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Energy-band structure of GaAs and Si: Asps* k"p method
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A twenty-bandk•p Hamiltonian taking into account the spin-orbit coupling is used to describe the valence
band and the first two conduction bands all over the Brillouin zone. The basis functions aresp3s* -like
functions used in linear combination of atomic orbitals. To get the right dispersion up to the Brillouin zone
edge, the influence of other bands (d bands! is mimicked via Luttinger-like parameters in the valence band and
in the conduction band. The method is applied to GaAs and Si. A satisfying agreement is obtained near the
band extrema as well in the direct gap semiconductor~GaAs! as in the indirect gap semiconductor~Si!. In
particular, while thek•p Hamiltonian parameters are adjusted to get the longitudinal mass 0.92 of the silicon
conduction band, the transverse mass, which results from the calculation without further adjustment, is equal
to 0.19 which is the experimental value.
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I. INTRODUCTION

The methods to calculate the band structures of semic
ductors~SCs! can be schematically divided in two sets. T
first set contains theories with few adjustable parame
such as the pseudopotential method1 and the linear muffin-
tin-orbital method.2 In the best case only one adjustable p
rameter, the forbidden band gap, is required. By contrast
second set contains adjustable parameter theories, na
the linear combination of atomic orbitals3 and the k•p
method.4 In linear combination of atomic orbitals it is no
possible to account for the indirect forbidden gap if only fi
neighbor interactions are taken into account.5 It is then nec-
essary to use second neighbor interactions. From the v
point of numerical calculation the method of linear combin
tion of atomic orbitals was greatly improved by Voglet al.5

who showed that the introduction of ‘‘localized pseud
orbitals’’ of s symmetry~underlyings in the SC crystal orG1
in group theory notation6! is very efficient to account for the
first conduction band dispersion. The calculations are m
simpler than those taking into account second neighbor
teractions because it is a tight-binding~TB! method. The
pseudo-orbitals are calleds* so that the Vogl method is
known as thesp3s* model.5 Each orbital enters either as
bonding state or an anti-bonding state which means that
model is a ten band model. Taking into account the s
leads to a twenty band model. Jancuet al.3 improved the
method taking into accountd levels which allows us to cure
most ofsp3s* shortcomings. The method used by Jancu i
sp3s* d TB method. In the following, TB will stand as
shorthand notation of the Jancu’s method. In thek•p
method, the use of 15 basis states~at k50), without taking
into account the spin, allows one to account for the ba
structure of silicon and germanium as shown in Ref. 4. T
k•p method was also used for a better understanding
linear-muffin-tin method via a 16316 k•p Hamiltonian.7

Other calculations including spin and using a 30330 k•p
Hamiltonian were also used.4

In this article, we propose ak•p method which uses a
20320 basis as insp3s* linear combination of atomic orbit
0163-1829/2001/64~11!/115207~5!/$20.00 64 1152
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als but which takes into account the influence of other lev
for exampled levels, via Luttinger-like parameters. We ca
the method thesp3s* ‘‘ d’ ’ k•p method. The purpose of thi
article is to show the efficiency of thesp3s* ‘‘ d’ ’ k•p
method to describe the band structure which is of interes
transport studies. The method is applied to two example
direct gap SC~GaAs! and an indirect gap SC~Si! as in Ref.
8. Indeed we are mainly interested to describe the bottom
the first two conduction bands~CBs! and the top of the va-
lence band~VB! which play the main part in different trans
port phenomena.8 The layout of the article is as follows: Th
principle of the calculation is first decribed. The choice
parameters and their influence on the results are then
sented. The efficiency and the limits of the present meth
are finally discussed.

II. THE sp3s* ‘‘ d’ ’ k "p HAMILTONIAN

We start from the 14314 Hamiltonian given in Ref. 9
which takes into account theG7V , G8V , G6C , G7C , andG8C
levels. First we add the bondings level G6V which describes
the lowest level in the VB and whose energy is about ten
below theG8V level: the Hamiltonian dimension is now 16
We keep the notation ofTd group~GaAs! so thatG6V , G7V ,
G8V , G6C , G7C , G8C are to be understood asG6

1 , G7
1 , G8

1 ,
G7

2 , G6
2 , G8

2 in Oh group ~Si!. The 16316 Hamiltonian
leads to monotonic band energies. It is necessary to take
account states whose energy is larger than the largest en
of the 16316 Hamiltonian to find any minimum inX or L
directions. The Hamiltonian is then enlarged to include t
further levels, four with spin; thesB* -like level, which is a
bonding level of symmetryG6V and thesA* -like level, which
is an antibonding level of symmetryG6C . The dimension of
the Hamiltonian includingsB* and sA* is 20: it is thek•p
Hamiltonian, calledH20, in a sp3s* model framework.
Theses* levels, which have been introduced by Voglet al.5

to mimic the influence of the second neighbors, allow one
obtain nonmonotonic bands and, finally, to reproduce
correct position of the first CB at theX point. However the
©2001 The American Physical Society07-1
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s* levels are not sufficient to describe theL point and even
less the second CB.

The k•p H20 Hamiltonian gives back the same result f
theX point and the same shortcomings for the other points
Vogl’s method does. Instead of increasing the Hamilton
dimension by taking into account thed levels, as it was made
in the TB method,3 we have chosen to introduce the ma
contributions from far levels~practically thed levels! inside
H20 via Luttinger-like parameters which play a part in th
G7V andG8V levels and in theG7C andG8C levels: We call
this new HamiltonianH20

d . In the sp3s* ‘‘ d’ ’ k•p model,
‘ ‘ d’ ’ reminds us that thed-level influence is taken into ac
count via second order perturbation.

This model is schematically represented atk50 in Fig. 1.
In this figure, both the wave functions corresponding to
bands and the matrix elements are indicated.uS& and uX&,
uY&, uZ& are, respectively,G1C (G6C) and G5V (G8V ,G7V)
orbital functions as usual.uSV& anduXC&, uYC&, uZC& areG1V
(G6V) and G5C (G8C ,G7C) orbital functions, respectively
these eight functions correspond to thesp3 TB functions.uA&
and uB& are, respectively,sA* -like and sB* -like orbital func-
tions of symmetryG1C* (G6C* ) and G1V* (G6V* ). The matrix
elements of interest areP5^Supxu iX&, PS5^SVupxu iXC&,
PA5^Aupxu iX&, PB5^Bupxu iXC&, PX5^XCupzu iY&, P8
5^Supxu iXC&, PS85^SVupxu iX&, PA85^Aupxu iXC&, PB8
5^Bupxu iX&. The matrix elementsP8, PS8 , PA8 , PB8 are equal
to zero in diamond structure~Si! and are nonzero in zinc
blende structure~GaAs!. P, PS , PA , PB , PX are nonzero in
both cases. Futhermore we define the related energie
usual, namely the energiesEP j

(8)s are defined byEP j
(8)

52m0 /\2@Pj
(8)#2. All the matrix elements are real adjustab

parameters. As dicussed in Ref. 7 most of them, like
exampleP andPX , can be taken positive. Consistent resu
were obtained by taking only positive parameters. The c

FIG. 1. Wave functions in thesp3s* ‘‘ d’ ’ k•p model atk50.
We use the notation ofTd group ~GaAs! so thatG6V , G7V , G8V ,
G6C , G7C , G8C are to be understood asG6

1 , G7
1 , G8

1 , G7
2 , G6

2 ,
G8

2 in Oh group ~Si!. The interband matrix elements are schema
cally indicated. The Luttinger-like parametersgv i

m in the $G8V ,G7V%
levels andgci

m in the $G8C ,G7C% levels are also indicated. The en
ergies used in the text areEG5E(G6C)2E(G8V); D5E(G8V)
2E(G7V); EGC5E(G7C)2E(G6C); DC5E(G8C)2E(G7C); EA

5E(sA* )2E(G8V); EB5E(sB* )2E(G8V). All these energies are
positive exceptEGC in silicon.
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tributions of the far levels are included by Luttinger-like p
rameters gv i

m in the $G8V ,G7V% matrix and gci
m in the

$G8C ,G7C% matrix. These parameters are written asg j
m

where j 5v i or ci in the following. Theg j
ms which describe

the interaction of the VB or the CB with far-levels in theH20
d

Hamiltonian are adjustable parameters as well. The relat
between the Luttinger-like parametersg j

m , the matrix ele-
ments P and PX , the forbidden band gapEG5E(G6C)
2E(G8V), the valence spin-orbit splittingD5E(G8V)
2E(G7V), EGC5E(G7C)2E(G6C), DC5E(G8C)
2E(G7C), and the Luttinger parametersg j are given in Ref.
9. These relations are exact if the spin-orbit splitting is ne
ligible with respect to the direct forbidden band gap as it
the case in silicon. In GaAs, the relations given in Ref. 9
slightly modified.10 If the far-level contributions were no
taken into account, we would merely haveg j

m521 if j
5v1 or c1, g j

m50 if j 5v2,c2,v3,c3. We defineEA

5E(sA* )2E(G8V) andEB5E(sB* )2E(G8V) as well.
The mC* effective mass of the CB results from the inte

action with theG7V and G8V VB’s ~Kane formula! via the
matrix elementP, and from the interaction with theG7C and
G8C CB’s ~similar to the Kane formula! via P8,11 and from
the interaction with far-levels. In the present paper we do
take into account the far-level influence so thatmC* is merely
given by11

m0

mc*
511

EP

3 S 2

EG
1

1

EG1D D2
EP8

3 S 2

EGC1Dc
1

1

EGC
D .

~1!

We did not take any adjustable parameter for the low
G6V CB. The free electron massm0 is thus only modified by
the influence ofPS andPS8 but not by the contribution of far
levels and theG6V mass is given by an equation similar
Eq. ~1!. Concerning thes* states, described here byuA& and
uB&, a free electron term (\2k2/2m0) was first used, then a
nonspherical correction term in the form off (k)53(kx

4

1ky
41kz

4)2k4 was introduced as proposed in Ref. 1. Fo
lowing this approach, the results were not satisfying. T
following energies were thus introduced in the diagonal e
ments of pseudo-orbitals* in H20

d :

EU~k!5EU1aU

\2k2

2m0
127~aU8 2aU!bU

\2

2m0

kx
2ky

2kz
2

k4

13~aU8 2aU!~12bU!
\2

2m0

kx
2ky

21ky
2kz

21kz
2kx

2

k2

1aU9 S \2k2

2m0
D 2

, ~2!

whereU5A or B and theas and thebs are adjustable pa
rameters.

EU(k) is symmetric with respect tokx , ky , kz as it is
the case forf (k). There is neither more nor less justificatio
with the expression ofEU(k) than with the levelssU* them-
selves if not its effectiveness.

-
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TABLE I. Parameters used in thesp3s* ‘‘ d’ ’ k•p model. TheGJ energies are taken from Ref. 12 and a
built-in in any k•p theory.GJ , J58C, 7C, 6C, 8V, 7V, 6V are notations inTd group~GaAs! and are to
be understood asGJ , J582, 62, 72, 81, 71, 61 in Oh group~Si!: see text. The 25 other parameters a
calculated to obtain the band structure given in Figs. 2 and 3. Energies such asEA or EP j8 are defined in Fig.
1 or are related to the matrix elementsPj

(8) of Fig. 1 byEP j
(8)5(2m0 /\2)@Pj

(8)#2. The parameters likea, b
@defined in Eq.~2!#, g ~Luttinger-like parameters! are without dimension exceptaA9 and aB9 which are in
eV21.

eV GaAs Si eV GaAs Si GaAs Si GaAs Si

G8C /G8
2 4.659 3.400 EA 7.2 8.0 gv1

m 20.65 20.07 aA 22.35 24.80
G7C /G6

2 4.488 3.400 EB 7.0 6.5 gv2
m 0.20 0.03 aA8 21.00 5.5

G6C /G7
2 1.519 4.185 EP 22.5 25.0 gv3

m 20.26 20.10 aA9 0.18 0.10
G8V /G8

1 0 0 EP8 0.025 0 gc1
m 20.15 21.00 bA 0.78 0.395

G7V /G7
1 20.341 20.044 EPX 15.0 10.0 gc2

m 0.104 0.00 aB 1.40 0.75
G6V /G6

1 212.5 212.5 EPS 2.3 0 gc3
m 20.267 20.130 aB8 1.40 0.25

EPS8 0.2 0 aB9 0.35 0.00
EPA 12.0 25.0 bB 0.00 22.88
EPA8 0 0
EPB 9.8 13.0
EPB8 0 0
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III. RESULTS AND DISCUSSION

Now, we give the values of the parameters use in
k•p calculations and describe the results for GaAs and
The parameters are listed in Table I. The energies of band
k50 are known.12 25 adjustable parameters are present
our model compared to the 13 parameters used by Vogl in
sp3s* linear combination of atomic orbitals model.5

The parameter values were first estimated by fitting
results at an energy near the forbidden band gap at the c
of Brillouin zone then at the extremaX and finally at the
extremaL. The accuracy of the CB dispersion near the B
louin zone surface is strongly dependent on the param
values likea andb vs energy and on the values ofgc2

m and
gc3

m vs effective masses. These features explain that s
parameters are described with three figures~Table I!.

The band structure of GaAs and Si calculated accord
with our k•p model, are shown in Figs. 2 and 3, respective
Numerical results are given in Table II. The band structure
well reproduced on a width of about 6 eV, more precis

FIG. 2. The GaAs band structure, as calculated according to
presentsp3s* ‘‘ d’ ’ k•p model for four directions.
11520
r
i.
at

n
is

r
ter

-
er

e

g
.
is
y

the top of the VBs over a one eV scale and the lowest t
CBs over a 3 eVscale in four directions namelyGX, GL,
GK, XU. Indeed it is easy to get right results in theGX
direction and almost as easy in theGL directions. The diffi-
culties come when we try to reproduce results in theGK and
theXU directions while keeping a good accuracy in the fi
two directions. The values of the parameters are determ
by the calculation in the four directions together and not
four calculations successively. We did not succeed to rep
duce the details of the band structure beyond this 6
width. This kind of problem was also quoted in Ref. 4 whe
the authors modified the value of theG6V energy to account
for the second VBX5V degeneracy. At theL point, the first
CB L6C is the right one~see the accuracy in Table II! but the
second CBL6C is too high~in Si! as well as theL4,5V point
of the first VB. In Ref. 3 the authors did point out that th
systematic deviation ofL6C cannot be overcome because
nonspherical term cannot be produced correctly in a near
neighbor TB model. The second CB is correctly accoun
for betweenX andK but not betweenK andG. This last band

e FIG. 3. The Si band structure, as calculated according to
presentsp3s* ‘‘ d’ ’ k•p model for four directions.
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TABLE II. Comparison of energies and masses obtained in the present work (k•p) with the sp3d5s*
tight-binding calculations~TB! and experimental values~expt!. The TB results are taken from Ref. 3 and th
experimental data from Ref. 12. Table I parameters are fitted to get energies andml longitudinal masses.mt

transverse masses are calculated without further fitting. Masses are in electron free mass unit andX, L, and
Dmin energies in eV.

GaAs Si
k•p TB expt k•p TB expt

mC(G6) 0.067 0.067 0.067 ml(Dmin) 0.920 0.916
mt(L6

c) 0.13 0.117 0.075 mt(L6
c) 0.176 0.16

mt(X6
c) 0.22 0.237 0.27 mt(Dmin) 0.19 0.22 0.1905

X7C 2.210 2.328 2.35 X5C 1.26 1.35
X6C 1.945 1.989 1.98 Dmin 1.17 1.17 1.17
X7V 22.870 22.929 22.80 X5V 23.55 23.15 22.90
X6V 22.968 23.109 22.88
L6C 5.625 5.047 5.7 L6C

1 7.72 4.39 4.15
L6C 1.841 1.837 1.85 L6C

1 2.24 2.14 2.40
L4,5V 21.585 21.084 21.20 L4,5V

2 22.02 21.08 21.2
L6V 21.780 21.33 21.42 L6V

2 22.05 21.12 21.2
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results from the free electron dispersion (2p/a)@22x,2
2x,0# (0,x,3/4) which stems from the (2p/a)@220# G
point whose energy is of the order of 20 eV above the b
tom of the first CB. ThisG point is out of the scope of the
sp3s* ‘‘ d’ ’ k•p model. On the contrary the first two CB’
alongXU are accounted for.

The critical values extracted from our band structures
given in the following. Our results are fitted on the energ
and on the masses given in Refs. 8, 12, 13 along the
wave vector directions as stated above. For example,
curves are fitted to give the longitudinal massml in the@100#
direction to be equal to 0.92 in the first CB in silicon atk
corresponding to the CB minimum (Dmin). The top of the VB
is at theG point while the bottom of the CB is either at theG
point ~GaAs! or in the D direction ~Si!. Table II shows the
results of the calculation with the parameters of the Tab
and the comparison with TB theoretical results of Ref. 3 a
experimental results given in Ref. 12. More specifically t
values of themt transverse mass of the first CB atL andX is
given for GaAs and atL and at thek(Dmin) point of the first
CB minimum in Si. It is worth noting that the transvers
11520
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massmt(Dmin) in Si is the right one when the parameters
Table I are fitted to account for theml longitudinal mass. We
emphasize that this result is better than the TB results. T
feature makes the present method reliable to describe
energies around the forbidden band gap.

As for the VB, the masses and the Luttinger paramet
are shown in Table III. These two sets are not deduced
from another as it is usually the case.14 The masses are ca
culated from the dispersion curves while the Luttinger p
rameters are calculated via the set of the 25 adjustable
rameters using formula like Eq.~9! of Ref. 9 or the ones of
Ref. 10. When the Luttinger parameters are known the
culation of masses is straightforward:14 in the worst case the
masses deduced from the Luttinger parameters differ fr
the masses calculated from the dispersion curve by less
10%. This shows that our calculations are consistent e
though the results are not excellent for the silicon VB.

We now want to discuss the value of theEP8 parameter
which is highly controversial in GaAs (EP8 50 in Si!. In Ref.
11, EP8 is equal to 11 eV or 6 eV whether the perturbatio
rom the
TABLE III. Heavy and light masses for two directions and Luttinger parameters in theG8 valence band.
The k•p masses result from the band structures given in Figs. 2 and 3. The correspondingg j Luttinger
parameters result from the equations who link theg js to thegv j

m andgc j
m Luttinger-like parameters and theEP

andEPX parameters via the equations given in Ref. 9. The agreement between masses calculated f
band structures and from Luttinger parameters is of the order of 10% in the worst case (mlh

111). See comments
in the text.

mhh
100 mhh

111 mlh
100 mlh

111 g1 g2 g3

GaAs (k•p) 0.46 0.95 0.089 0.085 7.07 2.40 3.05
GaAsa 0.43 0.95 0.085 0.077 7.05 2.35 3.00
Si (k•p) 0.35 0.92 0.15 0.117 4.92 1.06 1.91
Sib 0.29 0.88 0.20 0.135 4.26 0.38 1.56

aReference 15.
bReference 12.
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ENERGY-BAND STRUCTURE OF GaAs AND Si: A . . . PHYSICAL REVIEW B64 115207
due to far-level bands are taken into account or not. In R
9, EP8 is equal to 2.36 eV. The influence ofEp8 is all the
larger as the magnitudek of the wave vector is large.EP8
determines the energies both at the edge of the Brillouin z
and theE122 splitting between the first and the second CB
zinc blende structure (E12250 in diamond structure!. In
GaAs theE122 splitting equals 0.2 eV8 and the relevant
wave vector isk150.34 Å21 in @100# direction. E122 is
equal to 2AEP8 (\2k1

2/2m0) as far as the only matrix elemen
P8 has to be considered. If we successively takeEP8 511, 6,
2.36 we get E12252AEP8 (\2k1

2/2m0)54.4,3.2,2.0 eV.
Whatever the aboveEP8 value, E122 is far too large.E122

50.2 eV leads toEP8 50.025 eV. The complete numerica
calculation taking into account all the bands leads to
same valueEP8 50.025 eV and eventually gives the valu
E12250.18 eV which is quite reasonable. OnceEP8 is
known, we use Eq.~1! to get EP . Finally we find EP
522.5 eV which is the value given in Table I.

IV. CONCLUSION

In conclusion, thesp3s* ‘‘ d’ ’ k•p model allows one to
get a quantitatively correct description of the top of the v
. B

v.

lid

,
he

.
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lence bands and of the lowest two conduction bands, bot
terms of energies and masses. The contribution of
pseudo-orbitalss* along with the contribution of the far lev
els via modified Luttinger parameters was found to be de
minant for the conduction bands atL and X points. Thes*
levels give rise to nonmonotonic bands and the far-level c
tribution allows one to obtain the correct masses and e
gies. We have shown that some parameter values reporte
to now prevent to reproduce the dispersion on the Brillo
zone which leads us to propose new values. The conduc
band dispersion is comparable to that obtained with
sp3d5s* tight binding method. We emphasize that near t
band extrema thesp3s* ‘‘ d’ ’ k•p model leads to more pre
cise values, in particular for the masses at the bottom of
silicon conduction band. Thesp3s* ‘‘ d’ ’ k•p model is thus
efficient to calculate the band structures all over the Brillou
zone for energies of interest in transport phenomena.
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