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Curvature, hybridization, and STM images of carbon nanotubes
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The curvature effects in carbon nanotubes are studied analytically as a function of chirality. drbéals
are found to be significantly rehybridized in all tubes, so that they are never normal to the tubes’ surface. This
results in a curvature induced gap in the electronic band structure, which turns out to be larger than previous
estimates. The tilting of ther orbitals should be observable by atomic resolution scanning tunneling micros-
copy measurements.
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The electronic band structure of carbon nanotubes hatrs which can be expressed in a coordinate system of the
been a topic of intense investigation ever since their discoveircumferential and translational axes,{) in terms of the
ery in 1991! The basic electronic properties were quickly chiral indices 6,m).
understood by numerical studies of the graphite tight binding
band structure together with a simple zone folding médel. . a
In graphite the four outer electrons of carbon form three Rlzg
sp?-hybridized o bonds and oner orbital, which gives the n
conduction band with six Fermi points and a linear disper-

(n+m)6+ ig(n—m)f

5

sion around each of thefThe electronic structure of the 3 :i _nn i 2
. . ) - 2 nc+ (n+2m)t |,
nanotube is then determined by the chiral wrapping vector 2cy, J3
along the directiont{,m) since this determines whether the
Fermi points satisfy the nanotube’s circumferential boundary . a 1 ~
conditions. In that model, tubes with a chiral vector that Re=5c- —mc—ﬁ(2n+m)t : (1)
h

satisfies modn—m)/3]=0 have their Fermi point in the
allowedk space and thus are considered to be metallic, whilgyvherea~2.49 A is the length of the honeycomb unit vector

all other tubes are semiconductifigBut even the “metal-  andc, = Jn?+nm+m? is the circumference in units @

lic” tubes may open a gmalll gap if the bond symmetry is | the regularsp? hybridization of the unrolled graphite
broken due to curvatur®} which has been analyzed in ana- sheet the four atomic wave functions can be written as

lytical studies in terms of a one-orbital tight binding

approximatior.® 9= /3|s)+ V&(singi|t)+cosBi|c i=1,2,3
One difficulty in predicting the effect of curvature on the of)= V3l + Vicsing ) Aileh. o
electronic properties has been to determine the exact bond | 7% =|2) (2)

energies in the curved graphite sheet to arrive at an analytical
formula. So far it has explicitly been assumed that the Where|s) stands for the atomic s-orbital ant,|c),|z) de-
orbitals are orthogonal to the tubes surfaeehich is a com- note thep orbitals along the translational, circumferential
mon overly simplified picture that has also been used in &nd normal directions in a nanotube, respectively. Here
previous report by the authofsiVe show in this Brief Re- are the angles of the bonds relative to the circumferential
port, however, that ther orbitals areneverorthogonal to the  direction (cosBiE?:R). Each carbon atom has its own local
surface, and instead are rehybridized due to the effect of theoordinate system, where thalirection is given by the nor-
lower lying o bonds. Typically such a mixing effect is al- mal direction to the graphite surface. In a nanotube neigh-
ways expected, but early studies have estimated that thisoring atoms have a relative angley;2between theiiz di-
band mixing can be neglected for most nanotublsmeri-  rections as shown in Fig. 1 with
cal LDA calculations have shown that band mixing effects R
become dominant in zigzag nanotubes with extremely small ) c-R a
radiir=2.4 A° However, for the case of metallic tubes we Sina; = =2\/§r
find analytically that this mixing plays an important role
even at intermediate radii, which is crucial in determiningwherer =ac/27 is the radius of the nanotube. We call this
the curvature induced band gap as a function of chirality ané geometricaltilting of the #-orbitals, which is known to
curvature. Moreover, we can predict the explicit angles of thénduce a curvature gaf and is predicted to cause a stretch-
7 orbitals relative to the tubes surface, which should be obing around the circumference of STM imadés.
servable in atomic resolution pictures from scanning tunnel- However, in addition we find an equally important contri-
ing microscopy(STM) experiments. bution to the tilting fromhybridization which we will dis-

Our starting point is the well-defined geometrical struc-cuss next. This hybridization comes from the fact that in a
ture of the carbon nanotubes by describing it in terms of amanotube the three-bonds are not in the same plane, but
“unrolled” graphite sheet. Ther bonds lie along three vec- instead directed towards the positions of the nearest neigh-
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FIG. 1. Schematic cross section of a b(ﬁtpin a nanotube with
radiusr. The 7 orbitals are no longer normal to the tubes surface,
but are titled by the hybridization angie=a/4y3r (small arrows.

FIG. 2. The threer bonds around a carbon atom in the rolled up
graphite lattice. The unhybridizesl orbital is marked by the black
dot in the center as seen from above. The predicted hybridization in
Eq. (6) of the 7 orbital is indicated by the triple arrow witld
=al4\3r. The example shown here corresponds t®& nano-
tube seen from a height df~3a. Note, that the anglé@ in Eqg. (6)
can in fact be chosen to be any of the three angiesf the bond
vectors relative to the direction to get the correct hybridization.

boring carbon atoms, i.e., they are tilted down by the angle
a; relative to the tangentiat direction as shown in Fig. 1.
The hybridization of ther bonds is therefore changed from
the uncurved expression foo?) in Eq. (2) to

— _ &2 i . ) )
|oi) =si|s)+ V1—s/(sinB;|t) + cosa;cosBi|c) It can be verified that the three angles betweenstherbital
—sina;cosBi|z)), (4)  and each of ther bonds in Eq.(4) are equal as should be

expected by symmetry. Sometimes it is useful to express the
where the mixing parameters; (expanded arounds;  hybridization in Eq.(6) in terms of the chiral indicesn(m)
~/1/3) can be determined by the three orthonormality conusing
ditions between the bonds(o;|oj) = &;; . The hybridizedr
orbital can now be calculated in terms of the local basis of (g 2 2y /93
atomic orbitals by using the orthonormality conditions sin 39=(n—m)(2m"+5mn+2n%)/2c;,

(m|ai)=0. (5 cos 3=33mn(m+n)/2cs. @)

In what follows we will only work to lowest order in the
curvature parametea/r=2mw/c,. Energy band repulsion . . . ) X
and other effects will also contribute higher order correctiongﬁiﬁtg)étglr?nr?::t;?é tc))ﬁtevi/greb?taﬂetligu?cé)rilr?gi-rn ortt))gilds SWt:J'gtTJ e
for very narrow nanotubes, so that the straightforward hy- 9 9 :

bridization analysis here is only correct as a lowest orde#:.OIIOWIng the Slater-Koster scheridor calculating the ma-

approximation ina/r <1, but gives a useful physical picture g(')xm?:ggegct)?;idi?gt‘geggsgtigf t%?ltte\lz szinﬁsgrit: u;?ori .
for most observed nanotubes. g 9 .

From Eqgs.(4) and(5) we can now find the correct expres- ﬁ?th thg&ybnda;ﬂongﬁect in qu'(%) and thegegnjettrrl]cal
sion for thesr orbitals to lowest order im/r ilting with a; in Eq. (3) can easily be expressed in the co-

At this point we can proceed to calculate the hopping

¥y At
|7-r>z|z)+%(\/f|s>isin36|t>ic0339|c)), ®
r

J3

where 6 is the so-called chiral anglé=min(|B,|53.].|53)), B Fo
0= 6=</6 as shown in Fig. 2. The different signs in Eq. WS.%B 4
(6) refer to neighboring atom& andB in the bipartite graph-  de B
ite lattice, since their bonds and the corresponding angjles sin¢; A
point in opposite directions as indicated in Fig. 3.

The physical interpretation of Ed6) is very intuitive.
The 7-orbital is always inclined by the hybridization angie FIG. 3. Two neighboring carbon atoms with the predicted hy-
of size §=al4\/3r relative to the normal direction to the bridization angle 5=a/43r and geometrical curvature effects
tube’s surface. However, the direction of this inclination ro-sina;=25cosg;, seen from above. The example shown corre-

tates with 3 relative to thec-direction as indicated in Fig. 2. sponds to the bon®, in a (9,3 nanotube.
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ordinate system where the bond vect®s between two STM tip
neighboring atom# andB defines thex direction as shown

mFlg|:)z|z>+\/§5|s>i(5c0528i—sinaicosﬁi)|x> \ / " \ / \ /

+(8sin2B;+sina;sinB)|y), (8)

where 5=a/4/3r and the angleg; are now defined in re-
spect to theA site. Using the notation in Ref. 6, we can use
the overlap integrals between neighboris@nd p orbitals
Vsso 1 Vspo1Vppe Vppr 10 calculate the hopping matrix ele-
mentsy;

th

a? .
¥i=Vopa— E([S"' 8 smzzlgi]vppﬂ-

—2Vsgr— 2V2V pot Vo) 9)

Here we have also used the second order term forzhe
orbital, which contributes to this expression.

The most interesting aspect of the electronic structure in g
metallic tubes is the size of the gap due to curvature as a Zigzag Armchair
function of the chiral wrapping vector, which we can now _ o _
calculate directly. After having determined the rehybridized FIG: 4. The predicted distortion of an STM imageashed
orbitals and hopping integrals, we can typically ignore thel'nes)' For a zigzag tube we flnd.a pronounced squaring of the
lower lying bands in further calculations and use a simpl exagons and a change of the lattice constants along the transverse

one-orbital tight binding approximation. In this model the d'recpons' For the a.rmcha'r tube the image is only affected along
the circumferential direction.

gap can be calculated from the positions of the Fermi points
ke in the curved graphite sheet which in turn are determinegypy the geometricaleffects were taken into account, which

in terms of the new hopping matrix elements,* resulted in an effective stretching of the STM image along
3 the circumference by the amouxit— x.(1+h/r), whereh
D y_enzF-FEi:O_ (10) is the height of the STM tip relative to the nanotube surface.
= However, the tiltings caused byhybridizationis of similar

size and will results in an additional distortion of the STM

Using. thg "”?af d.islpersion relgtion and the pos.ition of thelmage in both transverse and circumferential directions, but
guantization lines it is then straightforward to derive the gap,

: . ; : alternating for the inequivalenfA and B atoms
equatiof!! assuming that the tube is metallic ni¢d g g

—m)/3]=0 h) ha
Xo—Xo| 14+ —| = Cos ¥,
2\3| < % : S e
EQZT 21 (Vop=—7i)Ri -t =vapwsm3¢9.
i= r ha |
(11) Xy— X = sin 36, (12)
4\/§r

This surprisingly simple formula reconfirms again the notion
that armchair tubesn=m,6=0) do not have a gap from wherex. andx; measure distances in the circumferential and
curvature, while zigzag tubesn=0,0= m/6) and all other transverse directions, respectively. Interestingly, the distor-
metallic tubes acquire a gap of order?? For semiconduct-  tion from the hybridization depends again to linear order on
ing tubes with an intrinsic gap of orderrlthis geometrical h/r in all tubes, as opposed to the curvature gap which is a
and hybridization correction to the gap can typically be ne-correction of second order and only matters for metallic
glected, but for metallic tubes it is essential to take thetubes. If we consider this distortion for the case of a zigzag
proper hybridization into account. While the dependence ofube with 6= #/6, we see that the hexagons of the graphite
the gap on the chiral angle agrees with previous analyticsheet will appear compressed in the transverse direction, but
studies’® the expression in Eq10) is by a factor of 4 larger  stretched around the circumference as shown in Fig. 4. For
than those estimates, which have not considered hybridizahe armchair tubeg=0 on the other hand there is no defor-
tion effects. mation along the transverse direction, but the hexagons are
We now discuss how the rehybridization may be observstill deformed along the circumferential direction as shown
able in STM experiments. Already without rehybridization in Fig. 4. To observe the hybridization effects it would there-
the directions of ther orbitals in a curved geometry can fore be most advantageous to scan along the ridge of a zig-
affect the STM images as predicted in Ref. 10. In that studyag tube and average or Fourier transform the image over a
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distance of several hundred carbon sites, preferably for moreire in the tight binding calculations of Ref. 6, but the results
than one value of the height coincide with analytic studié$ that did not take any hybrid-

In summary we have shown that it can be expected thaization into account. Our first order calculation probably
the curvature of carbon nanotubes will result in a significanoverestimates the value of the hybridization angleand
rehybridization of thew orbitals. This rehybridization will higher order effects and energy band repulsion will reduce
affect the energy gap and will also manifest itself in a well-the size of the hybridization anglé and therefore also the
defined distortion of atomic resolution STM images given byenergy gap. However, the direction of the hybridization
Eqg. (12). To lowest order in the curvature paramedér the  given by 34 relative to the circumference is correct as can be
hybridization angle was found to h&=a/4./3r, resulting in  seen by symmetry arguments. The exact size of the hybrid-
an energy gap which is significantly higher than previousization angle can most reliably be found by analyzing STM
analytical studies® as well as numerical estimat®ét is not  images as outlined above, which in turn would lead to a
clear to us what assumptions were used to model the curvanore reliable estimate of the curvature gap.
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