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High-resolution multidimensional space charge measurement using elastic wave methods
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In various fields of physics, materials can develop or exhibit a nonuniform space-charge distribution. During
the last 20 years various approaches have been proposed for the direct measurement of these distributions
involving optical, acoustical, or thermal processes. Most of them, however, lead only to one-dimensional
distributions. In this paper we describe two approaches to obtain, in isotropic condensed matter, multidimen-
sional space-charge distributions. They are based on the pressure-wave-propagation method and the electroa-
coustic method. In the case of the pressure-wave-propagation method, various independent measurements are
performed with plane waves at different angles of incidence. A tomographiclike algorithm is then applied to
retrieve the multidimensional space-charge distribution. In the case of the electroacoustic method, independent
measurements are provided from a set of piezoelectric transducers at various positions. An echographiclike
algorithm is then applied to retrieve the multidimensional space-charge distribution. A theoretical model is
proposed, and preliminary experimental and simulated results showing the validity of these techniques are
presented.

DOI: 10.1103/PhysRevB.64.104106 PACS number~s!: 77.22.2d, 72.50.1b, 81.70.Cv
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I. INTRODUCTION

In various fields of physics, materials can develop or
hibit a nonuniform space-charge distribution. Such a sit
tion can be found, for instance, in dielectrics stressed by
applied electric field. In this case, this may lead to drama
effects and eventually to breakdown. In order to underst
the phenomena involved and consequently to take the ap
priate countermeasures, it has been shown1 that a nonde-
structive direct measurement of the space-charge distribu
in the material is of great help. Such measurements are
ried out with optical, acoustical, and thermal probes. Th
are generally made with simple structures such as coaxia
plane geometries. However, it has been noticed that m
poorly understood phenomena take place in heterogen
regions. In these regions the electric field, the properties
the insulator, or both have a strong dependence on the p
tion. This is the case, for instance, when the electrodes h
irregularities or when the material contains impurities, wa
trees, or some gradient of chemical structures or phys
properties.2–6

Different approaches have been proposed in order to m
sure the space charge in such complex field distributions
a first approach, a unidimensional technique determines
charge distribution through the sample thickness at a gi
position on the sample surface after which the position
changed and a new measurement is performed. When
sample surface has been completely scanned, a th
dimensional space-charge distribution can be reco
tructed.6–10 Unfortunately, this technique is slow and due
diffraction the lateral resolution is poor as compared to
resolution in thickness. In another approach, the Kerr ef
is used to measure the field distribution in two11 or three12

dimensions. This technique gives good results in the cas
0163-1829/2001/64~10!/104106~8!/$20.00 64 1041
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fluid insulators, but can hardly be applied to diffusive
nontransparent materials.

In this paper we demonstrate that it is possible to obt
the space-charge distribution, in isotropic media, in m
than one dimension with an equivalent resolution in any
rection by using either of the two different techniques.

One technique relies on the pressure-wave-propaga
method. An elastic wave propagating through the sample
places the trapped charges, which induces a current in a
impedance-measuring circuit. This current is essentially p
portional to the product of the charge amplitude and
displacement integrated over space.13 In the case of a pulse
shaped plane wave, the signal is proportional to the spa
charge amplitude integrated over the wave front. Since
same space-charge distribution can be observed from var
angles of incidence of the plane wave, a tomographicl
measurement of the charges can be performed. Utilizin
proper algorithm with the tomographiclike measureme
makes it possible to retrieve the multidimensional spa
charge distribution.

The second technique relies on the electroacou
method. A variation of the electric field in the insulator pr
duces a modification of the Coulombic force acting on ea
charge, which in turn acts as the source of elastic wav
Propagating waves proportional to the amplitude of ea
charge are thus generated at their position.13 The time for
each elastic wave to reach an observation point depend
the location of the initiating charge. The resulting wave a
plitude measured at this point at each time is the superp
tion of the waves radiated from all the sources. In the cas
an electric field varying as a short pulse, the wave source
the sample detected at a given time are those for which
traveling time requested to reach the observation point is
same. By detecting the waves at a range of observa
©2001 The American Physical Society06-1



a
m
en
na

f
os
A
el
ar
ith
os
ts
ro
t
i

av
u
th
e

th
ie
e

tw
tw
ul
in

ge
f t
u
an

t
th
h

g
Th
s

e
ov

ge
th
as
th

ig
r
d
in
s

tor
e
om-

gen-
con-

de-
tion

-

s

the
ob-

en-
be

ods.
s.

e-
ion
ut

rent
y.
is
ve-
rial

ne
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points, an echographiclike measurement of the space-ch
distribution can be made. Again utilizing a proper algorith
with the resulting amplitude measured at these differ
points, makes it possible to retrieve the multidimensio
space-charge distribution.

It has been shown2,5,14,15 and theoretically confirmed13

that charges cannot be considered as the unique source o
signal when the electric field is diverging. Indeed electr
triction may have a contribution comparable in amplitude.
a consequence, the pressure-wave propagation or the
troacoustic methods, applied to diverging-field situations,
not exclusively associated with the charge profile but w
the distribution of electrostatic force density. Thus electr
triction must be taken into account in such measuremen

In the next section the expressions for the signals p
duced by the pressure-wave-propagation method and by
electroacoustic method are briefly reviewed. Section III
devoted to the technique that uses the pressure-w
propagation method. The signals produced by press
waves of different angles of incidence are analyzed in
case of plane longitudinal elastic waves. Section IV d
scribes the technique that uses the electroacoustic me
The elastic-wave amplitude at a given position is stud
taking into account the radiation diagram of elastic sourc
Section V presents a special configuration where only
measurements are necessary to reconstruct simple
dimensional charge distributions. Some preliminary res
that validate the techniques are then shown in the follow
section.

II. SAMPLE AND SIGNALS

We consider an insulating material containing the char
to be measured and a pair of electrodes. In the case o
pressure-wave-propagation method the electrodes are us
connected through a low-impedance-measuring circuit
the measured signal is the currenti m(t) flowing in that cir-
cuit. This signal is produced by a material displacemenu,
which displaces the space charge and modifies locally
dielectric constant. In the case of the electroacoustic met
the electrodes are submitted to an extra voltageV(t) in ad-
dition to an eventual applied voltage. This extra-volta
modifies the electrostatic force acting on each charge.
signal is measured with a transducer sensitive to the ela
waves created by this variation of force density.

Hereafter, subscripts are used when required to make
pressions clearer. Any term is understood to be summed
all values of subscripts that appear twice.

The relations between the variation of the image char
on the electrodes and the material displacement for
pressure-wave-propagation method, and between the el
sources and the extra voltage for the electroacoustic me
have been extensively studied in Ref. 13 for the case
multidimensional distributions. For isotropic solids the s
nals depend on almost the same parameters whateve
method being used. The first parameter is the electric fielE
in the insulator, which is produced by the charges it conta
and by the stress voltage applied to the electrodes. The
ond parameter is the voltage-normalized electric fieldj,
10410
rge
,
t
l

the
-
s
ec-
e

-
.
-
he
s
e-
re
e
-
od.
d
s.
o
o-

ts
g

s
he
ally
d

e
od

e
e

tic

x-
er

s
e
tic

od
of
-
the

s
ec-

which is defined as the field that would exist in the insula
if it were free of charge and if 1 V were applied to th
electrodes. This parameter characterizes the system c
posed of the insulator and of the electrodes. Some other
eral parameters are also involved, such as the dielectric
stante and the only nonzero coefficientsa11 anda12 of the
electrostrictive tensor. The last parameter of influence
pends on the method; for the pressure-wave-propaga
method it is the material displacementu whereas for the
electroacoustic method it is the extra voltageV(t).

In order to simplify equation writing, we introduce a lin
ear tensorAi j and a quadratic tensorBi j , both of them de-
rived from Maxwell’s tensor. In the case of isotropic solid
containing only space charges, one has

Ai j 5
1
2 ~2e1a122a11!~Eij j1Ejj i !2~e1a12!Ekjkd i j ,

Bi j 5~2e1a122a11!j ij j2~e1a12!jkjkd i j . ~1!

Here d i j is Krönecker’s symbol, which is equal to 1 ifi
5 j and to 0 otherwise.

In the case of the pressure-wave-propagation method
variationDQ of image charge on the electrodes can be
tained by combining Eq.~25! and expression~26! of Ref. 13.
DenotingV as the volume of the insulator, one has

DQ5E
V
Ai j

]ui

]xj
dv.

The measured currenti m(t), where t is the time, is de-
duced from this expression by a time differentiation,

i m~ t !5
]

]t EV
Ai j

]ui

]xj
dv. ~2!

In the case of the electroacoustic method, the force d
sity f i , which creates the sources of elastic waves, can
derived from Eqs.~43! and~47! and expression~26! of Ref.
13. One has

f i5
]Ai j

]xj
V~ t !1

1

2

]Bi j

]xj
V2~ t !. ~3!

It can be noticed that the tensorAi j is involved in both the
pressure-wave-propagation and the electroacoustic meth
This emphasizes the great similarity of these two method

III. TOMOGRAPHY WITH THE PRESSURE-WAVE-
PROPAGATION METHOD

The possibility of recovering a multidimensional spac
charge distribution with the pressure-wave-propagat
method is studied in this section. The principle is to carry o
successive measurements with elastic waves at diffe
angles of incidence as is usually performed in tomograph

In the following, we use longitudinal plane waves as
often the case in tomography and in the pressure-wa
propagation method. During the propagation, the mate
displacementu has the same directiond as of the wave vec-
tor. Moreover, the displacement is identical on any pla
6-2
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HIGH-RESOLUTION MULTIDIMENSIONAL SPACE . . . PHYSICAL REVIEW B 64 104106
perpendicular to the directiond ~d is a unit vector!.
We assume in this section that the medium in which

plane wave is traveling presents no attenuation and no
persion so that the shapef of the elastic wave is not deforme
during the propagation. However the functionf must be
twice differentiable in order to fulfill the propagation equ
tion. Denoting VL as the speed of sound of longitudin
waves andx as the coordinate of an arbitrary pointM in the
insulator, the displacementu can be written as

u5 f ~ t2d•x/VL!d. ~4!

We introduce the second-order derivativef 9(h)
5d2f (h)/dh2 of the function f (h) whereh5t2d•x/VL .
Using the relation] f /]xi52(di /VL)] f /]t and neglecting
the variations of the linear tensorAi j during the measure
ment, one obtains

i m~ t,d!52
1

VL
E

V
Ai j didj f 9~ t2d•x/VL!dv. ~5!

As expected, the measured current is dependent on
directiond of the plane wave. The integration by parts of E
~5! can be simplified by extending the domain of integrati
over the whole space. This can be done directly since
linear tensor is equal to zero outside volumeV due to the fact
that the electric field is equal to zero in the electrodes. N
ticing that ]2f /]xi]xj5didj f 9/VL

2, Eq. ~5! can be rewritten
as

i m~ t,d!52VLE Ai j

]2f ~ t2d•x/VL!

]xi]xj
dv. ~6!

A first integration by parts leads to

i m~ t,d!52VLE ]~Ai j ] f /]xj !

]xi
dv1VLE ]Ai j

]xi

] f

]xj
dv.

~7!

The first integral is equal to zero sinceAi j is zero at in-
finity ~i.e., in the electrodes!. A second integration by part
on the remaining integral results in

i m~ t,d!5VLE ]~ f ]Ai j /]xi !

]xj
dv2VLE ]2Ai j

]xi]xj
f dv. ~8!

For the same reason the first integral is equal to zero
one gets

i m~ t,d!52VLE ]2Ai j

]xi]xj
f ~ t2d•x/VL!dv. ~9!

Hence, the spectrum of the measured currentı̂m(v,d),
wherev denotes the circular frequency andi5A21, is

ı̂m~v,d!52VL f̂ ~v!E ]2Ai j

]xi]xj
e2i~vd/VL!•xdv. ~10!

The integral of Eq.~10! is the space Fourier transform o
]2Ai j /]xi]xj . It can be seen thatı̂m(v,d) is proportional to
10410
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this space Fourier transform along a line in the recipro
space defined by a wave vectork5vd/VL . Consequently
]2Ai j /]xi]xj can be retrieved by the inverse transformati

]2Ai j

]xi]xj

52
1

~2p!3VL
E ı̂m~k!

f̂ ~k!
eik•xdk3.

Since the unit vectord is completely defined by its angu
lar coordinatesu andf in a spherical coordinate system, on
has

d5S sin~u!cos~f!

sin~u!sin~f!

cos~u!
D , ~11!

and thus

]2Ai j

]xi]xj

52
1

~2p!3VL
4 E0

pE
0

2pE
0

` ı̂m~v,u,f!

f̂ ~v!

3v2 sin~f!eik•xdv du df. ~12!

It is also possible, using expression~1! of the linear tensor
Ai j and denotingr5](eEi)/]xi as the space-charge densit
to obtain at any point in the volume of the insulator anoth
expression for]2Ai j /]xi]xj . One has

]2Ai j

]xi]xj
5

2e1a122a11

2e

]~rj j !

]xj
2

a111a12

2

]2~Eij i !

]xj
2 .

~13!

Thus using the vectorial operators divergence and Lap
ian, the above equation becomes

]2Ai j

]xi]xj
5

2e1a122a11

2e
div~rj!2

a111a12

2
¹2~E•j!.

~14!

It can be seen that this expression does not lead direct
the charges but to the divergence of the electrostatic fo
produced byj on these charges. The space-charge distri
tion can be deduced from this expression by using a
known method, for instance, a finite-element method. An
ample will be shown in Sec. VI B. It can be noticed in E
~12! that the Fourier spectrum of the elastic-wave sha
f̂ (v) is needed to extract the charge density in abso
units. The calibration procedure usually used for t
pressure-wave-propagation method can be applied.16 This
procedure allows for the connection between signal a
charge amplitudes by using any known charges, generally
image charges on the electrodes. If attenuation and dis
sion cannot be neglected, it is possible to generalize
analysis by applying the above expressions to each com
nent of the spectrum taking into account the nature of
material and the Fourier spectrum of the wave.
6-3
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STÉPHANE HOLÉAND JACQUES LEWINER PHYSICAL REVIEW B64 104106
IV. ECHOGRAPHY WITH THE ELECTROACOUSTIC
METHOD

The possibility of recovering a multidimensional spac
charge distribution with the electroacoustic method is stud
in this section. The principle is to carry out a set of measu
ments at different observation points and to use the trave
times of the waves to determine the position of their sourc
as is usually performed in echography.

An elastic wave in a solid is the superposition of a lon
tudinal wave and two transversal waves. In isotropic sol
these waves are independent and their velocities do not
pend on the angle of incidence. The velocity of the longi
dinal wave isVL5AC11/mv and that of transversal waves
VT5A(C112C12)/2mv, whereC11 andC12 are the only non-
zero coefficients of the elastic stiffness tensor andmv is the
mass density. SinceVL>&VT , longitudinal waves always
reach a given position before transversal waves. Con
quently, it is possible to separate these different modes
propagation by choosing an appropriate time window. Thi
generally done by coupling a waveguide to the sample wi
length sufficient to introduce enough delay between trans
sal and longitudinal waves for their separation.

The wave equation, which connects space and time va
tions of the displacementu in isotropic solids stressed by
force densityf is given by

mv

]2u

]t2 5 1
2 ~C111C12!grad~div u!1 1

2 ~C112C12!“
2~u!

1f. ~15!

By splitting the material displacementu into two vectors,
uL anduT wherecurl (uL)50 and div(uT)50, Eq. ~15! can
be rewritten as

Fmv

]2uL

]t2 2C11“
2~uL!G1Fmv

]2uT

]t2 2
1

2
~C112C12!“

2~uT!G
5f. ~16!

Taking the divergence of this equation and introducing
deformationS5div(uL), it becomes

]2S

]t2 2VL
2¹2~S!5

1

mv
div~ f!. ~17!

As one can see, Eq.~17! is a standard form of the wav
equation in a fluid having a velocity of soundVL and includ-
ing the source distribution div(f)/mv . Therefore the genera
solution17 of S at a positionM is

S~M ,t !5
1

mv
E

V8
E

t8
g~M ,M 8,t2t8!div@ f~M 8,t8!#dt8 dv8,

~18!

whereV8 represents the entire space,M 8PV8, andt8 repre-
sents all times. The functiong(M ,M 8,t2t8) is called the
Green’s function. In a nonlossy infinite mediumg(M ,M 8,t
2t8) is expressed using the Dirac’s functiond(t) as
10410
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g~M ,M 8,t2t8!5
d~ t2t82iMM 8i /VL!

4pVL
2iMM 8i

. ~19!

Usually, transducers do not produce a signal proportio
to the deformation in the medium, but a signal almost p
portional to the derivative of the material displacement o
the direction of the transducer thickness. SinceS5div(uL), it
can also be stated that

uL~M ,t !

5
1

mv
E

V 8
E

t8
G~M ,M 8,t2t8!div@ f~M 8,t8!#dt8 dv8.

~20!

Here the Green’s functionG(M ,M 8,t2t8) is a vector
whose divergence isg(M ,M 8,t2t8). Since longitudinal
waves have a higher sound velocity than transversal wa
and as long as transversal waves have not reached the
of observationM, the longitudinal displacementuL can be
directly replaced by the total displacementu. Introducing the
Heaviside’s functionH(t),G(M ,M 8,t2t8) can be written in
a nonlossy infinite medium as

G~M ,M 8,t2t8!52
~ t2t8!MM 8

4piMM 8i3 H~ t2t82iMM 8i /VL!.

~21!

Equations~18! and ~20! provide the deformation and th
longitudinal displacement at any arbitrary time and positio
In order to reconstruct the source distribution div(f)/mv ev-
erywhere in a given volume, these integrals have to be
verted. For this purpose it is necessary to measureSor uL on
a surface surrounding the sources to ensure the uniquene
the solution. In this case the three-dimensional space coo
nates of the sources are reconstructed from the t
dimensional space coordinates of the surface, where
transducers are positioned, and the one-dimensional time
ordinate derived from the measured traveling times.

As in the case of the pressure-wave-propagation met
the inverse problem does not yield directly the charge dis
bution but rather the divergence of the force density. Ho
ever if the amplitude and the direction of the longitudin
displacementuL can be measured, the direction of the for
density can also be extracted. As already mentioned in S
III the space-charge distribution can be deduced from
divergence of the force density by using any known meth
for instance, a finite-element method. The calibration pro
dure usually used for the electroacoustic method can be
plied in order to obtain the space-charge density in abso
units. This procedure allows for the connection between s
nal and charge amplitudes by using any known charge, g
erally the image charges on the electrodes.

V. ANAGLYPH IMAGES

Before discussing some preliminary results, we consi
the particular case of simple two-dimensional distributio
These distributions can be easily recovered using only
6-4
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HIGH-RESOLUTION MULTIDIMENSIONAL SPACE . . . PHYSICAL REVIEW B 64 104106
measurements taken at two angles of incidence for
pressure-wave-propagation method or at two positions
the electroacoustic method. Indeed, if the two angles of
cidence or the two positions are relatively close to ea
other, the two measurements are very similar. However
signal produced by a given charge does not appear exac
the same time in the two measurements but is displaced
small delay. This delay is directly proportional to the positi
of the charge along the axis perpendicular to the mean di
tion of the two waves~pressure-wave-propagation method!,
or of the two transducers used to carry out the measurem
~electroacoustic method!. This is illustrated in Fig. 1 where
the position of negative charges relative to positive charge
determined. Thus if the delay between the signals co
sponding to the same event can be estimated, a t
dimensional image of the charges can be retrieved.

The brain currently performs this job in order to reco
struct a three-dimensional space from measuring the rela
distance between the positions of the same object in the
images provided by each eye. Consequently the brain ca
used to reconstruct the space-charge distribution by pro
ing two images each representing a measurement, the firs
one eye and the second for the other. For instance, the
image can be coded in red to represent the amplitudes o
first measurement and the other in blue to represent the
plitudes of the second measurement. The superpositio
these two images is called an anaglyph image. By using
sion spectacles having for each eye a different color fil
one gets a three-dimensional image of the charges as
‘‘direct’’ vision of the charges at different positions. O
course many other techniques are available to present an
age to one eye and another image to the other eye, fo
stance, using diffraction gratings or polarizers.

Unfortunately the estimation of the delay becomes v
difficult as the charge distribution becomes more compl
for instance, if at a given time in a measurement the signa
produced by charges distributed at many positions. Since
brain is more accustomed to treat opaque objects rather
semitransparent ones, the reconstruction is not ‘‘natura
done by the brain in this particular case.

FIG. 1. Determination of a two-dimensional space-charge dis
bution using two pressure-wave-propagation measurements.
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VI. RESULTS AND DISCUSSION

In this section preliminary results are presented in orde
validate the concept applied to the above two techniqu
Their relative advantages and disadvantages are discuss

A. Experimental results

The measurements presented in this section were m
with epoxy-resin samples delimited by two planar electrod
and including one or two biased wires in order to creat
two-dimensional electric field and thus simulate a localiz
space charge.

Figure 2 illustrates the experimental setup used for
technique based on the pressure-wave-propagation me
A sample including two wires is coupled to an aluminu
target. This target is separated in two parts having the s
back face. The front face however has two sides sligh
tilted with respect to the back face in two opposite directio
with an angle of61°. Due to Descartes-Snell’s law, the pre
sure pulse created by the impact of a laser pulse enters
the insulator with an angle of60.4° depending on which
side of the target the laser pulse impinges. The two meas
ments corresponding to these two angles of incidence
presented in Fig. 3. As expected, the delay between
events due to the wires is different in the two measureme
Since the two angles of incidence are not very different,
first event in the two measurements is due to the same w
that is to say, the one closer to the target electrode. For

i-

FIG. 2. Experimental setup for the pressure-wave-propaga
measurements.

FIG. 3. Pressure-wave-propagation signals produced by pres
pulses having two different angles of incidence.
6-5
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same reason the second event in the two measuremen
due to the other wire, the one further away from the tar
electrode. The delay between the two events in the first m
surement is 66 ns~about 165mm! and 58 ns~about 145mm!
in the second. Using the expressions included in Fig. 1,
finds a distance between the wires of 1.43 mm along
lateral direction and 155mm along the thickness. This resu
corresponds almost exactly~error of 30mm along the lateral
direction and 5mm along the thickness! to the dimensions
imposed by the mould used to prepare the sample~see Fig.
2!. This experiment validates the anaglyph technique
also the tomographic technique using the pressure-w
propagation method.

Figure 4 illustrates the setup used for the technique ba
on the electroacoustic method. An epoxy-resin sample
cluding one wire is coupled to an aluminum waveguide
which six transducers are distributed every 5 mm alon
line. The events corresponding to the wire are more or
delayed in the measured signal depending on the positio
the wire relative to the transducers. Figure 5~a! presents the

FIG. 4. Experimental setup for the electroacoustic meas
ments.

FIG. 5. Experimental and theoretical delays~a! and amplitudes
~b! of the event due to the wire in the electroacoustic measureme
10410
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experimental delays of the event due to the wire and
corresponding theoretical delay. This theoretical delay
been calculated with a 30 mm length waveguide and a w
positioned at 1 mm from the sample surface. The amplitu
of the signal depends also on the position of the wire. Inde
the transmission coefficient from the sample to the wa
guide and the response of the transducers vary with the a
of incidence of the elastic waves. Figure 5~b! presents both
theoretical and experimental amplitudes of the event due
the wire. The theoretical points have been estimated with
parameters previously mentioned and the corresponding
of thickness over width for each transducer. Though
transducers have the same thickness, their widths are slig
different making the ratio of thickness to width vary fro
0.10 to 0.17. As one can see, the theoretical curves of Fi
fit almost exactly the experimental results and thus valid
the echographic technique using the electroacoustic met
The error in the wire position obtained from these measu
ments is less than 100mm along the lateral direction and o
the order of 8mm along the thickness. These errors are re
tively small owing to the dimension of each transducer~200
mm thick and'232-mm2 surface!.

B. Simulated results

The signals presented in this section were obtained b
simulation using a finite-element method14,15 in order to vali-
date the mathematical inverse expression~12! of the tech-
nique based on the pressure-wave-propagation metho
polyethylene coaxial sample containing a localized Gauss
space-charge distribution has been considered. The pa
eters of the sample and of the charge distribution are ill
trated in Fig. 6.

A series of 36 signals have been calculated, each deriv
from a plane elastic wave propagating in directions loca
every 10° around the sample. The shape of the plane wa
has been determined from a real measurement in which
pulse is broad enough to allow a simulation with a relative
small number of finite elements. Figure 7 shows some of

e-

ts.

FIG. 6. Configuration and parameters of the polyethylene
axial sample used for the simulations.
6-6
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signals. The influence of space charges and also of im
charges on the electrodes can be seen.

The application of the mathematical inverse express
~12! to the 36 calculated signals leads to the divergence
the force density created by the electric fieldj on the
charges. The force densityrj, and then the charge densit
can be determined solving, for instance, div@grad(a)#5b
using a finite-element method. In this particular case
Gauss’s equation,grad(a) is the force density to be dete
mined andb is the result of expression~12!. Taking a square
domain including the insulator with also the electrodes a
applying Dirichlet’s conditions on the boundary, we obta
the charge distribution presented in Fig. 8. The result
charge distribution, obtained from the force density andj,
which depends only on the structure, is very similar to
charge distribution assumed for the simulation and is sho
in Fig. 6. We also observe the image charge on the elect
~superimposed on the dashed line in Fig. 8!. For small am-
plitude densities, deviations can be observed. This can
attributed to the rather broad profile of the elastic wave u
in this case and to the relatively small number of angles
incidence. However this validation of the mathematical
verse expression~12! of the technique based on the pressu
wave-propagation method shows that it is not necessar
have a large number of angles of incidence to lead to a r
tively good representation of the real situation.

FIG. 7. Examples of calculated signals using a finite-elem
method and an experimentally determined pressure shape.

FIG. 8. Charges determined by the tomographic technique.
ternal charges are shown with positive level curves whereas im
charges are shown with negative level curves.
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C. Discussion

The two techniques described in this article lead to
same information: the divergence of the force density rat
than the charge distribution. The charge can be deduce
applying, for instance, a finite-element method. Howev
some differences must be pointed out. Because it is base
the pressure-wave-propagation method, the tomogra
technique has a large signal-to-noise ratio.1 Though this tech-
nique also takes advantage of the mathematical solution
vided by Eq.~12! many angles of incidence are require
which may result in long measuring times. Thus it is partic
larly well fitted for systems having a slow evolution wit
time. The echographic technique has a lower signal-to-no
ratio due to two factors: the limited amplitude of the ext
voltage and the necessary small size of the transducers
must be used. Of course this ratio can be improved by a
aging successive measurements but such an averaging
results in longer times for the measurements. If no averag
is required, high rate measurements can be performed s
the signals from all the transducers can be measured a
same time and thus rapid evolution of charges can be
lowed. Contrarily to the tomographic technique the inve
solution involves complex algorithms. However if both th
amplitude and the direction of the displacement can be m
sured, the amplitude and the direction of the force den
can be recovered. This allows the charges and the field in
insulator to be determined with more accuracy.

In the models presented, the effect of attenuation, disp
sion, and reflection on boundaries or impedance mismatc
have not been taken into account in the theoretical deve
ments. Their effects may lead to non-negligible distortions
the solution if too simple inverse algorithms are used. Ho
ever, as already stated, attenuation and dispersion ca
taken into account by applying the proposed expression
each component of the spectrum.

VII. CONCLUSION

In this article, two techniques for the multidimension
measurement of space charges have been introduced.
preliminary results fit well the theoretical development pr
posed. The first technique is based on the pressure-w
propagation method using elastic plane waves at differ
angles of incidence. Its advantages are the large signa
noise ratio and the simple mathematical inverse express
Unfortunately it requires a series of measurements taken
cessively with elastic waves having different angles of in
dence and thus a global long time. The second techniqu
based on the electroacoustic method using receiving tr
ducers at different positions. Its advantage is that a meas
ment is very fast. Unfortunately, the signal-to-noise ra
may be poor as the transducer surface is reduced. Moreo
there is no simple mathematical inverse expression, wh
makes the inverse problem more difficult to solve. For tw
dimensional simple charge distributions, we have shown
only two measurements are required. The set up is thus

t

-
ge
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plified and, by the construction of anaglyph images, for
stance, the human brain provides the inverse algorithm.

These techniques, which have been validated in sim
cases, have a large potential for the study of space-ch
.
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buildup in materials with complex field distributions an
would lead to high-accuracy measurements. Further deve
ments must now be carried out in order to evaluate the lim
of these approaches.
r.
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