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Many-body theory of the quantum mirage
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In recent scanning tunneling microscopy experiments, confinement in an elliptical corral has been used to
project the Kondo effect from one focus to the other one. I solve the Anderson model at arbitrary temperatures,
for an impurity hybridized with eigenstates of an elliptical corral, each of which has a resonant level widthd.
This width is crucial. Ifd,20 meV, the Kondo peak disappears, while ifd.80 meV, the mirage disappears.
For particular conditions, a stronger mirage with the impurity out of the foci is predicted.
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The recent advances in nanofabrication has led to fa
nating experiments. In one of them, the electrons on
Cu~111! surface are confined in a quantum corral assemb
by depositing other atoms on the boundary of an ellip
When a Co atom is positioned at one focus of the ellipse,
corresponding Kondo signature is observed by scanning
neling microscopy not only at the atom, but also at the ot
focus.1,2 Another remarkable feature of the experiments
that eigenstates of a two-dimensional free-electron gas
fined into the ellipse are clearly displayed. The average se
ration between the corresponding eigenvalues is;10 meV,
and one might expect that the confinement is good eno
such that the level width of each eigenstated&10 meV. On
the other hand, a Kondo peak in the impurity spectral den
of states is, in general, observed when the impurity hyb
izes with a continuum of conduction states.3 Can the Kondo
feature exist if these states are discrete? From recent wo
mesoscopic systems, we know that the answer is positiv
the Kondo temperatureTK*d, whered is the average sepa
ration of the levels which have a significant hybridizati
with the impurity.4 However, in the experimentsTK
;5 meV, whiled;100 meV.

In this paper, I calculate the impurity and conduction de
sity of states as a function ofd. This requires an explicit
calculation of the many-body effects, which has not be
done in previous theories of the mirage effect.2,5–7 I find that
only for values ofd large enough to lead to a well define
Kondo peak, but low enough to allow coherence betwe
both foci, the theory is consistent with experiment. From
insight gained on the decoherence effects, I propose a s
modification of the experiment, which should result in
enhanced mirage effect, with the impurity out of the foci.

To describe the essential features of the experiment, I
the following Anderson model:6

H5(
j s

« j cj s
† cj s1Ed(

s
ds

†ds1Ud↑
†d↑d↓

†d↓

1(
j s

Vj~cj s
† ds1H.c.!1H8. ~1!

Herecj s
† andds

† create an electron on thej th eigenstate of a
hard wall elliptic corral and the impurity, respectivel
Roughness of the boundaries of the corral on a length s
smaller than the Fermi wave length 2p/kF;30 Å does not
0163-1829/2001/64~12!/121102~4!/$20.00 64 1211
i-
e
d
.
e
n-
r

s
n-
a-

h

ty
-

in
if

-

n

n
e
ht

se

le

affect the wave functions much.1,2 H8 describes the hopping
of each corral state with a continuum of conduction sta
outside the corral, with the same symmetry. If the hopp
and spectral density of these states is constant, and if
effective interaction between corral states can be neglec
the effect of H8 is simply to introduce a widthd in the
unperturbed (Vj50) Matsubara Green function of eac
state:

Gj
0~ ivn!5^^cj s ;cj s

† && ivn
5@ ivn2« j1 id sgn~vn!#21.

~2!

I take this form withd independent ofj for simplicity. Vj
should be proportional to the~real! j th normalized wave
function w j (r ) of the corral at the impurity positionRi . I
take

Vj525 meV Aabw j~Ri !maxS 11
«F2« j

eV
,0D . ~3!

a ~b! is the semimajor~semiminor! axis of the ellipse, and«F
is the Fermi energy. The last factor produces a slow decre
of Vj with energy and a smooth cutoff 1 eV above«F . It
leads to a more symmetrical line shape, equilibrating
proximately the weight of theVj at both sides of«F and does
not affect the physics. The energy prefactor was chose
lead to the experimental width of the Kondo feature ford
550 meV. If the Cu surface is represented by a tig
binding model with one orbital per site,7 this amounts to a
hopping t8;0.67 eV between the impurity and the ato
below it ~or t8/n if the impurity hasn nearest neighbors on
the surface!.8 This value is reasonable for a hopping betwe
4s and 3d electrons. The rapid decay of this hopping wi
distance allows us to neglect hopping of the impurity w
other atoms. Since in addition the density ofs andp states at
«F is two times larger in the clean surface than in the bul9

one can safely neglect the coupling of the latter with t
impurity.

The eigenstates of free electrons inside an ellip
were obtained by solving the matrix Hamiltonian in th
basis of eigenstates for a circle, deformed to fit in
the ellipse.10 These basis states are proportional
Jk(gknr)(eiku6e2 iku), where r5@(x/a)21(y/b)2#1/2, u
5arctan@ya/(xb)#, Jk is thekth Bessel function, andgkn is its
nth zero. We retained the 100 lowest states in each of
four symmetry sectors of the groupC2v . From the solution
©2001 The American Physical Society02-1
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with an enlarged basis with a total of 1600 states, the erro
the « j near the Fermi energy is estimated to be;1026 eV.
Recently, this problem was solved analytically.6 We take an
ellipse with eccentricitye51/2, a571.3 Å (b5A3a/2),
and the effective mass was adjusted so that«425«F .

The particular structure of the noninteracting problem
troduces technical difficulties in the many-body problem.
addition, the fact that the temperature of the experimenT
54 K!TK553 K, seems to invalidate the use of the no
crossing approximation, since it works forT*TK and vio-
lates Fermi liquid relations at lowT.4,11 I obtain the retarded
Green function for the impurityGd(v)5^^ds ;ds

†&&v using
finite-T perturbation theory up to second order inU and ana-
lytic continuation:12 Gd

215(Gd
0)212S, with Gd

0( ivn)

5@ ivn2Ẽd2( jVj
2Gj

0( ivn)#21, Ẽd5Ed1U^ds
†ds&, and

S~ iv l !52~UT!2(
n,m

Gd
0~ iv l2 inm!Gd

0~ ivn!

3Gd
0~ ivn1 inm!, ~4!

with vn5(2n11)pT and nm52mpT. For cases studied
before~with a simple band structure!, comparison with cal-
culations using Wilson’s renormalization group3 shows that
the approximation is qualitatively correct for all values ofU.
The method has proven to be quantitatively correct even
U52.5pD, where D is the resonant level width.12 In the
present case, the particular features of the noninteracting
tem renders an estimate ofD difficult, but in absence of the
corral D;0.2 eV.13 I have chosenU51 eV. This value is
enough to lead to a strong Kondo peak, remaining within
range of validity of the approximation.Ed was adjusted in
order that the Hartree-Fock effectived level Ẽd falls near
«F , as suggested by first-principles calculations,7,14 with a
small shift of222 meV to displace the Kondo feature to th
experimental position ford550 meV. The resulting impu-
rity spectral functionrd(v)52Im$Gd(v)%/p is represented
in Fig. 1~a! for d550 meV. The shifts in the broad peak
from Ed;20.5 eV andEd1U;0.5 eV are due to the par
ticular structure of« j andVj . The only peak of interest her
is the central one. Its temperature dependence is show
Fig. 1~b!. The peak looses intensity and broadens as the t
perature is increased. This is a clear signature of its ma
body nature. ForT5TK , the maximum of the peak with
respect to the background is reduced to roughly half its va
at T50.

OnceGd(v) is known, the local conduction electron re
tarded Green functionGc(r ,v)5^^c(r );c(r )†&&v , with
c(r )5( jw j (r )cj , can be obtained using the following exa
relationship ~simplified for real w j (r )! obtained from the
equations of motion:

Gc~r ,v!5(
j

w j
2~r !Gj

0~v!1Gd~v!$S~r ,v!%2, ~5!

with

S~r ,v!5(
j

w j~r !VjGj
0~v!. ~6!
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The differential tunneling conductancedI/dV is essentially
proportional to the local conduction spectral dens
rc(r ,v)52Im$Gc(r ,v)%/p. At or very nearRi there might
be a small deviation due to direct tunneling between
STM tip and the impurity, which affects the line shape.11,13

This direct contribution cannot be transmitted to the mira
and for the sake of clarity, I neglect it here. In addition, t
similarity between the observed line shape at both foci s
gests that this effect can be neglected.

For the case ofw j (r )Vj independent ofj and constant
density of« j ~as in the case of realistic models for 4f imp
rities in a metallic bulk3 with r at the impurity site!, the sum
S(r ,v) can be evaluated easily, and in usual cases in wh
the distribution of « j is much broader than the peak
rd(v), the resultingS lies near the imaginary axis forv near
the peak, andS2 can be approximated by a negative re
constant. Then, the change inrc(r ,v) after addition of the
impurity Drc52Im$GdS2%/p, is proportional to2rd(v)
near its peak. Physically, the level repulsion with the imp
rity states causes a depression ofrc(r ,v). However, the
above mentioned hypothesis are not valid in the present c
and although this picture remains qualitatively correct
large d, the situation is different for smalld. In Fig. 2 we
show the dependence ofrd(v) with d at T50. If d is very
small, there are two narrow peaks which correspond to
discrete energy levels ford→0. This agrees with the result
of Thimm et al. for the case when one of the discrete sta
coincides with«F ~the figure remains practically unchange
if «F is increased to«43).

4 In addition, for d51 meV,
rc(r ,v) increasesat the position of these two peaks aft

FIG. 1. ~a! Impurity spectral density as a function of energy.~b!
Temperature dependence of the central peak.
2-2
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adding the impurity, and the shape ofDrc(v), although
smoother than that ofrc(v) is also in strong disagreemen
with experiment. The structure with two peaks inrd(v) dis-
appears ford;18 meV, but a clear sharp peak does n
develop untild;30 meV. In spite of this, as shown in Fig
3~a!, Drc(Ri ,v) for d520 meV is roughly consistent with
experiment. This is easily understood noting that for smald,
S is dominated by the term proportional toG42

0 >(v
2«42)

21, and Im$GdS2% becomes narrower than ImGd .
The fact thatS is dominated by the term withj 542,

means that essentially only this state ‘‘feels’’ the presence
the impurity atRi and leads to a large mirage effect, sin
this state transmits coherently the information to the ot
focus @see Fig. 3~a!#. However, in the experiment the inten

FIG. 2. Impurity spectral density as a function of energy
several values ofd.

FIG. 3. Change in the local conduction density of states at
impurity site~full line! and at the other focus~dashed line! for two
values ofd.
12110
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sity at the empty focus is nearly 8 times smaller. Asd in-
creases, other conduction states increase their contributio
Sandrc . By symmetry, all of them are even under reflecti
through the major axis, but they can have any parity un
reflection through the minor axiss. While w42(r ) is even
unders, the other states nearest to«F with important hybrid-
ization with the impurity (uVj u.uV42u/2), namely 32, 35, and
51, are all odd. These states contribute with the same sig
42 to the imaginary part ofS at the impurity focusRi @see
Eqs. ~3! and ~6!#, but with the opposite sign at the emp
focussRi52Ri . In other words, at the position of the m
rage there is a negative interference of the states with op
site parity which tends to destroy coherence. Ford
50.1 eV, the mirage is lost.

To confirm this physical picture, I have repeated the c
culation ford50.1 eV, settingVj50 for j 532, 35, and 51.
The Kondo feature becomes significantly narrower and
mirage is restored with an intensity ratio 1/2. From resu
similar to those shown in Figs. 3 and 4 as a function ofd, the
experimental situation seems to correspond tod;40 meV.
If the direct tunneling between tip and impurity is indee
important, d might be smaller. I have verified thatS ap-
proaches an imaginary constant ford>50 meV, and that~as
a consequence! Drc(v) is quite similar tord(v) inverted
for d550 meV and all temperatures displayed in Fig. 1~b!.

In Fig. 4, I show the spatial dependence ofrc andDrc .
The former displays some features of the state 43 an
similar to the experimental topograph@Fig. 2~c! of Ref. 1#.
However, it is more sensitive tov and«F thanDrc , and to
compare with experiment it is necessary to perform an in
gral overv.2 In the difference plotDrc(r ), the contribution
of states which do not hybridize with the impurity~like 43! is
removed, and as in the experiment,Drc(r ) displays essen-
tially minus the density of the state 42. One effect of incre
ing d is that the minimum ofDrc(r ), which @as the maxi-

e

FIG. 4. Contour plot ofrc(r ,v) for d550 meV ~top left!,
Drc(r ,v) for d520 meV ~top right!, and Drc for d550 meV
~bottom left!, with v510 meV. For comparison,2uw42(r )u2 is
displayed at the bottom right.
2-3
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mum of uw42(r )u2# is slightly out of focus, displaces toward
it due to the increasing influence of other states.

The analysis of the decoherence effects point out the c
ditions to improve the signal at the mirage, in addition to t
control of the confinement. Keeping for simplicityRi on the
major axis and the mirage point atsRi52Ri , one should
find a wave functionw l(r ) with large amplitude at some
point Ri , with the condition that all wave functionsw j (r )
with opposite parity unders than w l(r ) and u« j2« l u
&0.1 eV have small amplitude at6Ri . The size of the
ellipse is then changed keepinge constant to set« l near«F

and the impurity is positioned atRi . It turned out to be
difficult to find an ideal case for conditions close to the e
perimental ones. However, inspection of several tenths
wave functions suggests that ifa and b are reduced by a
factor 1.104~so thata becomes 64.6 Å! in order that state
35 reaches the Fermi energy, and the impurity is placed
distance of 0.4a from the center of the ellipse, the featu
observed atsRi should be larger than that of the origin
experiment. Keeping other parameters as in Fig. 3~b!, the
resultingDrc(6Ri ,v) is shown in Fig. 5. The signal at th
mirage is in fact nearly two times larger than in the previo
case. The partial loss of coherence is here due to the stat
and 42, which are even unders, while 35 is odd. This resul
seems hard to explain in terms of billiard scattering.

In order to investigate if nonmagnetic impurities like S
Si might lead to a mirage effect, I have repeated some
culations forU50 and tuningEd so thatrd(v) is peaked
near«F . In agreement with Ref. 7, a mirage effect rough
consistent with experiment is possible only ifVj are reduced
by a factor;5, so that the hoppingt8;0.1 eV. This seems
unrealistic since replacement of 3d by s or p orbitals is ex-
pected to increase the hopping and involve more sites on
surface.8 In addition, the property of the Kondo resonance
tune itself near«F is lost.
r
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In summary, I have shown that the level width of th
conduction states in a quantum corral, determined by
quality of the confinement, controls the shape of the o
served Kondo feature and the intensity of the mirage effe
The nature of the decoherence effect is clarified and the c
ditions to observe an enhanced effect with the impurity
of the foci are stated. Replacement of the Kondo resona
by a phenomenological form or a low-energy phase s
might be valid for poor confinement, but for the general d
scription, a genuine many-body treatment is needed. To
knowledge, this is the first calculation of this type for th
quantum mirage.
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procedure used to find the eigenstates of free electrons in
an ellipse.10 Helpful discussions with C.R. Proetto, M
Weissmann, and H. Bonadeo are gratefully acknowledg
This work benefitted from PICT 03-00121-02153 of ANP
CyT ~Argentina!, and PIP 4952/96 of CONICET. I am pa
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FIG. 5. Drc(r ,v) as a function ofv at two positionsr 5(x,0),
for an ellipse with«355«F , d550 meV, and the impurity posi-
tioned atRi5(20.4a,0).
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