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GaAs-AlxGa1ÀxAs double-barrier heterostructure phonon laser: A full quantum treatment
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The aim of this work is to describe the behavior of a device capable to generate high-frequency (;THz)
acoustic phonons. This device consists in a GaAs-AlxGa12xAs double-barrier heterostructure that, when an
external bias is applied, produces a high rate of longitudinal optical~LO! phonons. These LO phonons are

confined and they decay by stimulated emission of a pair of secondary longitudinal optical (LO˜) and trans-
versal acoustic phonons. The last ones form an intense beam of coherent acoustic phonons. To study this effect,
we start from a tight-binding Hamiltonian that takes into account the electron-phonon and phonon-phonon
interactions. We calculate the electronic current through the double barrier and obtain a set of five coupled
kinetic equations that describes the electron and phonon populations. The results obtained here confirm the
behavior of the terahertz phonon laser, estimated by rougher treatments@S.S. Makleret al., J. Phys.: Condens.
Matter 10, 5905~1998!.#
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I. INTRODUCTION

Since the pioneering experiments of Chang, Esaki
Tsu,2 the tunneling processes in semiconductor heterost
tures have attracted great interest. This has been increa
with the development of modern deposition techniques s
as metal-organic chemical-vapor deposition and molec
beam epitaxy that can provide artificial nanostructures. S
structures, coupled to electrical leads, can display many
usual behaviors.

Most of works have focused on electron transport p
nomena through heterostructure devices. The double-ba
heterostructure~DBH! permits the creation of several kind
of electronic devices such as semiconductor laser dio
ultrahigh-frequency oscillators, and many others.3

One of the most important problems in the study of re
nant tunneling in DBH is the electron-phonon (e-ph) inter-
action. After the works of Goldman, Tsui, an
Cunningham,4,5 the importance of electron-phonon intera
tion on the electronic properties of these structures was r
ized. However, little importance has been given to the st
of the phonons generated in this process, the way they pr
gate, their decay processes, etc.

Our purpose is to study the phonon generation in a D
under the effect of an external applied bias. Our device c
sists in a DBH made of GaAs-AlxGa12xAs. It was designed
in such a way that the differenceD« between the first excited
level «1 and the ground state«0 in the well is of the order of
the longitudinal optical~LO! phonon energy\v1, for a small
applied biasV. Here, v1 is the G-point LO phonon fre-
quency. The Fermi level«F

L in the emitter is such that th
excited level is above it. With a further increase inV, the
levels in the well are lowered relative to«F

L . When the
ground state comes under the bottom of the conduction b
the current is almost suppressed until the level«1 reaches
«F

L . To continue increasingV, the current begins to flow
through the excited level, but sinceD« remains less than
0163-1829/2001/64~12!/125311~13!/$20.00 64 1253
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\v1, the phonon emission is inhibited. For a given biasV the
resonant conditionD«'\v1 is achieved and the electron
begin to decay to the ground state by emitting primary L
phonons. The potential profile and the level positions at t
resonant condition are shown in Fig. 1.

For an Al concentration greater than 0.25~Ref. 6! or 0.3
~Ref. 7!, these phonons are confined to the well~they can be
also absorbed by exciting electrons from«0 to «1).

The process described above, acts in parallel with the
cay of primary LO phonons due to anharmonicity. One pro
uct of this decay is a secondary longitudinal optical phon
(LÕ), the other is a transversal acoustic~TA! phonon.8,9 The
LÕ-TA pair is produced by stimulated emission. Therefo
these TA phonons, for a bias greater than the opera
threshold, are coherent and form a beam that we call sase
analogy with a laser. The coherence of the device prese
here was studied previously10 by developing a formalism
similar to that employed usually to study the coherence
lasers11,12 that take into account the competition among t
several emitted modes.

FIG. 1. Potential profile and energy levels at the resonant c
dition. bl(br) andd are the barriers and well width, respectively.
©2001 The American Physical Society11-1
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In the early 1960’s,13 generation of coherent phonons w
discussed theoretically and observed experimentally.14,15

Several experiments and applications were suggeste16

These phonons can be generated by intense pulse
laser.17–21More details were described in the review of Ku
and co-workers.22 In a recent review, Merlin23 discusses the
generation of pulses of coherent terahertz optical phonon
intense femtosecond-pulsed lasers.

Coherent acoustic phonons can be also obtained wi
wavelength given by the period of the superlattice wh
phonons are optically generated~i.e., 500 Å ).24 In our case,
the system generates coherent sound by electronic m
with much shorter wavelength. The generation of hig
frequency monochromatic acoustic waves by laser-indu
thermomodulation was reported by Damenet al.25 The pho-
non frequency ranged from 2 to 4 GHz comparing with
THz for our device.

Generation of phonons by stimulated emission was th
retically considered26 and observed experimentally. Bron an
Grill 27 reported the direct observation of the stimulated em
sion of 24.7 cm21 phonons in a three-level system of V41

ions in Al2O3. Prieuret al.28,29 studied the phonon emissio
in a two-level system of a glass. These phonons had a w
frequency distribution aroundv50.34 GHz. Zavtrak and
collaborators30–35proposed a device consisting in a dielect
liquid with small particles or gas bubbles working in a w
similar to a free-electron laser. That device could produ
coherent acoustic phonons by stimulated emission at a
quencyv'2 KHz. Stimulated emission of phonons in a
acoustic cavity was obtained experimentally by Fokk
et al.36,37 They used the metastable Zeeman-split double
ruby. These phonons have frequencies of about 60 MHz

At present, several kinds of amplified coherent beams
bosons are produced by stimulated emission. Besides the
ditional visible or near-infrared photons~lasers! and micro-
wave photons~masers!, other coherent photon beams a
produced. High-energy lasing processes like x-ray las
~called also xasers!38,39and gamma-ray lasers~GRASERS!40

were studied.
A very exciting field has recently opened with the dev

opment of atoms lasers.41–44 Several applications of thes
novel devices, such as high-precision gravimetry, are p
posed. Strongly related to this is the study of vibration
amplification by stimulated emission of radiation~vaser!.45

Kleppner46 voices concern against that complicated jarg
of acronyms and proposes to simplify to atom laser, x-
laser, etc.

In summary, a great effort has been made to produce t
hertz phonons using other mechanisms different than sti
lated emission. On the other side, acoustic phonons h
been produced by stimulated emission but at frequen
lower than 2 THz. The DBH resonator proposed here co
produce a continuous beam of terahertz coherent phon
The ultrashort wavelength of these phonons permits pote
applications.

Acoustic imaging is a very well-known procedure, main
in medicine, where the fact that different water contents
several tissues produce different attenuations for a signa
about 4 MHz is exploited. Today commercial equipments
12531
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available that can produce three-dimensional images of v
high resolution.

Equipments for acoustic microscopy are less known
they are also commercially available. The most used te
nique is scanning acoustic microscopy47 that can attain reso
lutions higher than 0.4mm, taken with phonons of 2 GHz.

Besides the scanning acoustic microscopy, several te
niques have been presented in a recent review:48 photoacous-
tic microscopy, scanning electron acoustic microscopy,
scanning laser acoustic microscopy. The theory of acou
imaging was also reviewed, schematic diagrams of the
ferent microscopes are presented and several industrial a
cations are discussed in Ref. 48.

The equipments mentioned above work at up to 10 G
three orders of magnitude lower than the frequency of
phonon beam considered in the present paper. Therefore
have a limited theoretical resolution given by its waveleng
that is one thousand times greater than that generated
DBH device.

To make the acoustic nanoscopy possible, it is neces
to have a coherent beam of ultra-short-wavelength phon
To obtain images of a small structure, one would need wa
shorter than the size of the details of the system.

Maris49 describes the process of acoustic nanoscopy
means of echoes of ultrashort phonon pulses optically g
erated. They are detected by measuring the variation of
tical reflectivity due to the scattered phonon pulses. Th
work with coherent phonons of about 2 THz like those p
duced by our device, but they were not produced by a p
non laser.

Evidently, a laser is not necessary to produce optical
ages. Nevertheless, lasers are a very useful tool for ima
and up today they are indispensable to make holograms
the other hand, many optical experiments that can be
formed with incoherent light are done more easily and m
precisely with the aid of a laser. Therefore many experime
that are performed today with incoherent phonons could
done better with the aid of a phonon laser.

The phonon laser described in this paper has a wavele
smaller than 25 Å~that is about 20 times less than for th
device described in Ref. 24!. Therefore it is possible to use
to see structures of about 50 nm. A coherent source of x r
of about 20 nm begins to be available now.50,51Even if it will
be possible to make images of structures at the submic
scale by using x rays of a wavelength of about 25 Å , th
would have energies of about 0.5 KeV, what could affect
system to be studied.

The device presented here could be used to get a h
gram at nanoscale. To do this, it is possible to build in
GaAs an acoustic analogous of a Michelson interferomete
consists of a thin barrier of AlxGa12xAs designed as a
semimirror, placed at 45° to split the beam and to force it
pass one half through the part of the sample we are intere
in and the other across a very pure reference GaAs. A
that, we can use mirrors~made of thick AlxGa12xAs barriers!
to superpose them and record the interference pattern w
detector. This pattern could be processed in a computer to
a hologram of the sample showing the three-dimensio
shape of the nanostructure. In a previous paper1 we de-
1-2
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scribed, as an alternative, the acoustic version of a Sag
interferometer.

Because of the high sensitivity to all types of lattice d
fects, the phonon beam could be used to give informa
about the inner lattice structure,52,49 and form part of a pho-
non imaging setup as a source.53

We will show that the amplitude of the phonon beam
with a great precision directly proportional to the incomi
current. Therefore the saser amplitude could be modula
by modulating the amplitude of the current. This will perm
the use of the phonon laser as an information carrier betw
circuit components at very short distances. These ‘‘pho
electronic’’ devices could work at smaller distances a
lower energies than optoelectronic devices.

If we achieve to make a ‘‘phonoresist,’’ i.e., a mater
with a soft mode close to the frequency of our phonon la
the saser could be used for nanolithography. Due to the s
wavelength and low energy of the phonon beam, ‘‘phon
lithography’’ would be a better option than the methods c
rently in use.

The potencial applications of the device described ab
could be inhibited by several shortcomings. The lifetime
TA phonons could be limited at finite temperatures. Besid
the inelastic scattering of the emitted phonons could be
a limitation. However, images with terahertz phonons w
obtained ~with coherent phonons generated in alternat
forms!,52,49 showing that these shortcomings could be ov
came.

The rest of this paper is organized as follows. The Ham
tonian that describes our system is presented in Sec. II.
solutions of the Hamiltonian are obtained is Sec. III. In S
IV, we show the procedure used to obtain the kinetic eq
tions. We devote Sec. V to present our results and con
sions.

II. THE HAMILTONIAN

To describe our system, we considered a Hamilton
composed of a single particle part and one representing
interactions. The single particle part can be written as

Ho5He1H11H21H3 , ~1!

whereHe describes the electrons, andH1 , H2 , H3 the LO,
LÕ, and TA phonons, respectively.

Assuming the grown direction as thez axis, the Hamilto-
niansH1 , H2 , H3 for the phonons can be written

H15(
q1

\v1b1q1

† b1q1
, ~2!

H25(
q2

~\v22 i\k2!b2q2

† b2q2
, ~3!

H35(
q3

~\v32 i\k3!b3q3

† b3q3
, ~4!

where\v1 , \v2 , \v3 are the energies for LO, LO˜, and TA
phonons, respectively, andbi q

† (bi q
) are the creation~anni-
i i
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hilation! operators for phonons with momentumqi perpen-
dicular to thez direction. Two imaginary terms (i\k2 ,i\k3)
were introduced to take into account the decay by anhar
nicity of the LÕphonons and the escape of the TA phono
respectively.

To describe the electrons, we use a tight-binding appro
with hoppings v between nearest neighbors. Writing th
Hamiltonian in a Wannier basis, in terms of the electron
creation~annihilation! operatorscr

†(cr) at siter , we get

He5(
r

« rcr
†cr1v (

^r ,r8&
~cr

†cr81cr8
† cr !, ~5!

wherer[( l ,m, j ) with l, m, j 52`, . . . ,̀ . As the system
has no magnetic behavior the subscripts ~for spin! is left
implicit.

Our system has translational symmetry in the perpend
lar directions (xy). Therefore the Hamiltonian can be un
coupled by expanding the operatorscr in plane waves in
these directions

cr5(
k

cj ke
ik•xlm. ~6!

We can treat the system as a sum over one-dimensi
Hamiltonians for each wave vectork perpendicular to the
currentz direction

He5(
k H(j

«̃ j kcj k
† cj k1v (

^ j j 8&
~cj k

† cj 8k1cj 8k
† cj k!J ,

~7!

where«̃ j k5« j k24v. The energies«̃ j k are measured from the
bottom of the conduction band of the emitter and« j k5« j
1«k . The energies« j are chosen to describe the ener
profile of the DBH. For the sake of simplicity, we will leav
implicit the dependence onk.

For thez direction, we separate the space in three regio
the dispersion region and two semi-infinite one-dimensio
chains. On the left we will have planes with energy« j50 for
j <0 and to the right« j5V for j >L11, L is the length of
the DBH. The corresponding eigenstates of these two reg
are planes waves. If we disconnect the DBH from the l
and right chains we get for the dispersion region the pro
of an infinite ~even not rectangular! well as it is shown in
Fig. 2.

For the dispersion region, we diagonalize a three-diago
matrix of orderL corresponding to the profile showed abo
getting the eigenvalues«m and the eigenvectorsum& of equa-
tion

Hez8 um&5«mum&. ~8!

Here,Hez8 is the part ofHez that goes from the beginning
of the left barrier to the end of the right one. Written in th
basis of planes this is,
1-3
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Hez8 5S «̃1 v 0

v «̃2 v

0 v «̃3 �

� �

v

v «̃L

D , ~9!

where«̃ j5« j22v.
After the diagonalization we getL discrete levels. We

label these levels through the indexm asm50, 18, 28 . . . .
For the right chain we rename the planes, fromL11, L
12, . . . to 1, 2, . . . ; and for theleft one, from 0,21,
22, . . . , 2` to 1̄, 2̄, . . . , `̄. Therefore we get a new
picture where we have two semi-infinite chains, the first o
corresponding to the planesj 5`̄, . . . , 1̄ and the other one
corresponding toj 51, . . . ,`. Among theL levels obtained
from the diagonalization of the matrix~9!, only the two
states with lowest energies will participate significantly
the electronic transport. The others are far over the Fe
level and their effects will be considered later.

To connect the DBH with the left and right chains w
compute the matrix elements

v jm5^ j uHezum&. ~10!

The electronic Hamiltonian is

He5(
j

« j cj
†cj1(

m
«mcm

† cm1 (
j Þ1̄,m

v~cj
†cj 111cj 11

† cj !

1(
m

$v 1̄m~c1̄
†
cm1cm

† c1̄!1 vm1~cm
† c11c1

†cm!%. ~11!

A diagram representing the electronic Hamiltonian~11! is
shown in Fig. 3.

FIG. 2. The profile for the scattering region.
12531
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As it is well known,26 the dominant dispersion process
polar semiconductors is due to the coupling between e
trons and LO phonons.

The interaction HamiltonianHint has three terms

Hint5He-e1He-ph1Hph-ph , ~12!

whereHe-e , He-ph andHph-ph describe the electron-electron
the electron-phonon, and the phonon-phonon interactions
spectively.

He-e is taken in the Hartree approximation. That mea
that the energies«m of the levels in the well depend on th
accumulated charge.

The electron-phonon interaction Hamiltonian has t
form,

He2ph5(
k,q1

g
kq1

~c0kÀq1

† c18kb1q1

† 1c18k
† c0kÀq1

b1q1
!. ~13!

In order to recover the translational symmetry in thexy
plane we take the average onq1 @Ref. ~1!#

He2ph5(
k

g
k
~c0k

† c18kb1k

† 1c18k
† c0k

b1k
!, ~14!

where gk measure the effective strength of the interacti
and was calculated as in Ref. 54.

The phonon-phonon interaction is given by9

Hph2ph5(
q1

gq1
~b1q1

b2q1

† b3
†1b1q1

† b2q1
b3!. ~15!

This Hamiltonian describes the decay LO→LÕ1TA and
its inverse process~recombination!.

As in the GaAs the TA phonons are emitted fundame
tally in the @111# direction,9 we considered here a device th
was grown in this direction. The inside barrier walls act
mirrors of a Fabry-Perot interferometer selecting discr
cavity modes. These mirrors also serve for a selection of
saser modes: those running in the grown direction are
flected several times between the mirrors and stay longe
the well, while all others are lost.

With the increasing of the applied biasV, from a certain
value, called saser threshold, the TA phonons associated
the cavity resonant mode, i.e.,q350, stimulate strongly the
LO phonon decay and their number grows sharply. Once
mode is sufficiently populated, the probability of stimulat
emission for that mode exceeds the sum of the emiss
probabilities for all other modes. Thus, the TA phonons em

FIG. 3. Diagram representing the electronic Hamiltonian~11!.
1-4



a
r
ti

fs

s:

tu

ed
-

e

e

n-

he

r

m

GaAs-AlxGa12xAs DOUBLE-BARRIER . . . PHYSICAL REVIEW B 64 125311
ted in this mode will slave the other ones, giving rise to
coherent acoustic phonon beam. This process is simila
what happens in a laser. Due to the momentum conserva
q15q21q3 and because ofq350 ~Ref. 10! we getq25q1.

The parametergq1
appearing in Eq.~15! represents the

intensity of the interaction and was estimated from Re
9,55 and 56.

Finally, the total Hamiltonian is the sum of both term
the single particle and the interaction parts

H5(
k

Ho~k!1Hint~k!, ~16!

where we had made the approximation that the momen
q1 @appearing in expressions~2!, ~3!, and~15!#! varies in the
same range ask. We can see at expression~16! that the
Hamiltonian became, in this approximation, fully uncoupl
for eachk. This simplifies strongly the obtention of its solu
tions.

III. THE RESOLUTION OF THE HAMILTONIAN

We assume in this section that the temperature is v
low. Therefore it is taken equal to zero.

In order to solve the Hamiltonian described in Sec. II w
introduce the operators

Oj k
n1 ,n2 ,n35cj k

b1k
n1b2k

n2b3
n3

An1!An2!An3!
. ~17!

The operatorsO
j k
n1 ,n2 ,n3

†

create the eigenstates ofHo

~without the hopping terms!

u j kn1n2n3&[O
j k
n1 ,n2 ,n3

†

u0& ~18!

formed by an electron at planej andn1 LO phonons,n2 LÕ
phonons with parallel momentumk; andn3 TA phonons.

As it was done before, we will leave implicit the depe
dence onk.

Using the operators~17! and the Hamiltonian~16! we can
calculate their equations of motion. In order to simplify t
notation we calln for the set of$n1 ,n2 ,n3% phonons

i\
dO j

n

dt
5@O j

n ,H#. ~19!

By expanding the eigenstatesuF& of H in the eigenstates
of Ho ,

uF&5(
j ,n

pj
nu j n‹, ~20!

and due to the orthogonality ofu j n‹, the amplitudes can be
calculated as

pj
n5^ jnuF&ÄŠ0zO j

nuF&. ~21!
12531
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Making use of the equations turning out from Eq.~19!
and the previous definition for the amplitudes, we get foj

Þ1̄,1,m (m50,18,28,38 . . . L)

i\
dpj

n

dt
5« j

npj
n1Y j1vpj 11

n 1vpj 21
n ~22!

and for j 51̄,1,m

i\
dp1̄

n

dt
5« 1̄

n
p1̄

n
1Y 1̄1v 1̄18p18

n
1v 1̄0p0

n1vp2̄
n
1 (

m>28
v 1̄mpm

n ,

~23a!

i\
dp0

n

dt
5«0

np0
n1gAn1p18

n2

1Y01v 1̄0p1̄
n
1v01p1

n ,

~23b!

i\
dp18

n

dt
5«18

n p18
n

1gAn111p0
n1

1Y181v 1̄18p1̄
n
1v181p1

n ,

~23c!

i\
dp1

n

dt
5«1

np1
n1Y11v181p18

n
1v01p0

n1vp2
n1 (

m>28
v1mpm

n ,

~23d!

i\
dpm

n

dt
5«m

n pm
n 1v1mp1

n1v 1̄mp1̄
n
1Ym , m>28,

~23e!

where

« j
n5« j1n1\v11n2~\v22 i\k2!1n3~\v32 i\k3!,

n2[$n121,n2 ,n3%,

n1[$n111,n2 ,n3%,

Y j5g$AN2pj
n81AN1pj

n9%,

n8[$n121,n211,n311%,

n9[$n111,n221,n321%,

N25n1~n211!~n311!,

N15~n111!n2n3 .

The amplitudespj
n are time dependent. We transfor

them

pj
n~ t !5

1

A2p
E

2`

`

dvaj
n~v!e2 ivt. ~24!

By doing that, we get the following set of equations

\vaj
n5« j

naj
n1G j1vaj 11

n 1vaj 21
n , for j Þ1̄,1,m

~25a!
1-5
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\va1̄
n
5« 1̄

n
a1̄

n
1G 1̄1va2̄

n
1v 1̄18a18

n
1v 1̄0a0

n1 (
m>28

v 1̄mam
n ,

~25b!

\va0
n5«0

na0
n1gAn1a18

n2

1G01v 1̄0a1̄
n
1v01a1

n , ~25c!

\va18
n

5«18
n a18

n
1gAn111a0

n1
1G181v 1̄18a1̄

n
1v181a1

n ,
~25d!

\va1
n5«1

na1
n1G11va2

n1v181a18
n

1v01a0
n1 (

m>28
v1mam

n ,

~25e!

\vam
n 5«m

n am
n 1Gm1v 1̄ma1̄

n
1v1ma1

n , m>28. ~25f!

HereG j is the Fourier transform ofY j .
In order to obtain the solutions of Eq.~25!, we considered

only ones three channels through which the electrons
tunnel. Such channels are the only ones that are betwee
bottom of the conduction band («50) and the Fermi energy
«F

L at the emitter, near the resonant condition. Therefore t
are the only ones that contribute significantly to the curre
These channels are: one electron through the excited l
and no phonons~channel 0, i.e.,n5$0,0,0%, one electron
through the ground level and one LO phonon~channel 100!,
and one electron through the ground level and a pair LO˜-TA
phonons, respectively,~channel 011!.

To solve the system above, we drop the imaginary par
« j

n . This copes with the problems caused by the n
Hermitian Hamiltonian.

We have to note that the amplitudesaj
0 ~for j >1 or j

<1̄) remain uncoupled~this tunneling channel does not m
with any other!. On the other hand, the other two chann
are coupled due to the ph-ph interaction. To uncouple th
we propose the following transformation for the amplitud

aj
1005

1

A2
~aj

11aj
2!, ~26!

aj
0115

1

A2
~aj

12aj
2!. ~27!

Making the above transformations for the amplitudesaj
100

and aj
011 we get two new uncoupled channels~called chan-

nels1 and2).
Considering only the channels 0 and6, the system~25!

can be rewritten as

vaj 21
0 1~« j

02\v!aj
01vaj 11

0 50, ~28a!

vaj 21
6 1~« j

1006g2\v!aj
61vaj 11

6 50 for j Þ1̄,m,1;
~28b!

va2̄
0
1~« 1̄

0
2\v!a1̄

0
1v 1̄18a18

0
1 (

mÞ18
v 1̄mam

0 50, ~28c!
12531
n
the
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m
:

va2̄
6

1~« 1̄
100

6g2\v!a1̄
6

1v 1̄0a0
61 (

mÞ0
v 1̄mam

650,

~28d!

v181a18
0

1 (
mÞ18

vm1am
0 1~«1

02\v!a1
01va2

050, ~28e!

v01a0
61 (

mÞ18
vm1am

61~«1
1006g2\v!a1

61va2
650,

~28f!

v 1̄ma1̄
6

1~«m
1006g2\v!am

61vm1a1
650 for mÞ0;

~28g!

v 1̄ma1̄
0
1~«m

0 2\v!am
0 1vm1a1

050 for mÞ18;
~28h!

v 1̄0a1̄
6

1~«0
1006g2\v!a0

61
g

A2
a18

0
1v01a1

650

~28i!

v 1̄18a1̄
0
1~«18

0
2\v!a18

0
1

g

A2
a0

11
g

A2
a0

21v181a1
050.

~28j!

The amplitudesam
6 and am

0 appearing in equations~28!
take into account the electronic energy levels different fr
the fundamental and excited one. To eliminate these am
tudes~the fundamental and excited levels are the only o
that participate directly in the LO phonon generation! we use
the equations~28c!–~28h!. The resultant system is

vaj 21
0 1~« j

02\v!aj
01vaj 11

0 50, ~29a!

vaj 21
6 1~« j

1006g2\v!aj
61vaj 11

6 50 for j Þ1̄,m,1;
~29b!

va2̄
0
1~ «̃ 1̄

0
2\v!a1̄

0
1v 1̄18a18

0
1 ṽ 1̄1

0
a1

050, ~29c!

va2̄
6

1~ «̃ 1̄
6

6g2\v!a1̄
6

1v 1̄0a0
61 ṽ 1̄1

6
a1

650, ~29d!

ṽ 1̄1
0

a1̄
0
1v181a18

0
1~ «̃1

02\v!a1
01va2

050, ~29e!

ṽ 1̄1
6

a1̄
6

1v01a0
61~ «̃1

66g2\v!a1
61va2

650, ~29f!

v 1̄18a1̄
0
1~«18

0
2\v!a18

0
1

g

A2
a0

11
g

A2
a0

21v181a1
050,

~29g!

v 1̄0a1̄
6

1~«0
1006g2\v!a0

61
g

A2
a18

0
1v01a1

650,

~29h!

where
1-6
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ṽ 1̄1
0

5 (
mÞ18

v 1̄mvm1

~\v2«m
0 !

~30!

and

ṽ 1̄1
6

5 (
mÞ0

v 1̄mvm1

~\v2«m
1007g!

~31!

are renormalized hoppings joining sitesj 51̄,1, and

«̃ 1̄
0
5« 1̄

0
1S 1̄

0 , ~32a!

«̃ 1̄
6

5« 1̄
100

1S 1̄
6 , ~32b!

«̃1
05«1

01S1
0 , ~32c!

«̃1
65«1

1001S1
6 , ~32d!

are renormalized energies at the sitesj 51̄,1 for each chan-
nel, where

S 1̄
0
5 (

mÞ18

v 1̄m
2

~\v2«m
0 !

~33a!

S 1̄
6

5 (
mÞ0

v 1̄m
2

~\v2«m
1007g!

~33b!

S1
05 (

mÞ18

vm1
2

~\v2«m
0 !

~33c!

S1
65 (

mÞ0

vm1
2

~\v2«m
1007g!

. ~33d!

A diagram representing equations~29! is shown in Fig. 4.
To solve the system~29! we proceed as follows.

FIG. 4. Diagram representing equations~29!. The vertical tran-
sition represents the LO phonon emission~absorption!. As the chan-
nels 1 and 2 have the same energy, they are represented in
same plane. The gray points represent the sites with the renor
ized energies and the gray lines are the renormalized hoppings
12531
For the channel 0 and6, in the regionj >1 the solutions
of ~29a! and ~29b! are, respectively,

aj
05AT

0eik08zj , ~34!

aj
65AT

Áeik6zj , ~35!

wherezj is the coordinate of the planej (zj5 ja; a is the
lattice parameter!, AT

0 , AT
Á are the amplitudes of the trans

mitted wave, andk08 andk6 are thez component of the wave
vectors that fulfills the dispersion relation

\v5«1
012v cos~k08a!, ~36!

\v5«1
10012v cos~k6a!6g. ~37!

We did not consider the termse2 ikn8zj because we assum
that there are no electrons coming in from the right of t
DBH.

In the regionj <21 we have two kinds of solutions. Th
first one is obtained for the excited level that is above
bottom of the conduction band, in this case the solution

aj
05ARe2 ik0zj1AIe

ik0zj ~38!

where AR and AI are the amplitudes of the reflected an
incident waves andk0 satisfies

\v5« 1̄
0
12v cos~k0a!. ~39!

The second kind of solution is obtained for the grou
state that is below the bottom of the conduction band then
this case, the solutions are evanescent modes with am
tudesAE

1 andAE
2

aj
65AE

Áek6zj ~40!

where thek6 are positive and fulfill the relations

\v5« 1̄
100

12v cosh~k6a!6g. ~41!

After replacing Eqs.~34!, ~35!, ~38!, and~40! in Eq. ~29!
we get a system of nine equations with the following ni
unknown quantities:

a18
0 , a0

1 , a0
2 , AR , AT

0 , AE
2 , AE

1 , AT
2 ,

and AT
1 .

The solution of this system permits to calculate the el
tronic current taking into account thee-ph and ph-ph inter-
actions and to obtain a set of five kinetic equations as i
shown in the following section.

IV. THE KINETIC EQUATIONS

To get the kinetic equations that describe the populat
of electrons and phonons we need to obtain the equation
motion for the electron number operatorscj

†cj and the pho-
non number operatorsbi

†bi

e
al-
1-7
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i\
d

dt
~cj

†cj !5@cj
†cj ,H#, i\

d

dt
~bi

†bi !5@bi
†bi ,H#.

~42!

We define the average populations for electrons in the
cited and ground states as

n̄ j5(
occ

^Fucj
†cj uF& for j 50, 18.

From the definition~20! of uF&, the electrons average popu
lations can be calculated as

n̄ j5 (
n,occ

upj
nu2 ~43!

For the LO, LÕ, and TA phonons, the average populatio
are

n̄i5(
occ

^Fubi
†bi uF&5 (

n,occ, j
upj

nu2ni for i 51,2,3.

~44!

Using the equations~42! we get the set of quantum kineti
equations

dn̄18
dt

5G18
I

2G18
O

2G18
E , ~45a!

dn̄0

dt
5G0

I 2G0
O1G18

E , ~45b!

dn̄1

dt
5G18

E
2GLO

E , ~45c!

dn̄2

dt
5GLO

E 2DLÕ , ~45d!

dn̄3

dt
5GLO

E 2ETA , ~45e!

where

G18
I

5
2

\ (
n,occ

v 1̄18Im$p18
n* p1̄

n
% ~46!

is the electronic input rate from the emitter to the excit
level;

G18
O

5
2

\ (
n,occ

v181Im$p1
n* p18

n % ~47!

is the output rate from there to the collector.

G18
E

5
2

\ (
n,occ

g Im$p0
n1* p18

n %An111, ~48!

represents the net balance between emission and absor
of LO phonons via electron transitions:
12531
x-

tion

G0
I 5

2

\ (
n,occ

v 1̄0Im$p0
n* p1̄

n
% ~49!

is the input rate from the emitter directly to the ground sta
and

G0
O5

2

\ (
n,occ

v01Im$p1
n* p0

n% ~50!

stands for the output rate from the ground state to the col
tor.

The balance between the decay of one phonon LO
emission of a pair of LÕand TA phonons, and its invers
process~i.e., recombination! is given by

GLO
E 5

2

\ (
n,occ

g Im$pj
n1* pj

n2

%AN, ~51!

whereN[(n111)(n211)(n311).
The decay rate of the LO˜ population turns out to be

DLÕ52k2(
n, j

$pj
n* pj

n%n252k2n̄2 . ~52!

Finally the escape rate of the TA phonons is given by

ETA52k3(
n, j

$pj
n* pj

n%n352k3n̄3 . ~53!

A diagram for the input and output electron rates is shown
Fig. 5.

The kinetic equations~45! can be approximated by a sys
tem involving only populations. To do that we have to r
place the amplitudespj

n from Eqs. ~22! and ~23! ~See the
Appendix for a detailed calculation!. Then, we get a new se
of kinetic equations

dn̄18
dt

5G2R18n̄182Rw , ~54a!

dn̄0

dt
52R0n̄01Rw , ~54b!

FIG. 5. Diagram for the several rates appearing in Eqs.~41a!
and ~41b!.
1-8
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dn̄1

dt
5Rw2Rg , ~54c!

dn̄2

dt
52k2n̄21Rg , ~54d!

dn̄3

dt
52k3n̄31Rg , ~54e!

where

Rw5w@ n̄18~ n̄111!2n̄0n̄1#, ~55!

Rg5go@ n̄1~ n̄211!~ n̄311!2~ n̄111!n̄2 n̄3#. ~56!

G is the input current,R18 andR0 are the escape rates fo
one electron through the right barrier andw is the transition
rate due to LO phonon emission estimated in the Appen
~and more roughly in Ref. 1!. The other parameters are: th
decay rate of a LO phonongo , the decay rate of a LO˜
phononk2 and the TA phonon escape ratek3.

It can be seen in the expressions~55! and ~56! that the
Bose factors were obtained. That means that the phonon
produced in a stimulated regime. For the case of
phonons, the Bose factorn̄311 is thousands times greate
than the others.

V. RESULTS AND CONCLUSIONS

The results presented here correspond only to the sta
ary case, i.e.,pj

n(t)5aj
n(v)eivt. In this case, all the popula

tions~43! and~44!, and the rates~46!–~53! are time indepen-
dent and they can be written as the same expression
aj

n(v) instead ofpj
n(t). The amplitudesaj

n(v) are the solu-
tions of the system~29!.

The following parameters were used in our calculatio
The barriers are 42.4 Å wide and 300 meV high~38% of
Al concentration!. The well has a width of 203.4 Å . The
Fermi energy at the emitter was fixed at 15 meV. The val
estimated for the decay ratek2 and the escape ratek3 were
30 ps21 and 0.05 ps21, respectively. The other paramete
used are:w, that depends on the applied bias but it is of t
order of 2.5 ps21, go50.11 ps21 taken from Ref. 9, andg,
that also depends on the applied bias and is of the orde
3.2 ps21. The value ofg was taken equal to 0.65 meV an
was calculated from the experimental value ofgo using Refs.
55 and 56.

The transmittance through the DBH is calculated from

T5
uAT

0u21uAT
1u21uAT

2u2

uAI u2
. ~57!

A plot of the transmittance as a function of energy
shown in Fig. 6. It can be seen that when the ph-ph inte
tion is considered~takinggÞ0), a central peak appears. Th
other two peaks correspond to the polaronic branches alre
shown in previous works.57,58
12531
ix
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Once the transmission probabilities through each chan
are obtained, the output electronic current~equal to the input
current at the stationary regime! through the structure can b
calculated by summing over the occupied states at the e
ter. This sum can be easily transformed into the integral

G~V!5
S

2p2

m*

\3 E0

«F
L ~«F

L2«! j ~«!r~«!

11R1T
d« ~58!

where S50.531023 mm2 is the device area, m*
50.067me is the effective electron mass,R is the reflectance
and

j ~«!5
4v
\

1

uAI u2
$uAT

0u2sin~k08a!1uAT
1u2sin~k1a!

1uAT
2u2sin~k2a!%,

r~E!5
1

2v sin~k0a!
.

Instead of using the expression~58! to calculate the elec-
tronic currentG, it is calculated from the sum of the term
~46! and ~49!.

The difference between the currents calculated forgÞ0
andg50 is appreciable only in the dashed region of Fig.
that is amplified in the inset.

Finally, the saser intensity and the TA phonon populat
are shown in Fig. 8. This curve is obtained by solving t
kinetic equations~54!.

We can see in Fig. 8 that the intensity of the beam follo
the current. Therefore the saser signal diminishes when
system goes out of resonance.

In a previous paper10 we showed that the coherent stim
lated emission occurs when primary LO phonon injectionG1
is greater thanG1k2k3 /g2, where the injection rateG1 is
defined asG15wn̄18 and the absorption rateG1 is defined as
G15w(n̄02n̄18).

FIG. 6. Dashed line: the two polaronic peaks wheng50. Solid
line: if we assumegÞ0, it appears a third peak correspondin

mainly to one electron in the ground state with a pair (LO˜1TA) of
phonons.
1-9
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For the parameters used here, this condition occurs w
V is greater thanVth1

560.25 meV and less thanVth2

594.04 meV whereas the incoherent TA emission begin
V560.18 meV and does not finish so sharply because
tail of the peak corresponding to the excited electron s
remains above the bottom of the conduction band at
emitter.

At the beginning of the LO phonon emission the electro
begin to accumulate in the ground state of the well for wh
the escape rate is low. Therefore the accumulated charg
pels the input of new electrons. That means that the leve
the well tend to rise and to diminish their energy differen
preventing the LO phonon emission.

The process described above represents an instability
was discussed in detail in a previous paper.58 Due to this
process, at the beginning of the phonon emission, undam
temporal oscillations appear, meaning that, in this regi
stationary solutions do not exist. In consequence, the s
consistent treatment of the charge accumulation, oscilla
between two branches does not converge. This can be se
Fig. 8 as a thick vertical line, due to the overlap of the o
cillations.

The total input~pump! power injected in the form of elec

FIG. 7. Solid line: the current forgÞ0. For comparison, the
electronic current wheng50 is shown in the inset~dashed line!. It
appears a shoulder inG (gÞ0) corresponding to the third peak o
Fig. 6. The cross-sectional area used wasS50.531023 mm2.
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trons, is given by the productG3(eV) that is proportional to
the device cross-sectional areaS, whereas the power of the
saser beam is given by (k3n̄3)3(\v3). Since, at the station
ary state,k3n̄35R0n̄0, and G5R0n̄01R18n̄18 , the power
conversion efficiency is

h5S R0n̄0

R0n̄01R18n̄18
D S \v3

eV D
This efficiency is of the order of 1%.

The internal quantum efficiency of our device, i.e., t
relation between coherent and incoherent phonons, is ta
in this paper to be equal to one, because it is supposed
above the threshold, the coherent mode slaves all
others.10

In conclusion we presented here a full-quantum ma
body formalism to study the GaAs-AlxGa12xAs double-
barrier heterostructure phonon laser. The Hamiltonian c
sidered takes into account explicitly the electrons, the th
phonon branches, the electron-phonon interaction, and
phonon-phonon interaction. The electron-electron interac
inside the well was treated in the Hartree approximation. T
electronic part of the Hamiltonian is solved exactly throu
the renormalization procedure that takes into account all
electronic levels in the well. The main approximation done
solve this many-body problem was to take an average o
the transversal~parallel to the interfaces! momenta, in order
to recover the translational symmetry.

Besides, a set of quantum kinetic equations were dedu
This set is different from those presented in a previous wo1

where the kinetic equations were derived phenomenolo
cally. We can see that the results obtained using the old
netic equations are qualitatively similar to those presen
here. In fact, the old kinetic equations could be derived
approximations of the quantum ones. These approximati
showed in the Appendix, seem to be rather rough. We
glected crossed terms and did some averages. It was sh
that when the phonon-phonon interaction is considered, o
small modifications are observed for the current.

In summary, the accurate full-quantum calculations fo
FIG. 8. The TA phonon populationn̄3 and the

saser intensityS5k3n̄3.
1-10
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DBH phonon laser confirm the results obtained us
rougher phenomenological methods.1
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APPENDIX

In this appendix, we will show the way to obtain ea
term of equations~54! from Eq.~45!. To illustrate the proce-
dure, we will limit ourselves to showing only two example

We begin with the term

G18
O

5
2

\ (
n,occ

v181Im$p1
n* p18

n %. ~A1!

The channel 000 is the only one that contributes sign
cantly to the sum appearing in Eq.~A1! ~see Figs. 3 and 4!.
Taking this into account, the expression~A1! can be rewrit-
ten as

G18
O

5
2

\ (
occ

v181Im$p1
0*p18

0 %. ~A2!

As the amplitudes appearing in Eq.~A2! are time depen-
dent, we substitute one of them by their Fourier transfo
using Eq.~24!

Im$p1
0*p18

0 %5ImH 1

A2p
E

2`

`

dva1
0* ~v!eivtp18

0 J . ~A3!

To obtain an expression for the amplitudea1
0* (v), we use

Eq. ~29e! and neglect the term containing the renormaliz
hoppingṽ 1̄1

0 in it. Taking into account the dispersion relatio
~36! and~32c! and using Eq.~34! to calculate the amplitude
in the planej 52, we get

a1
0* ~v!5J181a18

0* ~v!, ~A4!

where

J1815v181

~S1
02ve2 ik08a!

@S1
02

22vS1
0cos~k08a!1v2#

.

Replacing Eq.~A4! in Eq. ~A3!

Im$p1
0*p18

0 %5
1

A2p
ImH E

2`

`

J181a18
0* ~v!dveivtp18

0 J .

~A5!

The termJ181 inside the integral varies very slowly i

the range where the amplitudea18
0* (v) is not null. Therefore

we can take it out of the integral. Now, performing the in
gral overv and taking the imaginary part we get
12531
g

-

d

-

G18
O

5
2

\ (
occ

v181
2 v

@S1
02

22vS1
0cos~k08a!1v2#

sin~k08a!up18
0 u2.

~A6!

Defining n̄18[(occup18
0 u2 we get

G18
O

5R18n̄18 ,

where

R185
2

\
v181

2 v

@S1
02

22vS1
0cos~k08a!1v2#

sin~k08a!.

When the renormalization effects are not taken into
count, i.e.,S1

050, the expression obtained here forR18 is the
same as that appearing in Ref. 59.

The other term to be analyzed here is the rate of
phonon emission~48!

G18
E

5
2

\ (
n,occ

g Im$p0
n1* p18

n %An111. ~A7!

First, we expand the term inside the sum and change
range over which then1 runs to obtain Eq.~55!. That is,

(
n

Im$p0
n1* p18

n %An1115(
n

i ~p
0
(n111)n2n3* p18

n An111

2p
18

(n121)n2n3* p0
nAn1!. ~A8!

Writing p
0
(n111)n2n3* in the first term of Eq.~A8! in terms

of its Fourier transforma
0
(n111)n2n3* , doing the same with

p
18

(n121)n2n3* in the second term and using Eqs.~25c! and

~25d! ~only the terms that contain the factorg) we get

a0
(n111)n2n35

g

D0
(n111)n2n3

An111a18
n ~A9!

and

a
18

(n121)n2n35
g

D
18

(n121)n2n3
An1a0

n , ~A10!

where

D0
(n111)n2n35\v2~n111!\v12n2\v22n3\v32«0

and

D
18

(n121)n2n35\v2~n121!\v12n2\v22n3\v32«18 .

Replacing Eqs.~A9! and~A10! in Eq. ~A7! and doing the
inverse Fourier transform for the amplitudes with the sa
approximation as those made to get equation~A6!
1-11
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G18
E

5 (
n,occ H g2

\D0
(n111)n2n3

~n111!Up18
n U2

2
g2

\D
18

(n121)n2n3
n1Up0

nU2J . ~A11!

If we do now a mean-field approximation to take the ph
non terms out of the sums, we get the following express

G18
E

5~ n̄111! (
n,occ

g2

\D0
(n111)n2n3

up18
n u2

2n̄1 (
n,occ

g2

\D
18

(n121)n2n3
up0

nu2. ~A12!

The amplitudesp18
000 andp0

100 are the only ones that con
tribute significantly to the first and second sum, respectiv
Taking this into account and the fact that close to the re
nance («182«0.\v1) D18

0 .D0
1005D, equation~A12! can

be written as

G18
E

5~ n̄111!(
occ

g2

\D
up18

0 u22n̄1(
occ

g2

\D
up0

100u2.

~A13!

Finally the expression~A13! can be written as
J.

e

.

ys

H

r

12531
-
n

y.
-

G18
E .w@ n̄18~ n̄111!2n̄0 n̄1#[Rw , ~A14!

where

w5(
occ

g2

\D
,

n̄0[(
occ

up0
100u2 and n̄18[(

occ
up18

0 u2.

The other terms appearing in Eq.~45! can be transformed
by the same procedure described above.

In summary, to obtain the kinetic equations similar to th
used in Ref. 1 i.e., involving only populations, we did n
take into account the crossed terms. For example, if we c
sider the term withv 1̄0 in Eq. ~25c! to obtain Eq.~A9!, then
the expression for the amplitudea0

(n111)n2n3 would have a
term depending onv 1̄0. That term would describe a virtua
process. In this process, an electron tunnels through the
barrier (j 51̄) directly to the ground state (j 50) emitting
one LO phonon. Even when this process could occur,
probability is much smaller than that of the indirect proce
first tunnel to the excited level, and then decay to the grou
state emitting a LO phonon. Therefore we make the s
of each process as being independent. The results obta
from equations~54! are quite similar to those obtained from
Eq. ~45!.
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