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Spin-flip transitions between Zeeman sublevels in semiconductor quantum dots

Alexander V. Khaetskii* and Yuli V. Nazarov
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We have studied spin-flip transitions between Zeeman sublevels in GaAs electron quantum dots. Several
different mechanisms which originate from spin-orbit coupling are shown to be responsible for such processes.
It is shown that spin-lattice relaxation for the electron localized in a quantum dot is much less effective than for
the free electron. The spin-flip rates due to several other mechanisms not related to the spin-orbit interaction
are also estimated.
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I. INTRODUCTION

Quantum dots~QD’s! in semiconductor heterostructure
provide a unique opportunity to study the properties of
electron quantum states in detail and manipulate the e
trons in these ‘‘artificial atoms’’ in a controllable way~see
reviews in Refs. 1 and 2!. The shape and size of quantu
dots can be varied by changing the gate voltage. This
tunes the number of electrons in the dot. Besides, the e
tronic states can be significantly modified by a magnetic fi
applied perpendicular to the plane of the heterostructure

Quantum dots are considered as possible candidate
building a quantum computer.3 The crucial point of the idea
is the necessity to couple dots coherently and keep coher
on sufficiently long time scales. In this respect, there i
great demand in the theoretical estimation of the typical s
dephasing time of the electron in the QD. In our previo
work4 we have shown that the localized character of
electron wave functions in the QD’s suppresses the mos
fective intrinsic spin-flip mechanisms related to the abse
of inversion symmetry in GaAs-like crystals. This leads to
unusually low rate of spin-flip transitions. However, in Ref
we concentrated on the case of inelastic transitions betw
the neighboring quantized energy levels in the dot wh
corresponds to a relatively large energy transfer. On the o
hand, the quantum bit was proposed to involve two Zeem
sublevels of the same orbital level. Therefore, in the pres
work we consider the transitions between such sublev
Since the transition involves a fairly small energy transf
the results are very different from those of Ref. 4.

As in Ref. 4, we concentrate on the spin-flip proces
due to the spin-orbit interaction. This is the main source
the spin flips for the three- and two-dimensional~3D and 2D!
electron states in the GaAs-type crystal without an invers
center. Besides, in such a polar-type crystal one find
strong coupling of electrons to the bosonic environment
the piezoelectric interaction with acoustic phonons. T
combination of these two mechanisms provides an effec
spin-lattice relaxation offree carriers inAIII BV semiconduc-
tors and heterostructures.5 We show, however, that the spin
lattice relaxation for the electron localized in the QD is mu
less effective.

We have calculated the rates for the different spin-or
related mechanisms which cause a spin flip in the cours
the phonon-assistant transition between the Zeeman su
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els. Besides, we have estimated the spin-flip rates du
several other mechanisms, for example, due to the fluct
ing magnetic field produced by the fluctuating electron d
sity in the leads or due to modulation of the hyperfine co
pling with nuclei by lattice vibrations.

II. SPIN-ORBIT MECHANISMS

We consider the case of a strong confinement in thz
direction and the typical lateral dot size is of the order
1000 Å and much larger than the width of the 2D layer in t
z direction. We begin with the following one-electron Ham
tonian that is derived from the Kane model~see Ref. 5! and
describes the 2D electrons of the conduction band in
presence of the magnetic fieldB, lateral confining potential
U(r ), and phonons:

Ĥ5
p̂2

2m
1U~r !1Uph~r ,t !1

1

2
gmBŝ•B1(

i 51

3

Ĥi ,

Ĥ15b~2ŝxp̂x1ŝyp̂y!;b5
2

3
^pz

2&
D

~2mEg!1/2mcvEg

,

Ĥ25
1

2
V0ŝ•ŵ; Ĥ35g̃mB(

iÞk
uikŝ iBk . ~1!

Here p̂52 i\“1(e/c)A is the 2D electron momentum op
erator,m the effective mass, andŝ the Pauli matrices. The
axesx,y,z coincide with the main crystallographic ones wi
thez axis along the normal to the 2D plane~the @100# orien-
tation!. The magnetic field has an arbitrary direction. T
third term describes the spin-independent interaction with
phonons, including the piezoelectric ones. The fourth term
the Zeeman energy. The other three terms describe all
sible spin-orbit effects.Ĥ1 stems from the absence of th
inversion symmetry in the bulk.6 Velocity b takes the values
in the interval (1 –3)3105 cm/s for GaAs heterostructures
Ĥ2 describes the spin-orbit splitting of the electron spectr
due to the strain field produced by the acoustic phono
There ŵx5(1/2)$uxy ,p̂y%1 , ŵy52(1/2)$uyx ,p̂x%1 , and
ŵz5(1/2)$uzx ,p̂x%12(1/2)$uzy ,p̂y%1 , where $,%1 denotes
the anticommutator,ui j is the lattice strain tensor, andV0
583107 cm/s.7 In GaAs the electrong factor (g520.44)
©2001 The American Physical Society16-1
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differs strongly from the free electron valueg052 owing to
the strong spin-orbit interaction which mixes the valen
band and conduction-band states.8 The admixture depends o
the lattice deformation. The coefficientg̃ can be found
within the Kane approach,g̃5(2m0 /A3m)(D/Eg)(d/Eg);
d524.5 eV is one of the three deformation constants
scribing the strain effect on the hole-band splitting,5 g̃
'10.4.

The three terms in Hamiltonian~1! correspond to the
three distinct mechanisms of the spin flip. The first mec
nism is due to the spin-orbit admixture of the state with
opposite spin. While without the spin-orbit interaction t
Zeeman sublevels correspond to the orbital state with
spin up or down, the spin-orbit terms provide a small adm
ture of the state of the opposite spin to each sublevel. T
enables the phonon-assistant transition between the
states. This mechanism corresponds to termĤ1.

The second and third mechanisms are described by theĤ2

andĤ3 terms and correspond to two distinct kinds of dire
spin-phonon coupling. Below we show that the admixtu
mechanism is actually a dominant one.

A. Admixture mechanism

Let us show that for this mechanism the matrix elemen
theUph(r ,t) operator for the spin-flip transition between th
Zeeman levels is proportional to the product of the Zeem
energy and the phonon strain field. Since we deal wit
small energy transfer, we consider only the interaction w
piezophonons; hence, for modeqa, a5 l ,t, we have9

Uph
qa~r ,t !5A\/2rvqa exp~ iqr2 ivqat !eAqabqa

1 1c.c.,

Aqa5j ijkb ik jeqa
j , ~2!

where the effective piezoelectric modulusAqa of wave qa
has been introduced,b ik j the piezotensor,j5q/q, q the pho-
non wave vector,e the phonon unit polarization vector, andr
the crystal mass density. For the crystal of cubic symme
without an inversion center~classTd) the tensorb ik j has
only nonzero components~all of them equal to each other!
when all three indexesi ,k, j are different,bxyz5bxzy5•••

5h14. For GaAs,eh1451.23107 eV/cm; see, for example
Ref. 9.

The matrix element for the spin-flip transition between t
Zeeman sublevels of orbital leveln with emission of phonon
qa is

^n↑uUph
qaun↓&5 (

kÞn
F ~Uph

qa!nk~Ĥ1!kn
↑↓

En2Ek2gmBB
1

~Ĥ1!nk
↑↓~Uph

qa!kn

En2Ek1gmBB
G ,

~3!

where the statesn,k and corresponding energiesEn ,Ek are
determined by first two terms in Hamiltonian~1!. The spin
quantization axis coincides with the magnetic field vector.
the absence of a magnetic field the two terms in Eq.~3!

cancel each other since (Ĥ1)nk
↑↓52(Ĥ1)kn

↑↓ and the matrix
elements involving the phonon operator are symmetric w
12531
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respect to the interchange of indexesn and k. This ‘‘Van
Vleck cancellation’’10,11 is a consequence of Kramers’ the
rem and reduces the matrix element by a factor
gmBB/\v0 , \v0 being the typical distance between the o
bital levels in the dot. Note that this cancellation occurs fo
spin-orbit Hamiltonian of an arbitrary form. For instance,
could include the third-order terms in the lateral moment
operator.4 This is in strong contrast with the cancellation
the linear in theb terms in the matrix elements for the spin
flip transition between different orbital levels,4 which results
from the fact that spin-orbit termsĤ1 are linear in the latera
momentum operatorsp̂x,y . Expanding in the above formula
with respect to the Zeeman energy, using the relat
( p̂i)nk5( im/\)(En2Ek)(xi)nk and the condition that the
phonon wavelength be much larger than the dot size~i.e.,
gmBB!Ams2\v0; s is the sound velocity!, we obtain the
efective spin-flip Hamiltonian which acts on the subspace
the Zeeman sublevels of orbital leveln:

Ĥso
(n)5gmBB

mb

\e F ŝxaxx
(n)Ex2ŝyayy

(n)Ey

1
~axy

(n)1ayx
(n)!

2
~ ŝxEy2ŝyEx!G , ~4!

whereEx,y52¹x,yUph(x,y)/e is the phonon-induced elec
tric field in the location of the dot. Here we introduce th
polarizability tensorâ that may depend onBz . It is given by

a ik
(n)~Bz!522e2 (

mÞn

~xi !nm~xk!mn

En2Em
. ~5!

The effective Hamiltonian~4! is a very general one and ca
be used to calculate the spin-flip rates for arbitrary states
dots. To specify, we will consider only parabolic elliptic do
with the main axes along thex,y symmetry axes,vx,y being
the oscillator frequencies. Then the symmetry of the kine
coefficients ensures that (axy

(n)1ayx
(n))50. We have to calcu-

late the spin-flip matrix elementŝ11/2uŝx,yu21/2& over
the functionsCm ,m561/2, which are the eigenfunction
of operatorŝz8 , where thez8 axis is directed along the mag
netic field vector. These functions are expressed thro
the eigenfunctionsxm of ŝz operator:Cm5(m561/2Dmm

(1/2)!

3(w,q,0)xm , where D (1/2) is the finite rotation matrix12

andw,q are the azimuthal and polar angles presentingB in
the spherical coordinates. We substituteEx,y in terms of the
boson creation and annihilation operators. Then for
square modulus of the spin-flip matrix element that involv
the emission of a phonon with wave vectorq we obtain

uĤso
↑↓~qa!u25S gmBBmb

\e D 2

Aqa
2 S \

2rvqa
D H ~axx

2 qx
2

1ayy
2 qy

2!
~11cos2q!

2
2

sin2q

2
@~axx

2 qx
2

2ayy
2 qy

2!cos 2w22axxayyqxqy sin 2w#J .

~6!
6-2
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The summing up over allq yields the rate due to the firs
mechanism:

G15
2p

\ E d3q

~2p!3 (
a5 l ,t

CauĤso
↑↓~qa!u2d~\saq2gmBB!

5
~gmBB!5

35pr\4 S h14mb

e\ D 2

@~axx
2 1ayy

2 !~11cos2q!

2~axx
2 2ayy

2 !sin2q cos 2w#S 1

sl
5

1
4

3st
5D . ~7!

Here Cl51,Ct52 andsl ,st are the longitudinal and trans
verse sound velocities. The anisotropy factors used
Aq,l

2 536h14
2 cos2u sin4u sin2f cos2f where f and u are

the azimuthal and polar angles of vectorq. Here
^Aq,t

2 &54h14
2 ^(jxjyez1jxjzey1jyjzex)

2&52h14
2 @cos2u sin2u

1sin4u(129 cos2u)sin2f cos2f#, where^•••& means averag
ing over the orientations of thee vector in the plane which is
perpendicular toq. The averaging is done by the formu
^eiek&5(1/2)(d ik2j ijk). As usual, in the case of finite tem
perature Eq. ~7! should be multiplied by factorsNv

11 (Nv) for the transition with emission~absorption! of a
phonon,Nv51/(e\v/T21),\v5gmBB. Thus, in the case o
high temperatureT@gmBB the spin-flip rate will be propor-
tional to (gmBB)4T.

In the particular case of a circular dotvx5vy5v0 we
have axx(Bz)5ayy(Bz)5axx(0)5e2/mv0

2. Then, for in-
stance, for the transition between the Zeeman sublevel
the ground state of the circular dot with emission of a
ezophonon we obtain

G15
~gmBB!5

\~\v0!4
Lp~11cos2q!,

Lp[
2

35p

~eh14!
2b2

r\ S 1

sl
5

1
4

3st
5D . ~8!

The dimensionless constantLp shows the strength of th
effective spin-piezophonon coupling in the heterostruct
and ranges from'731023 to '631022 depending onb.
The spin-flip rate exhibits a very strong dependence on
Zeeman energy and lateral confinement energyv0. To give a
number,G1'1.53103 s21 for \v0510 K and a relatively
large magnetic fieldB51 T.

Formula~3! is written with allowance for the wave func
tion corrections of the first order with respect to the sp
orbit Hamiltonian. The corrections of the second order
described by the following spin-orbit Hamiltonian:

Ĥsz
5

mb2

\
ŝz~xp̂y2yp̂x!. ~9!

Then, using this Hamiltonian in formula~3! instead ofĤ1,
we can get a nonzero contribution to the spin-flip mat
element even with zero Zeeman splitting in the denomina
~but with taking into account the orbital magnetic field!.
Keeping again only the term which is linear inq•r in the
expansion of exponent exp(iq•r ), for the rate finally we ob-
tain
12531
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G↑,↓
(n) 5

2

35p

~gmBB!3~eh14!
2

\4r
S mb2

\ D 2

sin2q@~Dx
(n)!2

1~Dy
(n)!2#S 1

sl
5

1
4

3st
5D , ~10!

where

Dx
(n)52Re(

mÞn

xnm@ L̂z1~eBzr
2/2c!#mn

En2Em
,

L̂z52 i\S x
]

]y
2y

]

]xD . ~11!

In the absence of a magnetic field, the quantitiesDx ,Dy are
identically equal to zero. Using the properties of the mat
elements for the linear oscillators we obtain that in the c
of elliptic ~circular! dots Dx5Dy50. Keeping the term
which is quadratic inq•r in the expansion of the exponen
exp(iq•r ), we obtain a nonzero contribution but the corr
sponding spin-flip rate is smaller than the contributionG1 by
a factor of (b/s)2(vc /v0)2,1; here, vc5eBz /mc. It is
also clear that in the case of irregular dots quantitiesDx,y are
not equal to zero. The ratio of the corresponding rate andG1
can be estimated ast2(m0ba/\)2, wheret is a dimension-
less parameter which describes the deviation from elliptic
anda is a dot size. Even whent.1 this ratio is of the order
of unity for a typical dot sizea'103 Å . Therefore, fort
!1 we can expect that the contribution, Eq.~10!, is much
smaller thanG1.

Note that, besides the termĤ1 which is linear in the 2D
momentum, the initial Hamiltonian also contains the te
which is cubic in the momentum: (1/2)ŝx$ p̂x ,p̂y

2%1

2(1/2)ŝy$ p̂y ,p̂x
2%1 . Again, in the presence of the orbita

magnetic field we could get some contribution to the sp
flip rate. To this end, we need to calculate the quantit
D̃x ,D̃y obtained fromDx ,Dy by replacing the operatorL̂z

1(eBzr
2/2c) by (1/2)$ p̂x ,p̂y

2%1 or (1/2)$ p̂y ,p̂x
2%1 . In the

case of elliptic~circular! dots we obtainD̃x5D̃y50 because
of the symmetry.

B. Direct spin-phonon coupling

Using the standard presentation for the strain tenso
terms of the acoustic phonon modes, we calculate the ma
element ofĤ2 for the electron spin-flip transition betwee
the Zeeman sublevels of orbital stateF with emission of a
phonon with momentumq:

M ↑,↓5
V0

4 S \

2rvq
D 1/2

@qxey1qyex#K FU 1

2
$~ p̂x

1 i p̂y!,exp~ iq•r !%1UF L . ~12!

For simplicity, here we setBiz. Similar expressions were
obtained in Ref. 13 for a different problem. The total sp
flip rate is given by the Fermi golden rule:
6-3
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G25
p\V0

2

16rgmBBE d3q

~2p!3
~qx

21qy
2!U K FU12 $~ p̂x

1 i p̂y!,exp~ iq•r !%1UF L U2

d~\sq2gmBB!. ~13!

The relevant phonon wavelength is much larger than the
size, which allows for further simplifications. We concentra
on a circular dot with confining frequencyv0. For the orbital
states withn50 andl 50,61 ~the ground and the first two
excited states!,

G25
V0

2~gmBB!5

240prs7\4 F l 1
vc

2Av0
21~vc

2/4!
~ u l u11!! G 2

. ~14!

The spin-flip rate produced by the termĤ3 does not depend
on the structure of the orbital state and is given by

G3.
~mBg̃B!2~mBgB!3

rst
5\4

. ~15!

Let us now compare the ratesG1,2,3 obtained. All of them are
proportional to the fifth power of energy splittinggmBB, so
that their ratio hardly depends on the magnetic field. Fi
we note that the ratio ofG3 and G2 is of the order of
(g̃st /gV0)2'7.831023!1, so thatG2 is more important.
The ratio of G1 and G2 is of the order of
(eh14/mV0 /\)2@mb2mst

2/(\v0)4#. For \v0.1 –10 K the
ratio is of the order of 106–102 and increases only for large
dots that have smallerv0. Thus, we conclude that the admix
ture mechanism dominates.

C. Two-phonon processes

The calculated rateG1 is small partly because of the sma
phonon density of the states at the scale of the Zeeman
ergy. On the other hand, for the case of the spin-flip tran
tions between the Zeeman levels of the usual impurity11 the
two-phonon processes under some conditions may bec
more important than the single-phonon processes. At s
ciently small Zeeman splitting the contribution of the sing
phonon processes is very small, and with increasing temp
ture the role of the processes when one phonon is abso
and the other is emitted is increased. It is also true for
case of a quantum dot and here we give some form
which describe the contribution of such two-phonon p
cesses for GaAs quantum dots in several limiting cases.
also indicate the conditions under which these contributi
can be important.

If we treat the interaction with the phonons in the seco
order, we obtain processes in which a phonon is scatte
from statep to stateq while the electron spin flips. The
effective matrix element contains transitions to an exci
orbital state with the emission or absorption of a phonon
then transitions back to the ground state with the absorp
or emission of a phonon. The spin may flip either in the fi
or second transition. The matrix element is11
12531
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t

^V2&;S \

rsApq
D ~eh14!

2@Np~Nq11!#1/2

3(
a

H @Hp,2q
1 1Hp,2q

2 #

2Da2\sq
1

@H2q,p
1 1H2q,p

2 #

2Da1\sp J ,

Hp,q
6 5„C0

1 ,exp~ ip•r !Ca
6
…„Ca

6 ,exp~ iq•r !C0
2
…, ~16!

where Np is the Bose distribution function andDa is the
energy separation between the ground state whose w
function isC0 and the excited state whose wave function
spin up, say, isCa

1 . We can neglect the Zeeman energy
the denominators since no Van Vleck cancellation occ
here. We consider again an interaction with piezophon
since deformation phonons become important at very h
temperature~see below!. For simplicity we consider here
only the case when the magnetic field is perpendicular to
2D plane and study the relaxation of theSz spin component.

As was shown in Ref. 4, there is a cancellation of t
linear in the b terms in the matrix elements of typ
„C0

1 ,exp(ip•r )Ca
2
… for the spin-flip transition between dif

ferent orbital levels. This is a consequence of the fact t
spin-orbit termsĤ1 are linear in the lateral momentum op
eratorsp̂x,y . For that reason, quantitiesHp,q

6 are proportional
to the first power ofb only if one takes into account th
Zeeman splitting in the electron spectrum.4 We consider the
temperature in the intervalgmBB!T!\v0, where\v0 is
the characteristic energy distance between the levels in
dot. Since\sp.\sq,T, then we can neglect the phono
energies in the denominators while calculating the contri
tion to ^V2& proportional to the first power ofb. It is appar-
ent that the spin-flip rate has a different temperature dep
dence for the temperatures smaller and larger thanT0

.Ams2\v0. At this characteristic temperature the phon
wavelength is equal to the lateral dot sizel. For GaAs at
\v0.10 K, the temperatureT0'1 K. Let us give the es-
timate for the spin-flip rate in the caseT!T0, whenpl,ql
!1. Here the estimate forHp,q

6 is Hp,q
6 .(b/lv0)

3(gmBB/\v0)(lq)3. Then the relaxation rate is

G1
(2)~T!5~2p/\!(

p,q
u^V2&u2d@\s~p2q!2gmBB#

.
Lp

2

\

s2

b2

~gmBB!2~ms2!5/2

~\v0!7/2 S T

T0
D 9

. ~17!

In performing the integral overp, we have neglectedgmBB
in comparison to\sp.

In the caseT@T0 the momentum components parallel
the plane are estimated asqil.1; otherwise, the matrix el-
ements are exponentially small. As to theqz values, the con-
tribution of the regionqz.T/\s@qi is much smaller than
that whereqz.qi!T/\s. Such is the case even without re
gard for the fact that for the@100# orientation of the 2D plane
the effective piezomodulusAqa introduced above has
smallnessqi /qz!1. Thus, calculating the contribution from
6-4
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qz.qi!T/\s and taking into account thatNp5T/\sp@1,
we obtain for the spin-flip rate in the caseT0!T!\v0

G2
(2)~T!.

Lp
2

\

s2

b2

~gmBB!2~ms2!5/2

~\v0!7/2 S T

T0
D 2

. ~18!

The contribution from the deformation phonons is mu
smaller. In the caseT@T0 the characteristicqz.T/\s@qi
.1/l; i.e., the deformation phonons are emitted almost p
pendicular to the 2D plane. Then, for the deformation pot
tial contribution to the spin-flip rate we obtainGd.(Ld

2/\)
3(b2/s2)(gmBB)2T3/(\v0)3ms2, where Ld.(1/2p)
3(S2m2/r\3s) is the dimensionless constant which show
the strength of the electron interaction with deformati
phonons. For GaAs,Ld'1025. Even atT.\v0 the value of
Gd /G2

(2).(\v0 /ms2)5/2(Ldb2/Lps2)2 is much smaller than
unity for any realistic\v0. For example, at\v0530 K this
ratio is '0.03.

Let us compare the two-phonon contributionG2
(2) with

G1T/gmBB. We see that the two-phonon contributionG2
(2)

prevails at sufficiently small Zeeman splittings:gmBB
,ms2(Lps2/b2)1/2(T/T0)1/2. Taking the maximal tem-
perature T.\v0, we obtain gmBB,@(Lps2/b2)
3Ams2/\v0#1/2T0. For \v0'10 K we see that this contri
bution is more important for magnetic fields smaller th
approximately 0.4 T~where the estimate for the spin-fli
time is of the order of ms!. On the other hand, atT.T0 we
obtain for the same\v0 that gmBB,0.03 K ~i.e., the two-
phonon contribution is more important for magnetic fiel
smaller than'1 kG). For these fields the characteris
spin-flip time is of the order of 1 s; i.e., it is still long.

The general conclusion is that at sufficiently low tempe
tures ~much smaller than\v0) the characteristic Zeema
splittings below which the two-phonon contribution to th
spin-flip rate dominates are small and the correspond
spin-flip times are unusually long~see the estimates above!.

III. OTHER MECHANISMS OF THE SPIN FLIP

Let us discuss briefly other mechanisms of the spin fl
The spin transitions between the Zeeman sublevels of
impurity state in semiconductors~mostly Si! were exten-
sively studied quite a long time ago.14,11 Except spin-orbit
coupling, several other mechanisms were proposed, suc
~1! modulation of the hyperfine coupling with nuclei by la
tice vibrations, ~2! the spin-spin interaction between th
bound electron and the conduction electron in the leads,~3!
the spin-current interaction, when the bound electron s
flip is caused by the fluctuating magnetic field of the cond
tion electrons, and~4! an exchange scattering process wh
flips the spins of both the conduction electron and the bo
donor electron. Whereas the spin-orbit interaction stron
depends on the crystal symmetry and is different for Si a
GaAs, the other mechanisms are quite general in nature
we can profit from the discussion in Refs. 14 and 11.

Mechanism~4! requires an overlap of the wave function
of the electrons in the leads and in the dot. In the contex
QD it is considered in Ref. 15. The corresponding rates
not intrinsic to the dot since they are proportional to t
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barrier transparencies. They can be tuned to arbitrary
values. References 11 and 14 have demonstrated tha
spin-flip rates associated with mechanisms~2! and ~3! are
very small. As an example, we give the rate estimation
mechanism~3!. The Bio-Savar formula relates the magne
field and current fluctuations in the leads so that^H2&v

.(1/c2a2)^I 2&v , a being the characteristic distance betwe
the electron in the dot and the electrons in the leads. Us
the Nyquist formula for the correlator of the currents w
estimatê H2&v.(1/c2a2)\vcoth(\v/2T)(1/R), R being the
typical resistance of the leads or the dot environment. Th
the corresponding spin-flip relaxation rate is estimated a

G4.mB
2^H2&v /\2.vS lc

a D 2 \

e2R
, ~19!

where lc5e2/m0c2'2.8310213 cm is the classical elec
tron radius, and\v5gmBB. The rateG4 is proportional to
the first power of Zeeman splitting so that it may forma
compete withG1 at sufficiently small splittings. However
this occurs at splittings that are so small that the correspo
ing rates are not observable. To give an example, we cho
R51 V and \v051 K, which corresponds toa.1.15
31025 cm. Then the rateG4 would dominate if splitting
\v!2.531023 K. This corresponds to the rates lower tha
831024 s21.

As to mechanism~1!, i.e., modulation of the hyperfine
coupling with nuclei by lattice vibrations, the relativ
strength of this mechanism and the spin-orbit interaction
be different for different materials. For example, in the ca
of Si where the spin-orbit interaction is much weaker than
GaAs, the dominant mechanism of the spin flip for the ca
of the phonon-assisted transitions between the Zeeman le
of the usual impurity~the situation studied in Ref. 14! was
found to be the modulation of the hyperfine coupling w
nuclei by lattice vibrations. In the case of GaAs, howev
our conclusion is that the dominant mechanism is the adm
ture mechanism of the spin-orbit interaction. This conclus
was reached for the first time in Ref. 16, where the calcu
tions used essentially followed those in Ref. 14. Here
give the result obtained in Ref. 16 for the rate due to
modulation of the hyperfine coupling with nuclei by lattic
vibrations

Gh.~gmBB!3g2vN
2 /\2s5r, ~20!

wherevN.(v0A2/a2z0)1/2/\ is the electron spin precessio
frequency in the random field of unpolarized nuclei,v0 is the
unit cell volume,A the hyperfine interaction constant,a the
dot lateral size, andz0 the electron wave function extensio
in the z direction. Finally,g.(1/m)(dm/dD) is the change
in effective massm with dilation; see also Ref. 14. For GaA
QD’s with a'103 Å and z0'102 Å , vN can reach
.108 s21. Let us compare the spin-flip rate, Eq.~20!, with
G1 ~this comparison was done earlier in Ref. 16!. Even taken
for g.50 ~see also Ref. 14! we can easily see thatGh will
compete withG1 at the Zeeman splitting.gvN(\v0)2/
beh14 which is so small that the corresponding rate is n
observable. For example, for\v0510 K the splitting is of
6-5
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the order of 1025 K. Therefore, the admixture mechanism
the spin-orbit interaction is the dominant one.

It should be noted that in this work we have not cons
ered the electron spin relaxation mechanism which
through the hyperfine interaction related to the inter
nuclear dynamics. The latter is due to the dipole-dipole
teraction between the nuclei which does not conserve
total nuclear spin.17 This mechanism might be important a
low magnetic fields. However, this problem is not simple a
needs a separate investigation.

Finally, we mention the experimental studies of spin
laxation inn-type GaAs quantum dots. Such an experim
has been recently carried out.18 The nonequilibrium tunnel-
ing current through excited states in an AlGaAs/GaAs qu
tum dot was studied using a pulse-excitation techniq
which measures the energy relaxation time from the exc
state to the ground state. Some excited states showed
laxation time which was much longer than a fewms, while
the other showed time much shorter than a few ns. This g
difference in relaxation times was ascribed to the fact t
some inelastic transitions are accompanied by the spin
For these transitions the relaxation time was so long that
method used in the above-mentioned paper only allowed
g
o

R

-

-

125316
e-

t

.

s

o give some estimation~much longer than a fewms).
hough the transitions studied by Fujisawaet al. could in
eneral involve the spin-flip transitions between the stat
ith differentorbital structures~this situation was considered

n our previous paper4!, the experimental data confirm the
eneral statement that the spin-flip processes inn-type quan-

um dots can be really slow.
In conclusion, we have calculated the rates for th

honon-assisted spin-flip transitions between the Zeem
ublevels in a quantum dot for all possible mechanisms a
hown that the admixture mechanism of the spin-orbit inte
ction is a dominant one. The corresponding spin-flip rateG1
see Eqs.~7! and ~8!# exhibits a strong dependence on Zee
an energy and at small magnetic fields takes very low va
es~up to seconds!.
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