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Dynamics of conversion of supercurrents into normal currents and vice versa
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The generation and destruction of the supercurrent in a supercon@8chatween two resistive normé)
current leads connected to a current source is computed from the source equation for the supercurrent density.
This equation relates the gradient of the pair potential’s phase to electron and hole wave packets that create and
destroy Cooper pairs in tHe/S interfaces. Total Andreev reflection and supercurrent transmission of electrons
and holes are coupled together by the phase rigidity of the nonbosonic Cooper-pair condensate. The calcula-
tions are illustrated by snapshots from a computer movie.
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[. INTRODUCTION time-dependent  Bogoliubov—de  Gennes  equations
(TDBAGE).1819923They describe the evolution of the spinor
Andreev scatteringAS) of electrons into holes and vice quasiparticle(QP) wave function with the electron compo-
versa by spatial variations of the superconducting paihentu,(r,t) and the hole component,(r,t) under the in-
potential,l in competition and cooperation with conventional fluence of scalar and vector potentiaér,t) andA(r,t) in
scattering, determines the electronic structure and transpotfie single-electron Hamiltonian
properties of inhomogeneous superconductors. The Tomasch
effect in tunnel junctiond Josephson currents® excess cur-
rents, and subharmonic gap structdrésin superconducting
(S)-normal conducting K)-superconducting junctions, as Ho(r,t)= ﬁ[i—V—eA(f,t)
well as the transfer of half of the Magnus force to the core
electrons of a moving vortex lifdare due to AS. It is in-
volved in the persistent currents around the Aharonov-Bohnyig the matrix equation
flux in anN/S metal loopt* and there is AS in Hg too® A
wealth of AS phenomena has been discussed recently in
Refs. 16 and 17. 9
3

2
+V(r,t)—u

While the conversion of a nhormal current into a supercur-
rent by electron— hole scattering in the interface between
an N and anSregion of semi-infinite lengths has been de-

scribed beforé®!9°the reverse process has not. Thus, it is _ Ny
the purpose of this paper to analyze the normal-current Heri, the_ matnx_ Hamiltoniar?(r,t) _has HO(.r’t) and
supercurrent conversion processes in a superconducting laygr o (T+1) in the diagonal, and the pair potentia(r,t) and

of finite lengthL, between two normal current leads. These!'tS c_ompl_ex cor_uugate in the off dlagonal. The chemu?al po-
normal leads are connected to a reservthattery”) which tential u in Hy is that of the reservoir. We peglect all influ-
acts as the current source in the closed circuit. The exterfgces Of entropy production associated with current flow on
sions of theN andSregions inx andy directions are., and the chemical potentlal,_ pecause the number of degrees of
L,; assuming that they do not exceed the London penetr‘,j{_reedom of the reservoir is assumed to be much Iarg(_ar than
tion length one may neglect inhomogeneities of the currenthat of th? normal Ieads. and the_ superconductor..Thurs,
density in the superconductor. The metal-vacuum boundarigNstant in space and ti&The indexn characterizes the

are treated as rigid walls. By varyirig, andL, one can vary stationary QP states from which the solutions of E%).
the dimensionality of the system. By showing in detail howevolve after time-dependent scalar and vector potentials have

in any transport experiment involving superconductors elec?€€n switched on. . o
AS is a many-body process. For its analysis it is conve-

tron < hole scattering brings about normal current su- . id fibri f. 4 £ th
percurrent conversion our analysis may also prove useful fgfient to consider a nonequilibrium configuratigh,,) of the
the understanding of transport phenomena in quasi-twol'2ny-body system where one quasiparticle stédg,(char-

dimensional  (Q2D)  superconducting/semiconducting &cterized by a tripel of quantum numbers and spin, is
heterojunctior® 22 and superconducting quantum dots in definitely occupied and all other QP states) are occupied
according to the equilibrium distribution functiofy,. All

Q2D channels. interactions that might affect the spin are neglected. Then, it
has been showf?3 with the help of the TDBdGH1) that
the expectation valuesT |, |p(r,t)|T,,> and(T,,|j(r,t)| T,

AS and the associated formation and destruction of Cooef the many-body charge- and current-density operators sat-
per pairs and supercurrents can be calculated from thisfy the relation

un(r,t) un(r,t)). n

Un(r1t)> :H(r’t)(vn(rut)

II. CHARGE CONSERVATION

0163-1829/2001/64.0)/10451%7)/$20.00 64 104515-1 ©2001 The American Physical Society



ARNE JACOBS AND REINER KWMEL PHYSICAL REVIEW B 64 104515

9 _ . =[KCe+E2m/72]Y2, Here, K,p=[k2Z— (nym/Ly)?
21 {Telp(rD[Tig) +div(T [} (r, 1) T1) —(nym/L,)?]¥2is thez component of the Fermi wave num-
berke=[2mu/#2]*?, and (@,m/L,) and (,m7/L,), N, in-
tegers, are the wave numbers of the standing waves between
the rigid walls that limit the metals ir andy directions. The
) ) energyE of both electrons and holes is positive and mea-
The electron and hole wave functiongandv, satisfy Eq.  gyred relative to the surface of the unshifted Fermi sphere at
(1), andjg is the supercurrent density induced by the mo-ye chemical potentiak. For normal current densities below
mentum and charge transfer from the QP lir)to the Su- e critical current densities of conventional superconductors
perﬁondulcf:tmg gondensate.AI_I mizr(-fle;d QP.statgﬁlfd all E are less than the modulus of the pair potential
in the self-consistency equation far(r,t) are in a Hilbert _ . : .
space specified tfT,,). Therefore, their wave functions all ,[A.(Z)NA. ®(.Z)®(ITZ. 2); here®(2) is the Heavxsu‘:ie func-

. - tion which is sufficient to model the spatial variation of the
acquire the same phase shi(r,t) caused by the QP in pair potential in the context of current flow/1*26?'Details

(Io). This leads to a phase shiff§lr,t) of the pair poten- of the change ofA(z) close to the interfaces because of the

tial, andjg; becomes proportional to the gradient$fr,t) o o .
times théSInumbeN ofpelectrons in the superconduct&r® proximity effect matter little in the integral of Eq2) that

(Recently the necessity of a phase gradient for charge cori€!ds the supercurrent. _
servation inN/S/N junctions has again been pointed out by "€ motion of wave packets shows best the dynamics of
Smchez-Caizares and Sol&) The requirement that charge quantum-mechanical processes. Thus, similar to the use of

is conserved in the many-body system results in the funda'epresentative, well-controlled, preformed wave packets in
mental source equation for the supercurrent density the calculation of differential cross sections for conventional

scattering, we investigate the current dynamics in a closed
e N/S/N circuit by studying the motion of wave packets that
divjgi= 4z Im[A* (r,Hu(r,Huf (rH](1-f). (2 are representative for the electronic configuration in any
transport experiment involving a superconductor connected
This equatio®!*®?has a non-vanishing right-hand side if to a current source by normal conductors. Conventional scat-
theu, andv, describe quasiparticles that decay exponentiallytering processes are disregarded because we are only inter-
in the superconductor during total Andreev reflection, be-ested in AS in théN/S interfaces. In principle, impurity scat-
cause their energies are less than the maximum valde of tering could be treated with the help of the scattering matrix
In this case the source equation yields a finite supercurreribrmulation?”?® This is especially convenient for devices
js1- The phase shift of the pair potentia52 on the other that, unlike the ones considered by us, involve only a small
hand, is essentially given by th@tegral of the right-hand  number of incoming and outgoing channels. Interface barri-
side of Eq.(2), divided byN>1 .18 Thus, despite its impor- ers that weaken Andreev scattering have been considered
tance for charge conservation, its numerically tiny value carpreviously?'%?°the competition between conventional and
be neglected in our calculation of solutions of Ef). Andreev scattering has been discussed in terms of the diag-
onal and off-diagonal forces associated with broken
symmetrie$, and a motion picture of the wavepacket dynam-
ics in such a case can be viewed in the Internet under the
address given in the caption of Fig. 1. If conventional scat-
A shifted Fermi spheréor its equivalent in Q2D and Q1D tering is present, the Gaussian spectral functifit), see
conductorg represents the current-carrying many-body con-below, has to be multiplied by the probability amplitude of
figurations in the two parts of the normal current leads thatransmission. There are only few scattering impurities and no
are parallel to the axis and connected to the superconductorinterface barriers present in a Q2D electron gas in a
(The direction of current flow in the parts bent towards themodulation-doped system consisting of an InAs channel be-
reservoir is irrelevant. These leads, supposed to be muchtween an AISb substrate and a superconducting niobium
longer than the mean inelastic scattering length, are condudayer that induces a pair potential in the electron gas via the
tors with resistanc® In this nonequilibrium distribution of proximity effect®® For such an experimental setup our cal-
electrons above the Fermi surface in states with positive mosulations apply exactlywithin the limits of the Andreev ap-
mentum in thez direction and unoccupied states with nega-proximatior). For the general case of any superconductor
tive z momentum below the Fermi surface the current-between any two normal current leads they show the quan-
driving force from the battery is balanced by the frictional tum mechanically and electrodynamically essential dynamics
forces from the energy-relaxation processes. The quasipartdf AS that rules the charge transport in addition to conven-
cles in this resistive-state configuration are uncorrelatedtional scattering.
Thus, the total current in the closed circuit is the sum of the We start our analysis with the initial condition that a nor-
currents from the individual quasiparticles. malized electron wave packet, localized aroaget O in the
In the following we try to obtain the details of normal normal current lead to the left of the superconductor at time
current«— supercurrent conversion by studying the motiont=0, travels towards the superconductor. In the center of the
of the electrons ¢ ) and holeg-) that are part of the shifted wave packet the energy B <A. (By varying E; andk,
Fermi sphere. Theiz momenta areik™(E), with k=(E) one can obtain all the low-lying electron excitations that are

= —4; IM[A* (r,)u(r,t)o] (r,t)](1—f)) +divjg.

IIl. CURRENT FLOW AND REPRESENTATIVE
WAVE PACKETS
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FIG. 1. Propagation and Andreev scattering of the probability densit/ésand|v|? of a representative spin-up electron and hole wave
packet configuratiorisolid lineg, and the induced supercurrent dengitydashed ling in a current-carrying closed/S/N circuit. For the
sake of clear graphical representation the initial conditions for the electron wave packet, incident from the left, have been chosen as: energy
in the centelE,=A/2=0.15 meV, spatial spreaa,=5 um, andk,r=0.%=2.06 nm . Via charge conservation by supercurrent induc-
tion these conditions determine the parameters and the motion of the resulting hole wave packet incident from the right; the retardation time
for AS, r=#hI[A%— E,2]1’2, is about two picosecondps). More computer movies on electren hole and electror- electron scattering in
one N/S interface, also for energies above the gap, can be viewed in the Internet at URL http://theorie.physik.uni-wuerzburg.de/TP1/
kuemmel/films/filmse.html

part of the shifted Fermi sphere in the left normal lga&sbr  that contribute to the source equati@®) essentially in the
convenience we choose a Gaussian spectral function left half of the superconductor, turn out to be

o+ +:92/5,2
a, uNL:WIeIkl ze—[zo—z+v| t] /ZaZ’ (3)

D(E)= _e—[k*(E)—k*(E|)]2a§/2e—i[k*(E)—k*(E,)]zo;
\/Z = +, = + 25,2

- ) ) UNL:WI'y(EI)elkl Zef[ZOJr(vl vy )z+v, (t=7)] /2az, (4)

the position-uncertainty parameter,<|z,| is chosen so

large that the related energy spread of the wave padéket,

i —K|Zp— v ]2 2
=#%%k"(E;)/ma,, is less thamA —E, . Solutions of Eq.(1) us =we'zrre” nizg 2ot o %28, 5
are calculated neglecting andA and approximating\(r,t)
by the realA(z), thereby disregarding repercussions of the VsL=W, y(El)eikzpze*K|Ze*[Zo+v|+(t*f|)]2/2a§, (6)

guasiparticle-induced supercurrent on the ®ef. 13 and

on itself. (As discussed above, the phase shift of the paitvhere

potential due to one Andreev reflection process is negligibly

small) These solutions are multiplied by the spectral func- 2 (e | [nyT LB
tion D(E), integrated over all energies, and matched at the W'E“_T\/—)l/z sin{ —x|sin{—y/je =7,
left N/S interface, i.e.z=0, in the usual Andreev approxi- Xy T X Y

mation where terms of the order af/ u are neglected out- and «=(A%—E2) Y/ fv,e=1rv,r, With v,e=hk,e/m.
side the exponentials. Energy-dependent functions are Tayl¢For the sake of simplicity the complex wave numbersdp
expanded arounH,; up to first order in E—E,). This affects and vg, have not been Taylor expanded iE<E,) but

the amplitude of the Andreev-reflection probability rather taken aE, right away]
_ _ Identifying the wave functionsg, andvg, from Egs.(5)
y(E)=e ' aeoE/h~ o (F))e(/ME-E)7 and (6) with the u, and v, of the source equatiof2) and

Gy 2 212 - _ <. integrating that equation from=0 to z yields the density of
and  k*(E)=[kze=E2m/A"]" ~km £(E-E)/hv; 71 e supercurrent in thedirection, induced in the left half of

- 2_pE2q-12 ;
=#[A . E] is the tme fo.r one elect_ron—> hole- e superconductor by AS of the electron wave packgt
scattering event and the associated formation of a Coop€hiq the hole wave packety, , as

pair, see Eqs(3), (4), and

H — 2r1 _ a— 2Kz
kFEki(EO, UFEﬁkF/m. JsiL ez(zeUzF)|Wl| [1-e ]
_ % e—{[zoﬂ;ﬁ(t—T|/2)]2+(Tlul*/z)Z}/aﬁ(l_ f). (7
The resulting electron and hole wave packefs(r,t) and

vy (r,t) in the left normal current lead;<0, and the expo- Here we have assumed thaf>1/k,. In the opposite case
nentially decaying solutionsg, (r,t) andvg(r,t) in z=0, one would have to add a second source term on the right-
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hand side of Eq(2). This term would contain the contribu- locity v,” in the left normal current lead, and the center of the
tion from the wave packet solutiongg(r,t),vsg(r,t) of Eq.  hole wave packetyr, propagating to the left with velocity
(1) for 0<z<L, that match to the current-carrying QP wave ; - in the right normal current lead, hit the left and right
packets in ;‘Ihe r_i?]h_t normal C‘(er_re”t Iea:cdzat Lﬁand decay interfaces az=0 andz=L, (with different phasesat the
. ; + ;
G case of large s theuer(r 1 andvodr 0y ive only fse  SAM iMeto="2o/u/ , whil the hole wave packety.
' ' propagating to the left ire<O with v, , and the electron

to the supercurrenjy r in the right half of the supercon- . . .
ductor. The complex amplitudes of the solutions of theWave packetuyg, propagating to the right iz>L,, are

TDBAGE in the energy integrals that form the wave packetd€t@rded by the timen with respect to the incident wave
Usg(r,t) and vsgr,t) are uniquely determined by the re- packets. The holes moving to the left transport positive mo-

quirement that the supercurrent densifigs andj g, com- ~Mmentum and negative charge to the right, just as the electrons
puted fromugw%, and uspXq, join smdothly at all times ©f oppost[‘(.e group velocn){, do. The supercurrent dengity
somewhere within the superconductor. Since the phases §Preads ‘instantaneously” throughout the superconductor
the Fermi-liquid quasiparticles in the left and right normal (the velocity of light not exceeding, of coupsand couples
current leads are at random, only the current densities, nétirectly electron— hole scattering in the left to hole-

the wave functions, must join smoothlilf, on the other €lectron scattering in the right interface.

hand, the superconductor were only a thin slab with This “instantaneous” coupling may seem to be surprising,
<1/k;, there would be a finite probability that the QP do notbut only at a first look. Giving it a second thought one sees
suffer AS and induce a supercurrent but rather carry theithat our result confirms by explicit wave packet calculation,
phases through the pair-potential wall in a tunneling pro-and for the first time, as far as we know, what one has con-
cess) The matching point turns out to He/2, and the eva- cluded before intuitively and from steady state calculations:

nescent wave packets result to be hole — electron scattering destroys and electren hole
) scattering creates supercurrents, whenever currents flow
U= W, eikere (L= Dg[20+ vy (t=m)%/2a; (8)  throughS/N andN/S interfaces, e.g., in vortex liné$.Both

scattering processes must occur simultaneously even at far-

_ — 10k, za— (L~ 2) a— [z + v, 1] 2282 apart interfaces because of charge conservation in closed cir-

vsr=Wiy(Ey)elurer nta et TR, (9) cEitsandasadirect consequence of the very essence of BCS
More details are given in the Appendix. superconductivity: Cooper pairs arot bosons, despite of

The supercurrent density z, obtained by integrating Wwhat one can read frequently, because within the volume of

Eq. (2) from L, to z, with ugp ¥ in the place ofujv} , has  one Cooper pair of a conventional superconductor there are

the same form ag,, of Eq. (7) except that exp-2xz] is ~ about one million of mass centers of other Cooper pairs, their

being replaced by eXp 2« (L,—2)]. Finally, the wave packet creation and destruction operators do not satisfy bosonic
solutionsuyg(r,t),ung(r,t) of Eg. (1) in the right normal ~commutation relations, and their condensate wave function is

current leadz>L,, that match to thaigg(r,t),vs(r,t) at antisymmetric? Therefore, the Cooper pair formed by total

the right interface ire=L,, become Andreev reflection in one interface cannot exist outside but
only within the condensate to which the momenturkg:
UNR:WleikZFLzeik,*(z—Lz)e—[zo+Lz—z+v|*(t—Tl)]2/2a§ and the charge of the two electrons of opposite spin, that

(10) have entered the superconductor, must be transferred. Be-
cause of the “phase rigidity of the electron pair fluitf;’so

1 iK™ (z— typical for off-diagonal long range order, this charge and
— 140k, (L, qik, (z—Ly) h :
UNR= W Y(Ey)eTeree ’ momentum transfer, and the related phase shift, manifest
x a1+ (0] o] Y(z=Ly)+v] 1121282 (11) themselves immediately in a current flow out of the other

interface. Thus, no charges can accumulate in the supercon-
Note that these wave packets are the result of onlginitial ~ ductor according to its capacitan¢as charges from quasi-
condition, namely “electron wave packet incident from the particles with energieE>A may dg, and the reservoir has
left.” This initial condition, the matching of the wave packets to emit holes into and receive electrons from the right normal
at the interfaces, the requirement of charge conservation deéad at the same rate at which it emits electrons into and
expressed by Eq2), and the smooth joining of the super- receives holes from the left current lead. This is illustrated by
current densitiegs;, andjg g determine unequivocally the the snapshots from a computer movie in Fig. 1. The
wave packets in the right normal current le@gpart from an  Andreev-reflected wave packets may be considered as
irrelevant, constant phase factor that has deliberately been sspercurrent-transmitted wave packets as well. Together with
equal to unity. the incident wave packets they represent any of the low lying
single-particle excitations with energiegE,<A in the
current-carrying, resistive parts of the circuit.

Considering the supercurrent contribution from our repre-
sentative quasiparticle wave packet configuration we note
Comparison of theuy, ,vy. from Egs. (3),(4) with the  that its spatial maximum is &=L,/2, and its maximum in
Ungr,Unr from Egs. (10),(11) shows that the center of the time occurs at=t,+ 7,/2. From the equations fqg, us.r
electron wave packaty, , propagating to the right with ve- anduvg_r one sees that the quasiparticle current density

IV. ANDREEV SCATTERING AND COOPER PAIR
FORMATION
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. e LN i, supercurrent density | from the left part of the supercon-
loP= Re uj i—Vu.—v|i—Vv, (1= ductor at all times somewhere within the superconductor.
Once the amplitude€ (E) are known, the electron and hole
wave packets in the right normal current lead are unequivo-
changes into the supercurrent densjty and vice versa cally determined by Eq(l) and the matching conditions for

within a distance X, =v,g7 from the interfaces. the wave packets im=L,. The remainder of this appendix
In conclusion, the combinations of single-particle excita-just shows how the amplitud€3(E) are calculated.
tions (wave packetsand collective modesgsupercurrents In the right part of the superconductor, with the Gaussian

connected by AS as shown in Fig. 1, are the consequence gpectral functionD(E) and those solutions of Eql) that
the phase rigidity of the Cooper-pair condensate and the adncrease ag<L, approaches ,, we obtain

justment of the current configuration to charge conservation

in theN/S andS/N interfaces. They are the current-carrying
elementary excitations in closédf S/N circuits.

n n 1 . .
Usr= sin( x7TX Siﬂ( yﬂ'y) e iEthgikzrzg—Ki(L,~2)
Lx Ly ) sc\2nm
V. OUTLOOK
The supercurrent, carried by the condensate irStlager, % fmdEe—[(az/hvr)z(EfE|)2/2+i(zolﬁv|++t/ﬁ)(EfE|)]
involves only states withE,|=A. It continues the current in 0

the normal current leads where all electrons and holes have
energiesE,;<A. If the total current density exceeds its criti- <X Q(E), (A1)
cal value, i.e., if the center of the Fermi sphere in the normal

current leads is shifted by more thém.s=Am/7kg, de-

pairing sets in, and when superconductivity has broken (e (nymw 1
down, the uncorrelated normal-state configuration reigns evev sg= sm(L—x)sm( )
erywhere in the circuit. If, on the other hand, the sin§le x 5E\/Z
layer is replaced by a mesosco@d Sjunction, the many- x e IEWUh gikorzg—xi(L,~2) o ()~ 1
body configuration in the centrdl layer is a phase-coherent YiE
one and thus different from the uncorrelated configurations o s . .
in the normal current leads. In &YSNSN circuit theSNS XJ’ dEe @/ ) (E-B) 2 +ilzo fhoy +(t+ m)/AI(E-ED}
junction acts as a gapless superconduttidrcan carry a 0
dissipation-free Josephson current through the central
layer via phasecoherent QP states Wih<A and|E|=A.°

This current converts as a whole into the total supercurrent O[fThe terms, =2k (E;)/ma, in the denominator, which re
E™ | z ' -

the S layers, and vice versa, whereas, according to (2g. _ . .
Y g to®x sults from replacing the wave packet integration dvérby

each uncorrelated QP from the normal current leads indi= q ¢ h luati fthe i |
vidually induces its proper fraction of the total supercurrent.9N€ OVerE, drops out after the evaluation of the integrhls.
Let z' be the point where the supercurrent densitigs

If the total current density exceeds the critical Josephson- - - !
current density at a Fermi-sphere shift dtj.sye=7/d, andjs_LR join smoothly. Then the integrals of the source
whered is the length of the centrai layer® a voltage drop €duation(2) must satisfy

appears across thé&NS junction. There are different

modeld?-12338for SNSjunctions with voltage drops. They _ 2 e .

differ with respect to the implicit assumptions about the rate JS',L\Zr:erO dz 45 Im(A%usws)(1-1f)

and energy range of QP creation in the cenhalyer by

supercurrent— quasiparticle-current conversion. The ques-

tion of how this rate and range depend upon the weakening !

Ly

X Q(E). (A2)

LZ
of phase coherence in tl&\Sjunction by energy exchange = —ezf, dz 4; IM(A*ugpv R (1—1))
between quasiparticles and electric fields, phonons, and ther- z
mal fluctuations such as Nyquist-Johnson ndigepresently =isiRL, - (A3)
investigated. n

For convenience we write the compleX E) as the prod-

uct of two factors, one of them being energy dependent:
APPENDIX: MATCHING OF SUPERCURRENTS

The supercurrent density in the right part of the supercon-
ductor jg g, results from the evanescent wave packets
Usr,Usr. These are built up from the stationary solutions of
Eqg. (1) that decay exponentially within the superconductor Now we insert thaeiggrandv g of Eqgs.(Al) and(A2) into
with increasing distance from the right interfacezatL, . the supercurrent densify, g|,» of Eq. (A3) and, similarly,
The free amplitude£)(E) of each of these solutions are jg |, is expressed by the solutiong, andvg, in the same
determined by demanding thi§ r joins smoothly with the  form, i.e., without evaluating the energy integrals

Q(E)=w1w,(E). (A4)
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JsiLl, =45 Asmz(—x)sm2< » y)

xX1m

JsI,R|Z,

o

ez4 A smz(

X

) * 4
% J dEe{(aZ/hur)z(EE|)2/2+i[zolhu|++(tTQ/ﬁ](EEQ}} }JZ dze’z"'z(l—ﬁ),
0 0
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1 4
2m8% LyLyam

Y(E)* [ J; dEe—[(aZ/ﬁuﬁ)z(E—E|)2/2+i(zO/ﬁu,*+t/ﬁ)<E— EQ]}

(AS5)
)l
om ozt
% |m[[7(EI)—1]*{fwdEe—[(az/ﬁuﬁ)Z(E—E|)2/2+i(zolhu,*+t/ﬁ)(E—E|)]wz(E)}
0
f dE e {(az/fiv )2(E- E|)2/2+|[Zolhu| +(t+7)AJ(E-ED}, (E)} ]J dze 2x(L, —z)(l f). (AB)
0

Note that
Im{[ y(E)) " '1*}=—Im{y(E))*}.

We demand that the integrals oveare equal az’:

(A7)

J'Z,dzequzzi(l_e*qu')
0 Kj
| e*2K|L
- P (e2K|L 2K|Z )_f dze 2k (L,— Z)
(A8)
This equation is satisfied by
, 1
z'= ELZ' (A9)

The energy integrals in EqEA5) and(A6) are real. By com-
paring them, i.e., the first one in EGA5) with the second
one in Eq.(A6), or the second one in EGA5) with the first
one in Eq.(A6), we find

w,(E)=¢'(E"Eln/h (A10)
Finally, comparison of the prefactors in EqA5) and (A6)
yields
3 2
(LyLyagm)™®

Thus, the complex amplitudes of the solutions in the right
part of the superconductor are given by

(A11)

Q(E)= ol (E-E)n /h (A12)

2
(LyLya /m)¥2
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