dispersion relations in the AP phase
measured previously using inelastic neutron scattering.
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I. INTRODUCTION scenario. These and other aspects of the thermal and mag-
netic behaviors of Na)Os were recently examined in detalil

A resurgence of research on the magnetic properties dh a combined theoretical and experimental studg. part of
low-dimensional quantum spin systems has occurred ovehis study, an accurate function was generated for the theo-
the last decade. This work was mainly initially undertaken toretical magnetic susceptibility versus temperatur€ of the
understand the relationships between the magnetic propertispin S=3 AF alternating-exchangeJ{ and J, with J,
of layered cuprates containing Ctispin4 square lattice <J,;) Heisenberg chain over the entire range #<1 of the
layers and the high superconducting transition temperaturesiternation parameter=J,/J;.
of the doped materiafsThis goal has also spawned much  The availability of this high-accuracy theoretical
research on related one- and two-dimensidi@l and 2D x(kgT/J;,«) function now allows one to accurately and pre-
spin systems. Indeed, the new subfield of spin ladder physiasisely test the consistency of proposals for the occurrence of
was created as a result of these efférisThe basicn-  alternating-exchange chains in specific compounds by com-
leg spin ladder consists of a planar arrangememt jpdrallel  paring the observeg(T) with that expected theoretically. In
vertical spin chaingthe ladder “legs’) with (nonfrustrating  particular, in the present work we use this method to test the
horizontal nearest-neighbor couplings between adjacerdonsistency of recently proposed alternating-exchange chain
chains, i.e., across the ladder “rungs.” models for the ambient- and high-pressure phases of vanadyl

Self-doped two-leg spin ladders are realized in the compyrophosphate (VQP,0;, and we obtain the exchange con-
pound NaViOs, in which the V atoms are crystallographi- stants and spin gaps in the respective chains. The influence
cally equivalent and the oxidation state of the V atoms isof interchain coupling on the derived intrachain exchange
+4.5, resulting formally in a mixed-valerd®® system?  constants and spin gaps is investigated using a mean-field
However, the material is a semiconductor rather than a metaapproximation for the interchain coupling. The accuracies of
Theoretical studies have indicated that the reason for this ithe spin gaps obtained using fits to the Idwy(T) data by
that the oned electron per two V atoms is localized on the theoretical lowT approximations are determined. The results
respective V-O-V rung of the ladder due to the on-site Cou-of these studies are compared with previously reported esti-
lomb repulsion on each rung. This in turn led to the hypoth-mates of the exchange couplings and spin gaps in the two
esis that each rung acts as a spisite, in which case the phases and with the dispersion relations measured for the
compound is expected to behave magnetically like a §pin ambient-pressure phase by inelastic neutron scattering.
=1 antiferromagnetidAF) Heisenberg chain. Additionally, The history of the study of the magnetic properties of
the observation of a spin dimerization transition below 34 K,(VO),P,0Oy is interesting and extensive. In the following two
accompanied by a lattice distortion, is consistent with thissections we give brief overviews of the previous work on the
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not possible at that tim¢1987 due to lack of theoretical
predictions fory(T) of this model. It was also speculated
that even though the crystallographic features suggest a spin-
ladder model, the actual magnetic interactions might turn out
to correspond to those of alternating-exchange spin cHins.
When x(T) calculations for the spin-ladder model were
eventually doné? it was found that the same experimental
x(T) data séf could be fitted by the spin-ladder model to
c ‘ PO ® the same high precision as for the very differen_t alternating-
¢ exchange chain mod&. The existence of a spin gap was
subsequently confirmed and its value estimated from NMR

HP-(VO),P,0; in the a-c plane, showing the exchange constants Méasurements of .thélp Klnlght Sh'ftlzlllé(-r) and nuclear

J, andJ, along the spin; V** alternating-exchange chains afg ~ SPin-lattice relaxation raté (1T,)(T), ™ from x(T) (Ref.

in a perpendicular direction along the legs of the structural two-legl?) and_ inelastic-neutron-scatterfiigneasurements on poly-

ladders (adapted from Ref. 11 The lattice parameters of Crystalline samples at low temperatures, and most recently

AP-(V0),P,0, area~7.74, b~9.59, andc~16.59 A, and those from elastic constant measuremétsn a single crystal in

of HP-(VO),P,0, area~7.58, b~9.55, andc~8.36 A. pulsed magnetic fields up to 50 T @=1.6 K and from
Raman-scattering intensity measurements on single crystals

ambient-pressuréAP) and high-pressuréHP) phases of this  at low temperature®} as listed in Table I.
compound, respectively, and then present the plan for the The above inelastic-neutron-scattering measurements on
remainder of the paper. pOlnyySta”ine AP-(VOEPZO7 reportedly confirmed the
spin-ladder model and rejected the alternating-exchange
chain model by a comparison of the observed spin[¢a(2)
K] with the values 45.7 K and 57 K predicted for the two
The V*™* d! ambient-pressure phase AP-(\V4B)O., respective models from the sets of exchange constants deter-
sometimes abbreviated in the recent literature as “VOPO,” ismined from respective fits to the(T) datal® However, sub-
an industrial catalyst for the selective oxidationrobutane  sequent inelastic-neutron-scattering results on polycrystalline
to maleic anhydrid&.” This compound was found to have an sample&' and especially on a collection of about 200 ori-
orthorhombic crystal structufé (containing four inequiva- ented small single crystdfsproved that AP-(VO)P,0; is
lent types of V atomjs which can be viewed crystallographi- not a spin-ladder compound. The strongest dispersion of the
cally as containinds= 3 two-leg ladders? where the rungs one-magnon spectra of the single crystals was found to be
of the ladder lie along the axis and the legs are oriented along thec axis, i.e., in the direction of the structural ladder
along thea axis, as sketched in Fig.%.A single-crystal rungs, and the coupling in the direction of the ladder legs
x-ray diffraction structural study claimed that the previouswas found to be weakly ferromagneticThus, perhaps sur-
structural studies were incorrect and that the structure iprisingly, the superexchange coupling path V-O-P-O-V along
monoclinic with eight inequivalent V atoms in the unit-cell, the ¢ axis, coupling the structural two-leg ladders as shown
although the overall structural features and the unit cell diin Fig. 2, is much stronger than the shorter V-O-Vcoupling
mensions were found to be very similar to those of the prealong the ladder legs parallel to thexis. These results were
viously proposed orthorhombic structdfeHowever, a re- interpreted in terms of an alternating-exchange chain model
cent study of a polycrystalline sample using both x-ray- andwith the chains running along theaxis, with weak coupling
neutron-diffraction Rietveld refinements and transmissiorbetween the chains, thus confirming the above speculation
electron microscopy confirmed the orthorhombic structurén Ref. 10. Subsequeng(T) data for powdef® and single
and ruled out the monoclinic structul®jt was suggested crystaf> samples have been interpreted in terms of the
that whether the orthorhombic or monoclinic structure occursalternating-exchange chain model, with exchange parameters
in a particular sample may depend on the exact compositiolisted in Table I.
and the details of sample synthekisThere have been two The spin gaps of 42) K (Ref. 18§ and 40.44) K (Ref.
conventions used in the literature for designatingliteadc ~ 21) found from inelastic-neutron-scattering measurements on
axes in which these two axes are mutually interchanged; wpowder samples are both significantly larger than the one-
will adhere to the convention in Fig. 1, as in Ref. 13, for magnon spin gap of 36(2) K determined from the neutron-
which the approximate lattice parameters are listed in thecattering measurements on single crystaSince powder
figure caption. samples have usually been found to show relatively high
The magnetic susceptibility versus temperatyy€r) levels of paramagnetic impurities and/or defects, this com-
of AP-(VO),P,0; was found to exhibit an energy gap parison suggests that the larger spin gaps in the powder
(“spin gap”) for magnetic excitation¥ The x(T) was ini-  samples may be a real effect arising from termination of the
tially fitted to high precision by the prediction for ti&= 3 spin chains by defects. One would indeed expect finite seg-
AF alternating-exchange Heisenberg chain, with the exments of alternating-exchange chains to exhibit larger spin
change constantd; and J, and alternation parameter gaps than those for the infinite chain.
=J,/J; given in Table I*° A fit by the spin-ladder model as We have also listed in Table | the intradimer exchange
suggestetf from the crystal structurésee Figs. 1 and)avas  constant determined frony(T) (Ref. 9, the 3P NMR

FIG. 1. Sketch of the basic structures of AP-(\8)0,; and

A. AP-(VO),P,0;
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TABLE I. Spectroscopic splitting factoig(factor g, exchange constanfs andJ,, and spin ga@\ determined by the method listed for
the ambient-pressure form of (VEH,0, [AP-(VO),P,O;], for the high-pressure form HP-(VGR,O; and for the V dimer compound
(VO)HPQ,- $H,0. Quantities marked with a daggdy (are derived using th&= 3 alternating-exchange chain model whereas those marked
by an asterisk*) are derived using th&= 3 two-leg ladder model. Quantities with no mark make no assumption about the specific model
and/or are determined or assumed independently of the fits used to obtain the other listed quantities. All measurements were carried out on
polycrystalline samples except as otherwise noted. The listed alternating-exchange constants from Ref. 24 were obtained within a 2D
coupled alternating-exchange chain model with interchain couplings given in the text and were determined from a fit to one-magnon
inelastic-neutron-scattering dat®ef. 11) with the spin gap listed and from high-y(T) data(Ref. 10. The error bars on the parameters
listed from the present work include the estimated influences of interchain interactions.

Compound g a Jq1/kg (K) J, kg (K) A/kg (K) Method Reference
AP-(VO),P,0;, 2.00 0.7" 131 92t x(T) 10
1.99 0.727 128.9 93.0 57" x(T) 14
2.03 1.007 90.6" 90.0° 457 x(T) 14
30 SIK(T) 15
60 SYLT)(T) 15
34(3) SIK(T) 16
100 YT )(T) 16
52 x(T) 17
43(2) %n scattering 18
crystal 1.937 35 c12(H,1.6 K 19
crystal 36 Ramarilow T) 20
40.44), 70 %n scattering 21
crystals 36.1), 66.12) %n scattering 11
1.97 331), 62(3) M(H,1.3 K) 26
35(2), 52(3) 3IK(T) 26
53, 71 SYAT)(T) 27
68(2) SIK(T) 27
66(2) SYAT)(T) 27
0.83 124, 107, 35, inferred 27
0.67 136' 92 68
0.793 124 99’ 36.243) theory 24
crystal 2 0.67 122" 82" 58" x(T=70 K) 22
crystal 67 ESR(T) 22
2.0212)"  0.782(2) 130.9(5f  102.4(6) x(T) 13
0.85(1), 135(5), 115(6), 38.4(9Y, x(T) this work
0.638(7) 127(3) 81(3)" 67(1)
HP-(VO),P,0, 2 23 M(H,1.3 K) 30
27 x(T<30 K) 30
2.01 0.9' 137" 123" 27 x(T>30 K) 30
crushed crystals 0.8737(13) 135.6(7)  118.5(8)  33.9(2)f x(T) this work
(VO)HPO, iH,0  1.99 0 88.0 0 88.0 x(T) 9
74 3IK(T) 15
0 90.65) 0 90.45) %n scattering 23

Knight shift 3K(T) (Ref. 19, and inelastic-neutron- The two spin gaps cannot both arise from one-magnon exci-
scattering® measurements of polycrystalline samples of thetations in an isolated alternating-exchange chain and the
larger one was suggested to arise from neutron scattering
from two-magnon triplet bound states of such chains, al-
sor for the synthesis of, and has structural similarities tothough the scattered-neutron intensity was larger than ex-
AP-(VO),P,0,.5% In particular, the neutron-scattering study pected from scattering from such staté4 2D model incor-

of this compound confirmed the importance and strength oporating both nonfrustratingJ, see Fig. 1 and diagonal

d! S=13 vanadium dimer compound (VO)HRG: H,O (va-
nadyl hydrogen phosphate hemihydjatehich is a precur-

the V-O-P-O-V superexchange pathwdy.

frustrating Jy) AF

interactions between alternating-

From the above neutron-scattering measurements oexchange chains was subsequently propé&ethe intra-
single crystals of AP-(VOP,0O;, a second spin gap at a chain and interchain exchange constants were determined by
larger energy of 67 K was found in addition to the gap of 36a (very good fit to the one-magnon dispersion relati@n-
cluding the one-magnon spin gap of 36 Keasured in the

K for coherent one-magnon propagation along ¢haxis*
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£—> c AP-(VO);P,07

WIW ¥ [

HP-(VO);P207

FIG. 2. Detailed crystal structure of AP-(VE@,0; as viewed
along theb axis (top panel and along thea axis (bottom panel
The rectangular boxes are outlines of the unit cell in the respective
planes. The large spheres are V atoms and the small spheres are P
atoms. Oxygen atom&ot shown are at the vertices of the O
square pyramids and R@etrahedra. The pairs of V atoms coupled
by exchange constanty andJ, along theS=% AF alternating-
exchange Heisenberg chains are shown.

FIG. 3. Detailed crystal structure of HP-(V@,0,. The desig-
nations are the same as in Fig. 2.

inelastic-neutron-scattering measurements and by using the
results® of high-T x(T) measurements. The two alternating  Electron-spin-resonand&SR) intensity versus tempera-
AF intrachain exchange constants so deternfihace listed  ture 1(T) data obtained for a single crystal were interpreted
in Table I. The two AF interchain interactions were predictedin terms of an isolated AF spin dimer model, yielding a spin
to be rather larged,/J;=0.203 andJ, /J;=0.255%* How- gap of 67 K22 corresponding to the higher-energy gap seen
ever, the x(T) calculated using this model in Ref. 24 in the inelastic-neutron-scattering data. In this ESR study,
was found to be in poor agreement with experimental singletransitions between the Zeeman levels within the one-
crystal y(T) dat&? even at the highest measured temperaturenagnon triplet band were reportedly not observed. These
T~200 K, which is significantly above the temperature 1(T) data were subsequently re-interpreted within the above
(~70 K) at which x(T) shows a broad maximum and where 2D coupled alternating-exchange chain model as arising
the prediction would be expected to be quite accurate. On thisom transitions between the Zeeman levels within the one-
other hand, we find in Sec. Il B 2 below that thej(T) magnon band and good agreement between the theoretical
prediction is in quite good agreement with experimental datgrediction for I(T) and the experimental(T) data was
if the comparison is done in a somewhat different way. Ad-found?*
ditional calculations indicated that the frustrating AF inter-  On the other hand, receftP and®V NMR and magne-
chain interaction stabilizes two-magnon bound states antization versus applied magnetic-fieM(H) measurements
thus supported the conjectdtehat the higher-energy mode at high fields and low temperatures have indicated that there
at 67 K is a triplet two-magnon bound stafeThe same 2D  are two magnetically distinct types of alternating-exchange V
model containing alternating-exchange chains and frustratinghains in AP-(VO)P,0-, interpenetrating with each other,
AF interchain couplings and also a model containing ferro-each with its own spin gaff:?’ The two spin gaps inferred
magnetic interchain couplings were studied in Ref. 25 wherdor the two types of chains, 88 K from 3P K(T)
the former model was found to agree better with the experimeasurement® and 682) K from 5%V K(T)
mental neutron-scattering data. From a Raman-scatteringeasurements,and 331) K and 623) K from M(H) mea-
study of single crystals, the spin-phonon interaction was sugsurements at 1.3 R agree well with the above two spin
gested to be responsible for the formation of the two-magnogaps found from the neutron-scattering measurements, re-
triplet bound states identified in the neutron-scattering exspectively, thus providing an alternate explanation for the
periments, rather than arising from frustrating interchainlarger of the two spin gaps. Using additional information
interactions?° from the neutron-scattering one-magnon dispersion-relation
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measurements, the two alternating-exchange constants inlow-temperature limit, theA andA would have to be treated
each chain have been estimatednd are listed in Table |. as independently adjustable parameters. In the present work
This model is not supported by the Raman-scatteringve evaluate the accuracy of using Eda) to determine the
results?® However, recent unpublished inelastic-neutron-spin gap of the 1DS=1 alternating-exchange Heisenberg
scattering measurements on a large single crystdls2 K chain fromy(T) data for HP-(VO)}P,O; by comparing the
in zero and high magnetic fields show that the two types obpin gap obtained using this approximation with the spin gap
magnetic excitations found earltisplit in a magnetic field obtained by modeling the same data set using the accurate
according to expectation for two triplet bands, results thatheoretical prediction for the spin susceptibility of thes
constitute independent evidence for the validity of the two-=1 AF alternating-exchange Heisenberg chain model.
chain model for AP-(VO)P,0,.% In addition, two previ- Most recently, single crystals of HP-(VE),0; have
ously undetected magnetic excitations termed “shadovbeen growr?? The anisotropic spectroscopic splitting factors
bands” were found that are thought to arise from the stag{g factorg of the S=1 V4 ions in a single crystal were
gered alignment of successive V dimers along the Vdetermined from ESR measurements and the anisotropic
alternating-exchange chains within the structysee the magnetic susceptibilities of a single crystal were meastfred.
top panel of Fig. 228%° Here we perform detailed modeling of thesgT) data using

At present there is thus no universal agreement about he g factors determined from ESR and using e 5 AF
Hamiltonian that can self-consistently explain the various exalternating-exchange Heisenberg chain model for the spin
perimental measurements probing the magnetism in APsusceptibility. We determine the exchange constants within
(VO),P,0;, although all of the models considered recentlythe chains and from these we obtain an estimate of the spin
containS= 3 AF alternating-exchange Heisenberg chains agjap. An independent estimate of the spin gap is obtained by
an essential element and a consensus is emerging that thedeling only the low-temperature data.
two-chain model can explain many of the observed proper-
ties. C. Plan of the paper
The plan for the remainder of this paper is as follows. In

B. HP-(VO),P,0; Sec. Il a summary is given of the theory that we will need to

The high-pressure phase HP-(\V4B)O; was recently carry out and discuss the modeling described above. General
synthesized by heating polycrystalline AP-(\®)O; for 3 considerations for fitting experimental data by theoretical
h at 700 °C under a pressure of 2 GPP&s shown in Fig. 3 predictions for the spin susceptibility are discussed in Sec.
and by comparison with Fig. 2, HP-(VE),0; has a simpler |1l A. Our and literaturey(T) data for AP-(VO}P,0;, are
structure than AP-(VQP,0;. In HP-(VO),P,0;, all V at-  presented and fitted in Sec. Ill B. High-precision fits to the
oms are crystallographically equivalent but the same basig(T) of a high-purity powder sample are presented in Sec.
structure as in the ambient-pressure phase was f5tfid. |I1B'1. In this section, we show how the fitted exchange
The similarities between the two structures suggest that HReonstants and spin gé& of the model of alternating-
(VO),P,0; also containsS=3 AF alternating-exchange exchange chais) vary depending on whether a single-chain
chains, but of a single typ€.Indeed, high-fieldV(H) mea-  or two-chain model is used to fit the data, and on whether the
surements at 1.3 K revealed a single spin gap-@&3 K, g value is fixed or allowed to vary during the fits. The influ-
consistent with this hypothesi Modeling of x(T) data be-  ences of interchain couplings on the exchange constants and
low 30 K was carried out using the lolv-approximation in  spin gaps inferred from modeling(T) for the powder
Eqg. (7a) below for the spin susceptibility of a 1D spin system sample are quantitatively determined in Sec. Ill B 2 using a
with a spin gap, yielding a similar spin gap of 27°kThe  molecular-field theory for the interchain couplings, where we
x(T) data above 30 K were analyzed using the spin suscelso compare our derived interchain couplings with the cor-
tibility of the S=3 alternating-exchange Heisenberg chainresponding theoretical predictions of Uhrig and Nornf4nd
model, yielding the exchange constants listed in Table | anghat were obtained using a one-chain model. J%&) data
the same spin gapp/kg=27 K*° These estimates of the gap for two single crystals of AP-(VOQP,0; are analyzed using
value are similar to the one-magnon gap~e86 K in AP-  the two-chain model in Sec. lll B 3. In Sec. Ill C we test our
(VO),P,0; found from the inelastic neutron scattering and predicted dispersion relations for the two proposed chains by
other measurements discussed above. comparison with the results of inelastic-neutron-scattering

Equation(7a) has also been previously used to itT) measurements. Thg(T) data for HP-(VO}P,0, are pre-
data for otheiS=3% 1D compounds, but to our knowledge all sented and modeled in Sec. Ill D. The most accurate and
such studies, with the exception of a study of the"€8  precisey(T) data for this phase were obtained for a sample
=1 two-leg Heisenberg spin ladders in Sg0g,*! have as-  of crushed crystals. These data are analyzed using the one-
sumed thatA and the spin ga@\ are independently adjust- chain model in Sec. lll D 1. The influences of interchain cou-
able parameters when fitting experimenjdlT) data. We  plings on the derived exchange constants and spin gap of this
discuss in Sec. Il below tha&tis uniquely related t&A and is  sample are considered in Sec. Il D 2. Our evaluation of the
not an independently adjustable parameter for a given type afccuracy of the spin gap obtained using a theoretical Tow-
1D spin lattice> On the other hand, if one assumes that theapproximation to the spin susceptibility of a 18=3 spin
spin lattice in a material has a spin gap but the type of 10system with a spin gap, as previously used to analyze powder
spin lattice is unknown, or if the fit is not carried out in the x(T) data for HP-(VO)P,0,,*° is given in Sec. Ill D 3. The
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anisotropic x(T) datag? for a single-crystal of HP-

(VO),P,0; are modeled in Sec. Il D 4. The powder average

of these single crystgy(T) data is modeled in Sec. [lID 5
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by two low-T approximations for the spin susceptibility to or equivalently

obtain an independent estimate of the spin gap. A summary
of our modeling results and our conclusions are given in Sec.

V.

II. THEORY

The Hamiltonian for theS=3 alternating-exchange
Heisenberg chain is written in three equivalent ways as

H=Ei 31501 Soi+ 32501 Soiv1 (1a)
=Z 31S5i -1 Soit ad1S5 Spiva (1b)
=Z I(1+8)Sy-1- S+ I(1—8)S, Spiv 1, (10

where

_ _ 2J
Jl—J(l+5)—m, (2a)

3 1-6
a—J—l—lTa, (Zb)

\]1 ‘]1_‘]2 1_0{

o=y lI=%r T (20

J,+J 1+
R (20

with AF couplingsJ,;=J,=0, 0<(«a,8)<1. The uniform
undimerized chain corresponds é¢c=1, =0, andJ;=J,
=J, whereas the isolated dimer has=0, 6=1, J,=0,
and intradimer exchange interactialh. The form of the

—Ar) ~(1-a)¥(1+ o) (3a)
ﬁwa\?"‘. (3b)

An expression forA (8)/J that is thought to be more ac-
curate (-0.0002) over the entire range<®¥<1, obtained
by fitting numericalA(5)/J data by a generalized form of
Eq. (3b), is®

A(S
(T)zzgy(é), (4a)
where the exponent(d) is given by
S—v(1 In 5| Iné
y(d)=y(1)+n;tan ™ m,
Inéd [Iné
+n, tantf| —In| — (4b)
my my

with parameters

y(1)=0.74922, n,=0.00776, n,=—0.006 85,

m,=3.3297, m,=—2.2114. (40)

The expression foA(5)/J in Egs.(4) can be transformed
into an expression foh («)/J; using the conversion expres-
sions(2).

For notational convenience, we define the reduced spin
susceptibility y*, reduced temperaturg and reduced spin
gapA* as

spin
X ‘Jl kBT A

*E 1 tE_l A*:—' (5)
T NGl J 1

where P is the spin susceptibilityN is the number of
spins,kg is Boltzmann’s constant ang* depends on both
and the alternating-exchange parameterJ,/J;.

An accurate but unwieldy two-dimensional function

Hamiltonian in Eq.(1c), in which the appropriate variables x*(t,a) for the S=3 AF alternating-exchange Heisenberg
are 6 and the average exchange constant along the chainchain has been derived for the entire ranged<1 of the

instead ofa and the maximum exchange constdptas in

alternation parameter by a global fit to numerical quantum

Eqg. (1b), is often used for compounds in which the spin Monte Carlo(QMC) simulations and transfer-matrix density-
dimerization is weak and/or for systems showing a secondmatrix renormalization-groudf TMRG) and Bethe ansatz
order spin dimerization transition with decreasing temperax* (t,a) calculations, which we will not reproduce here but

ture such as occurs in spin-Peierls systems.
The spin gapA for magnetic spin excitations from tt&
=0 ground state to the lowest-lyin§=1 triplet excited

will explicitly use to modely(T) data for both AP- and HP-
(VO),P,0O;. The absolute accuracy of this function for 0
<a<1 and 0.0kt is estimated to bes2x10 4, which

states for the alternating-exchange chain is uniquely relatedorresponds to<0.1% of the susceptibility at the broad
to the alternation parameter and the larger exchange con- maximum. For practical purposes of fitting experimental

stantJ; (or equivalently tos andJ). The ratioA(«)/J; for

x(T) data, this function can be considered to be exact for

the S=3 AF alternating-exchange Heisenberg chain was=0.01.

computed to high€1%) accuracy for &a<0.9, in« in-

Troyer, Tsunetsugu, and Wz** have derived a general

crements of 0.1, using multiprecision methods by Barnesexpression for the low- limit of x*(t) for a one-
Riera, and Tennarit They found that their calculations dimensional spin system with a spin gap, assuming (hat
could be parametrized very well by the simple expression the one-magnon dispersion relation is nondegendegiart
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from the Zeeman degeneracyii) the lowest magnetic ex-

cited states are one-magn@¥1 triplet excitations,(iii)
kgT<A and kgT< the one-magnon bandwidth, afig) the
one-magnon dispersion relatidi(k) is parabolic near the
minimum according tdin the present notation

ik)zA*Jrc*(ka)z, (6)
Ji

Ex=

PHYSICAL REVIEW B 64 134403

(73 leads to fitted spin gap values that may be significantly
different from the actual spin gaps.

The result for the lowF limit of x* (t) in Eq. (7a) is not
valid for the isolated dimer, which is one limit of the
alternating-exchange chain witta=J,=0, because the as-
sumption (ii) that kgT< the one-magnon bandwidth re-
quired for that equation to hold is violated at all finite tem-
peratures. For the isolated dimer, the one-magnon bandwidth
is identically zero and the reduced spin gapAis=1. The

wherek is the wave vector in the direction of the 1D SyStem reduced Spin Suscept|b|||ty is given exacﬂy by

and a is the (averagée nearest-neighbor spin-spin distance.

These assumptions hold for the present case oSthé AF

alternating-exchange Heisenberg chain except for the limit x*odmel ) =

=0 as discussed below and far=1 for which A=025
With these four assumptiong* (t) is given by*

A *
X*(t):W e 4"t (t<A*, bandwidthd;) (7a)
with
A= ! (7b)
2\ mc*

The dimensionless dispersion parameteiin Eq. (6) has
a unique relationship to the reduced spin gsp for any

t(3+e') (109

with the low-temperature limit

x*Amet) = %ef” (t<1). (10b)
The temperature dependence of the prefactor to the exponen-
tial term in Eq.(10b) is different from that in Eq(7a). As
discussed in Ref. 5, a crossover occurs with decreasing tem-
perature at low temperatures in the effective prefactor from a
1t dependence to a {f dependence if & a<1.

As noted above, the form for the loWw-behavior of the
spin susceptibility in Eq(74) is valid only at very low tem-

given 1D spin system. For example, according to the modgberatures. Many years ago, Bulaevskii found that his numeri-

of Ref. 5, this relationship for th&&=3% AF alternating-

cal values ofy* (t,a) for the S=3 AF alternating-exchange

exchange Heisenberg chain gives the value of the parameteteisenberg chain, computed from an analytic theory based

Ain Eq. (73 as

&
A= B fan) ®

which in turn yields the lowF limit of y*(t) in Eq. (7a) as

1 A* 1/2
()= ———|—| et (t<A*), (9
X()ﬂfmﬂ(t) (t<4*), (9
where the dimensionless functidQA*) is the solution of
f2(A%) T
T | 2AF (9b)

andE(x) is the complete elliptic integral of the second kind.

From Eq.(8), the parameteA in Eq. (7@ is not an inde-

pendently adjustable parameter but instead is a unique fun
tion of the reduced spin gap*,® as was also previously

inferred for two-leg spin ladders.In addition, we see from
Eq. (99 that the two independent parametergd{t,a) can
be written for low temperatures asy*(t/A*,A*)

=x*(kgT/A,A/J;). Finally, and perhaps most importantly,
the high-temperature limit of the low-temperature regime

in which x*(t) is closely approximated by Eq$9) is of
order A*/10° At such low temperatureg(T) is immeasur-

ably small, and hence the spin gap obtained by analyzing
experimentaly(T) data for various compounds up to tem-

peratures corresponding to a sizable fractiod bfusing Eq.

on the Hartree-Fock approximation, could be fitted over a
relatively large temperature interval 0.638<1/4 by*®

X*(t)= ?eﬂ*“, (1)

and he tabulated andA* versus the alternation parameter
a. A recent extensive numerical stidgf his theory con-
firmed that the numerical predictions of his theory in the
above-cited low-temperature range are fitted better by the
form (11) than by Eq.(7a. In addition, this study showed
that although the fitting parametar («) approximately fol-
lows the actual spin gap of Bulaevskii's theory, significant
discrepancies occdrFinally, a detailed numerical compari-
son of the prediction of Bulaevskii’s theory fgi* (t,a) with
QMC simulations and TMRG calculations of this quantity
showed that Bulaevskii's theory is unsuitable for accurately
extracting e values from experimentay(T) data whena

€15

For Heisenberg spin lattices consisting of identical spin
subsystems with susceptibilify (t) that are weakly coupled
to each other, the molecular-field-theofiylFT) prediction
for the reduced spin susceptibilig/ (t) in the paramagnetic
state of the system is

o(b)
X*(t)= Xo

=—, 12
1+Ax5 (1) s

or equivalently
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1 1 N
X*(1) xg(b)
where the MFT coupling constaitis given by

N, (12b

Jmax'

=2

J

(129

The prime on the sum ovgrsignifies that the sum is only AP-(VO),P,0,

taken over exchange bondg from a given spirS to spins
S; not in the same spin subsystem, alftf* is the exchange

constant in the system with the largest magnitude. By defi-
nition, the expression forg (t) does not contain any of these

Jij interactions which are external to a subsystem. Within
MFT, Eqgs.(12) are correct at each temperature in the para-
magnetic state not only for bipartite AF spin systems, bu
also for any system containing subsystems coupled together
by any set of FM and/or AF Heisenberg exchange interac-

tions.

[Il. MODELING OF EXPERIMENTAL  x(T) DATA

A. Introduction

We fitted the y(T) data per mole of V spins; in
(VO),P,0; by the general expression

Cimp spi
X(M=xot+ 37—, —+x™T), (1339
imp

with
Xo= X%+ x"V (13b)

and
. NaG? 13 cmPK| g2 kgT
spi — * _ *| 2
x°P(T) 3, X* (1) 0.375F kX |3, )
(130

whereN, is Avogadro’s numberug is the Bohr magneton,

kg is Boltzmann’s constant, arglis the spectroscopic split-
ting factor (g factor appropriate to a particular direction of
the applied magnetic field with respect to the crystal axes.

The first termy, in Eq. (139, according to Eq(13b), is

t
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TABLE II. g factors parallel §) and perpendicularg, ) to the
principal local crystalline electric field and/or crystal structure axis

and the powder-averaged valge= \/(glz+g22+g§)/3 for vt4 S
=1 species in several vanadium oxide compounds. Samples are
polycrystalline unless otherwise noted. The literature references are

given in the last column.

Compound g g, g Reference
1.94 1.98 1.97 17
crystal 1.9378) 1.984(p,c) 1.969 22
HP-(VO),P,0;, 1.9281)(a) 1.9741)(b), 1.958 32
(crysta) 1.9711)(c)
CaV,0s 1.9571) 37
MgV,05 1.96 38
NaV,O;s (crysta) 1.9382) 1.9722) 1.9612) 39
crystal 1.936) 40
crystal 1.95 1.97 1.96 41
crystal 1.936 1.974,1.977 1.962 42

an odd number of spins, impurity phase intergrowths in the
crystals, paramagnetic impurity phases, and/or defects. The
Cimp and 0;,, parameters can be anisotropic if the paramag-
netic impurity principal directions are fixed with respect to
the crystal axes, as can occur in a single crystal of a material
such as studied here in Sec. lll D 4, rather than being ran-
domly distributed.
Unless otherwise stated, we assume that the spin suscep-
tibility x*P"(T) in Eq. (133, written in terms ofy* (t,«) in
Eq. (130, is the intrinsic spin susceptibility per mole of spins
1 in an AF alternating-exchange Heisenberg chain. The ex-
plicit expression fory* (t,«) of this chain is given in Ref. 5.
In Eq. (130, J; is the larger of the twoJ; andJ, with J;
>J,>0) AF alternating-exchange constants along the
alternating-exchange chain, as denoted in Sec. Il above.
One of the parameters entering the calculated spin suscep-
tibility x*P"(T) in Eq. (130 is theg value of the V magnetic
moments. Measurements of the anisotrogicalues of the
spins in both AP-(VO)P,O; and HP-(VO),P,0; have
been carried out using ESR measureméritand the results
are listed in Table 1. The significant differences between the
g values of the two phases of (V@B,0; reflect the differ-
ences in the local bonding of the V atoms with the coordi-

the sum of the nearly isotropic orbital diamagnetic atomicnating O atoms in the two structures. Comparison of the
core contributiony®* and the anisotropic orbital paramag- averageg value for HP-(VOYP,0, with those for V in the

netic Van Vleck contributioryVV, which are normally nearly
independent ofT. Using the valuesy®°®=-8, —12, and

—47x10 %cm®/mol  for V*4 072 and (PQ) 3
respectively’® we obtain
cn’
x=—6.1x10"° (14

mol V

for (VO),P,0;,. The second term in E¢133 is an extrinsic

impurity Curie-Weiss term with an impurity Curie constant

Cimp and Weiss temperatui&,,, which gives rise to a low-

“trellis layer” compounds RV,05 with R=Ca, Mg, and
Na2"~*?also shown in Table Il, suggests that the local crys-
talline electric field(CEF at the V sites in HP-(VOP,0; is
closer to that in these compounds than to the CEF in AP-
(VO),P,0,.

A measure of the goodness of a fit to experimert@r)
data is the statisticgy®> per degree of freedortDOP),

X? 1 > ,
DOE~ N, P 2, [T = xa(T)T,

(15

temperature upturn ig(T) which is not predicted by theory
for the third term, the intrinsic spin susceptibilig'"(T),  whereN is the number of data points in the data set Brisl
and is assumed to arise from finite chain segments containinpe number of independent fitting parameters. This is the
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20 T

. ‘ . . We will describe in detail our modeling results for this
AP-(VO),P,O, Powder sample to indicate how the parameters and the quality of fit
H=1kG i change for various types of fits. Similar variations were
found from modeling x(T) data for two AP¢VO),P,0;
single crystals below. To make contact with previous model-
ing of x(T) for this material, we first fitted the data by Egs.
(13) assuming thag"(T) is due to a single type o= 3
AF alternating-exchange Heisenberg chain, where ghe
spin value is either fixed at the powder-averaged vajuel.969
ol . . , L determined from ESR measurements for AR),P,0; as
0 50 100 150 200 250 300 350 shown in Table I, yielding “fit 1,” or allowed to vary during
T (K) the fit (“fit 2" ). Throughout the modeling in this section, we
. o use the expressiond) to determine the spin gap from the
FIG. 4. Magnetic susceptibility versus temperatur& for 2 fjitaq exchange constants for an alternating-exchange chain.
powder sample of ARVO),P,0, (O) from 2K to 350 K. Thesolid - 1o narameters obtained from each fit are shown in Table Iil,
curve is a two-dimensional fit to the 357 data points using(E88 v, ether with the statisticay?/DOF and o for each fit.
assuming a spin susceptibilig?®(T) consisting of those of equal The defect and/or impurity Curie constant is equivalent to
number§ of two indEp?ndent is°|at.eg:% amiferromagnetic. the contribution of about 1.6 mol % with respect to V of
alternating-exchange Heisenberg chains. The dashed curve is the

. l . — . _
fitted xP"(T). The fitted exchange constants and the derived spinSpInS > With g=2. The values of the alternating-exchange

gaps for the two chains are listed in the column labeled “Fit 6” in Con_Stamgl _ansz and the spin gap are reSpe,Ctlvely S'r,m'
Table III. lar in each fit and are about the same as previously estimated

from similar fits to x(T) data for this compound, respec-
éively (see Table)l

Next, we fitted they(T) data using the above model of
Yamauchi and co-workers for AR\VO),P,0,,2%?" but we
constrained the spin gaps to be 36.2 and 66.7 K as found
from the inelastic-neutron-scattering measurem&ntsnd
2 again either fixedy=1.969 (“fit 3" ) or allowedg to vary
X(Ti)_Xfit(Ti)} (16) during the fit(“fit 4” ). In order to enforce the constraint on

X(Ti) the two spin gaps using the expression &8)/J in Egs.

_ ) ) (4), it was more convenient to useand § as the independent

15

10

x (107 cm®mol V)

i

guantity that is minimized during our nonlinear least-square
fits to experimentaj(T) data. An additional measure of the
quality of a fit is the relative rms deviatioa,,s of the fit
from the data, given by

N

1
UrzmsE N_p 21

computer using the software Mathematica 3.0. J; and @. The parameters obtained from the two fits are
shown in Table lll, together with other parameters derived
B. Magnetic susceptibility of AP{(VO),P,0, from the fitted ones. As can be seen from the values of the

Xx2/DOF ando,ms, the qualities of the two fits show dramatic
improvements over those of fits 1 and 2 where only a single

The purpose of the present section is to test consistendype of alternating-exchange chain was assumed in the mod-
with experimentaly(T) data of the model of Yamauchi and eling. However, they value obtained from fit 4 is somewhat
co-workers for AP-(VO)P,0,,2%" discussed in the intro- larger than expected.
duction, in which this compound is proposed to consist mag- Finally, we fitted the same data set in Fig. 4 using the
netically of equal numbers of two independent types of iso-above model of Yamauchi and co-workers for
lated S=} AF alternating-exchange Heisenberg chains withAP-(VO),P,0,,%%?" where we again either fixed=1.969
spin gaps of about 35 and 68 K, respectively. (“fit 5” ) or allowedg to vary during the fit(“fit 6” ), but

The x(T) of a polycrystalline (“powder”) sample of where we did not constrain the fitting paramet&rs&nd« of
AP-(VO),P,0; of mass 172.2 mg and with a moss-greenthe two independent chains to yield the respective spin gaps
color was measured from 2 to 350 K in a magnetic field of 1found from the inelastic-neutron-scattering measurements.
kG and the results are shown as the circles in Fig. 4. Thd@he fitted parameters are listed for each fit in Table lll, to-
details of the sample preparation will be presented elsegether with the statisticgy?/ DOF ando,s and the derived
where. The color of the sample indicates that it is stoichio-A for each fit. We checked that the identical fitted parameters
metric with a vanadium oxidation state very close#d.??>  are obtained for fit 5 independent of whether the starting
The sample was a cylinder of 4-mm diameter and 7-mnparameters are the fitted parameters of fit 1, for which the
length. There was no difference between field-cooled an@éxchange constants in the two chains are identical, or of fit 3,
zero-field-cooledy(T) measurements. The quality of the for which they are different. Fit 6 is shown as the solid curve
sample, judging from the very small Curie-Weiss upturn atin Fig. 4 and the fitteck*>*"(T) is shown as the dashed curve.
low temperatures due to magnetic impurities and/or defects, The fitted and derived parameters for fits 5 and 6 in Table
is better than previously reported for any powder sample antll exhibit a number of important features. First, the qualities
is about the same as recently reported for a high-qualityf fits 5 and 6 to the data are far superior to those of fits 1
single crystdl® as shown in Figs. 7 and(i® below. and 2. Second, the values of the alternation parameters and

1. Powder sample
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TABLE IIl. Fitted and derived parameters fg(T) of a high-quality powder sample of ARO),P,0;. A derived quantity is marked by
an asterisk*). A quantity with “=" in front of it was constrained to have the value listed and was not fitted. Quantifiésand A®) are
quantities associated with two independent isolated chains, respectivelyg Vakie in fits 1, 3, and 5 were constrained to be the
powder-averaged value 1.969 from ESR measurenisa&sTable ll, whereas in fits 2, 4, and 6 tlievalue was fitted. Fits 1 and 2 assume

a single type of isolated alternating-exchange chain, whereas fits 3—6 assume the presence of two independent isolated alternating-exchange

chains. In fits 3 and 4 the two respective spin gaps were constrained to have the valueRiefurid) from inelastic-neutron-scattering

measurements, whereas in fits 5 and 6 the two spin gaps were each allowed to vary independently. Our favored fit parameters are those of

fit 6.
Quantity Fit 1 Fit 2 Fit 3 Fit 4 Fit 5 Fit 6
ond —1.8(1) —4.56) —1.376) —5.2(1) —-1.992) -2.31)
Xo (1075 mol V)
e K 5.8(1) 6.302) 3.722) 4.523) 4.2602) 4.292)
Cimp ( 1073 )
mol V
Bimp (K) —6.4(2) -6.93) —3.084) —3.953) —-3.892) —3.91(2)
g =1.969 1.998) = 1.969 2.0061) =1.969 1.9721)
IB/kg (K) 130.91) 132.44) 137.48)* 144 44)* 128.7(4) 130.37)
IPIkg (K) 122.76)* 126.0(4)* 129.9(4) 128.85)
I /kg (K) 97.92)* 99.8(5)* 118.2(6)* 121.7(3)* 107.6(5)* 109.59)*
IP/kg (K) 76.45)* 75.2(2)* 83.7(4)* 82.6(6)*
a® 0.7481) 0.7542) 0.8631)* 0.87285)* 0.836(1) 0.8402)
a® 0.6222)* 0.61787)* 0.644(1) 0.6412)
I®/kg (K) 114.42)* 116.1(5)* 127.6(6)* 136.2(4)* 118.1(4)* 119.98)*
JO/kg (K) 99.65)* 98.5(2)* 106.8(4)* 105.7(6)*
&0 0.14426)* 0.140(1)* 0.073505) 0.06793) 0.08936)* 0.087(1)*
5@ 0.2331) 0.23635) 0.21657)* 0.21902)*
AD/kg (K) 53.603)* 53.2(4)* =36.2 =36.2 38.83)* 38.6(5)*
A®/kg (K) =66.7 =66.7 67.74)* 67.5(5)*
¥ ot |2 1.31 1.24 0.194 0.0379 0.0130 0.0117
DOF ( 10 mol V)
G rms (%) 1.97 1.94 0.617 0.226 0.138 0.132

spin gaps for the two independent isolated chains of theesult indicates that our fitting procedure can clearly differ-
model did not converge to the same respective values for thentiate between pairs of chains that have the same or differ-
two chains, but rather are clearly differentiated. Third, theent spin gaps, respectively.

fitted g value from fit 6 is identical within the respective
errors with the powder-averagegvalue in Table Il deter-

We conclude that our analysis qfT) is precisely con-
sistent with the model of Yamauchi and co-workers for the

mined from ESR measurements. Fourth, and perhaps moghture of the important spin interactions in APO),P,0;.
importantly, the two spin gaps derived from the respectiveQur values of the spin gaps of the two independent isolated
exchange constants for the two chains are, respectivelgiternating-exchange chains of the model are in good agree-
nearly identical to the two spin gaps found from the single-ment with those determined from their high-field magnetiza-
crystal inelastic-neutron-scattering measurements by Garrejbn and NMR measuremerf€” and with the two values

et allt

and co-workers from high-field magnetization measurementgents!! respectively.
and a subset of the NMR measureméefits. It seems very
unlikely that the two spin gaps we deduce from this model
could be so close to those determined from other indepen-
dent measurements without the model being essentially cor- The neutron-scattering measurements on single crystals
rect. The exchange constants and spin gaps we derived frosihowed unambiguously that interchain couplihgalong the

x(T) data for the same powder sampleHh=50 kG, data

and with the values inferred previously by Yamauchi determined from the inelastic-neutron-scattering measure-

2. MFT analysis of interchain coupling

a axis of the structure, perpendicular to the alternating-

that are not otherwise discussed here, are identical within thexchange chains and parallel to the legs of the structural
two-leg laddergsee Fig. 1, is not negligiblet* However the
Finally, we will see in Sec. Il D 1 below that when the two- ratio |J,/J;| was estimated from fits to the data to be only
chain model is used to extract the exchange constants withia—3%, wherel; is the larger of the two exchange couplings

respective errors to those we obtained aboveHer1l kG.

the proposed single-chain

high-pressure phase HPalong the alternating-exchange chains running alongcthe

(VO),P,0,, essentially the same exchange constants andxis* Another estimate can be obtained as one half the ratio
spin gaps are obtained for both chains of the model. Thief the average total dispersion of the two presumed one-
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magnon bands in the-axis direction[16(4) K] to the one- 12F AP-(VO) P.O ' -]

magnon excitation energy along the direction of the oL Fits to H = 1 kG Powder 1(T) data 1
alternating-exchange chains at the zone bound&dp K), or )
yielding a slightly largetJ,/J;,|~4.5(10)%. This interchain g os8f .
coupling along the axis was of course ignored in the fits to g 06f .
the experimentak(T) in the previous section. Here we ob- ° o4l ]
tain an estimate of the strength of this interchain coupling ook 1
from analysis of the powdey(T) data presented in the pre- L
vious section. In the absence of accurate calculations of 2%8_ )
* . T -
x* (t) for this case, we will utilize the prediction of MFT . ]
given in Egs(12) for the influence of the interchain coupling o T ]
on x(T). 5 160¢ i
In order to apply Eqs(12) to the present modeling frame- £ a0l ]
work in which two distinct types of alternating-exchange e
chains(1) and (2) are assumed to be present, one must ap- 1200 .
propriately define the “isolated subsystem” discussed in Sec. 100} i
Il. Here, an isolated subsystem consists of one set of the two ook ' ; = = Y
chains(1) and (2). Thus, the reduced susceptibility of our L \K’\(T\
isolated subsystem is 08 “ H“H"*\iﬂ\‘ 7
Jmax s O7r .
Xi= X 21 . ® 08} ]
Ng M 05F 4
1[ gmax max 0.4+ T
"2 W)(:hair{t(l)va(l)H ﬁXéhain(t(z)aa(z)) , ol 1
1 1 80 _ ]
where g 70l 1
2 60f .
t(l)EkB_T @ KeT IME may I 1)1, s, sof ]
RN 362 1 1+ » "
' ' Or M et
(17 30} » . | | ]
Then the MFT coupling constaitin Egs.(12) is, according 0.4 0.2 0.0 0.2 0.4
to Eq. (120, the average interchain coupling in theaxis A

direction of a spin in one of the two distinct alternating- FIG. 5. Parameter&!? anda>? and rms deviatiom. of the
. . rms

exchange chains with aII_ spins in t_he respective_ a_oljacer}pts to the powdery(T) data for AP&VO),P,0; in Fig. 4 by MFT
alternating-exchange chains. Assuming that a spin in eacfy coupled alternating-exchange chains of tyfsand (2) versus
chain is coupled to two nearest-neighbor spins inahdi-  the MFT interchain coupling constant g=1.969 was assumed in

rection by exchange constadf, one obtains all of the fits. The spin gaps (-2 for the two distinct chaingl) and
(2), derived from the respectiva{"? and «'*? values, are also
Ja plotted. The lines connecting the data points are guides to the eye.
N= 2Jrlnax. (18)

which corresponds according to E@.8) to a FM J, with

We fitted the data in Fig. 4 by Eq$13), assumingg  |J,/J{Y|~0.025. This is quantitatively consistent with the
=1.969 for all of the fits and using Eqél23a), (13c), and above-cited estimat&sof this ratio based on a one-chain
(17), wheret=min(tW,t?), to determine the spin suscepti- model with anisotropidin spin spacgspin interactions for
bility x*P"(T). The resulting fitted parameten’éll'z) and the one-magnon dispersion relations observed by inelastic
a2 for the chaing1) and(2), the rms deviatiomwr, s of the  neutron scattering in Ref. 11. The fit to the data for
fit from the data, and the spin gap$®? for the chaing1)  —0.05 is shown as the solid curve in Fig. 6, whek®/kg
and(2) derived using Eqs(4), are plotted versus in Fig. 5 =139.5(2) K,«1=0.85974), J{P/kg=123.7(2) K,a?
for —0.4<\=<0.4 in \ increments of 0.05, where positive =0.63196), A)/ky=37.5(2) K, andA @/kg=66.1(2) K.
(negativg values of X correspond to AF[ferromagnetic In deriving the spin gap for each chain using E¢%. we
(FM)] couplingJ, . Not plotted in Fig. 5 are the fitted values have implicitly assumed that the spin gap is unaffected by
of xo, Cimp, and &imp, which forA=-0.4, 0, and 0.4 are the interchain couplings.
—-7.01), -1.992), 3.82)x10 ° cm’/molV, 4.657), A somewhat more precise estimate )ofis obtained by
4.261), 3.41)x10 % cm®*K/molV, and —4.01), allowing this parameter to vary during the fit. The fit param-
—3.892), and —3.0(2) K, respectively. From Fig. 5, a pro- eters and derived spin gaps of the two chdisand (2) for
nounced minimum(0.095% occurs ino,y,s at A\~—0.05, the best fit are
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| % = 0.916, One-Chain Model ] J J J

200+ =01 e a"(‘,m":%ﬁ% k—;=124 K, «=0.793, J—:= 0.203, f:0'255’
= s} (203
E
"E 1oL i ~r=-005 where these parameters were obtained by fitting the one-
L if Two-Chain Model magnon inelastic-neutron-scattering  dispersion-relation
T b Oms=0095% datd! for the lower band and using the observed Weiss
=5 AP-(VO),P,0; 1 temperatur® obtained by fitting experimental(T) data at

Powder, H=1kG high temperatures by a Curie-Weiss ldas predicted by
0050 100 180 200 250 300 MFT). Assuming that the interchain couplings do not affect

T K

the spin gap, Eq44) yield

FIG. 6. Magnetic susceptibilityy versus temperaturé& for a A
powder sample of ARYO),P,0O; (O) from Fig. 4. The solid curve — —44.0 K.
is a fit to the data using Eq13a assuming a spin susceptibility Kg
X*P(T) consisting of those of equal numbers of t8e 3 antifer-
romagnetic alternating-exchange Heisenberg chains, which arghis is about 16% larger than our estimate fof") in Eq.
coupled using MFT with a ferromagnetic coupling constant (19a. Of course, since their exchange constants were deter-
—0.05. The dotted curve is the MFT prediction using the exchangenined by fitting their theory to the experimental neutron-
constants found for the one-chain model by Uhrig and NOI’man(gcattering data, their Spin gap is the observed V&#JBE{ K)

(Ref. 24, for which the MFT coupling constant is strongly antifer- gnd not that in Eq(20b. The discrepancy arises because
romagnetic with the valua =0.916. they find that the spin gapoesdepend on the interchain
couplings, as further discussed in Sec. Il C below.
_ g cm® Since the interchain spin coordination number for each of
Xo=—2.3714)x10 mol V'’ the interchain couplings is 2, the value of the MFT interchain
coupling constant predicted by E@.20) is

(20b)

cmPK
Cimp:0-004 2-(1) mol V' ‘]a+ ‘]><

N=2| 3T

. (200

Oimp=—3.872) K, \=-0.0374),
Inserting the parameters of Uhrig and Normand in €93

I into this equation yields\=0.916. Our fit parameters and

o S 187 K, a)=0.8552), (198 their variations with\ in Fig. 5 argue against this very large
B AF value of . To further illustrate the discrepancy within

5@ MFT between this one-chain theory and the experimental
1 _ _ T) data, shown as the dotted curve in Fig. 6, is the pre-

L _124.84) K, «?=0.6341 x(

kg 84) K, a A1), dicted x(T) usingg=1.969, theyy, Cinp, and iy, values

obtained forA = —0.05 in Sec. Ill B 2, and the MFT predic-
tion for the spin susceptibility in Eq$12), where g (t) is

that of the isolated alternating-exchange chain for which the
exchange constants estimated by Uhrig and Normand in Eq.
A A (20a were used. The relative deviation of the prediction
——=37.85) K, —=66.43) K. from the data isr,,,c=5.6%, which is about 60 times larger
kg kg than theo s obtained using the two-chain model far=

e 0.05. The agreement of both theoretical predictions with
fhe data at high temperatures is expected and in fact is re-

also assumed but where=0. From Eq.(18), which as- quired for either model, since the MFT is most accurate at

sumes a nearest-neighbor interchain coordination number Wgh temperatures where it yields the Curie-Weiss law. The
) 9 : : . %lgnificant differences between the predictions of the two
2, we obtain the average interchain coupling strength

models only become apparent at the lower temperatures.
In summary, our high-precision fits to th€T) data using

the model of two independent chains, in which nearest-
neighbor chains along tha axis are coupled using MFT,
indicate that the average interchain coupling is weakly ferro-
magnetic, in agreement with the analysis of neutron-
scattering data by Garreét al' using a one-chain model
and in disagreement with the one-chain model of Uhrig and
Normand* with strong AF interchain couplings.

X2 cnP \2
=0.8410°% ——| , 0/m=0.099%,

DOF mol V

The spin gaps are similar to and may be compared with tho
for fit 5 in Table Il for the same data, in whia= 1.969 was

(19b)

As noted in the introduction, Uhrig and Norm&fgbro-
posed a model for ARYO),P,0; in which only one type of
alternating-exchange chain occurs and in which(&i€) in-
terchain couplings are given by
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FIG. 7. Overview of the anisotropic magnetic susceptibilifies 20 Pomma i 8
versus temperatur& for crystals 1(open symbolsand 2 (filled
symbols, from Ref. 2Rof AP-(VO),P,0; along thea axis (circles,
b axis (squarel andc axis (diamond$. Also shown for comparison
is x(T) for the powder sample from Fig. @otted curve

3. Single crystals

In this section we analyze the anisotropi€T) data for
two single crystals of ARVO),P,0;. The data for a small
dark green crystal of mass 210 mg (“crystal 1”), measured
in a magnetic field of 5 T using a Quantum Design super- ;. L
conducting quantum interference device magnetometer, have 0 50 100 150 200 250
not been reported previously. There was no discernible dif- T (K)
ference between field-cooled and zero-field-cogtéd) data
for this crystal. The data for crystal 2 were reported by FIG. 8. Fits to the anisotropic magnetic susceptibilitesersus
Prokofievet al.in Fig. 4(a) of Ref. 22 and were measured in temperature T for crystals 1 (a8 and 2 (Ref. 22 (b) of
a magnetic field of 2 T. An overview of the anisotropi€T) ~ AP-(VO),P,0;. The fits are shown as solid curves and the spin
data for the two crystals is shown in Fig. 7, where {{@) susceptibilities as dashed curves. Note that the temperature scales in
of the powder sample in Fig. 4 is shown for comparison ad® and(b) are different.
the dashed curve. The data for the two crystals are in agree-
ment on a coarse scale. The powder averages of the data for
both crystals lie above the data for the powder sample fogre given in Table IV where the goodnesses of fit for the two
T=25 K, although in the case of crystal 1 this difference iscrystals are also listed. The anisotropic spin susceptibilities
not significant since the uncertainty in the crystal mass IS,5P(T) were derived using Eq13a), i.e., by subtracting the
about 5%. Crystal 1 shows a larger Curie-Weiss-type parérggpectivey, and defect and/or impurity Curie-Weiss terms

magnetic defect and/or impurity contribution at low tempera-; the x(T) fit function, and are plotted versus tempera-
tures than crystal 2. Quantitative differences are seen b Ure for crystals 1 and 2 as the two sets of three dashed
tween the anisotropig(T) for the two crystals. In particular, curves in Figs. &) and 8b), respectively. From Eqg13)
above about 30 K thg,(T) of crystal 1 agrees witly, o(T) h | ' £ anisot - T | ih isot :

of crystal 2 andyy, ((T) of crystal 1 agrees withy,(T) of € only source of anisotropy i ) is the anisotropy in

crystal 2. These qualitative anisotropy differences canno €9 fac'For. Also listed in Table_ I\./ are the SPin gaps com-
arise from inaccuracy in, e.g., the crystal masses, whiclﬁ’med using Eqg4) for the two distinct alternating-exchange

would only affect the respective ordinate scale. spin chains in each crystal. _
Thea-, b-, andc-axis x(T) data for each crystal in Fig. 7~ Several features of the data in Table IV are of note. First,

were fitted simultaneously using Eq43) by writing y as a @S qualitativ_ely expected from Fig: .7, t_he concen'gration of
diagonal tensor. We assumed the two-chain model for th@aramagnetic defects and/or impurities in crystal 1 is about a
spin susceptibility of each crystal where the value§pand  factor of 2 larger than in crystal 2. Second, the spin gaps of
« for each chain are the same for all three crystal directionsthe two chains in each of the crystals 1 and 2 are consistent
the anisotropig values are the same for both chains, and wewithin the error bars with each other and with those found in
allowedxg, Cimp, andé;,, to be different for each chain and the above section for the high-quality powder sample of
for the three field directions, for a total of 16 fitting param- AP-(VO),P,0; as listed in Table Ill. The large error bars on
eters. The four-dimensional fits obtained for crystals 1 and 2he fitted parameters for crystal 2 arise in large part because
are shown as the sets of three solid curves in Fig@.@hd  the resolution iny for the datd’ above 20 K is only 1
8(b), respectively, and the fitted parameters for both crystals< 10> cm®/mol V, which corresponds to a relative resolu-

x (107* cm®/mol V)
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TABLE IV. Fitted and derived parameters for the anisotropic
x(T) of our crystal 1 and for crystal Ref. 22 of AP-(VO),P,0,.
A derived quantity is marked by an asterigk. QuantitiesA(*) and

A are the quantities associated with two independent isolated

chains, respectively.

PHYSICAL REVIEW B 64 134403

AP-(VO),P,0,

Dispersion Relations [l ¢ =%

Quantity Crystal 1 Crystal 2
( . on? —3.403) —5@3)
Xoa \10 moIV)
. on? —-1.602) 0(2)
X0b (10 mol V)
. cn? —7.72) 1(2)
Xoe (10 mol V)
cmPK 14.91) 7.15)
Cimpa (10 ’ mol V)
. cmPK 14.71) 3.74)
Cimpo (10 moIV)
c (10_ CmsK) 13.91) 7.7(5)
fmpe mol V
Bimpa (K) —9.8598) —10.99)
Oimpp (K) —10.068) —4.505)
Bimpe (K) —9.7398) —10.76)
Ja 2.0032) 1.982)
b 1.9842) 2.002)
e 1.9462) 1.992)
IB/kg (K) 122(3) 125(14)
e 05089 o005
a . .805
a® 0.6486) 0.654)
I/kg (K) 98(4)* 101(16)*
IP kg (K) 93(3)* 83(12)*
I®/kg (K) 110(3)* 113(15)*
J®/kg (K) 1183)* 105(12)*
5W 0.1095)* 0.11(3)*
53 0.2145)* 0.21(2)*
AD/kg (K) 42(3) 43(1)*
A®/kg (K) T43)* 66(10)*
omd |2 0.0384 2.0
%:(105 moIV)
Trms (%) 0.159 1.61

k o/n
[+

FIG. 9. Comparison of our predicted dispersion relations of the
proposed two types of alternating-exchange chéRefs. 13 and
30) in AP-(VO),P,0; with the dispersion relations along the chain
direction measured using inelastic neutron scatterinig=at0 K by
Garrettet al. (@, Ref. 11. The two solid curves are the dispersion
relations predicted from our exchange constants determined from
fits to x(T) of a high-purity powder sample by the isolated chain
model, and the dashed curves are the corresponding curves for a
MFT-coupled chain model. In each case, the dispersion relations
were calculated from our intrachain exchange constants using the
Fourier series to tenth order i given by Knetter and UhrigRef.
43). The dotted curve for each chain is the dispersion relation in
Egs. (23) incorporating the interchain coupling according to the
model of Uhrig and Norman@Ref. 24.

and accurate comparison of the dispersion relations predicted
for the two proposed alternating-exchange chains on the ba-
sis of our exchange constants in APO),P,0; with those
determined by Garrettet al’* using inelastic-neutron-
scattering(INS) measurements. For this comparison, we first
use the exchange constants for the two chains from fit 6 in
Table 11l determined from our fit to thg(T) data for the
high-purity powder sample using the isolated chain model.
The predicted dispersion relations for the two chains are
shown as the two solid curves in Fig. 9 where the experi-
mental INS data@®) are also plotted. Also shown as dashed
curves are the dispersion relations predicted for the two
chains using the intrachain exchange constants in(E2p
found from our fit to the samg(T) data by the same two-
chain model but where the chains are coupled alongathe
axis using MFT. The range of our prediction for the disper-
sion relation of each chain is thus approximately given by
the region between the respective pair of solid and dashed

tion of, e.g., 1% at 20 K and 0.5% at 70 K. Third, the fitted CUrves.

g, values are similar to, but differ in detail from, the corre-
sponding ESR values for AR/O),P,0; in Table Il. These
discrepancies between the respectiyevalues may origi-

Our predicted dispersion relations for the two chains
agree well with the experimental inelastic-neutron-scattering
data in Fig. 9 except near the zone boundary.at 7/c. Our

nate at least in part from the large Curie-Weiss contributiorPrediction is that two peaks in the scattered-neutron intensity

in crystal 1 and the low resolution of thedata for crystal 2.

C. Dispersion relations of AP{VO),P,0,

The one-magnon dispersion relatigik;)/J, in the chain
direction for the isolatedS=3; AF alternating-exchange

1

versus energy at this wave vector should be seen with an
energy separation of about 20-40 K2—3 meV), con-
trary to the single data point at this wave vector in Fig. 9.
However, the error bar on the data point in Fig. 9kat
=/c is only the accuracy of determining the position of the
centroid of the neutron-scattering peak and is not a direct

Heisenberg chain, with and without a frustrating secondmeasure of the width of the pe&kAfter most of the fits to
neighbor coupling, was recently calculated to tenth order irthe y(T) data described in this paper and the determinations
a by Knetter and Uhrig> Thus it is possible to make a direct of the exchange constants were completed, we learned that
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' ‘ ' ' ' We found that the data in Fig. 10 could not be fitted by
90+ AP-(VO),P,O ]

. _ 2 277 Egs. (21) assumingl, =0 andJ,/J;~—0.019 as inferred
80t D'Spers‘f“/ Rf'zt'ons Ila 1 from A~ —0.037 in Eqs(19). However, we can still retain
g Lol o= this experimentally determined value »fby allowing J to
N, be nonzero. In particular, from E@20c one obtainsu .
3«, 60 1 =\/2. Therefore we setr, =—0.019 and used the experi-
L

i ¢ | mentally determined values df and« for each chain in Eq.
50 EO(K ) (199 in the fit to the respective dispersion relation. This left
40+ a 1 A andu _ as the only adjustable parameters. We did not use

the experimentally determinesl values in Eqs(19) because
00 02 04 06 08 1.0 the total width of the experimental dispersion relation for
k,a/n each chain is relatively small and the small difference be-
tween the experimental value and the neutron-scattering
FIG. 10. Fits to the dispersion relations of the proposed tworesult would give a significant systematic shift to the($ige
types of alternating-exchange chairn®efs. 13 and 30 in 3|50 below. The fits are shown as the solid curves in Fig. 10

AP-(VO),P,0; in the a direction and perpendicular to the chain fq, chains(1) and(2), respectively, for which the parameters
direction, measured using inelastic neutron scatterifig=at0 K by

Garrettet al. (@, Ref. 11. The two solid curves are fits to the are
respective data by Eq&21), which is the special case fég=0 of J@ J@ AD
the general dispersion relation calculated by Uhrig and Normand =2 = —0.035, == +0.016, —=36.2 K,
(Ref. 24. J1 J1 Kg

. J@ J@ A2
recent unpublished INS measurements on a large crystal of “a _ 0032 X -10013 - =657 K
AP-(VO),P,0; indeed show two peaks at this wave vector Jq ' BN Y ' " kg ' '
with an energy splitting of about 2 me¥,which partially (22

confirms our prediction. We also predict from Fig. 9 that the.l.hus we find that a small but finite AF value of the inter-

dispersion relations of the two chains should cross within th%hain interactionl, is necessary to fit the dispersion data

intermediate wave vector regime. \We are not aware of ex erpendicular to the alternating-exchange chains if we retain
perimental INS data that address this aspect of the dispersi H P . 9 9 )
relations. the f|tte(_j)\.value in Eqs.(l9). Since the nearest-neighbor
We note that the two sets of exchange constants in Tabl'@temham interactiord, is ferromagnetic, the next-nearest-
IV for the two chains in crystal 1 also predict an energyr](aighb(.)r A.F interc_hain interactiod, is not a geometrically
frustrating interaction.

splitting of the neutron peak &= 7r/c, but in this case the . . )
predicted dispersion relations of the two chains do not cros;. On the other hand, an equally good and nearly identical fit

We consider the experimental data and modeling for th or each chain as shown in Fig. 10 can be obtained assuming

high-purity powder sample to be more reliable than for this h:té]t.xnz 2(52’;"2 fli)é;:e:téz\r'gt;%?g'mogm) lg T'S:asi
crystal, for reasons discussed in Sec. Il B 3 above, and’® st U X 9 in Eq$) but w

hence expect that the dispersion relations of the two Chain‘eéz;c? léﬁazinﬂylir; Ig;r?gﬂtthteostgrenér?gssr\)/:crESedésellope\r/zﬁpesdgtsairf10|;q
will ultimately be observed to cross. ' '
D= _ (2)= _
A quantitative estimate of the interchain couplingsand Eﬁzi’tﬁugwlr\]]erf” d }\O_'OZSO(NZ)_ gnldoi | 0'044|2)’ 0
Jy can be obtained by fitting the observedispersion rela- & N€JalJa=u anda=2su~—0.10 values are farger in

tion for each of the two chains in theedirection, shown in ma?ﬁg‘iﬁgpg‘g%;”ggﬁgk parallel to a chalfg] calculated
Fig. 1 h icti f Uhri N . . ) . ;
i9. 10, by the prediction of Uhrig and Normafit, by Uhrig and Normand? in which theJ, andJ, interchain

couplings are included to third order i _,andloru,
E(Ka,ke=0)=A(J;,a, 4 1) g ks He
yields
+3,> ag(a,pmy ,m_)[cognk,) —1], E(ka=0ke)=A+[Eg(ka=0k:) —Eo(0,0)]
n=1
(219 +31n§1 by, py ) cognk.c)—1]
where u.=(J,*xJy)/J;. To third order ina, u_, and/or
u . their general dispersion relation yields (2339
with
a=E (44 a2+ py)— a?— u?) 2
1= Mo M1, b M-« 1_2+M+—,LL_ b :3,u,_a (23
) 4 2 " 7% 16
2 3
R _ M- where Eo(0k;) is the dispersion relation for the isolated
a2 8 (2+3at2py), 8 8’ (210 alternating-exchange chain to tenth orderifi® The result-
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HP-(VO),P,O, Crushed Crystals TABLE V. Fitted and derived parameters f@(T) of crushed
T ' ‘ ' ' ' ] single crystals of HP-(VQ)P,0O; obtained using the one-chain and
16 F't """ 1 two-chain models. A derived quantity is marked by an aste{fisk
< QuantitiesA® and A® are the quantities associated with two in-
'cE‘> 121 ] dependent isolated chains, respectively.
TE sl Fit: g = 1.951(3 Quantity One-chain model  Two-chain model
g ; J/kg =1352(3) K o —0.1(4) -1.003)
= 4L . o = 0.8727(4) ] Xo (10—5 pwy v)
o P Alkg = 36.2(2) K
N A S e e K 4.896) 4.704)
0 50 100 150 200 250 300 350 400 ‘mp mol V
T (K) Bimp (K) —1.995) -1.7993)
g 1.95%3) 1.9583)
FIG. 11. Magnetic susceptibility versus temperatur€ for a Ik (K) 135.23) 134(14)
sample of HP-(VO)P,0; crushed single crystals)) from 2 to \](12)“(B (K) 136(14)
400 K. The solid curve is a two-dimensional fit to the 300 data (1) 0.87274) 0.902)
points using Eq(13g and theS=% antiferromagnetic alternating- e 0.852)
exchange Heisenberg chain model for the intrinsic spin susceptibil- (1) N *
ity xSP"(T). The dotted curve is the fitteg®™"(T). The fitted values j(zz);tB EE; e 11?2((1\3*
of the g factor, the larger of the two exchange constants in the (21) B . .
alternating-exchange chalh, the alternation parameter=J,/J4, Ik (K) 126.63) 12719
and the derived spin gap are listed. I®/kg (K) 12614
s 0.068@3)* 0.054(10)*
ing dispersion relations calculated for the two chains using & 0.08210*
Egs. (23), with the intrachain exchange constants and spin A®M/kg (K) 33.92)* 29(7)*
gaps in Eq.(19) and the interchain couplings given in Egs. A®/kg (K) 39(7)*
(22), are shown as the dotted curves in Fig. 9. These are, ,2 cnP |2 0.36 0.16
respectively, very similar to those for the MFT-coupled chain Wz( 75m)
parameters already plotted as the dashed curves in Fig. 9. e (%) 0.58 0.35

An inconsistency in our fit to the transverse dispersion
relation for each chain is that the calculated spin gap

is smaller than the observed and fitted one in Fig. 10. Theypression for the spin susceptibility of the system which
spin gap in Eq(213 is given by the third-order expansion jncjudes the influence of interchain couplings and concomi-

of Uhrig and Normangf as tant changes in the two spin gaps.
Ao(a) p-
A=) ——+—F[4+a(2+pu,)—a?
1|73, Y Are@tes) T D. Magnetic susceptibility of HP-(VO),P,0,
w? w? 1. Crushed crystals
+ i (4—2atp,) - , _ ,
8 ( atus) 8 ]’ @49 We begin our modeling of(T) for HP-(VO),P,0; using

data shown in Fig. 11 that we obtained for a 72.2-mg sample
where Ag(a)/J; is the spin gap in Eq(3) or (4) in the of crushed green transparent single crystals. These data are
absence of interchain coupling. For the exchange constanexpected to be more accurate and yield more reliable values
in Egs. (199 and (22) used to fit the transverse dispersion of the exchange constants and spin gap than the fits to the
relations in Fig. 10 for chainél) and(2), from Eq.(24) we  data for a powder and for a very small single crystal dis-
obtain A®/kg=29.2 K andA®)/ky=59.8 K, respectively. cussed in the following two sections, respectively. The data
These spin gaps are each significantly smaller than the fitteetere modeled using Eq6L3) in which x* (t) is the theoret-
ones in Eqs(22), respectively. These discrepancies arise beical reduced susceptibility for thé&=3 AF alternating-
cause the interchain couplings change the spin gap, contragxchange Heisenberg chain as proposed by Azetral*
to our implicit assumption when we fitted the experimentalThe fit is shown as the solid curve in Fig. 11 and the fitted
x(T) data using the MFT-coupled chain model, sodh@and  x**"(T) is shown as the dotted curve. The fitgdl,, anda
a intrachain exchange parameters for each chain derivedalues are listed in the figure, along with the spin gap com-
from the MFT fit to these data must be considered in theputed using Eqgs(4). The other parameters of the fit are
present model to be effective values. The degree to which thehown in Table V. The fitted) value is very close to the
effective exchange constants differ from the actual ones ipowder-averaged value 1.958 in Table Il obtained from ESR
difficult to evaluate. The combined analysis we have done ofneasurements. The impurity Curie constant is equivalent to
the susceptibility and dispersion relations is as rigorous athe contribution of 1.3 mol % with respect to V of spigs
can be done without having in hand an accurate theoreticabith g=2.
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2. MFT analysis of interchain coupling

1.2} « MFT Fits to Crushed Crystal x(T) data  » -
1.1 HP-(VO),P,0, . There are no data available for the strength of the inter-
~ 10} ] chain coupling in HP&V/O),P,0,. We estimate this coupling
& ool ] in the same way as in Sec. Ill B 2 for ARX),P,0;. The
o o8l ] most precise and accuratg(T) data available for
’ ; HP+VO),P,0; are those for the crushed crystal sample pre-
071 ] sented and discussed in the previous section. We determined
oe6r . : : : ] the fitting parametergo, Cimp, 6imp, J1, anda as a func-
142} 1 tion of the MFT interchain coupling constait over the
140F y range—0.5<\<0.5, where the fixed=1.958 was assumed
o 138} ] in all these one-chain model fits. Tlag.,s and theJ; and «
1381 ] parameters are plotted vershsin Fig. 12, along with the
f‘ 134} ] spin gapA determined fromJ; and « using Egs.(4). At A
=-0.5, 0, and 0.5, the fitted parametgfs, Ciyp, andb;n,
1321 ] were, respectively, —6.1(2), —0.8§9), 3.7(2)x10"
180F . : : : ] cm®/mol V, 5.529), 4.964), 4.53(8)< 10" % cm®K/mol V,
I and —2.339), —2.034), and —1.81(8) K. From the top
o08sl ] panel of Fig. 12, ther,,,s Shows an approximately parabolic
[ variation with\, with a minimum at\ ~ —0.05, indicating a
® 1 weak ferromagnetic interchain coupling as also deduced
0.87r ] above for APEVO),P,0;.
[ We next allowed\ to vary during the fit to determine a
0.861 ] more precise value. The fit parameters and derived spin gap
. , , , : of the alternating-exchange chain for the best fit are
351 . _ 5
o _ xo=—1.42)x10 oIV’
N, . h
: ¥ ek
wab ] Cimp=0.005024) oIV’
04 02 00 02 04 Omp=—2.084) K, 1=-0.05414),
A ] (253
» ~2-136.23) K, «=0.87485),
FIG. 12. Parameter®; and« and the rms deviation,,s of the kg
fits to the x(T) data for crushed crystals of H®O),P,0; in Fig.
11 by MFT for coupled alternating-exchange chains versus the MFT X° . cm® |2
interchain coupling constant. g=1.958 was assumed in all of the D_OFZO'BA( 10 mol V) , Omms=0.59%,
fits. The spin gap@\, derived from thel; and « values for eacla,
is also plotted versus. The error bars are shown fd§, «, andA. A
The lines connecting the data points are guides to the eye. —=33.92) K.

kg

We used the data set in Fig. 11 to estimate typical nonThe spin gap is identical with that obtained for the one-chain
statistical errors that may arise when using the two-chaiRt jn Taple V for the same data, in whiah= 1.958 was also
model to fit thex(T) data for AP(VO),P,0; in the above  as5sumed but where=0, and the other parameters are also
two sections. In addition, if the present one-chain model fokery similar, respectively. From Eq18), we obtain the

HP-(VO),P,0; is appropriate, then a fit by the two-chain gyerage interchain coupling strength

model should yield very similar exchange constants and spin

gaps for the two chains of the model, which ideally would Ja N

be, respectively, identical for the two chains. The parameters PRl T -3.7 K. (25D
of the two-chain fit are compared with those of the above B B
single-chain fit in Table V. We see that the fitted parameters
of the two chains using the two-chain model are the same
within the limits of error with each other and with the pa- Thex(T) of a powder sample of HPYO),P,O; was pre-
rameters of the single-chain model, respectively. This resultiously reported by Azumat al,*° shown as the open circles
indirectly confirms that the large differences between the exin Fig. 13. A fit of the data up to 30 K by Eqél3), where
change constants and spin gaps found above for the twg* (t) is the lowT a?proximation for the spin susceptibility

chains in APEfVO),P,0; are reliable. of a gapped 1D5=3; spin system in Eq(7a), yielded the

3. Powder sample: low-T fits
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L L be an adjustable parameter in the fit, which has the effect of
200 Fit HP-(VO),P,0, Powder - allowing the amount of V in the HP-(VQP,0, phase rela-
> W Aaumaetal. (1999) tive to that in the impurity phase to be variable. The param-
E 16 \ Xs'p‘h;\\ § eters obtained,
TN T e
S 10 Fit (g = 1.958); T _ 5 ©
i ; R =0.0012) X10° ——,
S i yfkg=141E@K Xo=0.012) mol V
5F: o = 0.849(2) 1
= Ak, = 40.0 K cm’K
Cimp: 001253) m, ﬁimpz —27(1) K,

0550 100 150 200 250 300 350 400
T (K J;
g=2.001), k—=143.$18) K, a=0.8542), (27)
FIG. 13. Magnetic susceptibility versus temperatur€ for a B
powder sample of HP-(VQP,0; (O) from 2 K to 400 K(Ref.  are very similar to those obtained in the above fit with fixed
30). The solid curve is a two-dimensional fit to the 164 data pointsg. The fitted value of the prefactay®/(J;/kg) to x*(t) in
using Eqg. (138 and the S=; antiferromagnetic alternating- Eq. (13¢) increased, as anticipated, from 2.71 Kto 2.77
exchange Heisenberg chain model for the intrinsic spin susceptibilk ~1, Although the fittedg value increased slightly from the
ity x**(T), using the powder-averagegivalue of 1.958 deter- yalye used in the first fit, it is still close to 2. We conclude
mined from ESR measurements. The dashed curve is the fittehat the magnetic impurities and/or defects giving rise to the
X*PI(T). The fitted values of the larger of the two exchange con-cyrie-Weiss term have little influence on the fitted exchange
stants in the alternating-exchange chajn the alternation param- constants in the HPYO),P,0, phase in the sample.
etera=J,/J4, and the derived spin gap are listed. Taking J; /kg=142 K and «=0.85 from Eq.(26), Eq.
. 20 o , (3a) yields the spin gap\/kg=40 K, about 50% larger than
spin gapA/kg=27 K=" In this fit, the parameteA in EQ.  the above value of 27 K estimated by Azureaal° by
(7a) was treated as an independently adjustable parameter. mting the same data up to 30 Ke., up toT~A/kg) using
this section we carry out a precise fit of the same data set by,o |owT approximation to the spin susceptibility in Eq.
Egs. (13) using the accurately knowg* (t,e) spin suscep- (73 Thys from the respective values f we find that the
AF alternating-exchange grror arising from estimating the gap value by fitting 1aw-

tibility prediction for the S=3
Heisenberg chaifnThe present fit was carried out in order to (T) data using the loiF approximation for the spin sus-
héeptibility is about 50% in this case. The temperature range

compare the fitted parameters respectively obtained from t
two types of fits to the samg(T) data set for the same 1 which the lowT approximation is fitted to the experi-

sample. o . mental data is expected to influence this erfeee Sec.
We fitted they(T) data in Fig. 13 using Eq$l13), where || p 5).

x*(t,a) is that for the S=1/2 AF alternating-exchange

Heisenberg chain given in Ref. 5, and with tp&alue fixed

at the spherically averaged value 1.958 determined from 4. Single crystal

single-crystal anisotropic ESR measuremgstse Table Il . 32

Thg resu%ting fit is shown as the solid curve in Fig. 13, and . The x(T) data reported by Saitet al. fpr a 0.26-mg

the fitted spin susceptibility is shown as the dashed curvengle crystal of HRVO),P,0, are plotted in Fig. 14. By

The parameters of the fit are comparison of the_se datla Wlth thpse for the powder sqmple
in Fig. 13, the Curie-Weiss impurity and/or defect contribu-

tion to x(T) for the crystal at low temperatures is seen to be

, significantly smaller than for the powder sample. From our

Xo=3.83)x10°°

mol v fit below, we find that it is in fact about a factor of 3 smaller.
c This much smaller impurity contribution enhances the reli-
Cimp=0.01212) ——, fipp=—2.61) K, ability of the fitted exchange constants and the derived spin
mol V gap obtained from modeling the data for the single crystal.
At higher temperatures, the magnitude of the powder-
J—1=141-34) K, a=08492). (26) averagedy(T) for the single crystal is very similar to the

kg x(T) for the powder, as would have been expected.
The modeling of the single-crystgl(T) data was carried
The Ciy, value in Eq.(26) is rather large, equivalent to out in a similar way as for the two crystals of ANO),P,0,
the contribution of 3.2 mol % of sping with respect to V  in Sec. Il B 3, except that here we use a one-chain model
and withg=2. Therefore, the fitted prefactorJi/to x*(t) instead of a two-chain model for the spin susceptibility. All
in Eqg. (139 could be too small by about 3% if the magnetic 885 data points of tha-, b-, andc-axis y(T) data sets in Fig.
species in the impurity phase$s=3V**. On the other hand, 14 were fitted simultaneously using E@$3) by writing y as
if the impurities/defects have a spin larger thgrthe influ-  a diagonal tensor and using the three fixgdalues deter-
ence on the fitted parameters could be much smaller. In ordenined for fields along the three principal-axis directions

to test this possible influence, we next allowed ghealue to  from ESR measuremeritsas given in Table Il above, re-
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20 —— TABLE VI. Fitted parameters for the anisotropic magnetic sus-
i ) HP-(VO),P,O. Crystal ceptibility of single crystal HP-(VO)P,0O; along thea-, b-, and
| Fit . 2277 | c-axis directions from 2 to 300 K using the one-chain model for the
> 15 oA spin susceptibility. Derived quantities are shown with an asterisk
IS Fit, x,, CSP'” (*). The values ofl;, J,, @, J, §, andA are the same for all three
mg ’ crystal axis directions.
£ 10
¥ Quantity a axis b axis c axis
o
z 5 cm? 3.412) -0.92) 0.012)
= i . Xol 10°°
;(_ x spin mol V
I abc (a) o K 3.406)  3.906) 4.397)
0 ; 1 1 R R 1 R 1 ! R Cimp( ]_0_3 m)
50 100 150 200 250 300 350
T (K) Bimp (K) —2.489 —1.9898) —2.759)
. Ji/kg (K) 131.61)
o 0.87095)
e
- W 1075 9.5* 5.2* 6.1*
2 X (10 mol V)
g 3,/kg (K) 114.62%
“E J/kg (K) 123.1)*
o ) 0.069@3)*
5 Alkg (K) 33.42)*
o X2 . cnP )2
A ~ 2.1
= boF | 19 molv
/I (b) Oms (%0) 1.43
0 PR . ! L 1 . 1 1 . 1 . 1
0O 10 20 30 40 50 60 70

T (K) of partial T-dependent paramagnetic saturation of the para-
magnetic impurities at low temperatures in the fixed field of
the measurements. The anisotropit’ values are derived
single crystal HP-(VO)P,0, along thea-axis (O), b-axis (@), from Eqgs.(13b) and(14) using the fitted anisotropig, val-
and c-axis (open squaresdirections fran 2 K to 300 K.(b) Ex-  ues in Table VI. The resulting threg’V values are listed in
panded plot of the data ia) at low temperatures below the broad Table VI.
maximum in x(T) at about 75 K. In(a) and (b), the set of three From the above global fit to the anisotropi€T) data for
solid curves is a four-dimensional fit to all 885 data points for theall three field directions, we find; /kg=131.6(1) K anda
a-, b-, andc-axis directions using Eq133 and theS=3 antifer- =0.87095). Theaverage of the two exchange constahts
romagnetic alternating-exchange Heisenberg chain model for thand J, according to Eq(2d) is J/kg=123.1(1) K, and the
intrinsic spin susceptibility>*(T). The dashed curves are the fit- zjternation parameter expressed in the forn®d$ obtained
ted x57"(T) for the magnetic field along the=a axis (short dash using ourJ; and & values and Eq(2¢) as 6=0.069G3).
andb andc axes(longer dash the fitted x;™(T) and x;(T) are  yging our fitteder andJ, parameters, Eq3a) yields the spin
indistinguishable on the scale of the figure. gapA/kg=33.2(2) K. Using the derivedand 5 parameters,
the more accurate Eg#4) predict the spin gap to ba/kg

spectively. With 11 fitting parameters, the data-to-parametef 5>:4(2) K, which is the same to within the error bars as

ratio is 80. The four-dimensional fit obtained is shown as the€ first estimate. . . y

set of three solid curves in Fig. 14, and the fitted parameters _A summary of _aII the fitted and d_erlved quantities ob-
are given in Table VI along with the goodnesses of fit. Thet@ined in this section from our modeling of theT) mea-
spin susceptibilities for the three crystal directions are plotSurements for single crystal HP-(VE,0; is given in Table
ted versus temperature in Fig. 14 as dashed curves.

The average of the three fitte@;,, values is 3.9
%103 cn?® K/mol V, which is equivalent to the contribu-
tion of 1.0 mol % with respect to V of a paramagnetic species
with S=1 andg=2. This contribution is about a factor of 3 Additional fits to the powder-averaged single crystér)
smaller than that found for the powder sample in the previ-data were carried out at low temperatures to obtain an esti-
ous section. The average of the thigg, values is—2.0 K,  mate of the spin gap which is independent of the model for
about the same as for the powder sample. The negative sighe gapped spin susceptibility. The powder average was used
of 6m, may indicate AF interactions between the defectin order to reduce the number of parameters needed to fit the
and/or impurity magnetic moments. Tltk,, can also arise data. We used the general fit expressi¢h® in which the
from single-impurity-ion CEF effects, and/or as a reflectionspin susceptibilityy* (t) is given by the low¥ approxima-

FIG. 14. (a) Magnetic susceptibilityy versus temperatur€ for

5. Powder average of single crystgd(T): low-T fits
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¥2/DOF (167° cm®mol V)y?
o o —_ — N N [
(=) [9,] o (9] o [4)] o

%, (1 0% cm®mol V)
o o &
e ° o 9

70 15 20 25 30 35 40 570 15 20 25 30 35 40

5
Tmax (K) Tmax (K)
< 30f T
S 25t . -2t FIG. 15. Parameters obtained from fitting the
520_ 1o 4l powder-averagedy(T) data from Fig. 14 for
”’g 5‘1 single crystal HP-(VO)P,0; from 2 K up to a
% 150 1 9 temperatureT ™ by Eqgs.(13) using the expres-
= 10t 1 -8r sions for the lowT spin susceptibilityy™ (t) in
OE 5t 1 -0t Egs. (7a) (O, “fit 1" ) and (11) (@, “fit 2" ),
o . . . ol respectively.
5 10 156 20 25 30 35 40 ~ 5 10 15 20 25 30 35 40
Tmax (K) Tmax (K)
—— 40
0.12r %/o——o——.\,__. b
0.10+ B 350
0.08f 1L T
<0.061 1 o301
0.04} 1= ]
' 251 %*—‘W
002" @___9,,46———@\_@\@ i
00053515 20 25 30 35 40 205 10 15 20 25 30 35 40
Tmax (K) Tmax (K)

tions in Eq.(79) (*fit1” ) or Eq.(11) (*fit2” ), and where the eters as just noted. On the other hag@®(T) and the fit
prefactor parameteA was fitted independently of the spin parameters for the optimum fit 2 are reasonable. The values
gap. The only difference between fits 1 and 2 is the exponerdf the fitted parameters for the optimum fit 2 wii"®
of 1/t in the prefactor to the exponential in the expression for=25 K in Fig. 15 are
the low-T x*(t), which is 3 for fit 1 and 1 for fit 2.
The powder-averaged single-crysjgT) data from Fig. HP-(VO),P,0, Crystal: Powder Average
14 were fitted fron 2 K up to amaximum temperatur&™ 20 ' T
and the fitted parameters obtained from fits 1 and 2 are plot-
ted versusT™® in Fig. 15 as open and filled circles, respec-
tively. Also shown in Fig. 15 are the statistical variancg$ (
per degree of freedonobtained from both types of fits. The
variances for both fits are quite similar and both have a mini-
mum for T™®=~ 25 K. However, the impurity Curie constant
and Weiss temperature for fit 1 in Fig. 15 are strongly and
nonmonotonically dependent ai"® in contrast to the cor- S .
responding dependencies for fit 2. In addition, the values of oL/ Low T x(T) Fits from 2 to 25 K
the fittedy, values for fit 1 in Fig. 15 are all strongly nega- 0 10 20 30 40 50
tive. Sincey, cannot be more negative thayf°'® as esti- T (K)
mated ab_ove |r! _Eq(14), F’eca_use the(VV |n_ Eq. (13D is FIG. 16. Powder-averaged magnetic susceptibjfityersus tem-
necessarily positive, the fit-1 fits for all the fittdd'* values perature T below 50 K from Fig. 14 for single crystal
are unphysical and hence the other parameters obtained Yspv0),p,0, (O). The solid and dotted curves are fits 1 and 2 to
ing fit 1 are most likely also highly inaccurate. the data from 2 to 25 K using the lo-approximations for the spin
Shown in Fig. 16 are the two optimum fits obtained for sysceptibility in Eqs(7a) and(11), respectively. The corresponding
TM=25 K for fits 1 and 2, respectively, along with the fitted spin susceptibilitieS"(T) are shown as short- and long-
respective fitted spin susceptibilitigg®(T). The x*"(T)  dashed curves, respectively. Extrapolations of the curves to lower
for the optimum fit 1 is highly unlikely, as are the fit param- and higher temperatures are also shown.

G
= (Fi )\/,
154 ,

10

% (107 cm%mol V)
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L averaged data for a single crystal of HP-(\\®)O; by a
Xo=0(4)x107> ———, model-independent low-approximation for the spin suscep-
tibility of a 1D spin system, which yielded a spin gap of
c 33.82) K that is identical within the error bars to the spin
Cimp=0.00384) ——, 6,,,——1.83) K, (28 9ap of 33.42) K obtained from a fit to the three complete
mol V anisotropicx(T) data sets for the crystal using the (t)
spin susceptibility function for the alternating-exchange
chain. The good agreement of the respective spin gaps with
those in Table | obtained from inelastic-neutron-scattering
and NMR measurements also supports the magnetic models
The first three parameters are very close to the correspondirtgat we have used for the two phases.
powder-averaged anisotropic single-crystal values in Table According to the usual simple model fat orbitals of
VI, which were obtained in the above section assuming théransition-metal atoms in a distorted octahedral crystalline
S=1 AF alternating-chain Heisenberg model for the spinelectric field, the value of the Van Vleck susceptibiljy"
susceptibility, and the two spin gaps are nearly identical. Théncreases as the deviation of tlevalue from the free-
agreement between the spin gaps found from the two inde2lectron value of 2 increases. Thus from thealues deter-
pendent fits supports the applicability of this spin Hamil-mined by ESR for HP-(VO)JP,O- in Table II, one would

tonian to the spin system in HP-(VEH,0. predict thatyy" > x¥V= x,V for this phase. This expectation

is borne out by the values of"V in Table VI for a high-
quality single crystal of this phase. This agreement further
supports our conclusion that thg(T) data are consistent
_ ) . _ with the presence of a single type 8 3 AF alternating-
We have carried out detailed modeling studies of the Magaxchange Heisenberg chain in this phase. The powder aver-
netic susceptibilitiesy(T) of powder and single-crystal age of ouryYV values in Table Il is close to the value
samples of the ambient- and high-pressure phases @x10-5cm¥/molV estimated fromy(T) and 3K (T) NMR
(VO),P,0;. The major goal of the modeling was to deter- measurements by Kikucleit al1® for AP-(VO),P,0;.
mine whether the recent proposals of a two-chain model for Additional confirmation of the two-chain model for
AP-(VO),P,0; (Refs. 26 and 2i7and a single-chain model AP-(V0),P,0; is the agreement we find between our pre-
for HP-(VO),P,0; (Ref. 30 are consistent with the respec- dicted one-magnon dispersion relations in the chain direction
tive experimentaly(T) data. Using the high-accuracy theo- for the two chains with the results of inelastic-neutron-
retical y* (t,e) function for isolatedS=; AF alternating-  scattering measurements at small and large wave vectors. In
exchange Heisenberg chains in Ref. 5, high precision tests @fe intermediate wave-vector regime, our calculated disper-
these models were possible. sion relations of the respective chains predict that they
The x(T) data for each phase were first analyzed usingshould cross. To our knowledge, there are no relevant
the AF alternating-exchange chain model iwlatedchains.  inelastic-neutron-scattering data yet with which to test this
We found that the proposed models are strongly supportegrediction. With the caveat given in the next paragraph, our
by our high-precision fits to thg(T) data for each phase, final estimates of the intrachain exchange constants and of
from which the exchange constants and spin gap of each typge spin gaps of the respective alternating-exchange chains in
of chain in each phase were determined. We then considerafe two phases are given in Table |, where the error bars on
the case otoupledchains. The influences of interchain cou- each quantity take our mean-field modeling of interchain in-
plings on the values of the intrachain exchange constants andractions into account.
the spin gap of each type of chain in the two phases were By fitting the experimental dispersion relatiopsrpen-
evaluated from additional fits to thg(T) data where the dicular to the two chains in ARVO),P,0; of Garrettet al*
interchain coupling was treated in the molecular-field ap-by the theoretical predictions of Uhrig and Norméfd,
proximation. For both phases, we find that the interchairwhich incorporate the influence of interchain couplings, both
molecular-field coupling constant is weakly ferromagneticof the couplings), andJ, were found to be small but non-
with a valuex~—0.05, in agreement with Ref. 11 and in negligible. In addition, the theoretical dispersion relatiéns
disagreement with Ref. 24. Assuming that the interchain coshow that these couplings change the spin gap from that of
ordination number is 2 and using the valueshofind the an isolated chain with the same intrachain exchange con-
intrachain exchange constants, the interchain exchange costants, whereas our modeling of the experimegtdl) data
pling constant along the-axis direction is computed to be including the influence of the interchain coupling in a mean-
Jalkg=—3.0(5) K in both phases of (V@QP,O;. Thus al- field approximation implicitly assumed that the interchain
though our modeling ofy(T), from which the intrachain couplings do not change the spin gap. Using our interchain
exchange constants and spin gaps were derived, did not esxchange constants obtained from fitting the experimental
plicitly incorporate the influence of the magnon dispersiondispersion relations perpendicular to the chHinsing their
perpendicular to the chain direction, we believe that ourtheory and using our intrachain exchange constants obtained
mean-field treatment effectively captures most of these effrom modeling the experimental(T) data, the spin gap of
fects onx(T) since the interchain coupling is found to be each chain was calculated using their theory to be signifi-
very weak compared to the intrachain couplings. This supeantly smaller than the actual spin gap for each chain. Thus
position is confirmed by our fit to the loWw- powder- the intrachain exchange constants we obtain from the mean-

cmK A
—, —=33.82) K.

A=0.1182) T

IV. SUMMARY AND CONCLUSIONS
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field treatment of the interchain coupling should be considcompared to Ca§05.49 The conventional empirical rules for
ered to be effective values within this model. An improvedestimating the strengths of nearest-neighbor superexchange
evaluation of the exchange constants fraifT) data will  interactions in oxides are strongly violated in G& and
only be possible using a theoretical expressionf(T) that  also in cuprate spin-ladder compounds, as extensively dis-
incorporates the effects of the interchain couplings on the&ussed in Ref. 3. A similar analysis of the exchange coupling
two spin gaps. strengths in the two phases of (V£0O, would be informa-

The spin gap of HRVO),P,0; obtained from analyzing tive and perhaps quite relevant to a more general evaluation
x(T) data using the loWF approximatiod* y*(t) of this issue.
= (A/\t)exp(=A*1t) [Eq. (7a)] is found to be different than Note added in proofAfter submission of this paper, a
obtained using the above high-accuracy theore¢dlt, «) Raman-scattering study of AP-(V@),0, was reported
function for alternating-exchange chains to analyze the samigy Kuhlmannet al>® They confirmed that their data are
data. For example, from a comparison of the spin gap obeonsistent with the existence of two independent types of
tained previously for a powder sample of HP-(MB)O;  alternating-exchange chains in this compound with spin gaps
using this approximatioll with the spin gap we obtained of 32.4 and 64.7 K, respectively. Uhrig and Normahiiave
from a fit to the same data set using the accupgtét,a) presented a detailed theoretical analysis of the magnetic
function, we infer that the error involved in determining the properties of this material, including the influence of magne-
spin gap using this low- approximation is about 50% in this toelastic coupling, and compared their results with experi-
case. Similar discrepancies have been found previously whamental data.
analyzingy(T) data for 1D spin systems in a similar way. In
the compound SrGM,, for example, the spin gap of the
S=1 Cu'? two-leg ladders within the G@j trellis layers
obtained by fittingx(T) data up to temperatureb~ A/kg We thank S. E. Nagler and G. S. Uhrig for helpful discus-
using Eq.(7a) (assuming thaA is an independently adjust- sions and correspondence, and our recent collaborators in
able parametgryielded A/kg=420 K** whereas inelastic- Ref. 5 on work that made the present study possible. We are
neutron-scattering measurements on this compound yieldegrateful to H. Schwenk for the anisotropid T) data for a
A/kg~380 K On the other hand, we found that single crystal of AP-(VO)P,0, in Fig. 4(a) of Ref. 22, des-
the low-T approximationy* (t) = (A/t)exp(—A*/t), in which  ignated as “crystal 2" in the present paper, to S. E. Nagler
the power oft in the prefactor to the exponential is modified, for sending the dispersion-relation data for AP-(\JR)0- in
can yield much more accurate values of the spin gap. Fig. 3 of Ref. 11, and to C. Knetter for sending the expansion

Our AF exchange constants in Table | along thecoefficients for the dispersion relation of the frustrated
alternating-exchange V chains in the two phases otlternating-exchange chain in Ref. 43 prior to publication.
(VO),P,0O; are of the same order as the nearest-neighboAmes Laboratory is operated for the U.S. Department of En-
exchange interactions estimated experimertalland  ergy by lowa State University under Contract No. W-7405-
theoretically’ between the V ions in the two-leg ladder com- Eng-82. The work at Ames Laboratory was supported by the
pound Mg\,Os, but are much smaller than the value of Director for Energy Research, Office of Basic Energy Sci-
660—670 K found®’*#"*8for the V-V coupling across the ences. This work was partly supported by CRESbre Re-
ladder rungs in isostructural CaWs. Korotin et al. have in-  search for Evolutional Science and Technolpgy Japan
ferred theoretically that the large differences between the exScience and TechnologyST) Corporation and a Grant-in-
change constants in the latter two compounds arise from thaid for Scientific Research of the Ministry of Education,
stronger tilting of the V@ square pyramids in Mg¥0Ds as  Science, Sports and Culture, Japan.
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