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Free excitons in wurtzite GaN
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We present a comprehensive study of the free-exciton and exciton-polariton photoluminescence in wurtzite
GaN. Using polarization-dependent measurements we were able to resolve the fine-structure energy splittings
in the n51 state of theA exciton and to determine the energy separation between the 1S and 2P61 states as
19.760.2 meV. For then51 state, the evolution of the emission from two transverse polariton branchesG5T1

andG5T2, the longitudinal excitonG5L , and the dipole-forbidden excitonG6 in magnetic fields up to 15 T have
been studied in Faraday configuration. We have estimated the value of the parallel effectiveg factor of the hole
mixed into the 1S state of theA exciton asgA,1S

i 52.2560.2. To describe these data a theory is developed for
the exciton energy structure in hexagonal semiconductors with wurtzite symmetry in zero and in weak external
magnetic fields which takes into account the effect of the hexagonal lattice anisotropy and the coupling of all
excitonic states belonging to different valence subbands. The effect of the exciton interaction with polar optical
phonons is considered. The theory is very successful in describing the free-exciton emission and magnetolu-
minescence in wurtzite GaN. The effective mass parameters and the magnetic Luttinger constant as well as the
effective Rydberg numbers and binding energies of theA, B, andC excitons are determined from a comparison
of the theory with experimental data.
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I. INTRODUCTION

In the past decade, much attention has been paid to
physics and optical properties of the group-III nitrides, su
as GaN, InN, and AlN and their ternary alloys. This is b
cause it is the basic material for blue lasers and light emit
diodes~LED’s!.1 The determination of the energy structu
and effective mass parameters of wurtzite GaN has been
focus of many experimental and theoretical studies.2–14

However, the values of the exciton effective Rydberg nu
bers, hole effective masses, andg values as well as the ex
citonic fine-structure splittings reported so far exhibit cons
erable scatter. This is caused both by experime
difficulties and by the lack of an appropriate theoretical d
scription of the exciton energy structure.

The main factor that makes the exciton structure in wu
ite GaN different and which requires a more complica
theoretical analysis from those in the well-studied wide g
II-VI semiconductors is that the energy separation betw
the valence subbandsA, B, andC is smaller than or of the
same order as the exciton binding energies~see Fig. 1!. The
coupling of the exciton states belonging to different su
bands can strongly influence exciton transition energies15,16

and reflection properties.17 Exciton transition energies an
valence subband splittings are known to be influenced by
biaxial strain always present in GaN films.10,18–21Therefore,
the effect of strain and the effect of intersubband coupl
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must be taken into account for a proper understanding of
optical spectra and the extraction of the basic parameter
wurtzite GaN.

Several reasons have prevented the observation of the
citon fine structure in GaN until now. First, hexagonal e
taxial GaN layers have theirc axis parallel to the growth
direction, which is perpendicular to the layer surface. In n
mal optical–transmission experiments this allows the de
tion only of light with a polarization perpendicular to thec
axis and does not allow the detection of weak ‘‘forbidde
absorption lines which was possible in CdS.22,23 Second, re-
flection spectra in GaN are broadened significantly due to
high defect concentration in the layers and do not allow o
to obtain much information on the energy fine structu
Third, many optical investigations of GaN have been limit
in accuracy and detail due to large linewidths, more tha
meV, which are caused by the extremely large mismatch
tween the GaN epilayer and the substrate, which leads t
inhomogeneous biaxial strain and a large number of str
tural defects.

Most data on exciton effective Rydberg numbers pu
lished to date have been obtained from the experiment
observed separation between then51 ground and then52
first excited exciton states,9,11–14,24,25where the simplest hy-
drogenlike or anisotropic22,26 models of the three uncouple
excitons have been used. However, the binding energie
the n51 exciton states in other semiconductors were sho
©2001 The American Physical Society04-1
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FIG. 1. A schematic of the en
ergy band structure and excito
energy levels in wurtzite GaN in
~a! an uncoupled hydrogenlike
isotropic model,~b! including the
effect of anisotropy,~c! including
the effects both of anisotropy an
intersubband coupling, and~d! in-
cluding anisotropy, intersubban
coupling, and polaron corrections
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to differ from the Rydberg energy by several meV.15 In ad-
dition, the interpretations given by different groups of t
observed emission lines in the region of then52 state of the
A andB excitons vary considerably, resulting in a large sc
ter of the determined exciton effective Rydberg numbe
Thus, a careful identification of the emission lines observ
as well as a proper theoretical description of the exciton
ergy levels in wurtzite GaN is needed for the correct de
mination of the exciton effective Rydberg numbers.

A perturbational approach for calculating exciton ener
levels in zero and weak external magnetic fields for the c
of a degenerate valence band was developed some time
and successfully applied to 1S and 2S states in diamond and
zinc-blende semiconductors.27–30 This approach was ex
tended to treat exciton ground-state levels in zero magn
field in wurtzite-type semiconductors31,15 and revealed the
importance of the intersubband coupling corrections to
ground-state energy in CdS.15

Moreover, the effect of polar interactions with optic
phonons must be considered because of the large ionicit
GaN. A large lattice contribution to the screening dielect
constant32,33 suggests that the screening of the effective
teraction between electrons and holes in an exciton mus
described by a spatially dependent dielectric constant.34–39

For a number of polar semiconductors, this results in la
polaron corrections to both the exciton binding energies
the values of the exciton diamagnetic shifts in external m
netic fields. A full description of the exciton-optical phono
system in anisotropic semiconductors having a small sep
tion between valence subbands is very complicated, an
appropriate model for the polaron corrections in wurtz
GaN is yet to be developed.

In the present paper we study the exciton and excito
polariton fine structure in wurtzite GaN and its evolution
an external magnetic field of strength up toH515 T. We do
this for both Hic and H'c in Faraday configuration. Ou
high-quality samples allowed us to observe the zero–pho
exciton emission line in the low-temperature photolumin
cence~PL! spectra from the surface and the side faces
are thick enough for the separate detection of luminesce
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polarized parallel or perpendicular to thec axis. To interpret
the data, we develop a theory of the ground and exc
exciton energy levels for hexagonal semiconductors hav
wurtzite symmetry in zero and weak external magne
fields. Using model wurtzite GaN parameters, we investig
the importance of the anisotropy and intersubband coup
corrections, as well as the effect of biaxial strain on the
citon binding energies and hole effectiveg factors. To esti-
mate the polaron corrections to the exciton energy levels
GaN, we compare three effective polaron models that
similar to those known for semiconductors with a simp
band structure.34–38 This analysis allows us to determine
range of appropriate band and polaron effective mass par
eters and magnetic constants in wurtzite GaN.

The paper is organized in the following way. Section II
devoted to the theory of free excitons in hexagonal semic
ductors. It includes a description of the model~Sec. II A! and
of the perturbation Hamiltonian~Sec. II B!, a calculation of
the exciton energy levels in zero~Sec. II C! and weak~Sec.
II D ! magnetic fields, and, finally, a description of theA
exciton-polariton fine structure in zero and weak magne
fields ~Sec. II E!. Section III describes the samples and t
experimental techniques we used. In Sec. IV we give
overview of the complete unpolarized exciton PL spectr
in GaN ~Sec. IV A! and present the measurements of theA
exciton polarized emission, revealing the complete fi
structure of then51 state in zero and weak magnetic fiel
~Sec. IV B! and the position of the 2P61 sublevel ~Sec.
IV C!. In Sec. V we compare the experimental data with
theory, discuss the effect of the interaction with optic
phonons~Sec. V A!, and evaluate the effective-mass a
magnetic parameters of GaN~Sec. V B!. In Sec. VI we com-
pare our results with those already published.

II. THEORY OF FREE EXCITONS IN HEXAGONAL
SEMICONDUCTORS

A. Model of direct excitons

The Hamiltonian of the relative electron–hole motion in
magnetic field in a hexagonal semiconductor is
4-2
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Ĥexc~k!5ĤeS k1
e

\c
AD2ĤhS 2k1

e

\c
AD

2
e2

A«0
i «0

'~x21y2!1«0
'2z2

, ~1!

where k52 i¹ is the wave vector of the relative motion
(x,y,z)5(r ) are the relative electron-hole coordinates~thez
direction is chosen along the hexagonalc axis!, e is the mag-
nitude of the free-electron charge,«0

i and «0
' are the low-

frequency dielectric constants, andA5(1/2)@H3r # is the
vector potential of the magnetic field. We write the kine
energy parts of the electron,Ĥe , and hole,Ĥh , Hamiltonians
in a quasicubic approximation,40 neglecting relativistic terms
linear in k:

Ĥe~k!5
\2

2me
i kz

21
\2

2me
'

~kx
21ky

2!1
1

2
ge

i mB~ ŝzHz!

1
1

2
ge

'mB~ ŝx Hx1ŝyHy!, ~2!

2Ĥh~k!5
\2

2m0
F ~g114g!k226gS (

a5x,y,z
ka

2 Î a
2

12 (
aÞb

$kakb%$ Î a Î b% D G2
1

3
Dso

i @~ Î zŝz!21#

2
1

3
Dso

' ~ Î'ŝ'!2Dcr@ Î z
221#2mB~113k!~ ÎH!

1
1

2
mBg0~ŝ H!, ~3!
11520
wherem0 andg052 are the free electron mass andg factor,
respectively,me

i (me
') andge

i (ge
') are the parallel~perpen-

dicular! values of the electron effective masses andg factors
respectively,mB5e\/2m0c is the Bohr magneton,ŝx,y,z are
the Pauli matrices,Î is the orbital angular momentum oper
tor of the hole (I 51), $ab%5(ab1ba)/2, g1 and g5g2
5g3 are the effective mass Luttinger parameters,41 andk is
the magnetic Luttinger constant41 of the quasicubic approxi-
mation. The crystal field energyDcr and the spin-orbit cou-
pling parametersDso

i and Dso
' are connected with the zero

field splittings of the valence subbandsA, B, andC at k50
by40

D1,25
1

2 FDso
i 1Dcr7AS Dcr2

Dso
i

3 D 2

1
8

9
Dso

'2G , ~4!

where the upper sign (2) is used for theA-B separation and
the lower (1) for the A-C split. We note that Eq.~3! takes
into account the hexagonal anisotropy of the spin-orbit int
action. This is essential for accurately describing the vale
band splittings at theG point in wurtzite GaN and their de
pendence on an external biaxial strain.18 The latter does not
change the wurtzite symmetry10,18 and can be taken into ac
count within the model by writing21 Dcr5Dcr

0 1dcr , Eg

5Eg
01dg , whereEg is the band gap,dcr and dg are each

proportional to the biaxial stress, andDcr
0 and Eg

0 are the
values of the respective parameters for zero stress.

We choose the 12 wurtzite-symmetry basis functions
the A, B, andC exciton states as
tions of

ordinates
al to
uA
1ue

1 ,uA
2ue

1 ,uB
1ue

1 ,uB
2ue

1 ,uC
1ue

1 ,uC
2ue

1 ,uA
1ue

2 ,uA
2ue

2 ,uB
1ue

2 ,uB
2ue

2 ,uC
1ue

2 ,uC
2ue

2 , ~5!

whereue
6 are theG –point Bloch functions of the electron in the conduction band, anduv

6 (v5 A, B, andC) are those of the
hole in the valence subbands. Below we show the symmetry, energy, and the explicit form of the Bloch wave func
corresponding electron and hole states atk50:

Symmetry Energy

G7 Eg ue
15uS&↑, ue

25 i uS&↓,

G9 0 uA
15u1,1&↑, uA

25 i u1,21&↓,

G7 2D1 uB
15 iau1,1&↓2 ibu1,0&↑, uB

25au1,21&↑1bu1,0&↓,

G7 2D2 uC
15 ibu1,1&↓1 iau1,0&↑, uC

25bu1,21&↑2au1,0&↓.

Here u1,61.5(uX&6 i uY&)/A2, u1,0&5uZ& ~in wurtzite symmetry the functionuS& may have some admixture ofuZ& char-
acter!, and the coefficientsa andb are

a5
1

Ax211
, b5

x

Ax211
, x5

2~3Dcr2Dso
i !1A~3Dcr2Dso

i !218Dso
'2

2A2Dso
'

. ~6!

B. Perturbation Hamiltonians

To adapt the perturbation method developed in Refs. 27 and 28 for cubic semiconductors, we first rescale the co
x→x, y→y, andz→zAh, whereh5«0

'/«0
i . The Coulomb interaction term then becomes spherically symmetric and equ

2e2/«0r , with «05A«0
'«0

i . The exciton Hamiltonian~1! can then be written asĤexc5Ĥs1Ĥd1Ĥ l1Ĥq, whereĤs andĤd
4-3
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are thes–like andd–like parts of the Hamiltonian describing theA, B, and C excitons in a zero magnetic field, and th

operatorsĤ l and Ĥq describe the effect of a magnetic field and contain terms linear and quadratic in the magnetic
respectively. The operatorsĤs andĤd do not mix the exciton basis functions containingue

1 and those containingue
2 and can

be written asĤs5Ĥ01Ĥcoup
s andĤd5Ĥan1Ĥcoup

d . The HamiltonianĤ0 describes uncoupledA, B, andC exciton states in

isotropic approximation, andĤan describes the effect of anisotropy,

Ĥ05U ĤA
0 T̂2 0 0

0 ~D11ĤB
0 !T̂2 0

0 0 ~D21ĤC
0 !T̂2

U , Ĥan5U ĤA
anT̂2 0 0

0 ĤB
anT̂2 0

0 0 ĤC
anT̂2

U , ~7!

whereT̂2 is the 232 unit matrix and

Ĥv
05

\2k2

2mv
2

e2

«0r
, Ĥv

an5
\2~k223kz

2!

2mv
an

, v5A,B,C, ~8!

1

mv
5

1

3 F 2

mv
'

1
h

mv
i G ,

1

mv
an

5
1

3 F 1

mv
'

2
h

mv
i G ,

1

mv
'

5
1

me
'

1
1

mv
'

,
1

mv
i 5

1

me
i 1

1

mv
i . ~9!

The hole effective masses in the valence subbandsmv
i ,' (v5A,B,C) are given by40,10

m0

mA
i 5~g122 g!,

m0

mA
'

5~g11g!, ~10!

m0

mB
i 5Fg11gS 12

3Dcr2Dso
i

D22D1
D G , m0

mB
'

5Fg12
1

2
gS 12

3Dcr2Dso
i

D22D1
D G , ~11!

m0

mC
i 5Fg11gS 11

3Dcr2Dso
i

D22D1
D G , m0

mC
'

5Fg12
1

2
gS 11

3Dcr2Dso
i

D22D1
D G . ~12!

The valuesmv are the reduced masses averaged over the three directions ink space and the ratiospv5mv /mv
an are a measure

of the anisotropy of theA, B, andC exciton reduced masses, respectively. The HamiltoniansĤcoup
s and Ĥcoup

d describe the
coupling between exciton states belonging to different subbands:

Ĥcoup
s 5g

\2k2

m0
~12h!ab3U0 0 0

0 0 T̂2

0 T̂2 0
U ~13!

and

Ĥcoup
d 5g3U 0 0 bAhQ1 aQ2 2aAhQ1 bQ2

0 0 aQ2
1 2bAhQ1

1 bAhQ2
1 aAhQ1

1

bAhQ1
1 aQ2 0 0 ab~112h!Q 2AhQ1

aQ2
1 2bAhQ1 0 0 AhQ1

1 ab~112h!Q

2aAhQ1
1 bQ2 ab~112h!Q AhQ1 0 0

bQ2
1 aAhQ1 2AhQ1

1 ab~112h!Q 0 0

U , ~14!

where

Q5
\2

2m0
~k223kz

2!, Q152 i
3A2\2

2m0
k2kz , Q25

3\2

2m0
k2

2 , k65~kx6 iky!. ~15!
115204-4
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The coupling parameter isph5gm0 /m0, where m0 is the
exciton reduced mass averaged over the three directionsk
space and over theA, B, andC excitons:

1

m0
5

1

3 F 1

mA
1

1

mB
1

1

mC
G . ~16!

For the small values ofpv and ph , the anisotropyĤan and
couplingĤcoup5Ĥcoup

s 1Ĥcoup
d Hamiltonians can be treate

perturbationally.

C. Exciton energy levels at zero field

The exact solutions of the isotropic unperturbed Ham
tonianH0 are hydrogenlikeA, B, andC exciton wave func-
tions:

C [n,k], l ,m
v6 ue

65Yl ,m~r /r !R[n,k], l~r /av!uv
6ue

6 , v5A,B,C,
~17!

where theYl ,m are spherical harmonics andR[n,k], l are hy-
drogen radial wave functions for discrete (n51,2,3. . . ) and
continuous spectra42 with effective Bohr radii av
5\2«0 /e2mv . The remaining part of the Hamiltonian can b
considered as a perturbation. To second order in the pe
bation one can find the energies of theA, B, andC exciton
states in zero magnetic field:

EA,n,l ,m
0 5Eg2EA,n,l ,m

bind ,

EB,n,l ,m
0 5Eg1D12EB,n,l ,m

bind , ~18!

EC,n,l ,m
0 5Eg1D22EC,n,l ,m

bind ,

where

Ev,n,l ,m
bind 5

1

n2
~Rv1DEv,n,l ,m

an 1DEv,n,l ,m
coup !, v5A,B,C,

~19!

and Rv5mve4/2\2«0
2 are the effective Rydberg numbers

the A, B, andC excitons, respectively. The termsDEv,n,l ,m
an

and DEv,n,l ,m
coup contain the anisotropy and intersubband co

pling corrections, respectively. For theSandP exciton states
the anisotropy energy correctionsDEv,n,l ,m

an can be written as

S~ l 50!:DEv,n
an ~S!5Rv

16

5n
pv

2Sn~0!, ~20!

P0~ l 51,m50!:

DEv,n
an ~P0!5RvF4

5
pv14pv

2S Pn
1~0!1

9

4
Pn

3~0! D G ,
~21!

P61~ l 51,m561!:

DEv,n
an ~P61!5RvF2

2

5
pv1pv

2
„Pn

1~0!16Pn
3~0!…G ,

~22!
11520
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where the functionsSn51,2 ~which were defined previously in
Ref. 27!, Pn52

1 , andPn52
3 are given in Appendix A.

In deriving the intersubband coupling energy correctio
DEv,n

coup we have used the same effective Bohr radiusa0
5\2«0 /e2m0 and effective Rydberg number R0

5m0e4/2\2«0
2 averaged over theA, B, andC excitons for all

three exciton series. For the 1S and 2S states of theA, B, and
C excitons the coupling energy corrections are

DEA,n
coup~S!5R0

48

5n
ph

2@~2a21hb2!Sn~D1
0!

1~ha212b2!Sn~D2
0!#, ~23!

DEB,n
coup~S!5R0

48

5n
ph

2@~2a21hb2!Sn~2D1
0!

1~h1a2b2!Sn~D2
02D1

0!#, ~24!

DEC,n
coup~S!5R0

48

5n
ph

2@~ha212b2!Sn~2D2
0!

1~h1a2b2!Sn~D1
02D2

0!#, ~25!

whereD1,2
0 5D1,2/R0 , n51,2. In Eqs.~24! and ~25! we ne-

glect the corrections to theB and C exciton states coming
from Hcoup

s because they are proportional toph
2(12h)2 and

are numerically small.
We will focus now on the 2P states of theA exciton. The

intersubband coupling leads to a splitting of theP61 states.
We denote the resulting statesP61

1/2 andP61
5/2 . The former are

described by the wave functionsCn,1,61
A7 (m51,uv

2ue
6 and

m521,uv
1ue

6) and the latter byCn,1,61
A6 (m51,uv

1ue
6 and

m521,uv
2ue

6 , respectively!. The corresponding energy co
rections to the 2P states of theA exciton are

DEA,n52
coup ~P0!5R033ph

2$hb2@3P̃n
1~D1

0!18Pn
3~D1

0!#

1a210Pn
3~D1

0!1ha2@3P̃n
1~D2

0!18Pn
3~D2

0!#

1b210Pn
3~D2

0!%, ~26!

DEA,n52
coup ~P61

1/2!5R033ph
2$hb2@ P̃n

1~D1
0!1Pn

3~D1
0!#

12a2@6P̃n
1~D1

0!1Pn
3~D1

0!#1ha2@ P̃n
1~D2

0!

1Pn
3~D2

0!#12b2@6P̃n
1~D2

0!1Pn
3~D2

0!#%,

~27!

DEA,n52
coup ~P61

5/2!5R0330ph
2@hb2Pn

3~D1
0!13a2Pn

3~D1
0!

1ha2Pn
3~D2

0!13b2Pn
3~D2

0!#, ~28!

whereP̃n52
1 (x)51/(25x)1Pn52

1 (x) is defined forxÞ0.
The structure of theA, B, and C exciton ground states

(n51) and of the excited (n52) states of theA exciton,
obtained in the hydrogenlike isotropic model with corre
tions arising from anisotropy and intersubband coupling
shown in Fig. 1. In analyzing the significance of these effe
and their dependence on biaxial stress in wurtzite GaN,
used the spin–orbit coupling constantsDso

i 518.5 meV and
4-5
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TABLE I. Energy corrections to theA, B, andC groundn51 state exciton levels in zero magnetic fie
for three sets of model GaN parameters. The parameters used areDso

i 518.5 meV, Dso
' 517.1 meV, h

50.92, me
i 5me

'50.22m0 and R0526.0 meV for sets~i!–~iii ! and ~i! ph50.05, Dcr58.0 meV, ~ii ! ph

50.1, Dcr58.0 meV,~iii ! ph50.1, Dcr518.0 meV.

RA RB RC DEA
an DEB

an DEC
an DEA

coup DEB
coup DEC

coup

~meV! ~meV! ~meV! pA pB pC ~meV! ~meV! ~meV! ~meV! ~meV! ~meV!

~i! 25.94 26.03 26.06 0.075 0.01 0.075 0.10 0.003 0.10 0.34 0.36 0.
~ii ! 25.86 26.05 26.1 0.12 0.004 0.16 0.28 0. 0.29 1.42 1.52 2.8
~iii ! 25.86 25.95 26.2 0.12 0.07 0.12 0.28 0.08 0.30 1.37 1.71 2.4
ito
-
in
e
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p
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h

Dso
' 517.1 meV and took as the value of the average exc

Rydberg numberR0526.0 meV. As the exciton binding en
ergies,}R0, are smaller than those of optical phonons
GaN, Elo591.5 meV,32,33 we replace the electron effectiv
masses by those for polarons,me

i* 5me
'* 5me* 50.22m0,6,43

and use static dielectric constants taken from Refs. 32 an
to obtainh'0.92. We calculated the values of the anisotro
parameters, the exciton Rydberg numbers, and the resu
energy corrections for three different pairs of values of
coupling parameters and crystal field energy:~i! ph50.05,
Dcr58.0 meV, ~ii ! ph50.1, Dcr58.0 meV, and~iii ! ph
50.1, Dcr518.0 meV. The results are given in Tables I a
II. One can see that the coupling correction in GaN is m
significant than the effect of anisotropy. The same result
been obtained for the ground states of theA andB excitons
in CdS.15 The stress dependence of the coupling correcti
is more pronounced for the ground state of theB and C
excitons and for the 2P states of theA exciton.

The perturbation approach is valid if the energy corr
tions satisfy (DEv,n51

an 1DEv,n51
coup ), 3

4 Rv and (DEv,n52
an

1DEv,n52
coup ), 5

9 Rv , for v5A,B,C. These conditions hold
for the GaN parameters we used~see Tables I and II!. We can
compare our anisotropy energy corrections with those
tained numerically in Refs. 44–47. For a value of the anis
ropy parameterpv50.25, our results agree with those
Ref. 47 to within 1% for the ground state and 2% for t
excited exciton states. The intersubband coupling parame
ph are defined in the same way and are of the same orde
magnitude as those in semiconductors with a degene
valence band.27,29,30Therefore, the accuracy of a perturbatio
treatment of the intersubband coupling in wurtz
semiconductors48is expected to be the same as that found
zinc–blende semiconductors.27

D. Exciton energy levels in a weak magnetic field

We now consider the effect of a weak external magne
field H on the exciton energy structure. It can can be trea
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pertubatively together withĤan and Ĥcoup if the condition
gH5mBH/m0R0<0.4 is satisfied.28 For GaN, a value of
gH'0.2 corresponds to a magnetic fieldH515 T. We con-
sider a magnetic field with components perpendicular a
parallel to the hexagonal axis,H5(Hx,0,Hz), and restrict
ourselves to linear Zeeman effects only. We can writeĤ l , in
the basis of Eq.~5!, as

Ĥ l5
1

2
mB~Ĝe

i Hz1Ĝe
'Hx!1

1

2
mB~Ĝh

i Hz1Ĝh
'Hx!

1mB~Ĝor
i Hz1Ĝor

' Hx!1mBĜanHx1mB~Ĝcoup
i Hz

1Ĝcoup
' Hx!, ~29!

where the electron operatorsĜe
i ,' are diagonal in the hole

basis functionsuv
6 and, in the basis of the electron Bloc

functions ue
1 and ue

2 , are given byĜe
i 5ge

i ŝz and Ĝe
'

5 ige
'ŝx . All other operators in Eq.~29! are diagonal in the

electron basis functions. The hole operatorsĜh
i ,' in the basis

of the six exciton functionsuv
6ue

1 ~or uv
6ue

2) are

Ĝh
i 5UgA

i ŝz 0 0

0 gB
i ŝz gBC

i ŝz

0 gBC
i ŝz gC

i ŝz

U ,

Ĝh
'5 iU gA

'ŝx gAB
' ŝz gAC

' ŝz

gAB
' ŝz gB

'ŝx gBC
' ŝx

ĝAC
' ŝz gBC

' ŝx gC
'ŝx

U , ~30!

where the parallel and perpendicular effective holeg factors
for the uncoupledA, B, andC subbands are
del
TABLE II. Energy corrections to theA-exciton energy levels in zero magnetic field. The GaN mo
parameters used are the same as in Table I.

RA DEA
an (meV) DEA

coup (meV)
~meV! pA (1S) (2S) (2P0) (2P6) (1S) (2S) (2P0) (2P61

1/2) (2P61
5/2)

~i! 25.94 0.075 0.10 0.16 1.71 20.7 0.34 0.42 0.18 0.35 0.21
~ii ! 25.86 0.12 0.28 0.44 3.0 21.08 1.42 1.77 0.75 2.31 0.89
~iii ! 25.86 0.12 0.28 0.44 3.0 21.08 1.37 1.65 0.51 1.86 0.8
4-6
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gA
i 526k, gB

i 52@2k2~k11!~3a221!#,

gC
i 52@2k2~k11!~3b221!#, ~31!

gA
'50, gB

'52@2A2ab~3k11!1b2#,

gC
'52@A2ab~3k11!1a2#, ~32!

and the coupling effectiveg values are

gBC
i 526~k11!ab, gBC

' 5A2~3k11!24ab,

gAB
' 52A2b~3k11!12a, gAC

' 5A2a~3k11!12b.
~33!

Expressions for the orbital,Ĝor
i ,' , anisotropic,Ĝan , and cou-

pling, Ĝcoup
i ,' , operators are given in Appendix B.

We assume in the following an additional condition on t
weak external magnetic field,mBH! D1 ,D2. This will allow
us to the consider the effect of coupling to second orde
perturbation theory. The parallel (H i5Hz) and perpendicular
(H'5Hx) magnetic field splits theS–stateA, B, andC ex-
citons into four lines with splitting energies,

6
1

2
~mBH i ,'!~ge

i ,'6gv,n
i ,'!, ~34!

wheregv,n
' 5gv

' and independent ofn, andgv,n
i are the values

of the effective parallelg factors of the hole involved in the
corresponding exciton states:

gA,n
i 5gA

i 1
96

5n2

m0

m0
ph

2@~4a21hb2!Mn~D1
0!

1~4b21ha2!Mn~D2
0!#, ~35!

gB,n
i 5gB

i 2
2ab~12h!phgBC

i

n2~D2
02D1

0!
1

96

5n2

m0

m0
ph

2@~4a22hb2!

3Mn~2D1
0!1hMn~D2

02D1
0!#, ~36!

gC,n
i 5gC

i 2
2ab~12h!phgBC

i

n2~D1
02D2

0!
1

96

5n2

m0

m0

3ph
2@~4b22ha2!Mn~2D2

0!1hMn~D1
02D2

0!#,

~37!

where the functionsMn51,2 are defined in Appendix A. The
correctionsgv,n

i 2gv
i come solely from the intersubband co

pling and may depend on the external stress. For the m
parameter sets~i!, ~ii !, and ~iii !, the coupling corrections to
the g factor of theA exciton ground stategA,n51

i 2gA
i are

0.30, 1.22, and 1.18, respectively.

E. Fine structure of the A exciton and selection rules for
optical transitions.

The symmetry of exciton states in wurtzite semicond
tors and the selection rules for optical transitions have b
11520
n
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studied in detail~see, for example, Refs. 49,22, and 26!. For
the A exciton, the ground 1S and all excitedn52 substates
2S, 2P0, and 2P61 have components ofG5 symmetry and
are optically active for perpendicularly polarized lig
(E'c). The excited 2P61 states is the only one having
component withG1 symmetry that is optically active for par
allel polarized light (Eic). We note that both optically active
components of the 2P61 state,G5 and G1, arise from the
P61

1/2 state defined in Sec. II C and are split from the dipol
forbidden states even in the absence of the electron–
exchange interaction@which is not included in the exciton
Hamiltonian of Eq.~1!#.

We shall briefly describe the fine structure of th
A-exciton ground state. At zero magnetic field the 1S state is
split by the short–range exchange term into a dipol
forbiddenG6 state~with energyE6) and a dipole–activeG5
state~with energyE55E61D56, whereD56 is the energy of
the short–range exchange interaction!. For an exciton with
wave vector parallel to the hexagonal axisK ic, both G5
components are transverseG5T states. ForK'c one of the
components is a longitudinalG5L state and is shifted to
higher energyE51DLT by the dipole-dipole interaction,49,15

where DLT is the longitudinal–transverse~LT! splitting of
the exciton. The longitudinal exciton,G5L and the forbidden
excitonG6 have no oscillator strength unless they are mix
with allowed states of theB exciton due to nonvanishing
components ofK'c.49,22 Further interaction of the trans
verse excitonsG5T with the radiation field leads to the for
mation of lower,G5T1, and upper,G5T2, transverse–polariton
branches. Depending on the relaxation and scattering
cesses in the GaN layer, the excitation energy, and the e
tation intensity, polaritons from both branches may contr
ute to the luminescence with energy peaks at aboutE5 and
E51DLT .50–53,17

In a parallel external magnetic fieldHic, the magnitude
of the linear Zeeman splitting is proportional touge

i 2gA,1S
i u

for G5 and to uge
i 1gA,1S

i u for G6 states, respectively. A per
pendicular magnetic fieldH'c mixes theG5 and G6 states
through the term proportional toge

' . In addition, the diamag-
netic interaction causes a shift of all states to higher ene
The energy levels of magnetoexcitons for different directio
of H and K can be found, for example, in Refs. 54,55,2
and 56. A strong exciton–photon interaction in a magne
field leads to the formation of magnetopolariton branche56

The calculated dependence of the allowed transition ener
of the A excitons and excitons and polaritons on magne
field is shown in Figs. 2~a!–2~e!. For these calculations, w
used model parameters of GaN, which are close to the va
observed experimentally in our samples~see Sec. IV and
Ref. 11!: D5650.1 meV,DLT51.0 meV, andge

i 5ge
'52.0.

The values of the hole-parallelg factors were taken to be
gA,1S

i 50.5 in ~a! and ~c! and gA,1S
i 52.3 in ~b! and ~d!. The

energies are given with respect toE6 and the diamagnetic
shifts DA

i andDA
' are subtracted. For the caseK ic andHic

@Figs. 2~a! and 2~b!# the projection of the total angular mo
mentum on thec axis is a good quantum number. The a
lowed transitions for the right– and left–circularly polarize
light are marked in Figs. 2~a! and 2~b! as s1 and s2, re-
4-7
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FIG. 2. Magnetic field dependence of the transition energies of the exciton polariton belonging to theA valence subband in low magneti
fields for various directions of the magnetic fieldH and wave vector of translation motionK relative to the hexagonal axisc: Hic, K ic ~a!
and~b!, Hic, K'c ~c! and~d!, andH'c, K ic or K'c ~e!. The field dependence of ratios of the oscillator strengths of the lower (f (2)) and
upper (f (1)) mixed branches for perpendicularly polarized light forH'c, K ic or K'c is shown in~f!. The GaN model parameters used
our calculations areD5650.1 meV,DLT51.0 meV,ge

i 5ge
'52.0; gA,1S

i 50.5 in ~a! and ~c! andgA,1S
i 52.3 in ~b! and ~d!.
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spectively. For the caseK'c andHic @Figs. 2~c! and 2~d!#
all G5 states are mixedG5L /G5T magnetopolariton states
The dipole–forbiddenG6 states are shown in Figs. 2~a!–2~d!
as dashed lines. One can see that the field dependenc
the magnitude of the Zeeman splitting of the optically
lowed transitions in a parallel magnetic field depend dram
cally on the value of the parallel hole effectiveg factor.

The field dependence of the optical transition energies
a perpendicular magnetic fieldH'c is the same as forK ic
and K'c @see Fig. 2~e!#. The resulting states are mixe
G5 /G6 magnetopolariton states~in the caseK'c, a mixed
G5L /G6 exciton state, not shown in the figure, is al
formed!. For the case of perpendicularly polarized light, t
oscillator strength of the mixed states will be determined
the contribution from the transverse polariton compone
depending on the magnetic field, and the values ofD56 and
DLT . We have calculated oscillator strengthsf of all states
allowed with perpendicularly polarized light as a function
magnetic field using the model parameters for GaN m
tioned above. The ratios of the oscillator strengthsf (2) and
f (1) of the lower (2) and upper (1) branches of the mixed
G5T1 /G6 andG5T2 /G6 states are shown in Fig. 2~f!.

III. EXPERIMENT

The samples used for this study are high-quality GaN
ilayers 300 mm ~sample I! and 400 mm ~sample II! thick,
grown on ~0001! sapphire by hydride vapor phase epita
~HVPE!. Additional studies were performed using epitax
laterally overgrown GaN layers~sample III! grown on
~0001!sapphire by HVPE and metallo-organic vapor pha
epitaxy. Details of the growth procedure were given in p
vious publications.57,58 It is known, and we see it in ou
11520
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work, that high-quality HVPE GaN typically has very in
tense and spectrally narrow emission lines at low tempe
ture in the near-band-gap region.2 Our HVPE samples were
characterized with high spatial resolution, to 1mm and 100
nm, by photo- and cathodoluminescence measurements,59 re-
spectively. From these studies, we know that the values
emission peak energies are sensitive to any inhomogen
local strain present in the sample. Due to the narrow li
width, typically less than 1 meV, even very small stra
variations can cause peak shifts in the range of60.1 meV.
Despite the narrow linewidths and the high spectral reso
tion in our experiments, it is still not possible at present
give bulk reference energies with an accuracy better than
meV, due to the unavoidable variation of the position of t
excitation spot in our experiments. Photoluminescence m
surements were performed under continuous wave~cw! ex-
citation at 325 nm using a HeCd laser for samples I and
and at 351 nm using an Ar laser for sample III. To distingu
between luminescence polarized parallel and perpendic
to the c axis, we detected the light from a side face of t
epilayers~edge emission!. The sample was mounted in a
immersion cryostat at 2 K for zero-field experiments. F
magnetoluminescence experiments in Faraday configura
(kiH), a 15-T split-coil magnet was employed. To obtain P
spectral positions with as high an accuracy as possible,
made line shape fits to the measured spectra, using sym
ric Gaussian or Voigt line shapes for the individual pea
We always fit the complete free-exciton luminescence sp
trum in order to obtain the highest possible accuracy in
energy positions. This simple analysis does not use
model of the polariton emission or of the physical proces
involved. It serves only to determine observed peak positi
to as high an accuracy as possible. On the other hand,
4-8
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FREE EXCITONS IN WURTZITE GaN PHYSICAL REVIEW B64 115204
known that the direct excitonic emission line shape has v
little asymmetry, since only polaritons with a vanishing
small wave vectork can leave the crystal as photons.60 In
addition, our GaN samples exhibit only a relatively sm
variation in reflection, and thus also transmission, from
sample surface in the excitonic range due to a comparati
high damping parameter, in the range of 0.7 meV.61 There-
fore, the influence of surface transmission can be neglec
and we can expect good agreement between measured
tra and the line shape fits.

IV. RESULTS

A. Overview of the unpolarized exciton PL spectrum in GaN

We first give an overview of the complete emission sp
trum of GaN in the excitonic range. Figure 3 shows the u
polarized PL spectrum from the surface of a 400-mm-thick
epilayer~sample II!. On a linear scale, only the very stron
and spectrally narrow donor-bound-exciton luminesce
(D0,XA) at 3.4728 eV can be seen in Fig. 3~a!. The linewidth
of this emission is only 920meV. This allows us to observe
a fine structure, labeled (D0,XB), on its high–energy shoul
der at 3.476 eV, which we attribute to the emission o
donor–boundB exciton. However, detailed discussion of th
nature of this luminescence line is beyond the scope of
paper. The direct emissionXA of the A exciton is also ob-
served as a relatively weak line on the high–energy side
the bound–exciton spectrum.

FIG. 3. Direct photoluminescence from exciton states in G
using a~a! linear intensity scale and~b! a logarithmic scale. In~b!
the corresponding reflection spectrum is shown~right axis!. Sample
II.
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On the logarithmic scale shown in Fig. 3~b!, several nar-
row emission lines attributed to theA, B, andC excitons are
observed. The reflection spectrum, recorded for the sa
sample with the same energy calibration, is shown for co
parison. The splitting between the emission from theA exci-
ton ground state~the line labeled 1! and the emission from
theB andC exciton ground states,DAB andDAC , determined
for samples I and II are given in Table III. The lines label
from 2 to 5 in Fig. 3~b! are observed in all three sample
From comparison with our reflection measurements, only
lines labeled 4 and 5 are assigned to emission from thn
52 excited states of the freeA exciton. The origin of the
lines labeled 2 and 3 cannot be well established. They m
be attributed to the emission from an excited exciton bou
to a ground state of a neutral donor (D0 ,XA,n52), as was
suggested by Scromme,62 or to the donor–bound state of th
C exciton.24

B. nÄ1 ground state of theA exciton

1. Zero magnetic field

We now turn to a detailed investigation of the emissi
line, labeled 1, which belongs to then51 state of theA
exciton. To study its fine structure, we examine the PL
different geometries, i.e., for different directions of propag
tion and polarization of the emitted light. Figure 4 shows t

FIG. 4. Linearly polarized edge emission from then51 state of
theA exciton:~a! E'c and~b! Eic. Symbols represent experimen
tal data, dashed lines fitted individual peaks; the solid line is the
to the measured spectrum. Sample I.
TABLE III. Exciton fine-structure splittings and effectiveg values in wurtzite GaN.

DAB DAC D56 DLT EA
0(2P61)2EA

0(1S)
~meV! ~meV! ~meV! ~meV! ~meV! ge

' gA,1S
i

Sample I 5.560.1 22.060.1 0.1260.1 1.060.1 19.760.2 2.060.5 2.2560.2
Sample II 6.060.1 22.260.1
4-9
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FIG. 5. Magnetoluminescenc
spectra from the staten51 of the
A exciton taken in Faraday con
figuration with circular polariza-
tion for perpendicularH'c ~a!
and parallelHic ~b! directions of
magnetic field relative to the hex
agonal axisc. In ~a! the results of
line shape analysis are shown
symbols represent experiment
data, dashed lines fitted individua
peaks; the solid line is the fit to
the measured spectrum. The do
ted lines show the spectra taken
25 K. The curves with arrows are
guides to the eye. Sample I.
id

n-

i-
he

o

pe

s
a-

, it
e

e

a
a

on
s
-

f

in

of
ce
to a
the
field
al

gies

by

ion

er

oth
of
-

wer
tion
For
plit
ly-
ond-
can
the

y an
er
polarized low-temperature emission of photons from a s
face of a free-standing 300-mm-thick sample~sample I! after
interband excitation in the region of then51 state of theA
exciton. In Fig. 4~a! the detected light is polarized perpe
dicular to thec axis, in Fig. 4~b! parallel to thec axis. The
spectrum in Fig. 4~a! shows an emission line of approx
mately 3 meV half width, which is superimposed on t
high–energy shoulder of the (D0,XB) line shown in Figs.
3~a! and 3~b!. The emission from theB exciton is too weak
and too far on the high–energy side to have an influence
the line shape. This emission line is asymmetrical with
broader high–energy shoulder. A line shape analysis
formed, as described in Sec. III, for the whole spectrum~of
which only a part is shown in this figure by dashed line!
reveals that theA-exciton emission in perpendicular polariz
tion consists of two peaks, labeled 1a ~at 3.4790 eV! and 1b
~at 3.4800 eV!. Although the high–energy peak 1b can be
distinguished only with the help of the line shape analysis
contribution must be included to obtain a good agreem
with the measured spectrum~the sum of all fitted peaks
shown by a solid line!. We ascribe the peaks 1a and 1b to
the emission from two transverse polariton branch
1S(G5T1) and 1S(G5T2).

The emission from then51 state of theA exciton with
parallel polarization is expected to vanish.22 However, as
Fig. 4~b! shows, rather strong emission is observed with
intensity about one-third of that for perpendicular polariz
tion. Two peaks labeled 1c ~at 3.4789 eV! and 1d ~at 3.4800
eV! can be clearly distinguished. We ascribe peak 1d, ob-
served at the same energy as peak 1b with perpendicular
polarization, to the emission from the longitudinal excit
states 1S(G5L). Peak 1c, observed in parallel polarization, i
120 meV below peak 1a @1S(G5T1)# observed in perpen
dicular polarization. We attribute peak 1c to the dipole–
forbidden state 1SG6, which gives a value of the spin–
exchange splitting asD5650.1260.1 meV. The distance
between the energy positions of the 1S(G5T1) state@peak 1a
in Fig. 4~a!# and the 1S(G5T2)/1S(G5L) states@peaks 1b and
1d in Figs. 4~a! and ~b!# gives us an approximate value o
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the longitudinal–transverse splitting asDLT51.0
60.1 meV.

2. External magnetic field

The emission of then51 state of theA exciton in mag-
netic fields perpendicular and parallel to thec axis is shown
in Figs. 5~a! and 5~b!, respectively. Both series were taken
the Faraday configurationK iH and detecting circularly po-
larized light. We observe a systematic blue shift,
210 meV, of the whole spectrum taken from the surfa
compared to the side face emission, and ascribe this
different local strain at the surface than at the side face of
sample. The peak positions in the edge geometry at zero
are slightly different from those shown in Fig. 4 due to loc
strain variations.

We first discuss the dependence of the transition ener
for a perpendicular magnetic field in edge geometry:K'c,
H'c. Line shape fits of the observed peaks are shown
dashed lines in Fig. 5~a!. Also included in this figure are
spectra taken at 25 K~dotted lines! for magnetic fields of 1,
5, 8, and 12 T. At low magnetic fields the dominant emiss
is from the upper split mixed branch 1S(G5T1 /G6

(1)). With
increasing magnetic field the oscillator strength of the low
split 1S(G5T1 /G6

(2)) branch increases~see Fig. 2! and the
low-energy peak consists of unresolved emission from b
1S(G5T1 /G6) mixed states. Starting from a magnetic field
about 5 T, the transverseG5T1 component gives equal con
tributions to the lower and upper split 1S(G5T1 /G6) mixed
branches. The corresponding emission peak moves to lo
energies with increasing magnetic field because relaxa
processes result in a larger population of the lower state.
magnetic fields larger than 8 T, emission from the upper s
1S(G5T1 /G6

(1)) branch can be detected by line shape ana
sis at almost exactly the same energy where the corresp
ing shoulder appears in the spectra taken at 25 K. One
see that, with increasing temperature, the emission from
upper split state increases, which can be understand b
increase of its population. The emission from the upp
4-10
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1S(G5T2 /G6) polariton and the 1S(G5L /G6) exciton states is
weak and, at low temperatures, can only be observed up
T. The corresponding peak shifts to higher energies with
creasing magnetic field. The magnetic field dependenc
the energy peak positions obtained by the line shape fit
shown in Fig. 6. The values of the spin–exchange and
splittings used for fitting the data in Fig. 6~the dashed curve
are calculated using expressions given in Ref. 54! are D56
50.12 meV andDLT51.1 meV; the value used for th
electron perpendicularg factor isge

'52.060.05.
The emission spectrum of right-circularly polarized lig

from the surface for a parallel magnetic field (K ic,Hic) is
shown in Fig. 5~b!. For zero magnetic field two emissio
peaks, from the two polariton branches 1S(G5T1) and
1S(G5T2), are clearly seen with an energy separation
aboutDLT51.1 meV. Applying the parallel magnetic fiel
leads to a Zeeman splitting not only of the twofold degen
ate 1S(G5T1) and 1S(G5T2) polariton states but also of th
dipole–forbidden 1S(G6) exciton state shown in Figs. 2~a!
and 2~b!. For s1 polarization a magnetic field shifts th
dominant lower-energy peak to lower energies and the h
energy peak to higher energies@see Fig. 5~b!#. The same
behavior of the magnetic field was observed
s2-polarized emission. Thus we conclude that we are
serving emission from the forbidden 1S(G6) state, which is
shifted to energies lower than the 1S(G5T1) state in large
magnetic fields@corresponding to the situation in Fig. 2~b!#.
The Zeeman splitting for both 1S(G5T1) and 1S(G5T2) states
is almost compensated due to the near equality of the e
tron and hole effectiveg factors in parallel magnetic fields
and cannot be detected in the difference between thes1 and
s2-polarized components. The corresponding Zeeman s
ting for the 1S(G6) state is, in contrast, large. We will dis
cuss, in Sec. VI, the possible reasons for the observatio
the emission from the dipole–forbiddenG6 state and its large
oscillator strength.

FIG. 6. Magnetic field dependence of the energy peaks of
edge emission from then51 state of theA exciton for magnetic
field and wave vector perpendicular to hexagonal axis (K'c,
H'c). Sample I.
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The magnetic field dependence of the observed split
between the uppermost and the lowests1 polarized PL
peaks is shown in Fig. 7. We suggest that in large magn
fields these emission peaks arise from the raisedG5T2 state
and the loweredG6 state, respectively, with energy splittin
between them given byD561DLT12gA,1S(mBH) ~the
dashed line!. From the splitting in large magnetic fields th

FIG. 8. Linearly polarized high energy edge emission:~a! E'c
and ~b!Eic. Symbols represent experimental data, dashed lines
ted individual peaks; the solid line is the fit to the measured sp
trum. Sample I. The dotted line in~a! shows the redshifted and
rescaled unpolarized PL for sample II.

e
FIG. 7. Magnetic field dependence of the splitting between

permost and lowest peaks of the surface emission from then51
state of theA exciton measured withs1 polarization for magnetic
field and wave vector parallel to the hexagonal axis (K ic, Hic).
Sample I.
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effective parallelg factor of the hole involved in the 1S state
of the A exciton is estimated to begA,1S52.2560.2. In
smaller magnetic fields the low-energy peaks are compo
of emission from the 1S(G5T1) and 1S(G6) states.

C. nÄ2 state of theA exciton

We now turn to the investigation of the emission lin
labeled 2–5 in Fig. 3. In Fig. 8, the low-temperature PL
sample I polarized perpendicular~a! and parallel~b! to thec
axis is shown in the region of then52 state of theA exciton.
For comparison the unpolarized PL for sample II is a
shown as a dotted line in Fig. 8~a!. We have redshifted the
unpolarized spectrum in this figure to lower energies
850 meV and rescaled it. The emission from two lowe
energy peaks 2 and 3 at 3.4942 eV and 3.4961 eV is str
for perpendicular and weak for parallel polarization. The
tensity of the high-energy peak 5 is only weakly depend
on the polarization. This emission line is centered at 3.4
eV for both polarizations but is narrower for parallel pola
ization. We conclude that peak 5 is a superposition of two
more degenerateG5 and G1 states that are allowed for th
perpendicular and parallel polarization, respectively. T
weak line 4 at 3.4972 eV, clearly visible in the unpolariz
spectrum of sample II, is hidden in the polarized spectra
sample I due to the increased width of lines 3 and 5. Ho
ever, we see an asymmetric broadening on the low–en
shoulder of line 5. In the line shape analysis for the perp
dicular polarized spectrum of sample I it was necessary
include an additional peak at line 4 to obtain a good
However, its weakness makes it difficult to make an una
biguous statement about its polarization properties.

From the position of line 5 in parallel polarization, th
energy of the 2P61(G1) state can be determined. The di
tance between the 1S and 2P61 states of theA exciton ob-
tained for sample I is 19.760.2 meV. Two different conclu-
sions are possible concerning the splitting of then52 state
of the A exciton at zero magnetic field. Either the sing
broad strong line 5 at 3.4986 eV~with width about 1.5 meV
for the perpendicular polarization! corresponds to then52
state of the freeA exciton with unresolved splittings, or th
weak line 4 at 3.4972 eV originates from the emission of
2P0 or 2S state of theA exciton, and the strong line 5 co
responds to the unresolved emission from othern52 sublev-
els. The energy splitting between peaks 4 and 5 for samp
is 1.360.1 meV.

We have studied the magnetic field dependence of
lines 2–5 in parallel and perpendicular magnetic fields
Faraday configuration. For parallel fields, we have not
tected any additional splitting. All lines are broadened a
shifted to higher energy with increasing magnetic field. F
perpendicular magnetic fields the emission peaks show a
ear Zeeman splitting and also a diamagnetic shift to hig
energy with increasing magnetic field. However, we were
able to make an unambiguous identification of the lines
served.
11520
ed

f

y

ng
-
t
6

r

e

f
-
gy
-

to
.
-

e

I

e
n
-

d
r
n-
r
t
-

V. COMPARISON OF THEORY WITH EXPERIMENTAL
DATA

A. A-exciton effective Rydberg number and polaron
corrections

We turn now to the determination of the value of theA
exciton effective Rydberg number and the ground-state b
ing energy. Using the isotropic hydrogenlike model, we c
estimate the ground-state binding energy and theA-exciton
effective Rydberg number from the observed distance
tween the n51 and n52 states:EA,1S

bind5RA5 4
3 (EA,n52

0

2EA,n51
0 )526.360.3 meV. One can see from Table II th

the total~anisotropy plus intersubband coupling! corrections
to the ground and excited states of theA exciton depend
strongly on the value of the hole effective mass anisotro
which is not known at this time. Using the 2P61

1/2 state as the
reference energy for then52 state can lead to an error in th
binding energy of theA-exciton ground state of about61%
and in the exciton effective Rydberg number of about67%.
Therefore, we estimate theA-exciton effective Rydberg num
ber asRA525.561.1 meV and the ground-state binding e
ergy asEA,1S

bind526.260.4 meV. The maximum splitting be
tween the lowest 2P0 state and the uppermost optical
active 2P61

1/2 state of theA exciton is estimated to be 0.
meV.

We have been using static dielectric constants for
electron–hole Coulomb interaction in Eq.~1!. Now, the
value of theA exciton effective Rydberg estimated above
associated with electron–polaron and hole–polaron effec
masses. However, the difference between the static and
high-frequency dielectric constants in GaN is known to
very large32,33 and the effects associated with a spatially d
pendent screening of the electron–hole interaction34,35 may
be significant. In order to evaluate these ‘‘polaron’’ corre
tions for the exciton levels in GaN, we consider now t
effect of two model potentials for the electron–hole effecti
Coulomb interaction derived for semiconductors with
simple isotropic band structure in Refs. 34 and 35. Th
isotropic potentials have been found to be a good appr
mation when compared with the similar fully anisotropic p
tentials derived for anisotropic semiconductors with sim
bands.38,36 As the high-frequency dielectric constant«` is
known to be isotropic in GaN,32,33 we will continue to use
the parameterh5«0

'/«0
i when taking into account the aniso

ropy of the Coulomb part of the electron–hole interaction
For simplicity, we shall take the electron,me5me

i 5me
' ,

and electron–polaron,me* , effective masses in GaN to b
isotropic and related byme* 5me(11ae/6), where ae

5Amee
4/2\2«* 2Elo is the electron Fro¨hlich interaction con-

stant and 1/«* 5(1/«`21/«0). The hole–polaron effective
masses in theA, B, andC valence subbands,mv*

i ,' , can be
obtained from Eqs.~10!–~12! using the renormalized effec
tive Luttinger parametersg1* 5g1 /(11ah/6) and g*
5g/(11ah/6). The hole interaction constant is given b
ah5Amhe4/2\2«* 2Elo, where the massmh5m0 /g1 is the
hole effective mass averaged over the three directionsk
space. The polaron self-energyEpol5(ae1ah)Elo is the
same for all exciton states, so that the experimentally
4-12
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evant value of the energy band gap isEg5Eg,`2Epol , and
the spacing between the valence subbandsD1 and D2 re-
mains unchanged. We see from Eqs.~10!–~12! that the hole
polaron masses are related to the ‘‘bare’’ masses bymv*

i ,'

5mv
i ,'(11ah/6) (v5A,B,C) just as for the electron effec

tive masses in the Fro¨hlich model.
We shall use the averaged parameters defined above i

isotropic Haken and Pollmann–Bu¨ttner effective potentials
The Haken model describes two interacting polarons, e
with a radius much smaller than the exciton effective radi
and expresses the effective potential for the electron–h
Coulomb interaction as34

VH~r !52
e2

«0r
1VH* ~r !,

VH* ~r !52
e2

2«* r
FexpS 2

r

l e
D1expS 2

r

l h
D G . ~38!

Herel e,h5A\2/2me,hElo are the electron– and hole–polaro
radii determined using ‘‘bare’’ band electron and hole effe
tive masses. The polaron effective mass parameters mu
used in the kinetic energy parts of the Hamiltonians. One
see that the Coulomb potential with a static dielectric c
stant is the limiting case of the Haken potential forl e ,l h
→0.

The model proposed by Pollmann and Bu¨ttner35 takes into
account the correlation between electron and hole polar
and leads to corrections to the Haken potential. The resul
electron–hole interaction potential is

VPB~r !52
e2

«0r
1VPB* ~r !,

VPB* ~r !52
e2

«* r

1

Dm FmhexpS 2
r

l h
D2meexpS 2

r

l e
D G ,

~39!

with Dm5mh2me . This potential was derived assumin
aex@ l e,h , whereaex'av5\2«0 /e2mv (v5A,B,C) are the
effective radii of the respective exciton states. In GaN t
condition is valid not only for the excited states but also
the ground exciton state. According to Pollmann a
Büttner,35 ‘‘bare’’ band electron and hole masses must
used in the kinetic energy terms of the Hamiltonians.

To calculate the exciton energy structure in zero magn
field with the Haken or Pollmann-Bu¨ttner model, we need to
replace the static Coulomb potential in the isotropic u
coupled HamiltonianĤ0 with VH(r ) or VPB(r ). Exact solu-
tions for this problem, however, do not exist. Therefore, a
zeroth approximation we use the wave functions~17! ob-
tained for the HamiltonianĤ0 using the static Coulomb po
tential and consider the Haken or Pollmann–Bu¨tther correc-
tion potentialsVH* (r ) and VPB* (r ) as a perturbation. The
exciton energy structure in zero magnetic field is then
scribed by Eq.~18! with additional termsDEv,n,l ,m* (v
5A,B,C) containing the polaron corrections added to t
exciton binding energies of Eq.~19!. We have calculated the
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Haken and Pollmann-Bu¨ttner polaron correctionsDEv,n,l ,m*
to second order in perturbation theory, using the model
rameters of GaN and values of the dielectric constants fr
Refs. 32 and 33. The Haken polaron corrections
;0.33Rv for the 1S states of theA, B, andC excitons and
;0.12Rv for the 2S states. The corresponding correctio
for the Pollmann–Bu¨ttner model are about 0.11Rv and
0.04Rv , respectively. The polaron corrections for the 2P
states, as well as for then>3 excited states are negligible
Thus we may conclude that taking polaron corrections i
account is extremely important in determining the excit
effective Rydberg number and the ground-state binding
ergy in GaN.

The zero-field exciton energy structure in GaN, taki
into account anisotropy, coupling and polaron corrections
shown in Fig. 1~d!. We see that the coupling and polaro
corrections in GaN affect the order of then52 excited
states, making the 2S state the lowest. The maximum spli
ting between the 2S state and the uppermost optically activ
2P61

1/2 state of theA exciton can be as large as 1.2 meV or 0
meV, using the Haken and Pollmann–Bu¨ttner polaron mod-
els, respectively. The net effect of a weak external magn
field and the exciton–LO-phonon interaction can be de
mined neglecting the coupling between the magnetic
phonon fields.37 In this case, there are no ‘‘polaron’’ correc
tions to the linear Zeeman effect and the expressions for
hole-parallel effectiveg values obtained in Sec. II D must b
used with respective ‘‘band’’ or ‘‘polaron’’ values of the elec
tron and hole effective masses.

B. Effective masses and the magnetic Luttinger parameter
in GaN

In this section we determine the effective Luttinger p
rameters and the magnetic constant in wurtzite GaN by
ting the experimental data~see Table III! using three models
of the electron–hole Coulomb interaction: static Coulom
Haken, and Pollmann–Bu¨ttner models. To minimize the
number of fitting parameters, we keep fixed the value of
electron–polaron effective massme* 50.22m0.6,43 Two sets
of dielectric constants known for GaN have been used:~a!
«0

i 510.1, «0
'59.28, and«`55.29 ~Ref. 33! and ~b! «0

i

510.4, «0
'59.5, and«`55.35 ~Ref. 32! For both sets, a

value of the ‘‘bare’’ electron massme50.204m0 is obtained
with the Fröhlich interaction constantae'0.47. The values
of the spin–orbit interaction constants and crystal field
ergy must be varied together with the effective Lutting
parameters in order to fit the experimental splittings betw
the ground states of theA, B, andC excitons. If one neglects
the difference between theA, B, andC exciton binding en-
ergies, the splittingsDAB5D1 and DAC5D2 can be fit to
within experimental error, with the valuesDso

i 518.5
60.2 meV, Dso

' 517.160.2 meV and Dcr59.1
60.1 meV, Dcr59.760.1 meV for samples I and II, re
spectively. Estimates show that varying the spin–orbit a
crystal field energy parameters within this range does
influence the structure of theA-exciton energy levels very
much. To simplify the fitting procedure, we choose the v
4-13
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ues Dcr59.1 meV, Dso
i 518.5 meV, andDso

' 517.1 meV
and focus, at first, on describing theA-exciton energy struc-
ture.

Thus, we fit the effective Luttinger parametersg1 andg
for the ‘‘bare’’ valence band@which, we see from Eq.~10!, is
equivalent to fitting the parallel and perpendicular ‘‘bar
hole effective masses in theA valence subband# to the split-
ting between the 1S and the 2P61 states of theA exciton,
EA

0(2P61)2EA
0(1S)519.7 meV. The resulting paramete

are presented as lines of constant energy splitting in
space of theA valence subband hole effective massesmA

i and
mA

' in Fig. 9. These lines establish a correspondence betw
the parallel and perpendicular hole masses in theA valence
subband for each polaron model for the particular dielec
constants chosen. The parameters obtained then allow
calculate the entire exciton energy level structure in z
magnetic field.

To determine the value of the magnetic Luttinger const
k, we use the well-known relationship betweenk and the
Luttinger g parameters for a ‘‘bare’’ band:63 k5(222g1
15g)/3. This allows us to calculate the values of free-ho
effective g factors in the valence subbands and the holg
factors in the exciton states. In Fig. 10 the calculated dep
dence of the parallel effectiveg factor of the hole involved in
the 1S state of theA exciton, gA,1S

i , on the ‘‘bare’’ hole
parallel massmA

i is shown. A comparison with the exper
mental valuegA,1S

i 52.2560.2 shows that the most appropr
ate description of the data is obtained with the Pollman
Büttner polaron model using set~a! of the dielectric
constants. Using set~b! leads to unphysically large values o
the hole-parallel mass in theA valence subband, as does al
the static Coulomb potential using either set~a! or ~b!. The
Haken polaron model predicts a value of the hole-paralleg
factor smaller than 1.4, which is not consistent with expe
mental data.64

FIG. 9. Correlated pairs of values of the bare perpendicular
parallel hole effective mass in theA valence subband,mA

' andmA
i

that fit the splitting of the 1S and 2P61 A-exciton states,
EA

0(2P61)2EA
0(1S)519.7 meV, using the static Coulomb pote

tial ~dashed curves!, the Haken ~dotted curve!, and Pollmann-
Büttner models~solid curves!. Cases~a! and ~b! are for the two
respective sets of dielectric constants described in the text.
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We now focus on the implications of the Pollmann
Büttner polaron model and the dielectric constants of set~a!.
At this stage, we fit the spin–orbit and crystal field ener
parameters to the experimentally observed splittingsDAB
55.5 meV andDAC522.0 meV of sample I. The result i
Dcr510.3 meV, Dso

i 519.4 meV, and Dso
' 519.2 meV,

which gives valence band splittings ofD155.6 meV and
D2524.1 meV. From the measuredg factor 2.2560.2 and
the measured splitting between the 1S and 2P61 states,
19.760.2 meV, we find the hole masses for the ‘‘bare’’A
subband asmA

i 5(1.7660.3)m0 andmA
'5(0.3560.025)m0.

The Luttingerg parameters for the ‘‘bare’’ band, then, a
g152.1 andg50.77 and the magnetic Luttinger constant
k520.09. Values of the polaron effective Luttinger param
etersg1* 51.87 andg* 50.68 can be now obtained using th
hole Fröhlich interaction constantah'0.72. The values of
the ‘‘bare’’ band and polaron effective masses for theA, B,
andC valence subbands are given in Table IV, together w
the correspondingA, B, and C exciton effective Rydberg
numbers. The binding energies of theA, B, andC excitons as
well as the energies of then52 sublevels relative to the
ground state of theA exciton ~calculated using the
Pollmann–Bu¨ttner model with ‘‘bare’’ band effective
masses! are given in Table V. We see that the total correcti
to the exciton ground-state binding energy, arising from
effects of anisotropy, intersubband coupling and optical p
non interactions, is about 20%. The effective parallelg factor
of the hole in theA-exciton 1S state,gA,1S

i 52.25, differs
significantly from the hole effective parallelg factor for the
uncoupledA subbandgA

i 526k50.54 due to the effect of
the intersubband coupling.

VI. DISCUSSION AND CONCLUSION

In this section we discuss our results in the context of
existing literature on GaN. In Sec. IV B we interpreted t

d FIG. 10. The dependence of the hole parallel effectiveg factors
in the A-exciton 1S state,gA

i , on the bare hole parallel effectiv
mass in theA subband,mA

i , calculated with the static Coulomb
potential~dashed curves!, the Haken~dotted curve!, and Pollmann-
Büttner models~solid curves!. Cases~a! and~b! are for the two sets
of dielectric constants described in the text, respectively.
4-14
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TABLE IV. Hole effective masses and exciton effective Rydberg numbers in wurtzite GaN.

mA
i

m0

mA
'

m0

mB
i

m0

mB
'

m0

mC
i

m0

mC
'

m0

mh

m0

RA RB RC R0

~meV! ~meV! ~meV! ~meV!

‘‘Bare’’ 1.76 0.349 0.419 0.512 0.299 0.676 0.476 21.15 21.31 21.39 21

Polaron 1.972 0.391 0.469 0.579 0.335 0.757 0.534 23.08 23.24 23.33 2
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observed fine structure of then51 state of theA exciton as
caused by the exchange interaction and the polariton ef
The surface luminescence from the lower and upper po
iton branches in GaN have been observed by Gilet al.53 and
by Stepniewskiet al.17. The value of the spin–exchang
splitting between the 1S(G6) and 1S(G5T1) states,
120 meV, was obtained directly from the energy shift b
tween the perpendicularly and parallel polarized PL pe
and confirmed by fitting the magnetoluminescence data.
smaller than the value reported in Ref. 21 for wurtzite G
grown ontoa–plane sapphire~0.6 meV! and also the value
obtained in Ref. 12 by fitting the magnetoreflectance~0.9
meV!. The value of the LT splitting of theA exciton, 1.0
60.1 meV, is in good agreement with those reported in R
61 ~0.97 meV! and Ref. 17~0.9 meV! from the reflectance
measurements.

Our magnetoluminescence measurements have confir
the interpretation of the zero-field fine structure of t
A-exciton–polariton ground state. The value of the perp
dicular conduction bandg factor, ge

'52.060.05, is in good
agreement with the valuesge

i 51.9510 andge
'51.9483 ob-

tained from electron spin resonance measurements by C
et al.65 For a parallel magnetic fieldHic,K iH, we observed
a zero Zeeman splitting of the optically active 1S(G5) polar-
iton states. This indicates the closeness of the electron
hole effective parallelg factors, in good agreement with re
sults reported in Refs. 62,12,13, and 66. From the splitt
between the upper transverse polariton 1S(G5T2) and the
lower forbidden 1S(G6) exciton in large magnetic fields, w
determined the parallel effectiveg factor of the hole from the
A valence subband involved in the 1S exciton state asgA,1S

i

52.2560.2.64 This value is in a good agreement with th
value gA,1S

i 52.3 determined in Ref. 13 from the splittin
between the right- and left-polarizedG5 components of both
the upper and lower polariton branches. We note, howe
that the resulting value of the magnetic Luttinger consta
k520.09, is different from those obtained in Refs. 12 a
13 with the help of the expressionk52gA,1S

i /6. This is be-
cause the hole effective parallelg factor in exciton states
differs significantly from theA valence subband free-holeg
11520
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factor, gA
i 50.54, due to the coupling of the excitonic stat

in different valence subbands.
Surface emission from the dipole–forbiddenG6 state in a

parallel magnetic field was previously observed in Ref.
for CdS and explained by additional scattering processes
tween theG6 and G5 states caused by impurities, phonon
internal stress, etc. It was noted23 that thermalization favors a
high population of the low–energyG6 component in large
magnetic fields, which is shifted to an energy below theG5T1

state. In GaN, the Zeeman splitting of the forbiddenG6 state
is even larger than in CdS.23 In magnetic fieldsH.8 T, we
observed only weak emission from the lowestG5T1 polariton
branch and a strong emission from the forbiddenG6 state,
which was not observed in Refs. 62 and 13. We conclu
therefore, that the relaxation processes in our sample
faster than the radiative process connected with the conv
ing of theG5T1 polaritons into photons. We also note that,
contrast to the situation reported in Ref. 13, we have
served the dominant emission in zero magnetic field from
lower polariton branchG5T1, confirming the efficiency of the
energy relaxation processes in our sample.

Unpolarized direct PL in the region of then52 state of
the A excitons in GaN was previously reported by seve
authors, including our group.2,62,20,67,24,25,16The situation in
this spectral range is complicated because excited state
both theA andB excitons, as well as emission from donor
bound complexes, can appear here, and interpretations o
observed emission lines given so far vary considerably
proper determination of the distance between then51 state
and then52 sublevels, however, is necessary for a pro
evaluation of the exciton effective Rydberg value. We ha
used polarized measurements to identify the parallel po
ized emission from the 2P61(G1) state and the 1S(G6)
states in the same spectrum and evaluated the energy d
ence between the 1S and 2P61 states of theA exciton as
19.760.2 meV. Previous measurements of the 2P state in a
two–phonon absorption~TPA! experiment9 do not measure
this quantity, because the TPA is insensitive to then51 ex-
citon state.

We have determined the binding energy of the groundn
TABLE V. Binding energies of theA, B, and C exciton ground states and the energy levels of theA
exciton in wurtzite GaN. The energies of then52 sublevels are given relative to the groundn51 state.

EA,n51
bind EB,n51

bind EC,n51
bind EA,n52(2S) EA,n52(2P0) EA,n52(2P61

1/2) EA,n52(2P61
5/2)

~meV! ~meV! ~meV! ~meV! ~meV! ~meV! ~meV!

25.21 25.3 27.3 18.84 19.11 19.7 19.97
4-15
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51 state of theA exciton as 25.260.3 meV, which is com-
parable to the values reported by other groups.24,9 The value
of the exciton effective Rydberg numberRA521.1
60.3 meV, however, differs from the ground-state bindi
energy by about 25%. The major source of this discrepa
lies in the large polaron corrections to the 1S and 2S exciton
energies. We estimated these corrections, using
Pollmann–Bu¨ttner polaron model developed for semico
ductors with a simple band structure,35 and do not claim to
give an accurate description of polaron effects in wurtz
GaN. In addition, our treatment of the correction potential
a perturbation is not as accurate as our accounting of
anisotropic and coupling effects for bare exciton states. N
ertheless, we were able to draw some conclusions abou
importance of polaron corrections in wurtzite GaN both
the determination of the exciton effective Rydberg numb
and for describing the excitedn52 exciton-state splitting.

We have found that the order of then52 sublevels and
their energy splitting in wurtzite GaN are strongly affect
by the intersubband coupling as well as by the interact
with optical phonons and cannot be described on the bas
the uncoupled anisotropic model of Refs. 22 and 26.
predict that the 2S sublevel is the lowest excited state of th
A exciton~see Table V!. The splitting between the 2S and the
optically allowed 2P61 substate, 0.86 meV, is smaller tha
the observed splitting between the 2P61 emission and the
unknown emission line 1.3 meV below it~see Fig. 3!. How-
ever, the calculated position of the 2S energy sublevel rela
tive to the n51 state, 18.8460.2 meV, is in good agree
ment with the data of Ref. 24.

The value of the average ‘‘bare’’ hole massmh
50.476m0 we have obtained from the value of theA-exciton
effective Rydberg numberRA521.1 meV is smaller than
those obtained in Ref. 9 fromRA527.1 meV. We have de
scribed the anisotropy of the hole effective masses in thA
valence subband using only two unknowng Luttinger pa-
rameters of the quasi–cubic approximation.68 These param-
eters are determined by fitting experimental data. The res
ing values of the parallel and perpendicular effective mas
in theA valence subband are comparable with those obta
in Ref. 10. For theB andC valence subbands, the values
the hole effective masses depend crucially on the value of
crystal field energy and are given in the Table IV for a p
ticular strain situation.

In conclusion, we have determined the fine structure
the A exciton and extracted values of the electron and h
effective g factors in wurtzite GaN~see Table III! using
polarization-dependent and magnetoluminescence mea
ments. We have described the exciton energy level struc
in wurtzite GaN as resulting from the combined effects
anisotropy, intersubband coupling, and polar interacti
with optical phonons. From the analysis of our data, we w
able to determine values of the exciton effective Rydb
numbers and to evaluate the effective mass and magn
parameters for the valence band in wurtzite GaN~see Table
IV !.
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APPENDIX A: EXPLICIT EXPRESSIONS

We give here explicit expressions for the functions a
pearing in the text.

1. SnÄ1,2

The functionsSn51,2 used in calculating the energy leve
of the 1S and 2S states were defined in Ref. 27 and are giv
here for completeness:

Sn~x!5 (
n853

` uI n8nu2

x11/n221/n82
1E

0

` uI knu2

x11/n21k2
, n51,2,

~A1!

where

I n15A n

~n221!~n224!F32
19n215

n221 S n21

n11D nG ,
~A2!

I k15A k

~k211!~4k211!Ck

3F31
5k2219

k211
exp

22 arctan~k!

k G , ~A3!

I n25A n

~n221!~n224!F32
135n42136n2280

~n224!2 S n22

n12D nG ,
~A4!

I k25A k

~k211!~4k211!Ck

3F31
80k42136k22135

~4k211!2 exp
22 arctan~2k!

k G ,
~A5!

andCk5@12exp(22p/k)#.

2. P2
1 and P2

3

The functionsP2
1 and P2

3 used in calculating the energ
levels of the 2P states are

P2
1~x!5 (

n53

` uPn
1u2

x11/421/n2
1E

0

` uPk
1u2

x11/41k2
, ~A6!

P2
3~x!5 (

n54

` uPn
3u2

x11/421/n2
1E

0

` uPk
3u2

x11/41k2
, ~A7!
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where

Pn
152A2n~n221!

3

128n

5~n224!2S n22

n12D n

, n>3,

P2
152A15, ~A8!

Pk
152A2k~k211!

Ck

128

5~4k211!2 exp
22 arctan~2k!

k
,

~A9!

Pn
35A n

14~n221!~n224!~n229!

n

10

3F752
3471n425160n22336

~n224!2 S n22

n12D nG ,
~A10!

Pk
35A k

14~k211!~4k211!~9k211!Ck

3F15

2
1

336k425160k223471

10~4k211!2 exp
22 arctan~2k!

k G .
~A11!

3. M nÄ1,2

The functionsMn51,2 used in calculating the effectiv
hole g factors of the 1S and 2S exciton states are

Mn~x!5
1

n (
n853

`
I n8nLn8n

x11/n221/n82
1

1

nE0

` I knLkn

x11/n21k2
,

n51,2, ~A12!

where

Ln15An~n221!~n224!
8n2

~n221!3S n21

n11D n

, ~A13!
11520
Lk15Ak~k211!~4k211!

Ck

8

~k211!3 exp
22 arctan~k!

k
,

~A14!

Ln252An~n221!~n224!
2048n2

~n224!4S n22

n12D n

,

~A15!

Lk25Ak~k211!~4k211!

Ck

2048k2

~4k211!4 exp
22 arctan~2k!

k
.

~A16!

APPENDIX B: g-FACTOR OPERATOR

The orbital and anisotropicg–factor operators are

Ĝor
i ,'5Ugor,A

i ,' Lz,xT̂2 0 0

0 gor,B
i ,' Lz,xT̂2 0

0 0 gor,C
i ,' Lz,xT̂2

U ,

Ĝan5UgA
anL̃xT̂2 0 0

0 gB
anL̃xT̂2 0

0 0 gC
anL̃xT̂2

U , ~B1!

whereL5@r3k# is the orbital angular momentum operato
L̃x5(kzy1kyz), and

gor,v
i 5

m0

tv
'

, gor,v
' 5

m0

2Ah
F 1

tv
'

1
h

tv
i G ,

gv
an52

m0

2Ah
F 1

tv
'

2
h

tv
i G ,

1

tv
'

5
1

me
'

2
1

mv
'

,
1

tv
i 5

1

me
i 2

1

mv
i , v5A,B,C. ~B2!

The couplingg–factor operators are
Ĝcoup
i' 53g3U 0 0 bQ1l

i' aQ2l
i' 2aQ1l

i' bQ2l
i'

0 0 aQ2l
i'1 2bQ1l

i'1 bQ2l
i'1 aQ1l

i'1

bQ1l
i'1 aQ2l

i' 0 0 abQl
i' 2Q1l

i'

aQ2l
i'1 2bQ1l

i' 0 0 Q1l
i'1 abQl

2aQ1l
i'1 bQ2l

i' abQl
i' Q1l

i' 0 0

bQ2l
i'1 aQ1l

i' 2Q1l
i'1 abQl

i' 0 0

U , ~B3!

where

Ql
i5Lz , Ql

'5
122h

2Ah
Lx2

112h

2Ah
L̃x , Q1l

i 52
Ah

A2
r 2kz , Q1l

' 5
1

A2
~zkz1yk2!,

Q2l
i 52 ir 2k2 , Q2l

' 5 i
z

Ah
k2 , r 65~x6 iy !. ~B4!
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