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The Hume-Rothery matching rule has been widely used for many years as a practically useful guide to
search for new quasicrystals and their approximants. In this work, we have performed the linear muffin-tin
orbital atomic-sphere approximation band calculations for the nearly-free-electron-§idgiadZn,, 1/1-1/1-

1/1 approximant. It is shown that highly degenerate free-electron states in the vicinity of the ce(®@48) pf

(710, and (550 planes, whose reciprocal lattice vectors well coincide with the Fermi diamé&tem?2the

extended zone scheme, are all reduced to the regions centered at thd poirgsponding to the center of the

(110 zone planes in the reduced-zone scheme and that the lifting of these degenerate states leads to the sizable
pseudogap at the Fermi level, thereby lowering the electronic energy in this system. This is, to our knowledge
the first attempt to identify the Brillouin zone planes in the empirical Hume-Rothery rule and to extract their
role in the formation of the pseudogap frab initio band calculations.
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[. INTRODUCTION electronic structure and electron transport properties for a
series of the nearly-free-electron-like Al-Mg-Zn QC’s and
Icosahedral quasicrystal@QC's) are divided into two AC's and revealed the pseudogap at the Fermi level for all
families in terms of the cluster unit building up their struc- QC’s and AC'’s they studied by measuring the x-ray photo-
ture: one is described by the Mackay icosahedron containingmission spectroscopic valence-band structure and the elec-
54 atoms and the other is described by the rhombic triacortronic specific-heat coefficient. Here it is interesting to note
tahedron containing 45 atoms. The former abbreviated athat its depth is deeper in QC’s than in AC’s. They also noted
MI-type QC'’s contains the transition-metdiM) elements as that, in the respective stable concentration ranges, the diam-
major components. Tsait al! discovered a series of ther- eter of the free-electron Fermi spherkzamatches well the
mally stable Al-Cu-TM(TM=Fe, Ru, OsMI-type QC’s and  reciprocal lattice vectors #3, K19, and Kss corresponding
pointed out that they are formed at a specific electron peto the strong x-ray diffraction peaks in the AC’s angd,¥ o
atom ratioe/a of about 1.75. Guided by this empirical rule, in the case of the QC's. They conjectured that the pseudogap
Yokoyamaet al? could further synthesize thermally stable at the Fermi level is brought about by the Fermi-surface-
Al-Pd-TM QC'’s at ane/a ratio of around 1.75. Their suc- Brillouin-zone interaction caused by the Hume-Rothery
cessive discoveries convinced us to believe that the thematching rule mentioned above. Unfortunately, however,
mally stable QC’s obey well the Hume-Rothery rule and thattheir discussion was limited to a qualitative evaluation based
the QC is apparently stabilized by matching the Fermi suron the Xg=K,, matching rule, wherehkl) refer to the
face with the Brillouin-zone planes specific to the respectiveMiller indices of the set of lattice planes.
QC'’s and lowering the electronic energy as a consequence of The electronic structure of QC’s has been alternatively
the formation of the pseudogap at the Fermi level. studied from the first-principle band calculations. Because of
The rhombic-triacontahedral-type QQBereafter abbre- the possession of an infinitely large unit cell in QC'’s, the
viated as RT typebelong to the second family together with band calculations have been performed only for AC's whose
their 1/1-1/1-1/1 cubic approximan{RT type AC'9. They  atomic structure was constructed by a model structure.
have been also known as being typical of Hume-RotheryFujiwara calculated the valence band by constructing a
type electron compounds. For example, the measured elemodel structure on the basis of thephase Al-Mn-Si com-
tronic specific-heat coefficient, when plotted agaiest, is  pound, which is known as the 1/1-1/1-1/1 approximant to the
found to fall on a universal curve and to decrease with deAl-Mn quasicrystal. The calculated density of stat(B9)
creasinge/a value toward 2.1 regardless of the atomic spe-turned out to consist of a series of spiky peaks with the
cies involved Typical examples in this family include Al- possession of the pseudogap at the Fermi level. He suggested
Mg-Zn, Al-Li-Cu, and Al-Mg-X (X=Cu, Ag, and Pd The the location of the Fermi level in the pseudogap to contribute
electron concentration or the electron per atom ref@min  to lowering the electronic energy in favor of a quasicrystal.
RT-type QC’s and AC'’s, except for those containing Pd, carSince then, theoretical band calculations have been per-
be unambiguously assigned and the nearly-free-electron-likmrmed for a number of approximants including RT-type
valence-band structure is expected because of the absenceAsE’s like Al-Li-Cu (Ref. 6 and Al-Mg-Zn. All results so far
the transition-metal elements. reported are consistent with the finding of the pseudogap at
Takeuchi and Mizutaflistudied more systematically the the Fermi level. In particular, Hafner and Krejmbtained
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essentially the same results for higher-order approximants TABLE I. Atomic structure for the AjMgseZng, 1/1-1/1-1/1

and claimed that the pseudogap is a feature commonly exisépproximant (Ref. 13 Space group; Im3 lattice constanta

ing in quasicrytals and their approximants. =14.355 A; number of atoms per unit céll=160; X, y, z, coor-
The successful application of the Hume-Rothery matchinglinates of atom positions normalized with respecifcs, atomic

rule to the search for new stable quasicrystals by Tsai antRdius normalized with respect &

others has certainly stimulated theoretical interest in the

mechanism of the Hume-Rothery rule. The role of the dif- Atoms Site X y ‘ S

fraction by Bragg planes in the Al-Li-Cu icosahedral quasi-  a| 2a 0.0000 0.0000 0.0000 0.0975
crystal has been studied by Friedel and Den8y&mith and Mg 48h 0.1579 0.1904 0.4030 0.1122
Ashcroff applied the pseudopotential method to a simplified Mg 1% 04030 00000 05000  0.1181
three-dimensional Penrose tiling structure and revealed the ;4 12 01978 00000 05000  0.1174
appearance of band gaps associated with quasicrystal Mg 16f 0.0000 0.3009 0.1175 0.1193
reciprocal-lattice vectors and van Hove singularities in the 249 0.0000 0.0927 0.1514 0.1073

density of states. Vakst all° elaborated the work by Smith
and Ashcroft above and studied the Hume-Rothery-type cor-
relations, i.e., a connection between the valency calculated

from a Fermi Sphere with a radius haVing one-half the IIl. CONSTRUCTION OF THE FERMI SPHERE AND

reCiprocal'lattice vector and the nominal mean Valency. BRILLOUIN ZONE IN THE EXTENDED SCHEME
Trambly de Laissardie etall' performed the self-

consistent linear muffin-tin orbita(LMTO) band calcula- As noted in the Introduction, experimentalists generally
tions for a series of Hume-Rothery crystals containing aest the Hume-Rothery matching ruldg=K,, in the dis-
small concentration of transition-metal elements to extracgcussion of the phase stability and evaluate the ratio of the
the role of the transition-metal element in the depth of theFermi diameter Re over the reciprocal-lattice vector
pseudogap near the Fermi level. More recently, Foairnecorresponding to strong x-ray diffraction lin$? Indeed,
et al'?> made the augmented-plane-wave band calculationge can easily confirm that th&43), (550, and(710) zone
for Al-Cu alloys and discussed the Hume-Rothery criterionplanes are located close to the Fermi sphere with its rdgius
in comparison with the experimental data obtained from sofof 1.554 A~! calculated from the free-electron model for
x-ray spectroscopies. However, a straightforward identificathe Al;gMg,0Znso AC with thee/a value of 2.3 To illustrate
tion of Brillouin-zone planes responsible for the formation of this visually, we depict in Fig. 1 the three-dimensional Bril-
the pseudogap &g has not been pursued in the past fraln  louin zone formed by 48-fold543), 12-fold (550), and 24-
initio band calculations. fold (710 planes, all of which are located at the same dis-
In the present work, the band calculations have been catance from the origin, i.e.;r\Vh?+k?+1%/a= 7/50/14.355
ried out for the AbMgseZng 1/1-1/1-1/1 approximant =1.548. The Brillouin zone and spherical Fermi sphere in
whose atomic structure had been accurately determined frothe extended-zone scheme were constructed by using the
the Rietveld analysi§® The origin of the pseudogap found software developed by Nakaret al' As illustrated in Fig.
across the Fermi level is discussed by analyzing the calcut, the overlap of the free-electron Fermi sphere across the
lated energy-dispersion curves, DOS, and the Fermi surface®ne centers simultaneously occurs at 84 zone planes, since
in comparison with those derived from the free-electronthe energy gap across the zones is absent in the free-electron
model in both reduced- and extended-zone schemes. Waodel. Thus, we consider such high multiplicity of zone
demonstrate the pseudogap across the Fermi level in the Al-
Mg-Zn approximant to originate from the interaction of the
Fermi surface with the Brillouin zone formed b{43),
(710, and (550 planes, which are already known to satisfy
the Hume-Rothery matching rufe.

249 0.0000 0.1775 0.3061 0.1117

Il. ATOMIC STRUCTURE OF THE Al 3Mg0Znso 1/1-1/1-1/1
APPROXIMANT

According to the powdered x-ray diffraction Rietveld
analysis:® the Al,gMg,eZnsg AC is found to belong to the

space group Imand to crystallize into the bcc structure with
the lattice constant 14.355 A. The atomic structure thus de-
termined is listed in Table I. It contains totally 160 atoms in
its unit cell and the center of the icosahedral clusters at both
vertex and center sites is essentially vacant. It is also found F|G. 1. The Brillouin zone consisting ¢543), (550, and(710)
that a chemical disordering exists in the first icosahedraplanes with the free-electron Fermi sphere in the Al-Mg-Zn
shell and outer shells, where Al and Zn atoms are occupiedi/1-1/1-1/1 approximant. The overlap of the Fermi sphere is slightly
There is no chemical disorder in the Mg site. exaggerated by taking-=1.569 A and K, /2=1.548 A1,
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FIG. 3. Density of states calculated in the framework of the
LMTO-ASA method for the A}gMg,0ZNzq 1/1-1/1-1/1 approximant.

-10 atoms. The narrow Zn@states are formed at the bottom of

r H N I P HP N the valence band. Thus, the valence band structure is essen-
fially described in terms of the nearly-free-electron model.
The resulting DOS is shown in Fig. 3. We clearly see the
pseudogap in the calculated DOS across the Fermi level.

dmittedly, however, the formation of the pseudogap is not

planes to produpe a sizable psegdogap near the Eermi Ievg obviously judged from the dispersion relations shown in
As our next objective, we examine how the Fermi-surfacey;q 5 Thys more deliberate consideration was made to
Brillouin-zone interaction in the extended-zone schequentify its origin

discussed above can be reconciled wih initio band Energy dispersions derived from both LMTO-ASA and

FIG. 2. Dispersion relations in the reduced-zone scheme for th
Al 30Mg40Zngo 1/1-1/1-1/1 approximant.

calculations. the free-electron model along the directions pointing to the
centerN of the (543, (550), and (710 zone planes were
IV. BAND CALCULATIONS FOR THE Al 3MgsZns calculated in the extended-zone scheme in order to single out

. the effect of these zone planes on the electronic states near
V1-U1-UL APPROXIMANT the Fermi level. We show in Figs.(@, 4(b), and 4c) the
The band calculations have been performed for thesuperposition of LMTO-ASA and free-electron dispersions
present approximant within the context of the LMTO atomic-along(543), (550, and(710) reciprocal-lattice vectors in the
sphere ApproximatiofASA) in combination with the local vicinity of the Fermi energy and the poiil, respectively. It
density-functional theory?'*® As noted above, there exists is seen that a number of free-electron parabolas meet at the
chemical disorder in the occupation of Al and Zn atoms.point N corresponding to thé€543), (550, and (710 zone
Since the band calculations generally do not allow chemicatenters and that the number of the degenerate states increases
disordering in the unit cell, we filled only Zn atoms in the with increasing energy. Indeed, we see from Fig. 4 that in all
first icosahedral shell and rhombic triacontahedral shelthree cases, the Fermi level happens to pass very near the
while only Al atoms in the remaining outer shells. This canmost degenerate free-electron states at the peibtt that
be done without changing the overall composition. Thoughhese degenerate states are lifted in the LMTO-ASA band
the chemical disorder was removed, we still employed atontalculations. Therefore, we can safely say that the appear-
positions listed in Table |, which were experimentally deter-ance of the energy gaps across (643, (550, and (710
mined for the chemically disordered real;fg,oZnsg AC. zone planes, though they are rather small, must play a key
The atomic radius for the constituent atom, which is listed role in the formation of the pseudogap at the Fermi level.
in the last column in Table I, was assumed to be given by Because of the zone-folding effect, electronic states after
that of an atomic sphere having the same volume as thkfting the degeneracy are found to be quite flat and densely
corresponding Voronoi polyhedron. The potential parameterseparated in energy with the width of 0.1 to 0.2 eV. This
were determined self-consistently at 91 indepen#tguaints  certainly yields spiky peaks in the calculated DOS. It is
in the irreducible wedge of the Brillouin zone of the bcc therefore not obvious to conclude if the lifting of the highly
structure. The DOS turned out to be sufficiently accuratedegenerate free-electron states at the pbintmmediately
when energy eigenvalues were calculated at thesek 91 leads to a sizable pseudogap across the Fermi level. To
points in the irreducible part of the zone. In the case ofclarify this, we intentionally deleted, from the free-electron
energy dispersions, however, energy eigenvalues along lzand, the states in the region centered at the péinthere
given direction were calculated at more than 30oints to  the conditionh?+k?+12=50 is satisfied. This will allow us
make the dispersion relation smooth. to evaluate quantitatively the depth of the pseudogap caused
The energy dispersion relations for the present AC arddy the lifting of the highly degenerate states near the @dint
presented in Fig. 2 in the reduced-zone scheme. The valenéégure 5 shows the free-electron DOS with and without de-
band-structure is formed by a mixture 06,33p, 3d ex- letion of the electronic states around the pdnenclosed by
tended states of Al and Mg atoms arglahd 4 states of Zn  a sphere in radiudk. This is done by using the free-electron
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FIG. 4. Dispersion relations derived from
LMTO-ASA and free-electron modeldotted
line) in the extended zone scheme alof@
(543, (b) (550, and (c) (710 directions. The
wave number is in the units of2a and the
point N is positioned at/50/2=3.53.

38
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dispersion relations in the extended-zone scheme. It is cleder of the(110 zone, when two of the Miller indices of the
that the depth of the pseudogap across the Fermi level beeciprocal lattice vectorHkl) are odd like(543), (550), and
comes comparable to that shown in Fig. 3 whdo=0.2 in
the units of 27/a is chosen. In addition, as shown in its zone planes pass the poirdisandH in the first zone, when
inset, the respective contributions to DOS at the Fermi levethe sum of the Miller indices, k, andl divided by 2 is even
from (543), (710, and (550 planes are 4:2:1, in excellent and odd, respectively.

agreement with their degeneracies of 48:24:12. Though en- The Fermi surfaces calculated from tkek dispersions
ergy gaps across these three sets of planes are certainly rase shown in Fig. 6 in the reduced-zone scheme for the
necessarily equal, we believe that the total lifting of 84-fold present approximant, together with the cross sections of free-
degeneracy at the poiritl is strong enough to cause the electron Fermi spheres. The Brillouin zone in &, plane

pseudogap across the Fermi level.

(710 in the present case. It is also easily confirmed that the

is obviously bounded by the cross section of f6lt0 zone

To ascertain the origin of the pseudogap further, we calplanes characteristic of its bcc structure. We can clearly see
culated the cross section of the Fermi surfaces inkifig
plane in the reduced-zone scheme. Prior to the discussion that the electronic states derived from the band calculations
the resulting Fermi surfaces, we should note that the zonare strongly expelled from the area around the pbinThis
planes in the extended-zone scheme, when reduced to tle certainly caused by the presence of finite energy gaps
first zone, always pass the poidtcorresponding to the cen- across thg543), (550), and (710) zone planes and can be

that many free-electron Fermi surfaces pass the peibtit

taken as an additional evidence for the creation of the

1 T T T 1 I I pseudogap at the Fermi level.
04 In conclusion, we have discussed the dispersion relations
and the resulting Fermi surfaces derived from the LMTO-
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FIG. 5. Effect of deletion of the states enclosed by a sphere T\ *‘-:..‘5 Yy
centered at the poirt with radiusAk on the free-electron density
of states. Curvegl), (2), and (3) refer to Ak=0, 0.1, and 0.2,
respectively. Note thahk=0.2, for example, ranges from 3.33 to . .

3.73 in Fig. 4. The DOS witlAk=0.2 is shown in its inset on
expanded scalgl), (II), and(lll) show the contributions from the

12-folded(550), 24-folded(710), and 48-folded543) zone planes,

respectively.

FIG. 6. Cross section of the Fermi surfaces calculated in the
framework of the LMTO-ASA method and free-electron Fermi
spheres cut across tigk, plane in the reduced-zone scheme.
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ASA band calculations with reference to those derived fromated the empirical matching rule between the Fermi sphere
the free-electron model in both extended- and reduced-zor@nd the Brillouin-zone planes from the first-principles band

le. The extension of the present work to the Ml-type QC’s
mant and could prove that the pseudogap across the Fe”ﬁfnd AC’s may not be straightforward because of the super-

Ieyel or|g|qate§ from the interaction of the Fermi Surfacesposition of thed states near the Fermi level. The test of the
with the Brillouin zone formed by the543), (550, and(710  yajidity of the Hume-Rothery matching rule based on the
zone planes associated with the observed strong x-ray difirst-principles band calculations for the MI-type Al-Cu-

fraction peaks. We believe that the present work substantiRu-Si AC is reported elsewheté.
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