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Parity symmetry and energy spectrum of excitons in coupled self-assembled quantum dots

B. Szafran,* S. Bednarek, and J. Adamowski
Faculty of Physics and Nuclear Techniques, University of Mining and Metallurgy (AGH), Cracow, Poland

~Received 22 November 2000; published 5 September 2001!

A theoretical study is presented for excitons in coupled self-assembled InGaAs quantum dots. We have
proposed a model of an isolated single quantum dot based on the assumption of the Gaussian distribution of
indium concentration. The same distribution, with the parameters fixed for the single dot, has been applied to
vertically stacked coupled quantum dots in order to study the exciton properties, which result from the interdot
coupling. The exciton lowest-energy levels have been calculated with use of the many-element variational
basis, which includes the two-particle correlation effects. We have discussed the symmetry with respect to the
parity of the exciton wave functions in the coupled quantum dots. We have shown that—in a general case—
these wave functions do not possess the definite one-particle parity. Only for very small interdot distance the
ground-state wave function exhibits the approximate one-particle parity. The nature of splitting of the photo-
luminescence lines in the coupled quantum dots is discussed. The present theory applied to a description of
photoluminescence spectra in coupled self-assembled InGaAs quantum dots leads to a very good agreement
with the experimental data.
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I. INTRODUCTION

A three-dimensional confinement of charge carriers
semiconductor quantum dots~QD’s! results in a space quan
tization of energy levels.1 Electron systems confined in QD
are called artificial atoms,2,3 since they show atomiclike
properties, e.g., their energy spectrum is discrete. Am
various types of QD’s, the self-assembled QD’s are the s
ject of an extensive study4–28 because of their possible ap
plications in semiconductor lasers. It is expected13 that the
self-assembled QD’s used as active regions in the semi
ductor lasers will provide low-threshold currents, a hi
gain, and an improved thermal stability of the devices. T
coupled QD’s~Refs. 14–21! can be treated as artificial mo
ecules. The coupling between the QD’s should be usefu
optical applications, because it leads to an appearanc
additional spectral lines. The positions of these lines can
changed by choosing different interdot distances in a tech
logical process.

The present study has been inspired by the rec
measurements21 of exciton-related radiative transitions i
vertically stacked InGaAs self-assembled QD’s.21 The ex-
perimental results,21 obtained with use of the state-fillin
photoluminescence spectroscopy,22 show a strong depen
dence of the photoluminescence spectra on the distance
tween the dots. In the state-filling spectroscopy,22 the excit-
ing light of large intensity is used to fill as many electro
hole states as possible; so, all the allowed radia
transitions can be detected. In recent measurements,9,10 car-
ried out on a single self-assembled QD, the fine structure
the luminescence spectrum has been observed as a fun
of the excitation power, i.e., as a function of the number
the confined excitons. In the case of the coupled QD’s,
experimental spectra21 have been taken from a sample co
taining a large number of QD’s. Then, the fine structure
not observed, since the inhomogeneous broadening of
luminescence lines is larger than the fine-structure splitti9

and the energetic positions of the lines do not show
0163-1829/2001/64~12!/125301~10!/$20.00 64 1253
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visible dependence on the number of confined excito
Therefore, at this level of the experimental resolution,
theory of a single exciton should be sufficient for the inte
pretation of these measurements.21

A theoretical description of the excitons in the single do
was elaborated for self-assembled InAs/GaAs QD’s~Ref. 29!
and for InP and CdSe nanocrystals30 in the framework of the
pseudopotential approach. In Ref. 31, the excitons in
coupled QD’s were studied as candidates for a reliable pre
ration of entangled states in solid-state systems.

The present paper is devoted to theoretical study of pa
symmetry and spectral properties of the exciton in isola
and coupled self-assembled quantum dots. The paper is
ganized as follows. In Sec. II, we formulate a theoretic
model of the exciton in a single QD. In Sec. III, we gene
alize this approach to the case of the coupled QD’s. In S
IV we present the results and discussion and in Sec. V
give the summary.

II. SINGLE QUANTUM DOT

In this section, we formulate and parametrize a model o
single QD, which will be used in the following sections for
description of exciton states in coupled QD’s. Most of the
retical papers2,11,12,23–28dealing with the QD’s use the two
dimensional model of the QD. Such a model does not all
for a description of the coupling between vertically stack
QD’s. In order to describe the coupling between the QD
aligned in the growth direction, we have proposed a thr
dimensional model of a single, isolated InXGa12XAs QD.
The present model is based on the recent understanding32 of
the growing process of the self-assembled QD’s. During
growing process, InAs deposited on the GaAs substrate
forms a thin wetting layer and next InAs island. This nan
structure is subsequently covered with GaAs. Due to the
dium diffusion32 the self-assembled QD’s are made of t
InXGa12XAs alloy with a spatially varying indium concen
tration. In this paper, we propose a model that takes i
©2001 The American Physical Society01-1
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account a spatial modulation of the indium concentration
the nanostructure. The present model is based on the ass
tion of the Gaussian distribution of indium concentration
the QD. Explicitly, we assume that indium concentrationX in
the single isolated QD is described by the Gaussian func
of the cylindrical symmetry

X~r,z!5X0exp~2r2/R22z2/Z2!, ~1!

where r25x21y2, X0 is the indium concentration at th
center of the dot,R is the dot ’’radius,’’ andZ is the half of its
’’height.’’ The real self-assembled QD’s are not symmet
with respect to the inversion of thez axis ~Fig. 1!. Therefore,
parameter 2Z can be treated as the effective height of t
dot, which partially takes into account the presence of
wetting layer~Fig. 1!. The InXGa12XAs island in the GaAs
matrix is responsible for the potential confining the cha
carriers in the quantum dot. The conduction-valence-b
offset ratio for the InAs/GaAs interface was estimated to
70/30.33 Therefore, we assume the confinement potentia
be parametrized as follows:

Ve~r,z!520.7DEgX~r,z! ~2!

for the electrons and

Vh~r,z!520.3DEgX~r,z! ~3!

for the holes, whereDEg5Eg
GaAs2Eg

InAs , Eg
GaAs, and Eg

InAs

are the GaAs and InAs energy gaps, respectively. In
present calculations, we take onEg

GaAs51.5196 eV~Ref. 34!
andEg

InAs50.4105 eV.35

Here, we briefly comment on the choice of the confin
ment potential@Eqs.~2! and ~3!#. The application of the cy-
lindrically symmetric Gaussian potential allows us to d
scribe the three-dimensional confinement of the cha
carriers in the QD’s, and to take into account a finite depth
the confinement potential and an approximate parabolicit
the potential near the dot center. The properties of the o
and two-electron systems in the spherically symmet
Gaussian confinement potential have been studied in deta
our recent paper.36

Finally, in accordance with the assumed indium
concentration distribution@Eq. ~1!#, we introduce the follow-
ing space dependence of the electron and hole effec
masses:

me,h~r,z!5me,h
InAsX~r,z!1me,h

GaAs@12X~r,z!#, ~4!

FIG. 1. Schematic of a single QD. Dashed line shows the c
tour of the indium-concentration Gaussian distribution funct
with rangeZ in the growth direction,h is the height of the QD and
TWL is the thickness of the wetting layer~WL!.
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where me
InAs50.023m0,37 me

GaAs50.0667m0,38 mh
InAs

50.41m0,39 mh
GaAs50.5m0,40 and m0 is the electron rest

mass.
Equations~2!–~4! express the effective confinement p

tentials for electrons and holes and the spatial modulation
their band masses by a single indium distribution funct
~1!. The parameters of this function (X0 , R, andZ) will be
extracted from the experimental photoluminescent data fo
single isolated QD. Such a procedure implicitly takes in
account the strain effects7 and the indium concentration
given by Eq.~1! has an effective meaning. The same para
etrization, with values of parameters fixed for a single d
will be applied to coupled double QD’s. Therefore, th
Gaussian distribution function@Eq. ~1!# can be treated as a
universal function, which allows us to include the most im
portant effects for the real nanostructures.

In the case of the position-dependent effective masse41

the Hamiltonian of the electron-hole pair confined in t
single QD has the following form~in atomic units!:

H52
1

2
“e

1

me~re!
“e1Ve~re ,ze!2

1

2
“h

1

mh~rh!
“h

1Vh~rh ,zh!2
1

«r eh
, ~5!

wherere and rh are the position vectors of the electron a
hole, respectively, andr eh5ure2rhu. Since the dielectric
properties of GaAs and InAs are similar, we have adop
the average value5 «512.5 of the static dielectric constan
for the InXGa12XAs alloy for all values ofX. Throughout the
present paper, the conduction-band minimum of GaAs is
reference energy level for the electron and the GaAs valen
band maximum is the reference energy level for the hole@cf.
Eqs.~2! and ~3!#.

Probabilityp of radiative transition from the exciton stat
described by the wave functionF(re ,rh) is proportional to
the integral42

p;U E dredrhF~re ,rh!d~re2rh!U2

. ~6!

In the present paper, we consider the optically active exc
states, i.e., the states, from which the radiative transiti
~electron-hole recombination! are allowed. For these trans
tions the initial states correspond to zero total angular m
mentum, since otherwise integral~6! vanishes.

We note that Hamiltonian~5! commutes with the operato
of the z component of the total angular momentum and
parity operator. Both these quantities are conserved in
framework of the present model. However, because of
presence of the Coulomb-interaction potential in Eq.~5!, the
one-particle operators of parity andz component of angular
momentum do not commute with the Hamiltonian. Due
the small size of the self-assembled QD’s the one-part
energies are considerably larger than to the Coulom
interaction contribution. Moreover, the energy separatio
between the one-particle shells of different angular mome
are also large with respect to the Coulomb term. On
contrary, in the coupled QD’s, the energy spacings betw

-

1-2



ri
ra
e

ic
e
in
is
W

lly

-
a
r
re
th
.

er

he
th

nd

n
to
-

ta
n
ce

-
ng

ow
nd-
eV.
nce

le-
e
the

s
ber
and

m-

the
e

s ob-

ted
g

sis
re-

on

row
er.

tive-

d in

PARITY SYMMETRY AND ENERGY SPECTRUM OF . . . PHYSICAL REVIEW B 64 125301
the one-particle states of opposite parities can be arbitra
small. Thus, it should be expected that the Coulomb inte
tion essentially perturbs the one-particle parity. In this pap
we concentrate our attention on the problem of parity, wh
arises for the coupled QD’s. Therefore, we construct the
citon wave functions of zero total angular momentum, us
the eigenstates of one-particle angular momentum, which
reasonable approximation in the problem considered.
shall label the exciton states by the one-particlez-component
angular momentum quantum numberm and use the follow-
ing dependence of the wave functionC(re ,rh) on azimuthal
angleswe andwh :

xm~we ,wh!5exp@ im~we2wh!#. ~7!

In the following, we consider the lowest-energy optica
active exciton states withm50, 1, 2, and 3 labeled bys, p, d,
and f, respectively. In Eq.~7!, the signs of the angular mo
mentum quantum number for the electron and the hole
chosen to be opposite, i.e.,z component of the total angula
momentum for the exciton is zero. All the states conside
are symmetric with respect to the in-plane inversion, i.e.,
change of sign ofx and y coordinates of both the particles
Therefore, the total parity of the exciton is entirely det
mined by thez parity.

The eigenvalue problem for the exciton confined in t
single QD has been solved by variational means with
trial wave function of the form

F1~re ,rh!5re
mrh

mxm~we ,wh!

3(
jkln

cjkln f jkln~re ,rh ,ze ,zh ,zeh!, ~8!

which is expanded in the Gaussian basis

f jkln~re ,rh ,ze ,zh ,zeh!5exp~2a j
ere

22ahrh
22bk

eze
2

2b l
hzh

22gzzeh
2 !, ~9!

wherezeh5ze2zh . In Eq.~9!, variational parametersa j
e and

ah (bk
e andb l

h) describe the localization of the electron a
the hole in thex-y plane (z direction!, andgz accounts for
the correlation of the relative motion in thez direction. Wave
function F1 partially includes the radial correlation betwee
the electron and hole, since it cannot be separated in
product ofre and rh dependent functions. However, it ne
glects the angular correlation.

In order to check a quality of trial wave function~8! we
have performed test calculations for the exciton ground-s
energyE0 using a more general variational wave functio
which explicitly includes the in-plane electron-hole distan
For m50 this wave function has the form

F0~re ,rh!5 (
jklnp

cjklnpexp~2a j
ere

22ak
hrh

22b l
eze

22bn
hzh

2

2gp
rreh

2 2gzzeh
2 !, ~10!

where reh
2 5(xe2xh)21(ye2yh)2 and variational param

etersgp
r are responsible for the in-plane correlation. Putti
12530
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gp
r50 in Eq. ~10! we obtain wave function~8! for m50.

The results of the test calculations reported in Table I sh
that the neglect of the angular correlation yields the grou
state energy estimate with the uncertainty less than 2 m
For comparison the estimated widths of photoluminesce
peaks21 amount to several meV. Therefore, basis~8! with the
neglected angular correlation and smaller number of e
ments~cf. Table I! is sufficient for the present purposes. Th
results presented in this paper have been obtained with
use of basis~8!, in which the sums run overj ,k,n51,2, l
51, . . . ,3, andp50 ~cf. Table I!. The energy eigenvalue
Em calculated for given angular momentum quantum num
m are used to determine the energy of the radiative interb
transition, which is defined ashnm5Eg

GaAs1Em .
The values of the parameters describing the indiu

concentration distribution in Eq.~1! have been obtained from
the adjustment of the calculated transition energies to
experimental data21 for the isolated QD’s. For this purpos
we have used the photoluminescence spectrum21 taken at the
interdot distance of;15 nm, for which the QD’s can be
treated as spatially separated and uncoupled. The value
tained areX050.66, Z50.92 nm, andR524.9 nm. The
comparison of the calculated and measured21 radiative-
transition energies for the isolated quantum dot is presen
in Table II. The further description of the vertical couplin

TABLE I. Convergence of ground-state energy estimatesE0 for
an exciton confined in a single QD with increasing number of ba
elements. In the first five columns, the upper limits of the cor
sponding sums in Eq.~10! are listed. According to Eq.~10!, labels
j , k, l , n, and p denote the different Gaussians dependent
re ,rh , ze , zh , andreh , respectively.N is the total number of basis
elements used in the calculations. The numbers in the first
correspond to basis~8! used in the latter part of the present pap
Energy is expressed in meV.

j k l n p N E0

2 2 3 2 24 2241.93
3 3 4 4 144 2242.22
3 3 4 4 1 144 2243.21
3 3 4 4 2 288 2243.59
3 3 4 4 3 432 2243.70

TABLE II. Calculated energy eigenvaluesEm of the optically
active exciton states for the single QD, energy spacingsDE be-
tween the consecutive energy levels, and calculated radia
transition energieshncalc . The measured transition energieshnexpt

are extracted from the photoluminescence-peak positions~Ref. 21!
taken for the separated QD’s (a515 nm). The states involved in
the transitions are quoted in the first column. Energy is expresse
meV.

Em DE hncalc hnexpt

s-s 2241.9 1277.7 1278.2
p-p 2197.2 44.8 1322.4 1322.2
d-d 2159.7 37.5 1359.9 1359.4
f - f 2125.9 33.8 1393.7 1394.4
1-3



o
to

t

ro
g

en
s
e

-
y
n
f

at
liz
f

in

ie

i
ac
th
iv
e
a
en
m
te

D
th
II
m
lly

W
an

ing
qs.

. In

tive
ese
on
n-

d
nce

e
nite

oth
e

ore
ou-
the

s. In

tal
s

-

cer

n-

B. SZAFRAN, S. BEDNAREK, AND J. ADAMOWSKI PHYSICAL REVIEW B64 125301
between the QD’s requires an accurate modeling of the c
finement in the growth direction. In this context, we have
emphasize that the value ofZ we have obtained from our fi
very well agrees with the experimental result.21 The heighth
of the dot was estimated by the transmission-elect
spectroscopy21 to be smaller than 2 nm, whereas the wettin
layer thicknessTWL50.54 nm~Ref. 21! ~cf. Fig. 1, where
h52Z2TWL). Table II shows that the differences betwe
the calculated and measured radiative-transition energie
not exceed 0.5 meV, which is considerably less than the
perimental uncertainty.

Table II shows that energy spacingsDE between the sub
sequent energy levels decrease with the increasing energ
the interband transitions. According to our interpretatio
three effects of comparable importance are responsible
this behavior. If the energy of the electron-hole pair st
increases, the charge carriers become more weakly loca
and in consequence~i! the effect of the nonparabolicity o
the confinement potential becomes stronger,36 ~ii ! the elec-
tron and hole effective masses become larger with the
creasing distance from the dot center@cf. Eq. ~4!#, ~iii ! the
Coulomb interaction between the confined charge carr
decreases. In Table III, we have listed the energy levels
the quantum-dot confined electron and hole calculated w
the neglect of their mutual Coulomb interaction. The sp
ings between the hole energy levels are much smaller
those for the electron, which results from the larger effect
mass of the hole. We also see that—contrary to the cas
the parabolic confinement—the energy levels are not equ
spaced. The effective nonparabolicity of the confining pot
tial is consideraby smaller for the hole, which results fro
the larger localization of the heavy hole near the dot cen

III. COUPLED QUANTUM DOTS

The parametrization obtained in Sec. II for the single Q
enables us to discuss exciton states in coupled QD’s. For
purpose we have extended the model formulated in Sec.
the case of vertically stacked QD’s. Accordingly, the indiu
concentration distribution in the two coupled, vertica
stacked QD’s has been expressed as follows:

X~r,z!5X0exp@2r2/R22~z2a/2!2/Z2#

1X0exp@2r2/R22~z1a/2!2/Z2#, ~11!

wherea is the distance between the centers of the QD’s.
note that the model of the coupled QD’s does not contain

TABLE III. Calculated lowest-energy levels of the electron,Ee ,
and hole,Eh , states in the single QD~the mutual Coulomb inter-
action omitted!. The separationsDEe,h between the consecutive en
ergy levels are also quoted. Energy is expressed in meV.

Ee DEe Eh DEh

s 2118.3 2101.4
p 289.0 28.3 293.0 8.5
d 264.1 25.9 284.7 8.3
f 240.7 23.4 276.6 8.1
12530
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new fitting parameter. The shape of the potential confin
the charge carriers in the coupled QD’s, obtained from E
~2! and ~11!, is schematically displayed in Fig. 2~a!. Figure
2~b! shows the geometry of the coupled-dot nanostructure
Eq. ~11!, the values of parametersX0 , R, andZ are the same
as for the single QD~Sec. II!. In this section, we are using
the same formulas for the confinement potentials, effec
masses, and Hamiltonian as those given in Sec. II. In th
formulas, we substitute concentration distribution functi
~1! by Eq.~11!. For the exciton confined in the coupled qua
tum dots we propose the following trial wave function:

F2~re ,rh!5re
mrh

mxm~we ,wh!

3 (
ne50

1

(
nh50

1

(
jkln

cjkln
nenhf jkln@re ,rh ,ze

1~21!ne~a/2!,zh1~21!nh~a/2!,zeh#, ~12!

which is a generalization of the form given by Eq.~8!. Wave
function ~12! allows for a description of the electron an
hole states of both even and odd parity. Due to the prese
of the Coulomb-interaction term in Hamiltonian~5!, the ex-
act wave functions arenot eigenfunctions of the one-particl
parity operators. Therefore, they do not possess a defi
symmetry with respect to the change of sign of thez coordi-
nate of one particle only. However, Hamiltonian~5! is invari-
ant with respect to the simultaneous change of sign of b
the coordinatesze and zh . Thus, the electron-hole wav
functions possess a definitetotal parity. The symmetry with
respect to the total parity applied to Eq.~6! yields the fol-
lowing selection rules: radiative transition is allowed~forbid-
den! for the initial state of even~odd! parity. Therefore, only
the states of the even total parity are optically active.

The thickness of the barrier between the QD’s is a m
appropriate parameter for a description of the interdot c
pling than the distance between the dot centers, since
self-assembled QD’s do not possess well-defined center
the framework of the present model, thicknesst of the inter-
dot barrier is defined as follows:t5a22Z @cf. Fig. 2~a!#,
where a is the interdot-center distance. The experimen
results21 have been given as functions of spacer thicknesd.
These two parameters are related byt5d1TWL22Z

FIG. 2. Schematic of coupled QD’s. The barrier and spa
thicknesses are denoted byt and d, respectively,a is the interdot-
center distance. Plot~a! shows the profile of the confinement pote
tial in the growth direction and plot~b! shows the geometry of the
two coupled dots.
1-4
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@cf. Fig. 2~b!#, which yields the following relation be
tween the spacer thickness and the interdot-center dista
d5a2TWL .

IV. RESULTS AND DISCUSSION

In Fig. 3, we have plotted the calculated energy levels
the electron and hole confined in the coupled QD’s~with the
electron-hole Coulomb interaction omitted! as functions of
the barrier thickness~interdot-center distance!. For large in-
terdot distances the energy levels are twofold degene
When the distance between the dots decreases, the de
eracy with respect to the parity is lifted. The energies
even- ~odd-! parity states decrease~increase! with the de-
creasing interdot separation. The resulting splitting of
energy levels is much larger for the electron than for the h
and only weakly depends on the angular-momentum qu
tum number.

Figure 4 presents the dependence of the eight low
energy levels for thes andp states of the exciton confined i
the coupled QD’s~with the Coulomb interaction included!
on the barrier thickness. The solid curves correspond to
optically active states of even total parity and the das
curves corespond to the states of odd total parity, from wh
the radiative transitions are forbidden. For large barr
thickness the lowest-energys and p levels as well as the
higher-energy levels are twofold degenerate. This deg
eracy is lifted by the interdot coupling for small interd
separations. In the limitt→` the exciton ground-state en
ergy becomes equal to the ground-state energy of the exc

FIG. 3. Calculated one-particle energy levels of the elect
~solid curves! and the hole~dashed curves! as functions of barrier
thicknesst ~distancea between the centers of the dots!. Signs1
and 2 correspond to the states of even and oddz parity, respec-
tively, and symbolss, p, d, and f denote the angular momentum
quantum numbersm50, 1, 2, and 3, respectively.
12530
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confined in the single QD~cf. Table I!. Similarly, the energy
of lower p level becomes equal to the energy ofp state of the
exciton in the separated QD~cf. Table II!. In the same limit,
the higher-energy levels of both angular symmetries tend
the corresponding sums of the energies for the noninterac
electron and hole confined in the separated QD’s~cf. Table
II !. These limit values marked by the dotted lines in Fig
correspond to the dissociated exciton.

Figures 5, 6, and 7 display the contours of the probabi
amplitudes, i.e., the electron-hole wave functionsF2„re
5(0,0,ze),rh5(0,0,zh)… for the four lowest-energy states o
s symmetry. In these figures, the coordinates correspond
to the centers of the QD’s are marked by the dashed stra
lines and the white~dark gray! areas correspond to the lowe
~highest! values of the wave functions@in plots ~a! through
~d!, the shades of gray do not correspond to the same va
of the wave function#. Figures 5, 6, and 7 show the asymm
try in the electron and hole probability distribution, whic
results from the stronger localization of the hole due to
larger mass.

Let us consider the case of large interdot distances~Fig.
5!. In the two lowest-energy degenerate states@Figs. 5~a! and
5~b!#, the values ofF2 differ only in signs, i.e., these state
are characterized by the same probability density. The id
tical property holds true for the two degenerate excited sta
@cf. Figs. 5~c! and 5~d!#. The probability amplitudes for the

n FIG. 4. Calculated energy ofs andp states of the exciton con
fined in the coupled InXGaAs12X QD’s as a function of barrier
thicknesst ~interdot-center distancea). Solid ~dashed! curves show
the results for the even-parity optically active~odd-parity optically
inactive! states. Dotted lines~labeled byEs

e1Es
h andEp

e1Ep
h) dis-

play the sums of the energies of the electron and the hole local
in the different infinitely separated QD’s.DEs and DEp are the
electron-hole Coulomb-interaction energies fors and p states, re-
spectively.
1-5
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FIG. 5. Contours ofs exciton wave functions
F2„re5(0,0,ze),rh5(0,0,zh)… for interdot-center
distancea516 nm, plotted along thez axis as
functions of the electronze and holezh coordi-
nates for~a! the ground state and the~b! first, ~c!
second, and~d! third excited state. White~dark
gray! areas correspond to the lowest~highest!
values of the wave functions. The shades of gr
express the relative values of the wave function
but are not the same in plots~a!–~d!. In plots ~a!
and~d! @and also in 6~a! and 7~a!#, the wave func-
tions equal zero in the white areas, whereas in
the other plots the contours corresponding to t
wave function equal to zero are denoted by 0
Dashed straight lines correspond to the coor
nates of the dot centers.

FIG. 6. Contours ofs exciton wave functions
for interdot-center distancea57 nm. The sym-
bols have the same meaning as in Fig. 5.
125301-6
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FIG. 7. Contours ofs exciton wave functions
for interdot-center distancea54 nm. The sym-
bols have the same meaning as in Fig. 5.
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degenerate ground state possess extrema on the straigh
ze5zh and those for the degenerate excited states pos
extrema on the straight lineze52zh . This means that the
twofold degenerate ground state corresponds to the elec
hole pair confined in the same quantum dot, whereas in
twofold degenerate excited state, the electron is confine
one QD and the hole is confined in the other. Therefore
the limit of large interdot distances, the two pairs of dege
erate states correspond to essentially different physical
ations, i.e., the bound exciton and the dissociated exci
The ground-state wave functions inside a single QD sh
the inversion symmetry with respect to the dot center@Figs.
5~a! and 5~b!#. The excited-state wave functions are sligh
spread out in the direction of the other QD, in which t
oppositely charged particle is localized@Figs. 5~c! and 5~d!#.
We note that for large interdot distances the exciton w
functions do not show any trace of the symmetry with
spect to the one-particle parity. Obviously, these wave fu
tions are symmetric with respect to the simultaneous cha
of sign of both theze andzh coordinates.

If the distance between the dots decreases, the energ
the excited state slightly lowers~cf. Fig. 4!, which results
from the increasing attraction between the electron and h
localized in different dots. This effect is not observed in t
ground state, in which both the charge carriers are confi
in the same QD. Therefore, in the case of large interdot
tances, the only effective coupling is the long-range C
lomb coupling between the charge carriers localized in
different QD’s. Figure 4 shows that for the barrier thickne
t&8 nm the higher-energy branches begin to grow and
degeneracy is lifted. In Fig. 6, we have plotted the exci
wave function for the four lowest-energy states in the cas
12530
line
ss

n-
e
in
n
-
u-
n.
w

e
-
-

ge

of

le

d
s-
-
e
s
e

n
of

intermediate distance between the dots (a57 nm). The re-
sults of Fig. 6 show that the correlation in the relati
electron-hole motion is weaker than in the case of large
terdot distances. In the two lowest-energy states@Figs. 6~a!
and 6~b!#, both the particles still prefer to occupy the sam
QD, but there appears a nonzero probability of occupation
different dots. In the third and fourth excited states@Figs.
6~c! and 6~d!#, both the particles exhibit the tendency
avoiding each other, but with the nonvanishing probability
occupation of the same QD.

In Fig. 7, the shapes of the exciton wave functions
shown for a small interdot-center distance (a54 nm). In
this case, the wave functions begin to exhibit a definite pa
with respect to the change of sign of the singlez coordinate.
The ground-state wave function is approximately even
both theze and zh coordinates@Fig. 7~a!#. The first excited
state@Fig. 7~b!# corresponds to the even-parity electron st
and odd-parity hole state. On the contrary, in the sec
excited state@Fig. 7~c!#, the electron possesses the odd par
and the hole possesses the even parity, whereas in the
excited state@Fig. 7~d!# both the particles possess the o
parity.

According to the results of Figs. 5, 6, and 7, the on
particle description of the parity symmetry is approximate
true only for small interdot distances, i.e., in the limit of th
strong interdot coupling. In a general case, the one-part
parity is not well-defined. Therefore, one has to be very ca
ful when describing the symmetry of the exciton for th
coupled QD’s, especially when using one-particle metho
e.g., LDA approach,18 which cannot reproduce the total ex
citon parity. In particular, we can expect that—for some
1-7
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terdot distances—the broken-parity self-consistent soluti
possess a lower total energy.28

The parity of the exciton state strongly affects the pro
ability of radiative transitions, i.e., the electron-hole reco
bination. In Fig. 8, we have plotted the radiative-transiti
probability calculated according to formula~6! for the opti-
cally active exciton states withm50 (s states! and even
total parity. The probabilities of the radiative transitions fro
the grounds state take on fairly large values for all the di
tances between the QD’s. In the ground state, the probab
for the electron and the hole to be localized in different QD
increases with the decreasing interdot distance@cf. Figs. 5
~a!, 6~a!, and 7~a!#, which leads to the decreasing probabili
of the electron-hole recombination. The behavior of t
probability of the recombination from the excited even-par
s state is just opposite. In this state, the charge carriers
spatially separated for large interdot distances@cf. Fig. 5~d!#.
Therefore, the exciton wave function under integral~6! is
equal to zero, which causes the probability of the radiat
transition from the excited state to vanish. When the dista
between the dots decreases, the charge carriers can be
ized in the same QD and the excited-state recombina
probability takes on nonzero and increasing values~Fig. 8!.
However, the probability of the radiative transition from th
excited state always remains smaller than that from
ground state.

We have performed similar calculations for the excit
states with higher angular momentum quantum numberm.
The results~not presented here! show that the properties o

FIG. 8. Estimated probability of the radiative transitions fro
the even-parity ground and excited state of the exciton withm50
confined in the coupled QD’s as a function of barrier thicknest
~distance between the dot centersa). The transition probability is
expressed in arbitrary units.
12530
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the energy levels and relative recombination probabilities
the states of higherm are qualitatively the same those for th
s states. This means that the vertical interdot coupling is o
weakly affected by the in-plane motion.

As we have shown the radiative transitions are forbidd
for the odd-parity initial states and are less probable for
excited even-parity states~cf. Fig. 8!. This leads to the con-
clusion that the dominant contribution to the photolumine
cence spectrum of the coupled dots originates from
lowest-energy even-parity exciton states for givenm. The
interdot coupling shifts the energies of these states towa
the lower values~cf. Fig. 4!.

Based on these results, we can now compare the pre
tions of the present model with the experiment.21 In Fig. 9,
we have plotted the energies calculated for the allowed
diative transitions. The experimental data,43 marked by the
full circles, have been extracted from Ref. 21. Figure
shows that the calculated transition energies agree very
with the measured positions of the photoluminesce
lines.21 The exciton recombination lines exhibit the pr
nounced redshift with the decreasing interdot distance.
following physical interpretation of this redshift can b
given: the decrease of the interband transition energy me
that the exciton binding energy increases with the decrea
interdot separation. This effect mainly results from the lo
ering of the one-particle energies~cf. Fig. 3!, i.e., the stron-
ger quantum confinement of the electron and the hole in
double quantum well with the growing effective range.

In the experimental spectra,21 taken for the QD’s with

FIG. 9. Energyhn of radiative transitions from the even-parit
exciton states with one-particle angular-momentum quantum n
bersm50 (s),1 (p),2 (d), and 3 (f ) as a function of spacer thick
nessd (a is the interdot-center distance, whereasd5a2TWL).
Solid curves show the results of the present calculations and
circles show results of the experimental data@Ref. 21#.
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height h.2 nm, no additional photoluminescence line
were observed. The appearance of additional photolumin
cence lines was reported21 for the coupled QD’s of the larger
height (h53 nm). Unfortunately, the evolution of these ad
ditional lines with the varying interdot distance was not pre
sented, probably because of a strong overlap of the lumin
cence maxima. The authors suggested21 that thes exciton
line does not split and that the splitting becomes conside
ably larger for the highly excited exciton states. Based on t
results of the present calculations, we argue that these s
gestions are not correct. The calculated spacings between
energy levels of the even-paritys andp states are comparable
~cf. Fig. 4! and the dependence of the relative recombinatio
probability on the barrier thickness is similar for both th
states. Therefore, if the higher-energyp state is observed, the
higher-energys state should also be observed.

Let us discuss a possibility of an experimental observatio
of the energy-level splitting for the exciton in the couple
QD’s. As we have shown above~cf. Fig. 4!, in the limit of
large interdot distances, for givenm the two pairs of energy
levels are twofold degenerate. These levels are associa
with the twofold parity-degenerate ground and excited state
In each pair, only one state~of even total parity! is optically
active and can be detected experimentally. This feature
independent of the interdot distance. Therefore, a possi
removal of the degeneracy of the two exciton states with t
different total parity cannot be observed experimentally.

The higher-energy exciton states of even total parity ca
be observed under certain conditions. The even-parity sta
corresponding to the same angular momentum arealways,
i.e., for all interdot distances, energetically separated~cf. Fig.
4!. In the limit of large interdot distances, the higher-energ
exciton states cannot be detected, since the electron and
hole occupy different dots~cf. Fig. 5! and the transition prob-
ability vanishes~cf. Fig. 8!. The recombination from the ex-
cited states can be observed only for small interdot distanc
~Fig. 8!. If the additional photoluminescence lines connecte
with the higher-energy states of even parity appear in t
spectrum, they are already blueshifted by at least 15 m
with respect to the lines corresponding to the lowest-ener
states for givenm ~cf. Fig. 4!. The new peaks~with increas-
ing transition energies! can occur in the photoluminescence
spectrum if the distance between QD’s is sufficiently sma
a

P.
ff
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According to our results, one of the new peaks with t
lowest energy should correspond to the exciteds state of the
even total parity.

V. SUMMARY

In the present paper, we have introduced a theoret
model of a single QD based on the assumption of the Ga
ian distribution of indium concentration. We have gener
ized this model in order to describe the coupling between
vertically stacked self-assembled QD’s. The eigenva
problem for the exciton in the coupled QD’s has been solv
with the use of the many-element variational basis, wh
partially takes into account the two-particle correlation e
fects. A good agreement has been obtained between the
culated and measured positions of photoluminescence p
for different interdot distances. This agreement supports
hypothesis of the negligible influence of the inter-excit
interaction on the photoluminescence spectra in the s
assembled quantum dots. The present results show tha
proposed Gaussian concentration distribution with the
rameters fixed for the single QD is a universal functio
which implicitly includes the most important effects in re
QD’s and properly describes the electronic properties of b
the isolated single QD and coupled double QD’s. For t
coupled QD’s we have studied the symmetry with respec
the parity of the exciton states. The present results sh
that—in a general case—the exciton wave functions do
possess a definite one-particle parity and only the total tw
particle parity is conserved. For very small interdot distanc
the ground-state exciton wave functions exhibit the on
particle parity, but in an approximate manner only. We ha
also suggested that the recent assignment of the additi
photoluminescence lines observed for the small interdot
tances should be revised.
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