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Specific heat of the periodic Anderson model: From weak to strong coupling
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We study the temperature dependence of the specific heat in the periodic Anderson model as function of the
on-site Coulomb interaction, hybridization, and position of thef electrons energy level. At strong coupling
(U5`) we use slave bosons, whereas at weak coupling we use a simple Hartree-Fock decomposition. We find
that both in the strong and weak coupling limits the specific heat of the system presents a multiple peak
structure in a mean field treatment. We believe these features to be related to band-shape effects. The tempera-
ture evolution of the low-temperature peak position on the model parameters for the non-half-filled nonsym-
metric case is discussed.
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Heavy-fermion materials are compounds containing r
earth and actinide atoms that exhibit high specific heats
spin susceptibilities at low temperature. This feature is as
ciated with high effective masses of quasi-particles due
strong Coulomb interactions among the 4f or 5f electrons.1

The behavior of these materials is controlled by three par
eters: the hybridizationV betweenf and d orbitals, which
confers thef electrons an itinerant character, the value of
f level e0 energy relatively to the chemical potential, and t
value of the Coulomb energyU.2

The strong Coulomb interaction together with the sm
values of the hybridization matrix allow for formation o
local moments leading to magnetic behavior in these s
tems. The Kondo effect and the magnetic order due to
RKKY ~Ruderman-Kittel-Kasuya-Yosida! interaction are
consequences of the interplay between Coulomb interac
and hybridization.3,4 Together with magnetism, heavy
fermion materials may present superconducting gro
states, whose origin and nature are far from being fu
understood.5–7

The periodic Anderson model~PAM! is considered a good
candidate for describing heavy-fermion systems. It is gen
ally accepted that a complete understanding of hea
fermion system properties requires going beyond mean fi
theory. Nevertheless, mean field theory still gives qual
tively correct information about some properties of hea
fermion systems.2

Recently, the temperature dependence of the specific
of the PAM, at half filling, was studied using the equation
motion method, both in the symmetric and nonsymme
cases,8,9 and a multiple peak structure was found. This m
tiple peak structure was first obtained by Zielin´ski and Mat-
lak in the half filled symmetric (2e01U50) case.10 How-
ever, it is believed that mean field theory is not able
capture this multiple peak structure in the specific heat.
0163-1829/2001/64~11!/113104~4!/$20.00 64 1131
e
d

o-
o

-

e

ll

s-
e

n

d
y

r-
y-
ld
-
-

at
f
c
-

This belief contrasts with Monte Carlo results showi
that the magnetic Hartree-Fock approximation reprodu
well the free energy of the PAM at low temperatures wh
V!U,11 implying that the thermodynamics must be well d
scribed by the Hartree-Fock approximation in this limit.

In this study we report results for the PAM’s specific he
both in the weak and infinite coupling limits. Our study
done away from half filling and in the non-symmetric cas
The strong-coupling limitU5` is studied using slave
bosons, whereas the weak coupling limit is treated wit
Hartree-Fock approximation. We find that in both limits th
specific heat presents a multiple peak structure and tha
dependence on the model parameters is in qualitative ag
ment with what is physically expected.

The standard periodic Anderson model model for spin
electrons is written as

H5Hd
01H f

01Hd f1HU , ~1!

where

Hd
05(

kW ,s
~ekW2m!dkW ,s

†
dkW ,s , ~2!

H f
05(

i ,s
~e02m! f i ,s

† f i ,s , ~3!

Hc f5V(
i ,s

~di ,s
† f i ,s1 f i ,s

† di ,s!, ~4!

HU5U(
i

ni ,↑
f ni ,↓

f , ~5!

and ekW is the dispersion of thed electrons,e0 is the bare
energy of the localizedf states,m is the chemical potential,V
is the hybridization matrix element~assumedkW independent!,
U is the on-site Coulomb interaction, andni ,s

f 5 f i ,s
† f i ,s .
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This model describes two electronic subsystems, thed and f
electron systems, which are coupled by the hybridization m
trix. Since thef states form very narrow bands, the Coulom
interaction has a strong effect on thef states.

It is well known that, at the mean field level, the PA
presents a two-band structure, separated by a gap. There
the model describes a Kondo-insulator forn52, describing a
metal for other values ofn. The full density of states show
a sharp peak of widthV2r0 ~with r0 thed-electron density of
states! close to the renormalizedf level energy, which is re-
sponsible for the quasiparticle heavy-masses when
chemical potential lies within this peak.

In our study we consider the non-magnetic phase s
that^n↑

f &5^n↓
f &. In the strong coupling limit (U5`), double

occupancy of thef sites is forbidden. The simplest imple
mentation of theU5` condition is due to Coleman,12 in
which the emptyf site is represented by a slave bosonbi and
the physical operatorf i in Eq. ~4! is replaced withb†

i f i .
Condensation of the slave-bosons can be described by
replacementbi→^bi&5^b†

i&5Az.
The density of the boson condensatez minimizes the free

energy of the system and the renormalizede f energy level is
obtained after imposing local particle~boson1fermion! con-
servation at thef sites. Using the results of Ref. 13 for th
nonsuperconducting case, the mean field equations ca
written in terms of the Fourier transform of the Green’s fun
tions

Gf ,s~kW ,t2t8!52^Tt f kW ,s~t! f kW ,s
†

~t8!&, ~6!

Gd,s~kW ,t2t8!52^TtdkW ,s~t!dkW ,s
†

~t8!&, ~7!

Gd f ,s~kW ,t2t8!52^TtdkW ,s~t! f kW ,s
†

~t8!&, ~8!

as

z512
T

Ns
(
kW ,s

(
ivn

Gf ,s~kW ,ivn!

5122E
2D

D

der0~e!@u1
2 ~e! f ~E1!1u2

2 ~e! f ~E2!#,

~9!

and

e f5e02
VT

AzNs
(
kW ,s

(
ivn

Gd f ,s~kW ,ivn!

5e02
2V

Az
E

2D

D

der0~e!Au2~e!1u2
2 ~e!

3@ f ~E1!2 f ~E2!#, ~10!

whereNs denotes the number of lattice sites,e f is the renor-
malized energy of thef orbitals due to the on-site repulsio
and f (E) is the Fermi function. Equation~9! states that the
mean number of electrons at anf-site is 12z. For a given
number of particles per siten, these equations must b
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supplemented with the particle conservation condition wh
yields the chemical potentialm for any temperature:

n512z1
T

Ns
(
kW ,s

(
ivn

Gd,s~kW ,ivn!

52E
2D

D

der0~e!@ f ~E1!1 f ~E2!#. ~11!

In the above equations the energiesE6 and the coherence
factorsu6

2 (e) are given by

E65 1
2 ~ekW1e f !6 1

2 E~ekW !,

E~ekW !5A~ekW2e f !
214zV2,

u6
2 ~e!5

1

2 F17
ekW2e f

E~ekW !
G ~12!

andr0(e) represents the density of states of the freed elec-
trons, which we choose of the form

r0~e!5
2

pD2
AD22e2, 2D<e<D, ~13!

whereD is half thed-electrons bandwidth.
At weak coupling the on-site Coulomb repulsion termHU

is treated using the usual Hartree-Fock decompositionHU

→U^nf&/2( i ,sni ,s
f . Since the total number of electronsnd

1nf , is fixed, we obtain a mean field equation fornf , which
is solved together with the equation for the chemical pot
tial m. The Coulomb interaction contributes to the renorm
ization of e0, leading to a renormalizedf energy given by
e f5e01U^nf&/2.

Once the mean field equations are solved, the specific
is computed as

C5
1

Ns

d^H&
dT

. ~14!

FIG. 1. Specific heat of the PAM in theU5` limit as function
of T/D for different values ofe0. The inset shows a linear low
temperature behavior ofC(T), as it should be for a metal. Th
parameters areV50.17D, n51.1.
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At weak coupling, the mean field parameters arenf andm,
whereas atU5` these arenf , e f , andm. In what follows
we takeD56 andU, e0 , V, andT are measured in units o
D.

In Figs. 1 and 2 we show the specific heat of the PAM
the U5` limit for several values ofe0 andV, respectively.
Since we are in the metallic regime the specific heat is lin
at low temperatures~check inset in Fig. 1!. Both theg coef-
ficient and the zero-temperature spin susceptibility are m
higher than the corrresponding values for nonhybridiz
d-electrons, signaling the presence of heavy quasipartic
We see that asV or e0 decrease~with e0,0) the low tem-
perature peak is shifted to lower and lower temperatu
whereas the temperature position of the high tempera
peak remains essentially constant. Let us define a chara
istic temperatureT* as the temperature value whe
d^di ,s

† f i ,s&/dT has its first local maximum, as can be seen
Fig. 3 for two values ofV. A similar definition has been
adopted for the Kondo temperatureTK ~on the lattice! in Ref.
8. Comparing the results forT* in Fig. 4 with those in Figs.
1 and 2 forC(T), we see that the temperature position of t

FIG. 2. Specific heat as function ofT/D for different values of
V, in the U5` regime. The parameters aree0520.57D and n
51.1.

FIG. 3. Temperature dependence of the temperature deriva
of matrix element̂ di ,s

† f i ,s for two different values ofV, in the U
5` regime, fore0520.57D andn51.1.
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low-temperature peak coincides withT* . The dependence o
T* on V ande0 follows the same trends as those found f
TK in Ref. 8, for the half-filled symmetric case, where
Kondo intrasite interaction of the formJK;V2U/@e0(e0
1U)#, was assumed to be present. Since we have not
cluded the fluctuations of the boson fields, it is remarka
that mean field theory~in the boson fields! can capture this
effect since the Kondo interactions are not generated at m
field level. We interpret the appearence of a specific h
peak at temperatureT* as being associated with the exi
tence of a peak in the density of states.

As we have seen, in the strong coupling limitU5` the
constraintnf<1 introduces boson fields. At the mean fie
level, the effect of these fields is to renormalize the hybr
ization matrixV to Vz5AzV. This implies that for the same
parameters as in the weak coupling~Hartree-Fock! regime
the low temperature peak inC(T) shifts to lower tempera-
tures. This can be clearly seen comparing Fig. 1 with Fig
and Fig. 2 with Fig. 6. We have also checked that the lo
temperature peaks for differentV or e0 tend to collapse into
a single peak ifT is scaled byT* , as observed for the sym

ve

FIG. 4. Dependence of the correlation temperatureT* as a func-
tion of: ~a! e0 and ~b! V in the U5` regime and forn51.1.

FIG. 5. Specific heat of the PAM in the Hartree Fock appro
mation as function ofT/D for different values ofe0. The inset
shows a linear low-temperature behavior ofC(T), as it should be
for a metal. The parameters areU50.47D, V50.17D, n51.1.
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BRIEF REPORTS PHYSICAL REVIEW B 64 113104
metric case in Ref. 8. It is also clear from Figs. 1 and 2 t
as we move the system towardsnf→1, which in a more
elaborated description would correspond to the Kondo lim
the single peak structure separates into two peaks. It is
clear that the low-temperature peak is in fact a superposi
of two peaks not completely separated. In Ref. 8 the co
plete separation of these two peaks took place only at v
negative values ofe0.

In the single impurity case the model has been solved
the Bethe ansatz.14 In that case,C(T) also presents a doubl
peak structure. In that solution the charge and spin exc
tions are described by different rapidities becoming clear
the low-temperature peak inC(T) is associated with the spi
excitations whereas the high-temperature peak is due to
charge excitations. An exact solution is not available for
lattice problem, however.

In more sophisticated treatments of the PAM~Refs. 8,9! a
lattice Kondo temperatureTK has been identified with the
first maximum in the specific heat leading the authors
conclude that the first peak is associated with the Kon
shielding~spin excitations! whereas the second peak is ass

FIG. 6. Specific heat of the PAM in the Hartree Fock appro
mation as function ofT/D for different values ofV. The parameters
areU50.47D, e0520.83D, n51.1.
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ciated with the charge transport~at an energy of the order o
the hopping taken as unity in this paper!. But the calculation
we just presented shows that both the slave-boson mean
theory and the most simple Hartree Fock approximation l
to a multiple peak structure in the specific heat. These
proximations do not describe the dynamics or screening
local moments. We therefore conclude that the double p
structure in the specific heat is simply a band-shape eff
namely, the appearence of a peak in the density of sta
Indeed, such a feature is also present in more sophistic
treatments of the PAM.8,9

If the system undergoes a magnetic or superconduc
transition, the peak structure is replaced, in general, b
lambda-shaped peak signaling the transition to the orde
phase or phases if they coexist. In the particular case
superconducting ground state13 and zero magnetization w
have observed that in some cases the low-temperature
is still present. A study of the ordered phases will be p
sented elsewhere.15

In many heavy-fermion materials thef electrons have
large total angular momentum. At mean field level and
N.2 the z parameter has a critical temperature given
Tz5(e f2m)/ ln(N21). In the ‘‘Kondo regime’’e f2m is a
very small quantity.3,12As the temperature risesVz vanishes.
Therefore, we expect forC(T), and within mean field theory
a different temperature behavior from that reported here.

In summary, we have found thatC(T) for the PAM pre-
sents a double peak structure both in the strong coup
limit and in the Hartree-Fock approach. This multiple pe
structure inC(T) is associated with a peak in the density
states of the system, due to hibridization between delocal
d and localizedf states. The temperatureT* of the first peak
corresponds to a maximum in the derivative of^di ,s

† f i ,s&
with respect to temperature.T* decreases as bothV ande0
decrease. This effect is much more pronounced in the str
coupling regime, sinceV is renormalized to smaller value
due to the factorAz.
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