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Magnetic structure of relativistic systems with low symmetry
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The notion of symmetry constraint is used to discuss the stability of the regular features of magnetic
structures in the density-functional theqi®FT) calculations and in nature. On the basis of symmetry argu-
ments and first-principles DFT calculations it is shown that the magnetic structure of a relativistic system with
atomic disorder is always noncollinear. The symmetry analysis and illustrative first-principles DFT calculations
for a series of magnetic configurations relevant to the magnetism of rare-earth metals are reported and used to
discuss the role of the spin-orbit coupling in the formation of the magnetic structure in these systems.
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I. INTRODUCTION ration. In the second part, a number of applications of the

The relation between the symmetry and magnetic struc§ymmetry approach to interesting magnetic systems 1s re-
orted. The symmetry analysis is combined with first-

ture of a system attracted much attention in the history of . .

) : : . : rinciples DFT calculations.
solid-state magnetism. Much consideration was given to th8 Note, that a close connection between the symmetry of
prediction of the magnetic structures that can appear in thﬁ1e Hamiltonian of the problem, on the one hand, and the

system as result of a continuous phase transitse, e.g., properties of the theoretical magnetic ground state, on the

Refs. 1 and p other hand, is a common feature of all theoretical models

The subject of the present discussion is different. It is the(see, e.g., an early paper by Lyons and Kaplam the prop-

stability of a given magnetic configuration, independent .Oferties of the Heisenberg model of classical atomic spins as an

the kind of the phase transition into magnetic state. The N am l. Depending on approximations used in the formu-
terest to this problem is strongly stimulated by recent devel: ple. Dep g PP

opments in the density functional theof®FT) that made Iatlc_)n of the theoret_|cal model, the_symmetry_of the_ Hamil-
. : L . : tonian can substantially vary, even in the consideration of the
possible first-principles calculation of complex noncollinear

magnetic configurationsee, e.g., Ref. 3 for reviewThese same physical system. In an ideal case, these approximations

calculations have shown that the magnetic structure choserﬁﬂeCt the hierarchy of the interactions in the system and

at the beginning of the DFT calculation is, in general, un_provide a desired accuracy of the description of the proper-

stable: the magnetic moments deviate in the course of iterdi€S SIUdi?(ﬁ The following features characteristic for the
tions from the initial directions tending to form another mag-PFT are important for the present discussion. First, in the
netic state. On the other hand, in some cases the magnefFT there is no separate equation for the magnetic degrees
moments, although allowed to move, keep their initial direc-0f freedom. The equations of the theory are formulated for
tions. The ability to predict to which of the two types of the spinor wave functions of the effective electron states. The
structures a given magnetic configuration belongs is an imeffective potential entering the equation depends on the
portant help in the study of the magnetism of the system. charge and magnetization densities and is considered in its
In previous work=® we have shown that there exists an full-space dependence. The magnetization of the system ap-
intimate connection between the stability of the magnetigears as a sum of the magnetic polarizations of the individual
structure in the DFT calculations and the symmetry of theelectron states. Such an approach limits drastically the pos-
system. A criterion was formulated that allows the predictionsibility of approximations in the physical model that influ-
of the instability of a given magnetic configuration on the ence the symmetry of the problem. Different DFT schemes
basis of the symmetry analysis. Applications of the criterionvary mainly in the form of the exchange-correlation potential
to cardinally different magnetic systems have been reportedind in the method of the numerical solving of the Kohn-
For example, it was shown that in;B, the collinear mag- Sham equation, both do not change the symmetry of the
netic structure cannot be stai@his instability is a conse- Kohn-Sham HamiltoniariKSH). There is, however, an im-
guence of symmetry properties and relativistic interactionsportant difference in the symmetry of relativistic and nonrel-
In UFe,Alg, the criterion was used to explain an unusualativistic KSH? The consequences of this difference are an
relative orientation of the magnetic moments of the Fe and Umportant part of the present discussion.
sublattices. In UPtGe, the symmetry arguments helped to Second characteristic feature of the DFT is also related to
understand the unique helical structure of this system. the complexity of the calculational task and consists in the
The aim of the present paper is twofold. In the first part,iterational method of solving the problem. As we will show,
we use the notion of symmetry constraint to give a solidthe iterational procedure of the DFT is subjected to the sym-
mathematical basis to the symmetry treatment. We extend theetry constraint. Analysis of the properties of the symmetry
discussion of the stability of a magnetic structure to the staeonstraint is useful in the studies of the stability of regular
bility of particular regular features of the magnetic configu-features of magnetic structures.
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[l. SYMMETRY CONSTRAINT the invariance of thg matrix immediately means the invari-
ance of the particle density and spin magnetic densiiy

with respect tag. Therefore the effective potential
We begin with the proof of the statement that the symme- P @ P

try of the initial Kohn-Sham Hamiltonian is preserved in the m(r)

iterational DFT calculations. Let us assume that the initial v(r)=voln(r)]+Av[n(r),m(r)]o- Gl (2.4
KSH of the problem commutes with the operators of group

G and show that the density matrix, obtained with the use otalculated with the use of densitisandm is also invariant
the solutions of the Kohn-Sham equation, is invariant withyith respect tay. As a result, the KSH for the next iteration,
respect to the operators G The concrete form of the KSH \which uses the calculated effective potentia#), is again,

is not important here(See, e.g., Refs. 9 and 3 for the de- a5 the initial one, invariant with respect to operationssof
scription of the KSH of a noncollinear relativistic magnet.  Thus we have shown that the densities obtained in the
For nonrelativistic problems the operations are of thecalculations are invariant with respect to the symmetry op-
{ad aglt} type whereas is a spin rotationag is @ space  erations of the initial KSH and any symmetry operation of
rotation, t is a space translatiohin the case of relativistic the initial KSH is preserved in the calculations. Since only
problemsas is always equal taxg and the operators are of the densities invariant with respect to operation&afppear
the{ag| ag|t}={ag|t} type? In both cases these transforma- in the calculations, one deals with a constrained minimiza-

A. General formulation

tions can be accompanied by the time reversal. tion of the total energy considered as a functional of the
The density matrix of the system can be written in thedensities. We will refer to this type of restrictions on the
form densities as symmetry constraint.

A general approach to a constrained minimization of the
energy as a function®t*! of the charge and magnetic densi-

P(f):i%‘: AGIAG) (2.1 ties requires adding to the functional the following term:
where ¢ are the two-component eigenspinors of the KSH; f drp(r)[gn(r)—n(r)]+b(r)[gm(r)—m(r)].

the sum runs over occupied states.
Accorging to the basic theorems oquuantum mechanics, ifrhis term contains Lagrange parametp(s) andb(r) that
operatorg commutes with Hamiltoniakl and ¢ is an eigen-  play the role of external fields stabilizing the constrained

function of H corresponding to eigenvalue thengy is also ~ State. o
an eigenfunction corresponding to the same energy. As a A remarkable feature of the symmetry constraint is that

consequence, all eigenstatesfbfcan be separated into the the state prowan_g the minimum of the functional u_n_d_er the
subsets such that the states of one subset correspond to Eyénmetry restriction does not need a nonzero stahilizing ex-

same energy and form a basis of an irreducible represent ernal field. This follows from the property that the symmetry

tion of G. The contribution to the density matrix of any such of the KSH and densities is preserved mpalculatﬂc?ns.
subset is invariant with respect to the operationgGofin- The property that a symmetry-constrained state does not

deed need an external stabilizing field is of exceptional impor-
' tance since only such states can be the ground state of the
system. This property permits cardinal simplification of the
@E BT calcula;ion of thga groqnd state if the experimental data anq
> g theoretical considerations evidence the presence of certain

symmetry in the system. Note, that the DFT allows, in prin-

:2 g ([gw (]t ciple, to begin_calculations With a random magnetization

v v v and, by carrying out the iterational process to self-
consistency, to determine the magnetic state with the mini-

S Di* ()l (r)} r_nal energy. A highly symmetripal ground state can be estab-
K K lished in such calculations since, opposite to the loss of
symmetry, an increase of symmetry in the DFT calculations
wi ,ﬂj is possible. These calculations are, however, extremely com-
wr plex and time consuming even for the simplest magnetic
systems. Therefore, the symmetry constraint is an efficient

=E lﬂjv(r)wjvf(r) (2.2) tool in the DFT studies of magnetic systems.

=Ey 2 DL,(9)#,(r)

n

> DL,(9)D%(Q)

v

B. Two types of symmetry constraints

HereD! is thejth irreducible representation @. o .
We will distinguish two types of symmetry constraints. To

Since introduce them we consider in more detail the restrictions
. imposed on the magnetization by the condition that the
o(F)= 1 n(r)+my(r)  —imy(r)+my(r) (2.3  Magnetization is invariant with respect to the operations of

21 imy(r)+my(r) niry—my(r)y | groupG.
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Since, on the one hand, the symmetry operagamnans- (@) (b)

forms the magnetic densityn(r) and, on the other hand, symmetry constraint I~ symmetry constraint II
leaves it invariant, the magnetization must fulfill the follow- Eﬁ

ing conditiort® L‘;é

{ag arltim(r)=asm({aglt} ~'r)=m(r) (2.5
After integration of the magnetization over atomic spheres , ,
we get the restriction 0, 0 0, 6, O
m; = agm; (2.6) FIG. 1. Difference between symmetry constraints | angt¢he-

matic picturg. Continuous parametérdescribes different magnetic
. . configurations.(a) The state withd= 6, corresponds to the sym-
the atoms defined by the relation metry constraint |. This state possesses additional regular feature
{ | tla=a 2.7 compared with the states with# 6, (b) Symmetry constraint 1.
arIL&=8 . ) The states with differenf possess the same regular features. Prob-
Therefore the atoms that are transformed one into another @pility that 65 accidentally coincides witlf,;, is negligible.

g possess the magnetic moments of equal magnitude, and the ) ) )
direction of one moment is transformed into the direction of ~ T0 begin the DFT calculation a valug, of parametep is
another under the action gf In the case the position of an selected. Since it is improbable thét accidentally equals

. A Omin Providing the minimum of the total energy the initial
?(;?r:wn is unchanged under the actiongofEq. (2.6) takes the  giate in the case of symmetry constraint Il is unstable. In the

iterational process, the magnetic structure deviates from the
state described by, tending to assume the state with the
lowest energy. Note, that a self-consistent DFT calculation
and imposes a restriction on the moment of this atom thafor the state with arbitrary is possible. Such calculations

consists in the invariance of the moment with respegt.tf ~ need, however, an additionghonsymmetry constraint on

operation(j contains time reversal Eq2.6) is modified as the systent® This z_addition_al constraint_ requires application
follows: of an external stabilizing field. Constrained calculations are a

useful tool in studies of low-lying excitations.
m;=—asm,; . (2.9 The situation described by symmetry constraint Il is re-
lated to many interesting physical phenomena. In a typical
The restrictiong2.6)—(2.8) on the lengths and directions case the neglect of a part of interactions leads to the ground
of the atomic magnetic moments can be considered as regstate of the system that belongs to constraint | and, therefore
lar features(regularitie$ of the magnetic structure that are is uniquely determined by symmetry. With account for the
the necessary consequences of a given symmetry constraifiill Hamiltonian this state corresponds, however, to symme-
Two different situations can follow from relation.6)— try constraint Il. Therefore in the full-Hamiltonian study it
(2.8). In the first case, the symmetry constraint determinebecomes unstable and a variation of the state must take
the magnetic structure uniquely. This means that any devigplace. Examples of such systems are, e.gsOf@nd MnySn
tion of the magnetic moments from the initial directions dis-where the spin-orbit couplingSOQ leads to the phenom-
turbs, at least, one of the symmetry operations. Since aknon of weak ferromagnetisi.
symmetry operations must be preserved the structure cannot Summarizing this section we can formulate a number of
change in the course of calculations. We will refer to thisconclusions. First, a given magnetic structure is stable in the
type of constraint as symmetry constraint I. An example ofDFT calculations only in the case it corresponds to symmetry
symmetry constraint | is, e.g., the tripke-magnetic constraint I. Second, if the structure corresponds to symme-
structuret® try constraint Il its variation is subjected to restrictions im-
In the second casésymmetry constraint }JIthere is an  posed by the relation@.6)—(2.8). Thus, although the struc-
infinite set of magnetic configurations that, first, satisfy theture itself is unstable, the regularities in the magnetic state
conditions (2.6)—(2.8) imposed by the invariance with re- that follow from Egs.(2.6)—(2.8) are preserved features of
spect toG and, second, can be continuously transformed intahe magnetic structure. On the other hand, an assumed regu-
one another without disturbing the symmetry of the systemlarity in the initial magnetic structure that is not supported by
Let 6 be a continuous parameter that describes this set af symmetry operation is not a stable feature of the magnetic
magnetic configurationgThe number of parameters can be state of the system.
larger than one, but this does not change the essence of ar- It is important to distinguish between the stability in the
guments. As all magnetic configurations are described byDFT calculations and the stability in the nature. Magnetic
the same symmetry none of thevalues is distinguished. configurations stable in the calculations may not necessarily
The purpose of the DFT calculations in this case is to find thée the physical ground state, since random fluctuations char-
value of # that corresponds to the state with the lowest en-acteristic of real systems are absent in the DFT calculations.
ergy. Since allp values are equivalent, this minimum cannot Therefore the symmetry constraint is not efficient in the real
be predicted without calculation(&ig. 1). systems. On the other hand, the instability of a magnetic

imposed on the atomic magnetic moments whenedj label

m; = agm;
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TABLE I. Noncollinear magnetic structure of distorted bcc iron: self-consistent relativistic calculations. Atomic positions and shifts are
given in the units of the bcc lattice parameter, the deviation angles in degrees. Calculation 1 is performed for the atomic shifts given in the
second column and unscaled SOC. Calculation 2 is performed for the SOC twice the normal value. In calculation 3 all atomic shifts are twice
those given in the second column.

Deviation of atomic moments

Calculation 1 Calculation 2 Calculation 3

Spin Orbital Spin Spin
bcce position Shift 6,¢ 6,0 6,0 0,0
(0,0,0 0.81,188.8 1.63,215.6 1.15,165.0 0.82,184.9
%%% (0.01,0.02,0.03) 0.79,193.6 0.96,206.8 1.09,169.6 0.88,190.5
(0,0, (0,0.01,0.01) 0.69,191.1 0.28,78.7 0.98,160.2 0.65,194.1
113 (—0.02,0;-0.01) 0.73,188.8 1.26,309.2 1.06,160.1 0.69,187.5
0,1,0 (0,—0.03,0) 0.83,193.2 1.37,180.4 1.14,171.2 0.95,199.0
%%% 0.81,194.5 1.48,233.8 1.08,173.0 0.90,205.1
0,1, 0.72,195.4 0.93,78.4 0.96,168.3 0.82,209.0
(%%% 0.77,189.6 1.04,325.8 1.09,163.4 0.81,194.1

state in the DFT calculations can be directly related to the B. Atomically disordered relativistic systems

instability in nature, because this instability is a consequence 11 magnetic structure of atomically disordered systems

of the interactions in the system. The latter property is ofig 5 subject of much interest. The study of such systems

primary importance for the discussion of concrete physicalithin the framework of the DFT is connected with severe

systems in the following section. difficulties that are the consequences of the lack of periodic-
ity. Usually, the collinear magnetic configuration is consid-
ered to be one of the possible magnetic ground states of the

IIl. APPLICATIONS system. However, according to the symmetry principles for-

mulated in Sec. Il, the magnetic structure of relativistic sys-

_ L tems with atomic disorder is always noncollinear. Indeed, in

To illustrate the application of the concept of symmetryyno hresence of atomic disorder there is no spatial transfor-
constraint we begin with the consideration of a number Of\ 4o that leaves the atomic positions invariant. Since the
S|mp!e standard Cases. ) _ spin-orbit coupling connects the atomic and magnetic sub-
_ With rare exceptions, the DFT calculations reported in theyy qtoms 4 separate transformation of these subsystems is not
literature are performed under a symmetry constraint. His3jlowed. Correspondingly, the system possesses no symme-
torically, th‘? first calculations have been performed fqr thetr operation that can be responsible for the collinearity of
nonmagnetic state of the systems. The magnetic density w e atomic moments. This leads to the noncollinearity of the
assumed to be zero at each point in the space. The study Magnetic structure.
magnetically ordered systems began with the collinear ferro- g verify this conclusion the following DFT calculations
magnetism of elementary metals, like Fe and Ni, and of thg, e peen performedSee Refs. 9 and 3 for details of the
two-sublattice collinear antiferromagnetism _of]ér. __calculational schemgFirst, undistorted bcc Fe was consid-

It can be easily shown that the regularities characteristiq e |y this case the collinear ferromagnetic structure is
to all three simplest magnetic states correspond t0 the Symganie for hoth relativistic and nonrelativistic calculations
metry constram.t_and, indeed, must be stable in the _calcula(see Sec. Il A At the next stage, a supercell containing
tions. The stability of the.zero val_ue of the magnetic mo'eight atoms was constructed and the atoms were shifted from
ments in the nonmagnetic state is a consequence of thgeir hositions in the bec lattice by different vectors collected
invariance of the KSH with respect to the time reversal. Thg, Taple I. These shifts destroy the symmetry operations of
stability of the equal values and parallel directions of thejhe pee structure that transform the atoms of the supercell
atomic moments in Fe and Ni are the consequences of th@to one another. As a result, there is no symmetry operation
translational symmetry. The stability of the equal values andhat can be responsible for the stability of the collinear di-
antiparallel directions of the magnetic moments of two subrections of the magnetic moments of any two atoms in the
lattices in Cr are the consequence of the symmetry operatiosuper cell. Therefore, according to the symmetry analysis of
that combines a lattice translation connecting two sublatticeSec. Il each of the eight atomic moments must deviate from
and the time reversal. Any disturbance of the characteristithe initial direction. These deviations must be different for
features of these magnetic states leads to the loss of the irach of the eight atoms.
variance of the KSH with respect to the corresponding sym- The calculations confirmed these predictions. At the be-
metry operation. ginning all magnetic moments were directed parallel tozhe

A. Simple standard cases
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The absence of a simple linear dependence reflects the com-
plexity of the processes in the system under the influence of
the atomic disorder and SOC.

IV. EXCHANGE HELICES IN RELATIVISTIC SYSTEMS

A rich variety of complex magnetic configurations was
experimentally found in the heavy rare-earth metals
(REM).1"18 An important contribution to the understanding
the magnetic properties of heavy REM is made by Jensen
and Mackintosh(see the boo¥ and references therein and
later publications, e.g., Ref. 19vho used a model spin
Hamiltonian to describe peculiar magnetism in these sys-
tems.(See also Ref. 20 for earlier phenomenological theory
of the magnetic ordering in REM.

In contrast to the model-Hamiltonian approach, the con-
tribution of the DFT to the study of the complex magnetism
in heavy REM is very modest. Most of the DFT calculations
for REM were performed for the collinear ferromagnetic
structure of Gd. To the best of the author’'s knowledge, only
two direct first-principles DFT calculations of complex mag-
netic configurations in heavy REM were reported. Norasto
axis (Fig. 2. Already the first iteration resulted in different and Mavromara? used the scalar-relativistic approximation
deviations of the moments of all eight atoms from the initialto study theq dependence of the total energy of planar spiral
direction. The self-consistent deviation angles are collectedtructures. Herg is the propagation vector of the spiral. The
in Table I. Important that not only the spin moments of dif- E(q) curves were compared with the Fourier components of
ferent atoms deviate differently but also the orbital and spirthe interatomic exchange parameléq) determined experi-
moments of the same atom assume different directions. Thisientally. Perlowet al?? employed scalar-relativistic approxi-
property is another consequence of the loss of the symmetmation to calculatd(q) by examining the conical spiral con-
in the system. The collinearity of the spin and orbital mo-figurations. No studies of the influence of the SOC on the
ments of the same atom is a regularity that can be stable onlpagnetic configurations of heavy REM have been performed
if it is supported by a symmetry operation. In the case ofwithin the framework of the DFT. The success of the DFT in
symmetry constraint Il, the directions of the spin and orbitalthe investigation of the magnetic properties of solids and
atomic moments are always different. recent developments in the computational techniques and fa-

Analysis of the calculational process provides an insightilities make the complex magnetism of the heavy REM one
into the mechanism of the appearance of the noncollinearit the important topics for the nearest-future studies. Com-
Crucial quantities are the two-by-two atomic charge matri-b'”at'O” of the modeI-Hgmntonlan and flrst—prmmples. DFT
ces, that is the density matrix integrated over atomic sphere&PProaches should provide a new level of the theoretical de-

The value of the density matrix depends on the choice of thécr'p.tlon of REM magnetls.m. .
spin-quantization axi¥ A convenient choice of the spin- It is not a purpose of this paper to report a detailed DFT

guantization axis of an atom is the direction of the magneticsum|y of the magnetism of concrete REM. Rather we aim to

moment of this atom. The atomic moment will not deviat perform the symmetry analysis for a number of magnetic
oment ot this atom. The atomic mome ot de aeconfigurations relevant to the REM magnetism, to discuss
from the initial direction only in the case that the off-

. ) s o instabilities connected with the influence of the SOC. All
diagonal elements of the integrated density matrix i ZerQqncjysions of the symmetry analysis reported in this section
because only in this case the torque on the atomic momenf,ye heen verified by the results of first-principles DFT cal-
vanishes. Since the off-diagonal element of the matrix is &yations. A contact is made between calculational results
continuously varying quantity, a symmetry operation mustang experimental properties.
exist that is responsible for the vanishing torque. This is the |n the calculations, the 4 states were treated as
symmetry operation that is responsible for the stability of thepseudocor€ states and did not hybridize with the valence-
magnetic configuratiofisee Sec. )L electron states. A scalar-relativistic approximation was used
To study the dependence of the deviations of the magnetig the description of the core states. The SOC was considered
moments on the strength of the spin-orbit coupling and théor the valence electrons only. The neglect of the SOC in the
magnitude of the atomic displacements, two additional cal4f states is a severe approximation in the physical model
culations have been carried out, one with the SOC and ardescribing the effects of the magnetic anisotropy in REM.
other with the displacements twice the values used in the firdfor example, the SOC in thef4states plays an important
calculation(see Table)l We see that there is no simple linear role in the description of the magnetic properties of ttie 4
relation between the self-consistent deviation angles, on theetals in terms of the model crystal-field Hamiltoni&me-
one hand, and the SOC and atomic shifts, on the other handlecting the SOC in the # states we can expect that the

FIG. 2. Atomic disorder leads to the noncollinearity of the mag-
netic structure. Broken arrows show the initial collinear structure.
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{2,4,6,8,10,1P The atoms of the same group are equivalent
and the directions of their moments are connected by sym-
metry transformations. The atoms of different groups are in-
equivalent and there is no symmetry relation between the
directions and lengths of their moments. Analysis of the re-
strictions on the magnetic moments imposed by the symme-
try operations(Table 1) shows that all atoms of the first
group preserve the initial directions of the magnetic mo-
ments[Fig. 3(@)]. For the atoms of the second group the
Planar helical structurgb) Bunched magnetic structure. Solid ar- gltuatlon is different. Although the directions of the projec-
rows: initial structure with pairs of magnetic moments parallel to tions of the momer_]ts on treeb plane must _be pres'erved., the
the crystallographid axes. Broken arrows: the structure obtained MOmMents can deviate from theb plane without disturbing
under the influence of the SO@chematic picture any of the symmetry operations. Therefore the initial planar
structure is unstable. The out-of-plane deviations of moments
strength of the magnetic anisotropy will be substantially un-2: 6, 10 are equal and opposite to the deviations of moments
derestimated. To simulate a stronger magnetic anisotropf} 8, 12. No ferromagnetic component can appear as a result
within the given calculational scheme in some cases we peff these deviations. _ _
formed calculations with the SOC enhanced by the factor of AN important feature of the experimental magnetic struc-
10 or 20. tures in Ho is the effect of bunching. It consists in the devia-
Several REM were reported to possess a helical magnetféon of the atomic moments from the uniform distribution
structure. Thus, a planar helix is observed in certain temperaFig- 3@] and grouping of the moments of the atoms of
ture intervals in Tb, Dy, Ho, and Er. A ferromagnetic helix neighboringab planes into pairs with the directions close to
(cone structurgis observed in Ho and Er. The incommensu-©ne of the crystallographib axes. The symmetry analysis

FIG. 3. The 12-layer magnetic configurations in hcp Ha.

rate helical magnetic structures and the results of the DFT calculations show that the effect
of bunching cannot be obtained if the calculation begin with

el=[sinf cogqga,+ ¢o)sindsin(qa, + ¢o)cosh] the regular helical structure shown in FigaB _ _
(4.1) Next we consider a strongly bunched structure with pairs

of neighboring magnetic moments parallel to thaxes[Fig.

although not periodic with the underlying lattice periodicity 3(b)]. Although the period of this structure is equal to the
are very regular. All magnetic moments have equal lengthperiod of the heli{Fig. 3(a)], the symmetry of the two struc-
and their directions are governed by a simple rule: the directures is different{Table Il). This confirms that the bunching
tion of the moment of an atom at the positiap can be cannot be obtained in the calculations that use the helix in
obtained from the direction of the moment at the posiagn  Fig. 3(@ as an initial magnetic configuration. Symmetry
by the rotation by anglea,—a,)q about a fixed axi$thez  analysis shows that in the bunched structure all atoms are
axis in the Eq(4.1)]. According to the consideration of Sec. equivalent. The following distortions of this structure must
I, the regularity inherent for helices can be stable propertytake place under the influence of the SOC. We begin with the
of the system only in the case that there exist symmetryliscussion of the in-plane components of the atomic mo-
operations responsible for this regularity. In the nonrelativisiments. There are two subgroups of the atoms: 1,3,5,7,9,11
tic case such operation, indeed, exist. These are so-callethd 2,4,6,8,10,12. Within each of the subgroups the moments
generalized translatiohshat combine lattice translatio®,  preserve their initial relative directions: the angles between
with spin rotations bygR,, about a fixed axis. the moments are proportional to 60°. Both groups of mo-

If the SOC is taken into account such operations do noments rotate as a whole about thexis. The values of the
commute with the Hamiltonian of the system and cannototation angle are opposite for the groups. Thus the perfect
support the regularity characteristic for the helix. Thereforebunching of the initial structure must be replaced by a struc-
the presence of the SOC must distort the h&liladeed, a  ture with the moments deviated from theaxes[Fig. 3(b)].
detailed experimental analysis detects the presence dfhe value of this deviation cannot be predicted on the basis
distortions!® of the symmetry arguments and depends on the details of the

We begin the study of the distortions of helices in thecalculational model. Our calculations gave the value of the
relativistic DFT calculations with the consideration of a pla- deviation angle close to 15° and the resulting magnetic struc-
nar helix withq= % [Fig. 3(@]. This type of commensurate ture close to a uniform helix with angles between atomic
periodicity was observed in Ho. The magnetic moments arenoments proportional to 30fThe experimental deviation is
parallel to theab plane of the hcp structure. Thpvector — about 6°%% This result shows that the in-plane magnetic
here and in all further examples is parallel to thaxis and  anisotropy is underestimated in the calculation.
given in units of 2r/c. The operations describing the sym-  In addition to the in-plane deviations of the atomic mo-
metry of the KSH in the presence of the SOC are collected iments, the symmetry analysis predicts the out-of-plane de-
Table II. viations of the moments. The out-of-plane deviations of mo-

The analysis of the transpositions of the atoms under thenents 1, 2, 5, 6, 9, 10 are equal and opposite to the
action of the symmetry operations shows that the atomseviations of moments 3, 4, 7, 8, 11, 12. A small out-of-plane
can be separated in two groupgl,3,5,7,9,11 and deviations of the atomic moments were detected
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TABLE Il. Generators of the symmetry groups for a number of magnetic states in hcp metals. Number of atoms in the magnetic unit cell
N characterizes the periodicity of the magnetic structure along thés.C,,, C,,, andC,. are 180° rotations about ttee b, andc axis,
respectivelyC,. is a 120° rotations about theaxis; o, and o are the reflections in the plane orthogonal to the axasdc, respectively;
| inversion;R time reversal. Vectors in the column “Operation” give the nonprimitive translations entering the symmetry operations. First
two components of the translation are giverainnits, the third component ia units. Atoms not presented in the column “Transposition”
are invariant with respect to the given symmetry operation.

Magnetic Nyt Operation Transposition Restriction on
structure magnetic moments
Helix, ab plane 12 Cop 2+12;3-11;4-10; TypeC,,
[Fig. 3@] 59;6-8;
C3:(0,0,2) 1-5-9-1;2-6—10-2; TypeCsy.
3—-7—11-3;4—8—12—4;
R(0,0,3) 1-7;2-8;3-09; TypeR
4+10;5+11;6-12;
Bunched 12 3 7 1+8;2+7;3<6; TypeCy,
C2a<0'?'5)
[Fig. 3(b)] 4+5;9-12;10~11;
C3:(0,0,2) 1-5—-9—-1;2—-6—10-2; TypeCsy.
3—-7—11-3;4—-8—12—4;
R(0,0,3) 1-7;28;3-9; TypeR
4+10;5+11;6+12;
Helix, ab plane 8 Cop 2¢8;3+7;4-6; TypeCyy,
[Fig. 4@)] R(0,0,2) 1-5;2+6;3<7;4<8; TypeR
Cycloid, bc-plane 8 Cop 2+8;3+7;4-6; TypeC,,
[Fig. 4(b)] 0,(0,0,2) 1-5;2+6;3—7;4-8; TypeC,,
R(0,0,2) 1-5;2+6;3+—7;4-8; TypeR
Cycloid, ac plane 8 7.(0,0,2) 1-5;2-4;6-8; TypeCye
R(0,0,2) 1-5;2+6;3<7;4<8,; TypeR
Helix, ab plane 14 ( \/§ 7) 1+8;2+9;3+10;4-11; TypeCy,
Ca| 0512
3
[Fig. 5(@)] 512;6-13;7—14;
RC,, 2+14;3+13;4-12; Typeoy

5+11;6+10;7<9;

my m, my -m, m, -m,
“Type E:  mj=m;; type Cyy: mp | =| =My | ; type Cop: | Mo | = My | type Cpe: | M| = —mp | ;
me/ | -mg/ . me/ | -mg/ . me/ | me /
1 V3
Mgy —o2My— 7 My m, m,
type Ca: | Mo | =| Bm,—im, | type Ri my=—m; type op,; | My | =| —my
me m m,

Herei andj are according to the column “Transposition.” Atonis transformed to atorpunder the action of the symmetry operation. For
atoms invariant under the action of the symmetry operafjieri,

experimentall?> Note that a model spin Hamiltonian that also in the case the SOC is enhanced by a factor of 10. This
contains only the terms of the second order with respect tdeviation is smaller than the experimental value of about
atomic spins: the Heisenberg exchange interaction and th2° 2°

single-site magnetic anisotropy, fails to describe these devia- In the case of Er the structures witl+ 5 are of interest?
tions. The forth-order “trigonal” interactions must be First, we consider the influence of the SOC on a planar helix
added® In the magnetic and relativistic DFT calculations with =3 [Fig. 4@)] The generators of the symmetry group
these and higher order interactions are automatically takeare given in Table II. There are three groups of equivalent
into account. Test calculations for Ho gave small out-of-atoms:{1,5}, {3,7}, {2,4,6,8. The moments of atoms 1 and
plane deviations that do not exceed a few tenths of a degre6, must keep their initial directions parallel to theaxis.
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(a)

FIG. 5. The 14-layer magnetic configurations in hcp crystal
structure.(@) The initial planar helical structure. All moments are
Sparallel to theab plane.(b) The deviation of the magnetic moments
from theab plane under the influence of the S@&hematic pic-
ture). (c) The in-plane configuration of the magnetic moments dis-
torted by the SOQschematic pictune

FIG. 4. The 8-layer magnetic configurations in hcp @. The
initial planar helical structure. All moments are parallel to #ie
plane.(b) The calculated planar magnetic structure. All moment
are parallel to théc plane.

Atomic moments 3 and 7 deviate within tlae plane, nob

component can appear. Moments 2,4,6,8 move both withigf Ho, the forth-order trigonal terms must be added to the
the ab plane and out of theb plane. No ferromagnetic model Hamiltonian to describe the wobblifyNo further
component can appear. terms need to be included into the magnetic and relativistic
Numerical calculations started with this helical structureKSH to describe this effect.
gave an ir_wtere_sting result thgt differs drastically with the re-  To study the dependence of the properties of the magnetic
sults obtained in the calculations fo.r Ho. For the SOC SC&'e@tructure on the propagation vector we considered a p|anar
by a factor of 20 the moments deviate strongly from &e  helical structure with atomic moments parallel to tab
plane and result in the magnetic Configuration shown in Flgp|ane andq:% [F|g 5(a)] The symmetry operations are
4(b). Thus, the initial planar magnetic configuration with mo- collected in Table Il. There are four groups of equivalent
ments parallel to the horizontalb plane is replaced by a atoms:{1,8}, {2,7,9,14, {3,6,10,13, {4,5,11,12. The b
planar magnetic structure parallel to the vertibal plane.  component of moments 1 and 8 must be zero. For any of the
This transformation of the magnetic configuration is not fOf-four groups, the in_p|ane components of the moments com-
bidden by symmetry since all the symmetry elements of thgyensate. Remarkable, however, that there is no symmetry
initial structure are preserved. The final magnetic state I$estriction demanding the Compensation Ofd;hﬂ)mponents
more symmetrical than the initial one since the symmetryof the atomic moments. Therefore the initial planar magnetic
group contains one additional generat®able Il). This ex-  structure[Fig. 5(a)] breaks, in the presence of the SOC, the
ample illustrates the property that the symmetry of the statequivalence of the positive and negative directions ofche
of the system can increase in the calculations. _axis that inevitably leads to the formation of a ferromagnetic
The difference in the behavior of the helical structures incomponent along the axis. This example shows that the
Ho and Er reflects difference in the character of the magnegistortion of the in-plane helix by the SOC is, under certain
tocrystalline anisotropy that is in agreement with the expericonditions, connected with the appearance of a ferromag-
mental daté.g The planar vertical structure obtained in the netic component a|ong theaxis. Figures B)) and 50) show

calculations is in good agreement with a vertical planar cyschematically the distorted magnetic structure.
cloidal structure found experimentally in Er. Two structures

are, however, not identical: The calculations resulted in a
structure parallel to thbc plane. The experimental structure
is parallel to theac plane. A wobbling of the vertical struc- We used the notion of symmetry constraint to discuss the
ture found experimentally is also not reproduced in this cal-stability of the regular features of a magnetic structure in the
culation. The reason for this disagreement is, again, conBFT calculations and in nature. On the basis of symmetry
nected with the symmetry of the initial state. Indeed, thearguments and first-principles DFT calculations we show that
structure shown in Fig.(4) cannot transform within the DFT the magnetic structure of a relativistic system with atomic
calculations into the planar structure parallel to #iteplane  disorder is always noncollinear.
since this transformation leads to a loss of symmetry opera- We report the symmetry analysis and illustrative first-
tions. principles DFT calculations for a series of magnetic configu-
To understand the nature of the wobbling of the experirations relevant to the magnetism of REM. Correlations be-
mental vertical structure we performed the symmetry analytween the numerical results and experimental data are
sis for a magnetic configuration shown in Figbgbut, in  obtained. Restrictions of the present calculational scheme do
this case, parallel to thac plane. The symmetry of this not allow direct quantitative comparison of the calculational
structure preservds) the directions of the atomic moments 3 results for REM with experiment. Since the magnetic anisot-
and 7,(ii) the zeroc component of the moments 1 and 5, andropy is very sensitive to the details of the theoretical model,
(iii) the compensated character of the structure as a whol@uture systematic DFT studies of the REM magnetism should
Moments 2—4 and 6—8 deviate from the plane leading to  consider such effects as polar magnetic interaction of atomic
the wobbling observed experimentally. Similar to the out-of-moments and lattice distortion caused by magnetoelastic
plane deviations of the atomic moments in the § structure  interactions® The account for the SOC in thef 4tates is of

V. CONCLUSIONS
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great importance. Another important direction for the im-future researches. The symmetry analysis reported here pre-
provement of the calculational scheme is a better account faerves its validity also for more elaborated physical models.
the correlation effects in thef4states. Here self-interaction We hope that the present symmetry analysis and results of
corrections’’® orbital polarization correctioré or local den-  numerical calculations will stimulate further studies of the

sity approximation (LDA}-U (Ref. 2§ scheme should be complex magnetism in REM systems.
considered as possible approaches. Combination of these im-

provements should make possible a first-principles quantita-
tive description of the delicate balance of different interac-

tions traditionally described in terms of a model crystal-field

Hamiltonian® Detailed DFT study of the magnetism of = The comments of Jens Jensen on the REM part of the
heavy REM with account for the SOC and noncollinearity of manuscript were very important and are gratefully acknowl-
the magnetic structure is an exciting topic for the nearestedged.
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