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Nonlinear dynamics of vortexlike domain walls in magnetic films with in-plane anisotropy

B. N. Filippov, L. G. Korzunin, and F. A. Kassan-Ogly
Institute of Metal Physics, Ural Division, Russian Academy of Sciences, ul. S. Kovalevskoi 18, Ekaterinburg, 620219, Russ

~Received 8 September 2000; published 21 August 2001!

The nonlinear nonstationary dynamics of domain walls with variable two-dimensional internal structure
~topological solitons with internal degrees of freedom! under the action of an external magnetic field was
investigated in magnetic films having an in-plane anisotropy and a small damping coefficienta. The iteration
calculation procedure of the temporal evolution of the magnetization distribution is based on the predictor-
corrector method for direct numerical solution to the Landau-Lifshitz equations. The variable time step pro-
cedure was employed. It is shown that along with the periodic change of the internal structure of a wall
occurring with a certain periodT there also appear the subperiodic vibrations of some parts of the walls relative
to the other parts which results in the high-frequency oscillations (.1011 Hz) of the velocity of a domain wall
in the fields above some critical fieldHc at a small damping. The dependence of the period of dynamic
rearrangement of the internal structure of the walls on the external magnetic field and damping was studied.
The singular dependence ofT on H is established to be different from the (H2/Hc

221)21/2 law which is typical
of one-dimensional models of a wall. The dependence ofHc on a is evaluated and appears to differ substan-
tially from that of the one-dimensional models.

DOI: 10.1103/PhysRevB.64.104412 PACS number~s!: 75.60.Ch, 05.45.2a, 87.17.Aa
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I. INTRODUCTION

The internal structure of domain walls in magne
uniaxial films is known to be not one dimensional in t
general case.1 This imposes an essential influence on th
dynamic behavior. Two particular cases should be dis
guished: the films with perpendicular magnetic anisotro
and the films in which an easy axis lies in their plane~an
in-plane anisotropy!. Previously most of the papers were d
voted to the films with perpendicular anisotropy.This is
lated not only to their practical applications but also to t
contribution of magnetostatic fields to the total energy, wh
is most difficult to compute and can be taken into acco
approximately due to a great quality factorQ
5K/2pMs

2 (K is the uniaxial anisotropy constant,Ms is the
saturation magnetization!. The magnetostatic contributio
proves to be the main one and should be taken into acc
rigorously. Rigorous account of basic interactions, includ
the dipole-dipole one, reveals the asymmetric structure
domain walls in the framework of a two-dimensional mod
of magnetization distribution.2,3 Such domain walls are rea
ized, for instance, in Permalloy films 0.04–0.2mm thick.
The existence of these walls is confirmed experimentally4–6

The switching on of the external magnetic field along
easy axis of magnetization leads not only to a displacem
of the domain wall but also of a vortex in it. Thus, from th
viewpoint of nonlinear physics there is a very interesti
object, namely, a topological soliton with internal degrees
freedom. An advance in the studies of such objects was c
nected with the work by Yuan and Bertram,7 in which the
substantial periodic transformations in the internal struct
of a domain wall were shown to occur in sufficiently hig
fields. The effect of various film parameters on the chara
of these transformations was elucidated in our previ
papers.8,9 It revealed the important properties of the critic
field Hc , above which the motion of a domain wall is a
companied by a periodic rearrangement of its internal str
0163-1829/2001/64~10!/104412~11!/$20.00 64 1044
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ture. In particular, it was established that the on
dimensional models of domain walls could not describe
properties ofHc .

However, in all the works cited only films with suffi
ciently high dampinga>0.02 (a is the Gilbert damping pa-
rameter! were considered. This restriction is related to t
fact that at much lowera values the critical field become
small, and a periodT of rearrangement of the internal stru
ture becomes very large and inevitably needs great com
tation time. This circumstance imposes severe restrictions
the numerical experiments. At the same time, it is just a gr
periodT that is favorable for experimental studies, since
problems concerning the temporal resolution appear in
case. Moreover, a wall motion is impossible in the abse
of damping due to the gyrotropic properties of element
magnetic moments. Thereby a question appears of how
nonlinear dynamic behavior of a wall would change as
damping becomes small. In the present paper the nonlin
and, in the general case, nonstationary dynamics of dom
walls with a two-dimensional distribution of magnetization
considered at a small damping. In order to solve this prob
we advanced our previous computation programs by in
ducing a variable time step.

II. STATEMENT OF THE PROBLEM
AND BASIC EQUATIONS

Let us consider a uniaxial magnetic film of thicknessb
with a surface parallel to thex-y plane and an easy axi
directed along thez axis ~see Fig. 1!. Let the magnetic state
of this film correspond to two domains with uniform satur
tion magnetization6Ms , oriented along1z (2z) at x
.a/2 (x,2a/2). We assume that a domain wall is entire
located in a regionV with a rectangular cross sectionD in the
x-y plane and a lengtha along thex axis. Assume also tha
M5M (x,y) in this regionV, which corresponds to a two
dimensional model ofM distribution. In one-dimensiona
©2001 The American Physical Society12-1
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NONLINEAR DYNAMICS OF VORTEXLIKE DOMAIN . . . PHYSICAL REVIEW B 64 104412
models it should be remembered thatM5M (x) in the region
V. The problem of findingM (x,y) is solved on the basis of
rigorous micromagnetic approach taking into account all
main interactions—the exchange, the dipole-dipole~in con-
tinuum approximation!, and the magnetoanisotropic intera
tion. Let us denote the densities of these energies by«ex,
«m , and«an, respectively, where

«ex5
A

Ms
2 F S ]M

]x D 2

1S ]M

]y D 2G ,
«m52

1

2
~M•H(m)!,

«an52
K

Ms
2 ~M•c!2. ~1!

Here A is the exchange interaction parameter,K is the
uniaxial magnetic anisotropy constant,Ms is the saturation
magnetization,c is a unit vector along an easy axis, andH(m)

is a magnetostatic field defined as

H(m)~r !52
]

]rEV
dr 8M j~r 8!

]

]xj8

1

ur2r 8u
. ~2!

In the framework of the two-dimensional model cons
ered, the energy of a domain wall per unit length along thz
axis may be presented in the form

gD5E
D
E «dx dy, ~3!

where

«5«ex1«m1«an. ~4!

FIG. 1. The geometry of problem and an example of asymme
vortex structure of a wall obtained for films with basal paramet
anda50.1, b50.05mm. In this and the following figures the ar
rows denote the projections ofv onto thex-y plane.Mz,0 (Mz

.0) to the left~to the right! of the central dashed line. The orien
tation of M is described by a polar angleu and an azimuthal angle
f.
10441
e

To determineM (x,y) it is necessary to minimize the
functional ~3! with respect toM under the conditionM2

5const and the following boundary conditions:

FM ,
]M

]n GU
y56b/2

50, ~5!

Mzux56a/256Ms , Mxux56a/250, M yux56a/250.
~6!

In expression~5! @ . . . , . . .# stands for a vector product
Minimization of Eq. ~3! allows one to find the equilibrium
configurations of domain walls and corresponding minim
energy values ofg0.

The method of numerical minimization is described
detail in Refs. 1,10. According to it a rectangular grid divid
the regionD into small cells. The regionV is divided into
parallelepipeds stretched along thez axis, whose sidewalls
are parallel to the coordinate planesx2z andy2z. The cells
are assumed to have macroscopic, but so small sizes th
every point of each of these parallelepipeds theM direction
may be considered to be uniform. The network approxim
tion of gD is discussed in the Appendix.

The numerical calculations were carried out on the gr
with various numbers of cells. The maximum mesh of t
grid covering the calculation area was 90330. The greater
number of cells significantly increases the computation tim
but only slightly changes the numerical results. The choice
the regionD to be computed, i.e., the sizes ofa andb, is of
a great importance because these sizes essentially depe
the magnetic parameters of a film. The computations w
done for 1<a/b<6. We used the magnitudesA
51026 erg/cm, K5103 erg/cm3, and Ms5800 emu cm23,
which are characteristic of Permalloy films, as the basic
rameters of a film. The closeness to unity of the se
consistency coefficientS0 proposed by Aharoni11 was used
as a criterion for the end of the computations.

Figure 1 shows a stable structure of an asymmetric Bl
wall as an example. It was determined for the first time
LaBonte.2 First of all, it is seen that the projection ofM
varies from domain to domain such that a vortex of mag
tization is formed in thex-y plane. Thez component ofM
also varies. The magnitude ofMz is equal to zero at the
central dashed liney5y0(x) ~the center of a wall!. Thus, the
center of a domain wall corresponds to differentx coordi-
nates at different depths of a film. Due to the asymmetry
this line such a wall is called an asymmetric wall. Two oth
lines at the levelMz5const~to the left and to the right of the
central line! are drawn such thatM rotates about thez axis
by about 60°.

In the film shown in Fig. 1 the direction of theM winding
~chirality! is counterclockwise. The walls with this and op
posite chirality have the same energy~degeneracy in chiral-
ity!.

The study of nonlinear dynamics of the domain walls d
scribed was done by a direct numerical solution of Land
Lifshitz equation, written in a dimensionless form

ic
s
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~11a2!
]u

]t
52@u,heff#2a†u,@u,heff#‡, ~7!

whereu5M /Ms , t5gMst, t is real time,g is the gyromag-
netic ratio,a is a dimensionless Gilbert damping paramet
heff is a dimensionless effective field in which the magne
zation moves

heff5he1h(m)2hA~u•c!c1h, ~8!

where

he5
]2u

]j2
1

]2u

]h2
,

h(m)5H(m)/Ms ,

h5H/Ms ,

hA52K/Ms
2 ,

j5x/b0 ,

h5y/b0 , ~9!

b05A2A/Ms , andH is the external magnetic field. To nu
merically calculate Eq.~7! with boundary conditions~5! and
~6! we use the same spatial grid as was used at the min
zation of the functionalgD . In addition to that, we use th
explicit difference scheme~Euler method!, added with allow-
ance for the so-called predictor corrector. The distributionu0
~i.e., u in each cell of the spatial grid! is initialized at the
momentt50. The u0 configuration is determined by nu
merical minimization of the total energy~3! of a wall. At the
first stage~predictor! an iterationun11 is determined by the
formula

un11* 5un1hDtf~tn ,un!, ~10!

where

f~tn ,un!52
1

11a2
@un ,heff~un!#

2
a

11a2
†un ,@un ,heff~un!#‡. ~11!

At the second stage~corrector! the iterationun11 is finally
determined:

un115un1Dtf~tn ,un11* !. ~12!

HereDt is the time step. Theh parameter can vary within
the limits 0,h,1. At h50 the above-described metho
degenerates into the explicit Euler difference scheme.15 In
our case theh parameter was chosen, as a rule, to be equa
0.75. The numerical experiments show that when using
variable adjustable step~see below! in the predictor-corrector
method the computation may be accelerated by about s
times in comparison with the Euler method. The results
calculations~e.g., the average over the film thickness velo
10441
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ity, the magnitude of the period of this velocity at nonstatio
ary motion of a wall, etc.! in both methods coincide with a
good accuracy.

The time stepDt is either chosen constant or variab
under the constraint of the maximal rotation angle of t
magnetization vector in a cell by a certain small value. In
latter case the step varies by the following algorithm. If t
maximal rotation angle ofun11 with respect toun ~over the
whole set of the cells! exceeds the givenu0 value then the
step is multiplied by 0.3~sharply diminishes!; otherwise it is
multiplied by 1.3~gradually increases!. Our experience has
shown that is was quite sufficient to chooseu050.01. The
results are insensitive to the furtheru0 reduction. The vari-
able adjustable step allowed us to substantially accelerate
computations and to carry out the calculations for the sm
values of the damping parametera.

We anticipated a procedure of introducing random pert
bations with arbitrary amplitude at any time instant, and a
the possibility of starting from any configuration of theM .
This allows us to evaluate the stability of the solutions o
tained. To prevent the reaching of a wall the boundary of
computation regionV a shift of the region is anticipated in
the course of the wall motion.

Two variants of a shift were studied. In the first, the gr
shifts by one cell along thex axis when the ‘‘center of grav-
ity’’ of a wall passes the same distance in this direction. T
quantitym* 5ux

41uy
4 that characterizes the deviation of th

magnetization vector from the quiescent state was chose
a ‘‘mass.’’ In the second variant, the distribution at each
eration ‘‘shifts’’ backwards such that the ‘‘center of gravity
is always in the center of calculation area. This approa
allowed us to more accurately determine the critical valu
of the bifurcation field~the field of transition from the sta
tionary to nonstationary motion of a wall! and to carry out
the computations for arbitrary small values of the damp
parametera. This is related to the removal of jumps th
appear at a wall shift. It should be emphasized that if
boundary conditions at the calculation area boundaries
pendicular to thex axis are such that the magnetizationM
substantially deviates from thez (2z) direction in domains
so the above definition of the center of gravity may appea
be invalid. Such a situation may either appear, for exam
at a presence of nonzeroHx or Hy components of the exter
nal field H or when the 90° domain walls are considered

III. RESULTS AND DISCUSSION

Let us consider the motion of a domain wall that is i
duced by the external magnetic fieldH directed along an
easy axis of the magnetization. Previously,7–9 the existence
of some critical fieldHc ~a bifurcation field! was established
below which the motion of a wall proves to be steady sta
and the motion with variable velocity occurs above this fie
In particular, in some rangeH.Hc close toHc the velocity
of a domain wall varies periodically. Such a motion corr
sponds to the periodic rearrangement in the internal struc
of a domain wall. As a matter of fact, the subcritical behav
of a domain wall with a vortex internal structure is quite t
same as the behavior of the domain wall motion with a o
2-3
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NONLINEAR DYNAMICS OF VORTEXLIKE DOMAIN . . . PHYSICAL REVIEW B 64 104412
dimensional distribution of the magnetization studied in d
tail in Ref. 12. It is actually related to the violation of
balance of angular momentum, which leads to the preces
of the magnetization about an easy axis along with the p
cession about the direction of a wall motion. The differen
is that in the case of a wall with a two-dimensional magn
tization distribution the precession of the magnetizat
about an easy axis is essentially inhomogeneous.7,8 In the
fields far higher thanHc the wall motion can prove to be
much more complicated.7 However, such situations will no
be considered in this paper.

A. Steady-state motion of a domain wall

The steady-state motion of a domain wall is settled a
passing a certain transition process. Hereby two differ
types of the steady-state motion can be discriminated. T
cal examples of transitions to these motions are shown
Figs. 2 and 3 ata50.1. There are shown, in particular, th
velocitiesv of a domain wall motion averaged over the fil
thickness. In both cases, a vortex shifts to a lower film s
face after switching on the external magnetic field. The

FIG. 2. Instantaneous wall configurations~a!,~b! and the depen-
dence of the average~over the film thickness! velocity of a domain
wall motion on time atH580 Oe and basal parameters of a film
The portion parallel to abscissa axis corresponds to the statio
wall motion.

FIG. 3. Instantaneous wall configurations~a!,~b! and the depen-
dence of the average~over the film thickness! velocity of a domain
wall motion on time atH599 Oe and basal parameters of a film
The portion parallel to abscissa axis corresponds to the statio
wall motion.
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rection of the displacement depends on the applied field
rection. The situation depicted in Figs. 2 and 3 occurs in
field directed along thez axis and applied to the structur
shown in Fig. 1. If the fieldH sufficiently differs fromHc ,
then the center of a vortex occupies some equilibrium po
tion between the upper and lower surfaces of a film. By t
the transition process terminates, and the domain wall be
to move with a constant velocity. In this case, even a v
strong diminishing ina does not lead to any additional fea
tures in the domain wall behavior. It is only the range of t
fields, in which the considered process occurs, that
creases. If the fieldH is close toHc (Hc2H!Hc), after
switching on the fieldH the vortex at first shifts to the lowe
surface of a film, and then the asymmetric Bloch wall tran
forms to the asymmetric Ne´el wall, depicted in Fig. 3~a!. It is
just this wall that moves stationary. Its velocity proved to
higher than that of the asymmetric Bloch wall. If now w
gradually decrease the damping, then the range of field
which such a motion occurs also decreases, and quite a n
effect appears as well. In the course of the asymmetric Bl
wall transformation to the asymmetric Ne´el wall, an excita-
tion of high-frequency oscillations of the wall velocity oc
curs. A typical example of such a behavior of a wall is sho
in Fig. 4.

We fix all the instantaneous configurations of a wall du
ing computation and create an animation on this basis. Lo
ing through this animation gives evidence that the veloc
oscillations are related to some parts of a wall that begin
vibrate relative to one another. In particular, with time du
tion the swing of the central line of the asymmetric Ne´el wall
varies periodically.

As an example, Figs. 4~e! and 4~f! show two configura-
tions of the Ne´el wall with different swings of the centra
line. The excitation of the above oscillations occurs due
the appearance of a fast change of nonuniform internal fi
during the process of the wall rearrangement.

B. Nonstationary motion of a wall

As was noted above, the balance of the angular mom
tum is violated whenH.Hc , and the motion of a domain
wall ceases to be steady state. Rather complicated tran
mations in the internal structure of a domain wall develop
the course of its motion. When moving away from the cri
cal field the character of the rearrangement will chan
However, it is always possible to select a wide range
magnetic fields, in which the main features of the dom
wall dynamic rearrangement will be retained.

As an example, Fig. 5 shows the dependence of the
locity v of a domain wall on time and where the instant
neous domain wall configurations are shown at differ
stages of transformation. The data was obtained for b
films with a50.1 and in the fieldH5100 Oe. This field is
greater than the critical field by about 0.7 Oe. It is seen t
if we begin with a configuration of an asymmetric Bloc
wall ~a!, then with time a vortex shifts to the lower surface
the film ~b!. Then the asymmetric Bloch wall rearranges
the asymmetric Ne´el wall ~c!. During this rearrangement th
wall velocity decreases, then grows and becomes gre

ry

ry
2-4
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FIG. 4. Instantaneous wall configuration
~c!,~d! and the dependence of the average~over
the film thickness! velocity of a domain wall mo-
tion on time atH52 Oe,a50.001,b50.05mm
and basal parameters of a film. The oscillatio
velocity part is depicted in more detail in~b!.
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than the velocity of the asymmetric Bloch wall. After tha
the swing of a central line of the asymmetric Ne´el wall
gradually decreases, and the wall structure actually beco
similar to a classical one-dimensional Ne´el wall ~d!. At this
instant the wall velocity passes through zero and chan
sign, then a reverse motion of a wall begins.12 The structure
~d! rearranges to the structure of asymmetric Ne´el wall ~e!,
but with an opposite slope of a central line, as compared w
the structure~c!. The swing of this line reaches a maximum
The nature of the domain wall reverse motion is just
same as in one-dimensional walls.12 It is related to that if the
10441
es

es

th

e

appearance of the resulting magnetization in the motion
rection is necessary for a wall to move. Meanwhile, with t
appearance of theM precession about an easy axis the
inevitably appear the states of a wall with a slope ofM
relative to thex axis opposite to the initial direction of a
domain wall motion.

With further wall moving, the slope angle of the centr
line again decreases, and near the upper surface of the fi
vortex ~f! with the chirality opposite to that of the initia
vortex ~a! is nucleated. A half-periodT/2 of dynamic rear-
rangement in the internal structure of a wall terminates wh
d
FIG. 5. Instantaneous wall configurations an
the dependence of the average~over the film
thickness! velocity on time for the film with basal
parameters, b50.05mm, a50.1, and H
5100 Oe.
2-5
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FIG. 6. The dependence of the average~over
the film thickness! velocities on time for the film
with basal parametersb50.05mm anda, H, and
Hc : ~a! 0.01, 11 Oe, 10.5 Oe;~b! 0.001, 2.6 Oe,
2.5 Oe;~c! 0.0001, 2.2 Oe, 1.9 Oe.
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this vortex crosses the film center~g!. During the second
half-period similar rearrangements of the domain wall str
ture occur, and at the end of a period the wall chirality
turns to the initial one~a!. The rearrangements consider
correspond to those studied in Ref. 7 at other values ofa and
H. However, in our case the time dependence of the velo
has quite another form. It has substantially extended the
gion which corresponds to the existence of asymmetric N´el
wall structure. Note that this distinction is related to t
choice ofH close to the critical field rather than to the choi
of a. The extension of this region is caused by the fact tha
is rather difficult to overcome the state of a wall with
maximal direction of the magnetization along thex axis @~d!
state# in the fields slightly exceeding the critical one. Wi
increasingH above the critical field, the region with a stru
ture of the~c! type gradually narrows, and the time depe
dence of the velocity becomes similar to that brought ou
Ref. 7. Thus, it is clear that the increase in a period of
namic rearrangement of domain wall internal structure w
decreasing external magnetic field down to the critical fi
is related to the extension of a time interval during which
asymmetric Ne´el wall exists.

The above-obtained properties do not undergo notice
changes with passing to the films with lower dampin
However at small dampings, apart from the velocity chan
that happen during a whole periodT the changes at muc
shorter time intervals are also seen. We will call them s
periodic velocity oscillations. As an example, Fig. 6 sho
the velocity dependence ont for basic film parameters an
three differenta values.

The subperiodic velocity oscillations are clearly seen
this figure apart from the changes of velocity on a per
T (tB2tA5T/2 in Fig. 6!. They are of the same nature a
those described when Fig. 4 was discussed. According to
nature, their frequencies do not depend on the field app
along an easy axis, but do depend on the film parameters
its thickness. The specific analysis requires time-consum
computations, and we are going to realize them in the fut
The above oscillations are essentially nonlinear. Their
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quencies depend on their amplitude. The order-of-magnit
frequency estimation is about 1011 Hz.

Leaving aside the subperiodic oscillations the transform
tions that happen during a periodT occur at smalla quite
similar to the transformations in the case ofa50.1. The
points~a!–~g! in Fig. 6 correspond to the structures denot
by the same letters in Fig. 5. The velocities correspond to
fields immediately close to the critical fields in each ca
Increasing the field to values far exceedingHc does not sub-
stantially change the pattern of a domain wall dynamic
havior. As an example, Fig. 7 shows the velocity depende
for a film with basal parameters and dampinga50.001 in
the fieldH55 Oe. This field is about twice the value ofHc .
In order to demonstrate the subperiodic velocity oscillatio
Fig. 8 shows a shorter time interval. This figure also illu
trates various oscillation types of the internal structure o
wall by the instantaneous domain wall configurations. Ap
from the subperiodic oscillations discussed above it is clea
seen from Fig. 6 that with decreasing damping the fraction
the periodT at which a wall moves backward increases.
means that with decreasing damping the average velocit
a wall forward movement gradually decreases, and the w
oscillations related to the nonuniform~over they axis! pre-
cession of the magnetization about the easy axis begi
play the greater and the greater role.

C. Period of dynamic transformations

As is evident from the considerations above, the perioT
of dynamic transformations in the internal structure of d
main walls depends on the external magnetic field. We inv
tigated this dependence for various values ofa. Figure 9
shows, as an example, theT(H) dependence for threea
values. As it should be on decreasing the external magn
field and approaching the critical field the periodT grows
that agrees, in general, with the known one-dimensio
model.12 We compared the field dependence of the perioT
calculated in this paper in the two-dimensional model of
2-6
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FIG. 7. Instantaneous wall configurations an
the dependence of the average~over the film
thickness! velocity on time for the film with basal
parameters b50.05mm, a50.001, and H
55 Oe.
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magnetization distribution for basal films witha50.1 and
b50.05mm with the periodT(H) obtained in the one-
dimensional model12,14

T5
2p~11a2!

vc

1

AH2

Hc
2

21

, ~13!

wherevc5gHc . This comparison is shown in Fig. 10. Th
solid curve corresponds to Eq.~13!, and the points to our
numerical experiment. Although giving similar behavior
T(H) the models are seen to qualitatively differ from o
another. In other words, the two-dimensional distribution
M has the character of a singularity of the periodT turns out
to be different from reciprocal-square root (H2/Hc

221)21/2

which is typical for one-dimensional models of a wall. Fro
general considerations an assumption can be inferred tha
character ofT(H) singularity in the two-dimensional cas
depends on the thickness and magnetic parameters o
film. However, the elucidation of this interesting questi
10441
f
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needs much computation time, and we are going to do i
the future. The above growth ofT with decreasingH takes
place for arbitrary values ofa. It is very important, however,
that it is flattening with decreasinga. This circumstance is
in our opinion, favorable for the experimental studies. No
first of all, that there is no need for great time resolutions
the presence of a long period of dynamic transformations
seems to be sufficient to carry out the studies near the cri
field, since the periodT is always great enough in this region
But in the films witha50.1 the critical field is rather high
(Hc'99.3 Oe for basal films!. In the immediate vicinity of
this field the periodT is undoubtedly large. For example,T
'171.7 ns atH599.33 Oe. If a field is only increased up t
102 Oe, then the periodT will fall off to about 11.6 ns. Thus,
the field range, in whichT is large, is very narrow, and it is
difficult to hit such a narrow range. It follows from Figs.
and 8, ata50.001 even in the fieldH55 Oe, which is about
two times as great as the critical field, the periodT still
remains great enough, namely,T'80 ns. As a result, the
temporal resolution of the order of 10 ns is required to e
perimentally reveal a range with periodic variation of t
wall velocity. Moreover, there is a great enough reserve
a-
of
y-
FIG. 8. The dependence ofv on T on much
less time interval. Instantaneous wall configur
tions corresponding to minima and maxima
velocity at various stages of a domain wall d
namic rearrangement.
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increasingT by lowering H. The measurements can be ca
ried out, e.g., by the method of high-speed photography
the double- or triple-flash regime for a pulse duration with
flash time of the order of 1 ns to determine the coordinate
instantaneous wall shifting as a function of timeq(t). One
can obtain theq(t) curve by varying a delay between th
first and second flash by about 1 ns, and the third flash m
be done at the end of a pulse. AtH,Hc no peculiarities will
appear on the curve, which should appear in the oppo
caseH.Hc , when the reverse motion is possible to occur
the time intervalt is great enough then several periods can
registered, which allows the determination ofT(H) depen-

FIG. 9. The dependence of the period of dynamic rearran
ments of a domain wall on magnetic field for basal films,b
50.05mm, and variousa: ~a! 0.001,~b! 0.01, and~c! 0.03. Circles
and triangles are the numerical experiment data, and the curve
the guides for eye.

FIG. 10. Comparison of the dependence of the period of
namic rearrangements of a domain wall calculated by Eq.~13! and
numerically computed in the framework of a two-dimension
model. The parameters employed are those for basal films,a50.1,
andb50.05mm. Solid curve corresponds to Eq.~13! and circles to
the two-dimensional model.
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dence. The snapshots at the beginning and the end of a p
and theH amplitude variation att.T will give an opportu-
nity to determineHc ~see below!.

It is also very important to choose proper films, the mo
favorable of which are those with small damping. Note th
although we used in our calculations the magnetic para
eters close to those of Permalloy films, the above-descri
behavior retains for the films with other parameters as w
For example, we variedMs from 400 to 1600 G,K from 103

to 106 erg/cm3 and obtained a behavior quite similar to th
mentioned above .

We also calculated the dependence of a period on
damping a. In accordance with the above data a peri
grows with increasinga for all H.Hc .

D. Critical field of dynamic rearrangement of a domain wall

The most difficult to determine is the critical fieldHc .
The difficulties are both of the fundamental and comput
character; it is a computation-intensive task. Let us expl
in short the method for calculatingHc . First of all, for given
film parameters the period of dynamic transformationsT was
calculated as a function ofH, then this data was used fo
constructing the dependence ofH on 1/T. Finally the ob-
tained curve was extrapolated to 1/T50 as shown in Fig. 11
as an example. The ordinateH value was accepted asHc .
This procedure was performed in a wide range ofa values
and Fig. 12 shows the resulting curveHc versusa. The
behavior ofHc(a) is seen to be almost linear over a wid
range ofa values, which corresponds to the one-dimensio
models data.

However, a substantial distinction from the on
dimensional model, in which Hc /a52pMs (;5
3103 emu cm23 for considered basal films with the thick
ness 0.05mm) is that the two-dimensional model give
much smaller values ofHc /a ;103 emu cm23 for similar
films. Moreover, our previous numerical calculations9 show

e-

are

-

l

FIG. 11. An example of theH dependence on 1/T used for
determining theHc . The parameters employed are those for ba
films, a50.1 andb50.05mm.
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thatHc /a depends on the film thickness. These features
be easily understood by remembering12 that the very exis-
tence of a critical field is related to the finiteness of angu
momentum caused by theHx

(m) component of magnetostati
field.

In a film, in contrast to an infinite crystal considered
Schryer and Walker,12 the wall dimensions are finite alon
the direction perpendicular to the film surface. This induc
theHx

(m) component of the field, caused by the magnetost
poles that inevitably appear with appearance of the magn
zation precession at the wall surfaces perpendicular to
motion direction and it will be different in each film. Th
specific character of theM distribution is surely important
This field in a film will depend on its thickness, which wi
lead to the thickness dependence ofHc . In such a case, the
magnitudeHc /a would seem to grow approaching the val
2pMs , but, as our calculations show, the value ofHc /a in
more thick films may become even less than the value m
tioned above (;103 emu cm23). The latter is related to the
fact that in thick films the scenario of the dynamic rearran
ment of the internal structure of a domain wall becom
complicated as a greater number of vortexes are involve
the rearrangement than before. This is in agreement with
results of Ref. 7. The appearance of several vortexes
different chirality leads to the splitting up of the magnet
static poles at the surface of a film perpendicular to the m
tion direction, which naturally diminishesHx

(m) and, as a
consequence,Hc .

We relate the nonlinear deviations from the linearHc(a)
dependence that appear at smalla to the development o
subperiodic oscillations which effect the average~over time!
values ofHx

(m) . It should be noted that the study of ve
small damping, such as less than 1024, needs very grea
computation time, and it is difficult to say whether the o
served deviations play any role in theHc→0 transition
at a→0.

FIG. 12. The dependence of the critical fieldHc on a for the
films with basal parameters andb50.05mm. Circles are the nu-
merical experiment data, and a straight line corresponds to the
ear dependenceHc5Pa with P5103 Oe.
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In spite of the fact that a critical field is the most difficu
magnitude to compute we believe that its experimental st
as a function of various film parameters will prove to
rather simple. Indeed, the wall velocity grows with growin
H up to the critical field. AboveH5Hc , the dynamic rear-
rangement in the internal structure of a wall develops, a
reverses its motion. Due to conventional experimen
methods13 the velocity is measured at the time intervals f
exceeding a periodT of the wall dynamic rearrangement s
that it is the average velocity~over the periodT) that is
measured in the fieldH. Since with increasing field, as ou
studies show, the period decreases and the relative cont
tion of reverse motions increases, so the measured velo
should fall off with increasing field. Thus, a maximum of th
velocity measured has to be observed atH5Hc . This maxi-
mum was really observed in experiment.13 Hence, by mea-
suring the velocity maximum in the field dependence at va
ous parameters of a film one can determine the critical fi
as a function of these parameters.

IV. CONCLUSIONS

We investigated the nonlinear and, in general, nonstat
ary dynamics of domain walls in magnetic films with a
in-plane anisotropy and rather small dampinga ~down to
1024). Such studies succeeded only due to the introduc
of variable time step.

Two different types of the stationary wall motion are r
vealed. The first is related to the equilibrium state of a w
vortex at a certain distance from the film center. The sec
type, that appears in the fieldsH close to the critical one, is
related to the appearance of the dynamically stable asym
ric Néel wall. Since the velocity of asymmetric Ne´el wall is
usually higher than that of the asymmetric Bloch wall, t
dependence ofv on H will be nonlinear in the rangeH
&Hc and different from that predicted for the materials wi
a quality factorQ,1 in the framework of one-dimensiona
model of a wall.12

In the fields above the critical one, the nonstationary
havior of a domain wall was established to be more com
cated at small damping (0.0001,a,0.02) than for largea
values ~e.g., ata50.1). For small damping, along with
periodic dynamic rearrangement of the internal structure
domain walls occurring during large periodsT ~up to several
dozens of nanoseconds! there also appear high-frequenc
~subperiodic! oscillations of velocity of domain wall motion
~with a period'1022 ns) at certain portions of the periodT.

These oscillations are established to be related to var
types of vibrations of some parts of domain walls relative
one another. They appear every time when a fast chang
the strength of inhomogeneous internal magnetic field occ
due to the rearrangement in the wall internal structure.
different portions of the periodT the form of oscillations
proves to be different but they are nonlinear in every ca
and their period varies with varying amplitude. The extern
magnetic fieldH applied along an easy axis and forcing
domain wall to move does not effect their frequency. T
increase inH leads to the high-frequency oscillations of th
internal structure of a wall begin to exhibit themselves on

n-
2-9
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greater and the greater parts of a periodT of the main rear-
rangement of a domain wall.

Also we investigated the dependence of the periodT of
the basic rearrangement of a domain wall on the strengt
external magnetic field for various values of the dampinga.
In fields H.Hc at any value ofa the period grows with
decreasingH such that a conclusion on the singular charac
of T(H) may be inferred by analogy with the one
dimensional model of a wall. In this connection, it see
straightforward to observe the velocity variation due to
periodic dynamic rearrangements in the fields close to
critical one. If the damping is not so small (a;0.1–0.02),
however, the increase in the external magnetic field even
several percent may decrease the periodT by an order of
magnitude which makes the time resolution difficult.
would be much more favorable to observe the velocity os
lations at small damping (a,0.005). In this case, even wit
increasing of the external field up to values exceeding
critical field it is quite possible to deal with periods of d
namic rearrangement equal to hundreds of nanoseconds
other advantageous aspect for experimental investigation
dynamic rearrangement of domain walls in films with sm
damping is the smallness of external magnetic field~of an
order of several Oe! at which this rearrangement occurs.

Finally, we studied for the first time the critical fields an
showed that, although thea dependence ofHc in a wide
range ofa is close to the linear one, the very magnitude
Hc /a appears to be much smaller than follows from t
results of one-dimensional model. The studies carried
show that with decreasinga not only the field range, in
which a wall moves stationary, narrows, but simultaneou
the backward motions of a wall begin to play a greater ro
In the H.Hc field range the velocity of a wall’s forward
motion gradually decreases, and the wall oscillations rela
to the nonuniform magnetization precession ab
an easy axis and as well as the subperiodic vibrations
some parts of a wall begin to play a greater role in the m
tion of the wall.
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APPENDIX A: NUMERICAL SOLUTION
OF THE STATIC PROBLEM

We used the network approximation for finding the sta
magnetization distribution. The whole regionV was subdi-
vided into L3P rectangular prisms expanded along thez
axis. Denote the sizes of an (l ,p) cell alongx andy axes by
Dxl andDyp , respectively, and use in what follows the d
mensionless quantitiesDj l5Dxl /b and Dhp5Dyp /b. The
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magnetization distribution will be described by the dime
sionless unit vectoru5M /Ms . The directional cosines of the
magnetization vectoru belonging to the (l ,p) cell are de-
noted bya lp , b lp , and g lp respectively, and consider th
vectoru5(a lp ,b lp ,g lp) to be constant within each cell. In
the network approximation , the contributions togD from the
exchangeeex and magnetoanisotropicean interactions, where

eex5E
D
E «exdx dy, ~A1!

ean5E
D
E «andx dy, ~A2!

may be presented in the following form:

eex5 (
p50

P21

DhpH (
l 51

L21
12Nl 21,p; lp

Dj l
1

11g0p

Dj0
1

12g l 21,p

Dj l
J

1 (
l 50

L21

Dj l (
p50

P21
12Nl ,p21;lp

Dhp
, ~A3!

ean5
Kb2

2A (
p50

P21

Dhp(
l 50

L21

Dj l~12g lp
2 !. ~A4!

When writing Eq.~A3! we represented the derivatives wi
respect to coordinates by finite differences and also used
relation M25Ms

2 . As for the contribution togD from the
magnetostatic energy

em5E
D
E «mdx dy, ~A5!

it may be represented as

em52
b2M2

4A (
l 50

L21

(
p50

P21

(
i 50

L21

(
j 50

P21

@Alpi j a lpa i j 1Blpi j a lpb i j

1Blpi j b lpa i j 1Clpi j b lpb i j #, ~A6!

where

Alpi j 5S~Af !, ~A7!

Blpi j 5S~Bf !, ~A8!

Clpi j 52Alpi j 14p~al 112al !~bl 112bl !d l i dp j , ~A9!

S~D f !5R@D f~al 11 ,bp11!#2R@D f~al ,bp11!#

2R@D f~al 11 ,bp!#1R@D f~al ,bp!#, ~A10!

R@D f~x,y!#5Rf~x,y,ai 11 ,bj 11!2Rf~x,y,ai ,bj 11!

2Rf~x,y,ai 11 ,bj !1Rf~x,y,ai ,bj !.

~A11!
2-10
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In Eqs.~A10! and~A11! D should be replaced byA andB.
HereSandR are the formal operations, whose application
the functionsAf andBf leads to the numbersAlpi j andBlpi j
calculated as a sum of sixteen terms of the type

Af~x,y,a,b!52~x2a!~y2b!arctan
y2b

x2a
11/2@~x2a!2

1~y2b!2# ln@~x2a!21~y2b!2# ~A12!
n

10441
and

Bf~x,y,a,b!5@~x2a!21~y2b!2#arctan
y2b

x2a
2~x2a!

3~y2b!ln@~x2a!21~y2b!2#, ~A13!

wherex andy should be replaced by the boundaries of thelp
cell, anda andb by the boundaries of thei j cell.
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