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Magnetic order and finite-temperature properties of the two-dimensional
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Ground-state and finite-temperature properties of the square-I8ttidé2 Heisenberg model with antifer-
romagnetic nearest- and next-nearest-neighbor interactlyrd,(mode) are investigated by a spin-rotation-
invariant Green'’s-function theory, where a reasonable agreement with numerical diagonalization data is found.
The quantum phase transitions from théeNand collinear phases into a spin-liquid phase are obtained at
(J2/J1)Cl=0.24 and 02/.]1)62:0.83, respectively, which considerably improves the results by a previous
similar approach. The low-temperature magnetic susceptibilifiy A1;=<0.5, the temperature of the suscepti-
bility maximum, and the antiferromagnetic correlation length are found to decrease with increasing frustration.
For highT, cuprates the relationship between th& model and an effectivd;-J, model is analyzed.
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[. INTRODUCTION agrees with the value obtained by the variational apprdach
and linear spin-wave theofy/andR., nearly agrees with the

The study of frustration effects in low-dimensional quan-critical point found by a modified second-order spin-wave

tum spin systems is of growing interest, which is mainly dueyneon}3 (for references and discussions of most of the early

to the a_va|lab|l|ty.of new materials. A subetantlal degree Ofwork, see Refs. 14 and 15Those analytical results are cor-
magnetic frustration exists, for example, in the quasi-one

. ) ’ ; roborated by exact-diagonalizatig&D) studies on lattices
dimensional1D) edge-sharing cuprafbée.g_., LLCuQ, and up to 36 sites supplemented by finite-size scalthghich
CuGeQ) and vanadatége.g., MgVQ,) and in the magnetic . _ _

3 . oY yield R, =0.34 andR, = 0.68.
salt (VO),P,0,.” Frustration plays a role as well in highs c1 2 ) ,
cuprates, where its degree, e.g., in,Ca0, is about 5-8 % At_f|n|te temperatures, mes_t of the previous spin-wave
(Ref. 4 and hole doping may create an effective frustrafion. theories are valid only at sufficiently low te_mperatures, since
As a generic model with frustration, the square-latte the temperature-dependent AFM SRO is not adequately
=1/2 Heisenberg model with antiferromagnei=M) cou-  taken into account. First steps towards an improved descrip-
plings J; andJ, between nearest neighbaifdN) and next-  tion of SRO in the mode(l) at arbitrary temperatures were
nearest neighboré\NN), respectively, often referred to as made by a spin-rotation-invariant Green’s-function théory
the J;-J, model, based on an approach first proposed by Shimahara and
Takadd’ and a modified spin-wave-theory extended by a
. R mean-field decoupling of the spin-wave interacttbtow-
H=3,| > SS+R>, S|, (1)  ever, in Ref. 15 the window for the spin-liquid phase was
{5 (17 found to be too broad, and in Ref. 18 tfie=0 limit was not
considered in detail.
In this paper we improve the rotationally symmetric
. .Green’s-function theoryformulated in terms of the projec-
At zero temperature there occur two phases with magnetig | method, as compared with Ref. 15, by another choice of
long-range orde(LRO), the Neel phase foR<R., and the e free-vertex parameter using more input information. We
collinear phase foR>R__, and a spin-liquid phase with only focus on the quantum phase transitions and the temperature
short-range ordefSRO in an intermediate regiorR. <R dependence of the uniform static spin susceptibility. More-
<R.., in the vicinity of R=0.5. Much work was devoted to OVer, we discuss in detail a possible equivalence of frustra-
2 tion and doping, as conjectured in Ref. 5, and examine the
T i . influence of frustration on the AFM correlation length. Our
the nature of the spin-liquid state, which ‘is not yetimproved approach outlined in Sec. Il results, as compared
clarified. g{ecent diagrammatic and Series-expansion jth Ref. 15, in considerable differences with respect to the
approachés™ yield Rc,=0.4 andR;,=0.6 being in accord position of the quantum critical pointsee Sec. I, and the
with the results of previous theoriés;*® where Rc, nearly  frustration and temperature dependence of the magnetic sus-

was widely investigated. Her&=J,/J, and(ij) ([ij]) de-
note NN (NNN) bonds.

the determination of the quantum critical poirlftg12 and to
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ceptibility (Sec. IV). On the other hand, our results are in jjy, ~ ~*

much better agreement with Ref. 16 and with the finite- 197" =~ " . .

temperature ED data of Ref. 19. <Rg, and Qu=Qi(i=1,2) with Q;=(m,0) and Q,
=(0,m) in the collinear phasél) for R> R, In phase I, the

whereQ,=(,7) in the Neel phase(l) for R

Il. THEORY OF SPIN SUSCEPTIBILITY condensation parC,e'®" is separated fronC;, and the

magnetizatiorm is calculated as in Refs. 20 and 21, where
m?=32C,. In phase Il the correlators are calculatedGys
=(C;1+C; /2 preserving the square symmete.g.,C; o

The spin  susceptibility Xg‘(w):—«sg;sjd))w
(({(...;...))o denotes the two-time retarded commutator
Green’s functiol, determined by the projection method in a

generalized-mean-field approximatitttis given by =Co,), where
1)
(€Y 1 M= -
M * I 9 igr 1Q;r
. q Cii=— > —1ed4C,er. (6)
- w)=— 2 ri N - N N 11
Xq () wz_wz_ 2 a(#Qy) qu
with Then the magnetizatiom is obtained from
) . : 23 63
Mg'==831C1d1-7)~81Cial=v). () mP=o5 2 Crie '9'=5Cy. v
r

=C-=(S'S") r=ne e -— . L
Cnym_,Cf_<SOSr ), r=nectme,, y5=(coSG+cosq,)/2, Note that in the limiting cases we hawve(J;=0)=m(J,
and 4= COSQ,COSC . The spin-correlation functions are cal- =) 1516
culated from Concerning the vertex parameters in our self-consistency
schemeg(T;R) is fixed by the sum rul€, ;= 1/2. To de-

Mgl) - termine the free parametes(T;R), we may adopt different
Ci=y 2 5 —[1+2p(wg)]e, @ i is f ~0:R=0)=
TN < o,- q choices. In Ref. 15¢5(0,0) is fit tom(T=0;R=0)=0.3,
i . 4 and the ratio &,—1)/(a;—1) is assumed to be temperature
Wherep(wa)=(e“’q”—l)*1. The NN correlators are related and frustration independent. To obtain more realistic results,
to the internal energy per site=3(J;Cy g+ J,Cy 9). in this paper we adjust,(T;R) to the ED data foe(T;R)

The spectrunw; is obtained in the approximation sq+ available aItT=0 (Ref. 16 fanr? at finitfe tim&er?tlzres )and

20t . . omeR values in terms of the specific he e(T;R
=w:S: , where products of three spin operators on different . T
“@qoq 0 Where p o pin operat =g(0;R)+ f4dT'C,(T";R)].2° Finally, the parametes is
sites occurring in-S are decoupled introducing ve.rte>.( Pa- interpolated between the limiting values &=0 and J,
rameterse;(i=1,2,3) as in Refs. 17 and 15. That ig; is  —( (see above To provide a stable self-consistent numeri-
attached taCyo; ap 10 Cop, Cp1, aNdCyp; andag is @8- g solution at given £(T;R), we choose as=(1
sociated withC, ;. ForJ,=0 or J;=0 we takeaz=a, or | R)~1a Ry, 4+ R(1+R) la;, which yields for mosR val-
az=ay, respectively, because f3 =0 we have two nonin-  es nearly the same results as the linear interpola#or (
teracting mutually penetrating Mk sublattices(rotated by replaced by Lused in Ref. 15.
/4) being equivalent to the complete lattice fhr=0. We
obtain IIl. GROUND-STATE PROPERTIES

w§= 2J§(1— ¥Y)(1=2a,Cq gt 2a,Cp gt 4a3Cq g As seen in Fig. 1, our approach yields second-order quan-

tum phase transitions & =0.24 andRc2=0.83 from the

Neel and collinear phases, respectively, into a spin-liquid
phase. Let us emphasize that, as compared with the analo-
gous approach of Ref. 1ERQ1=0.11, RC2=1.70), the more

+8J132{(1— ) (a2C1 0~ @1C1 0 +(1—y7) realistic choice of the free parametes (see Sec. )lleads to
’ ' q an appreciable stabilization of LRO. However, as compared
X[3a;Cy ot a2Cq = 2(a1Cy gt @3Cr 1) ¥gl}, (5)  with the ED resultf (cf. Fig. 1) and the recent
: . , . diagrammati€ and series-expansion approach8s (R,

which agrees with the result of the Green’s-function decou- : L
pling scheme of Ref. 15. In the limiting cases, by the choice~ 04 Rc,=0.6), our theory overestimates the effects of
of s we have (Dd’/J2)2(J1:0):(wd/Jl)z(Jzzo) with fLustratmn |? dles'troymgk'the(r_wljal%nengLRO. Nc&te fr0|_”n Fig. 1
“1 ing P14 Co that our calculation taking(T;R) as input underestimates
ci [ymg n the rotatec_i frime[qx,y_ 2(Faxtay); _yq, the magnetizationm for very small or very largeR values
:7‘1]' since Cl'l(‘ll_(_))__clv‘)(‘]z_g)’ C24J1=0) (R<1 or R—®) in variation with Ref. 15, wheren(0;0) is
=C,(J,=0), andCz,O(Jl—_O)—Clyl(.Jz—O)_. Notg that the t?ken as input.
Fhe‘iiy priseérves thle :cltatlor;glzis ymmetry in spin space, tha Let us compare the influence of hole doping and frustra-
is xg (@)=xq(0)=2x5 (@).7" tion on the Nel order in highT cuprates in relation to the
The magnetic LRO phases in modé) are reflected by  conjectur@ about the equivalence of doping and frustration.

the closure of the spectrum gap @5 as T—0, so that InRef. 5 an effective AFMJ;-J, model was derived from an

—8a1Cy 0yg) + 235(1- 7’&)[1_ 2a3C 4

+2a,(Cy+2C5 ) — 8“301,17:3]

!
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FIG. 1. Magnetization as a function of the frustration parameter 03 '
R=J,/J; at T=0 compared with ED data®, Ref. 16§ and the PN (b)
results of Ref. 15dotted line. c
02 cn 1

extendedt-J model, whereR=(6/2)[1— ({U/t}+5)5] !
(6 is the hole concentratiot andt are the Hubbard-model
parametens Taking R.=R., =0.4 (Refs. 6 and 1pand the 0.1

realistic valuedJ/t=8 andU/t= 10, we get the critical dop-

ing for the destruction of Nl order5,=0.07 ands.= 0.06, oF
respectively. This is consistent with experiments and in 0.0
agreement with5.=0.06 in thet-J model(see Ref. 22/t

=0.4). Note that for our value d®.=0.24 nearly the same

critical dopings are obtained. That is, concerning the stabili- -0.1
zation of Nel order the doping-frustration analogy may be
invoked.

In Fig. 2 the spin-correlation functions up to the fifth- _g2
nearest neighbors are compared with available ED ata,
where a reasonable agreement is found.R&si0.4 the mag-
nitudes of all correlators decrease with increasing frustration _g 4 ‘ ‘ . ‘
and are smaller than the corresponding ED results, which is 0 0.2 0.4 06 0.8 1
in accord with the reduced values foras compared with the R
ED data of Ref. 16¢f. Fig. 1. As.can b.e seen, the valugs of FIG. 2. Spin-correlation functions vs frustratiéthat T=0 (a)
CratR=0 andR=2 are compatible with the exact relations ¢ompared with the ED results®®) of Ref. 23 (b) joined by the
C11(J3=0)=C; ((J>=0), etc.[see below Eq(5)]. Compar-  corresponding line style.
ing the sign changes and nonmonoton&udependences of
some correlators with series-expansion resilitsye get decrease of about 40% was obtained. Note, however, that the
C1,=0 atR=0.5 and a minimum o€, ;>0 atR=0.6 con-  curvatures of the functiongC;| (R<0.4) and|C;|(5) are
trary to Ref. 10, wher€, ; andC,  are found to vanish in  different (convex in theJ;-J, model and concave in theJ
the spin-liquid phase 0dR=0.6. mode). Altogether, the reduction of SRO by small doping in

To check a possible equivalence of frustration and dopinghet-J model may be roughly simulated by frustration in the
effects on the AFM SRO, let us compare the decrease af;-J, model. Let us point out that for large-doping levels
|C1d andCy ; with increasingR and § in the effectivel;-J, such an analogy does not hold anymore, since the effective
model and thet-J model?? respectively. In both models J;-J, model of Ref. 5 is only valid ford<0.08 (J,;>0 for
|C,d decreases frofR=0(5=0) to R=0.4 corresponding U/t=8).
to §=0.06 (see aboveby about 20%. For the decrease of = Concerning the nature of the intermediate phase<t®4
C,1in theJ;-J, model atR=0.4 we obtain about 70%he  =<0.6) with spontaneously broken translation symnfetty
ED dat&” yields 35%; cf. Fig. 2 whereas in thé-J model a  (spin-dimer order, such as the plaquette-resonating valence-
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FIG. 3. Uniform static spin susceptibility vifor different frus- FIG. 4. Inverse antiferromagnetic correlation length Vsor

tration parametersJg=1). The result forR=0 is compared with  different frustrations§;=1). TheR=0 result is compared with the
that obtained by taking the Monte CarbIC) data for the internal  MC data @) of Ref. 26.

energy(Ref. 24 as input(thick solid line and with MC results @,

Ref. 24. The inset shows the positidn,,, of the maximum iny vs

Rtogether with the ED data®) of Ref. 19. mum atT,,, near the exchange enerdy (see inset and the

crossover to the high-temperature Curie-Weiss behavior are

due to the decrease of AFM SRO with increasing tempera-

bond statg our present approach cannot probe this Spify,re Note that the susceptibility maximum found in Ref. 15
structure. To this end, the Green’s-function theory has to b?s smoothed out aR=0.3. As shown in the insef

he introduction of sublatti d of i max de-
exteg_ded byé € introduction o k?uh a |cesb ar; ﬁof apfproﬁr"creases with increasing in very good agreement with the
ate dimer order parameters, which may be left for furt ®ED results of Ref. 19. In the approach of Ref. 18 the same
studies.
tendency was found, however, the valued g, are remark-
ably higher than the ED data.
IV. EINITE-TEMPERATURE RESULTS Comparing the influence of frustration and doping on the
magnetic susceptibility on the basis of the effectised,
At nonzero temperaturesn(=0) we have solved the self- model withJ,=J, { 1— ({U/t}+5)5] (Ref. 5 and thet-J

consistency equationst), where a>(T;R) is fit to the ED  model withd=J, 5?2 we consider the zero-temperature sus-
data fore(T;R),'® to obtain the static-spin susceptibility and centibilitiesy=J. -v. Then the decrease ofy with increas-
the correlation length. cep X~ Lo A

Our results for the uniform static susceptibilig(T:R) N9 R (see Fig. 3 corresponds to an increase pf where
= x0(0) are depicted in Fig. 3. To judge the quality of our J1/J1,0iS expressed in terms & (cf. Sec. ll), Equally,x in
approach foR=0 and to illustrate the uncertainty caused bythe t-J model increases witté. For the relative change of
the input of numerical data fos, we have also calculated y(R) in the J;-J, model betweenR=0 and R=0.4(5
x(T;0) adjustinga, to the Monte Carlo data fos(T;0)**  =0.06), we obtain[x(0.4)— x(0)]/¥(0)=4.7, which ex-
where the comparison of both theoretical curves with theeeds the corresponding change in thkmodel calculated
Monte Carlo results of Ref. 24 yields a reasonable agreepy the theory of Ref. 22 by a factor of about 30. Moreover,
ment. AtT=0 and low enough temperatures the susceptibily, o .00 ofy in the t-J model ats,,,~0.3 cannot be
ity for R=<0.5 decreases with increasing frustration, which . riped by a pure spin model. Our results on the Spin sus-
qualitat_ively agrees with the behavior found by the eXtendegeptibility show that there is no general equivalence of dop-
mean-field spin-wave theory of Ref. 1Bere, theT=0 val- ;4 304 frustration. This is in accord with the conclusions of

ues of y are not giveh and ED studies of finite systems po¢ 25, where some dynamic properties are shown to be-
[yielding x(T=0)=0)]. On the other hand, our results are in have quite differently in the-J andJ;-J, models.

contradiction to Ref. 15, where the low-temperature suscep- Considering the AFM correlation lengtt(T:R) for R

tibility was found to increase with increasirigy which may . ) = .
be due to the simplified determination af, (see Sec. )  ~Re,» the expansion ofq(0) aroundQo=(,7), xq(0)

The increase ofy with temperature, the pronounced maxi- = xg,(0)(1+ £%k?) ! with k=q—Qo, yields
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5 C10—2RCy, J; 201 a lowering .of the maximum temperatule, . w.ith increas-
=—sc.. | §+11a1C1,o+ a,Cyp ing frustration, where the values df,,, are in excellent
1o ©Qo agreement with the ED results of Ref. 19.

The weaknesses of our approach are visible in the ground-
state properties. The approximate time evolution of spin op-
erators,— S;r = wgsg , resulting from a decoupling of three-
spin-operator products yields the critical poirR§1=0.24

In Fig. 4 the influence of frustration on the temperature de@"dRc,=0.83, which differ from the generally accepted val-

pendence of ! is shown. FoIR=0 andT=<1 we obtaina ues R, =0.3-0.4, R;,=0.6-0.7). On the other hand, the
good agreement with the Monte Carlo data of Ref. 26. Foregion of the nonmagnetic phase is considerably narrowed as
R>0 there are, to our knowledge, no previous results taccompared with Ref. 15cf. Fig. 1). The study of the spin
compare with. The decrease §fnith increasing frustration, structure in this phase is beyond the scope of our present
i.e., the stronger spatial decay of the spin correlators, correapproach.

+ 2a3C1V1— 2R(llaf1C1’O+ a2C1’2+ 4a3C1’1)

—RY[1—-10a3C 1+ 2a5(Cy ot 202,0)]] . (8)

sponds to our physical expectation. Analyzing the influence of hole doping in thie] model
for high-T; cuprates as compared with that of frustration in
V. SUMMARY an effectivel;-J, model, it is shown that in the small-doping

) . _ region a doping-frustration analogy referring to theeNer-
To summarize, the strengths of our rotationally symmetricyer and static spin-correlation functions only may be in-

Green's-function theory for the 2;-J, model including an yoked. We conclude that our approach is promising to be
improved determination of the free-vertex parameter consmépp”ed to other frustrated spin models.

in the possibility to calculate all static magnetic properties at
arbitrary temperatures, as compared with most of the previ-
ous spin-wave theories being valid only at sufficiently low
temperatures. Thereby, the temperature dependence of the The authors, especially L.S., are very grateful to the DFG
magnetic short-range order is well described, as can be se¢or financial support. Additional support by the Max-Planck
from the magnetic susceptibility. The frustration effects onlinstitute for the Physics of Complex Systems and the INTAS
its temperature dependen@é. Fig. 3 are characterized by a organizationINTAS-97-1106 is acknowledged. The authors
decrease of the low-temperature susceptibilitiRet0.5 and  thank J. Richter and V. Yushankhai for useful discussions.
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