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We report on results of finite-size numerical studies of partially filled lowest Landau level, at low electron
filling factors. We find convincing evidence suggesting that electrons form Wigner crystals at sufficiently low
filling factors, and the critical filling factor is.~1/7. At v=1/7 we find the system undergoes a phase
transition from the Wigner crystal to the incompressible Laughlin state when the short-range part of the
Coulomb interaction is modified slightly. This transition is either continuous or very weakly first order.
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Interacting electrons at sufficiently low densities and tem-the single mode approximatithwhere the magnetoroton
peratures were shown by Wigri¢o form a crystalline state. gap while not zero was found to be diminished considerably
This ground state results from the dominance of the potentizit 1/7 and further at 1/9. This was interpreted as a precursor
over the kinetic energy that occurs in the dilute limit. A to magnetoroton mode softening and the transition to the WC
Wigner crystal (WC) state has been observed in a low- phase.
densitytwo-dimensiona(2D) electron gas system trapped on  In this paper we present finite-size exact diagonalization
the surface of helium liquid While unlikely to be observed studies of systems with low that directly reveal the forma-
at metallic densities in three dimensions this crystallinetion of the WC in the LLL. We study systems with torus
phase is in fact expected to occur in the 2D electron gageometry. Our previous work on charge density wave ground
confined in semiconductor heterostructures or quanturstates in high Landau levéfs'™ has demonstrated that the
wells, and subject to a strong perpendicular magnetic fieldorus geometry is advantageous as compared to, say, the
[such that all electrons are in the lowest Landau levebpherical geometrd in studies of states with broken trans-
(LLL)]. Under these conditions the kinetic energy is com-lational symmetry. The reasons are as folldWsOn a torus
pletely quenched making it an ideal environment in which toone can adjust the geometry to better accommodate a lattice
observe Wigner crystallization; the WC state is expected tan a finite-size systentii) The presence of translational sym-
have the lowest Coulomb interaction energy when the Lanmetry allows one to define a many-body momentuthat
dau level filling factor ¢) is sufficiently low. Indeed, sub- can be used to label the eigenstates. By inspecting the mo-
stantial experimental evidence, mostly from transport meamenta of the low-lying states, as well as the wave-vector
surements, points to a pinned WC state in the insulatinglependence of the density-density correlation functions, one
phases of low.> However, the situation is not yet definitive can easily detect whether the translational symmetry is bro-
as direct experimental probe of the lattice structure of theken in the system, and determine lattice structure of the bro-
WC is still lacking. In addition, the ubiquitous disorder in ken symmetry(crysta) state.
these systems could lead to other insulating pHasesh as We find strong evidence that WC forms at filling factors
the Hall insulator, or just complicate the detection of thev<1/7, and that the critical filling factor, is very close to
crystal itself. On the theoretical side, early wbduggested 1/7. Furthermore, we have studied the competition between
that a 2D electron gas is always unstable against formatiothe WC state and the Laughlin statevat 1/7 by varying the
of a WC when subject to a strong magnetic field, at zeragyeometries of our finite-size systems, as well as the short-
temperature. However, the discovery of fractional quantuntange part of the Coulomb interaction. We find that the
Hall effect (FQHE) has led to the realizatidrthat electrons Laughlin state is alwaysontinuouslydeformed into one of
can also form incompressible fluid states, especially at théhe low-lying states that correspond to the WC phase, when
primary sequencer=1/m, wherem=3,5,.... Bycompar- the geometry or the interaction is varied. This suggests that
ing the energy of the Laughfirstate with that of @orrelated  the quantum phase transition between the incompressible
WC state(whose energy is considerably lower than that of aFQHE and compressible WC phases is either continuous or
simple Hartree-Fock estim&t8, Lam and Girvif con-  very weakly first order. The methods used here are similar to
cluded that the critical filling factor. below which the WC  our previous studies and provide a reliable way of detecting
forms is slightly above 1/7. This is in good agreement withbroken symmetry in finite systems. We first investigate de-
transport experiments on clean samples. A more recemtendence of the spectrum on PBC geometry.
study’ using a formalism based on composite fernifomave Figure 1 shows the energy spectra of systems With6
functions calculated the collective excitation energy varia-electrons, at filling factors=1/6, 1/7, and 1/8, with rectan-
tionally and found that the ground state become unstablgular geometry, for pure Coulomb interaction. Fer 1/6
against proliferation of magnetorotofwhich points to for- and 1/7 we plot energy levels for a series of aspect i@&jo
mation of WQ for »=<1/9, although such an instability was while for »=1/8 we plot the energy level versus the magni-
not found atv=1/7. A similar trend was observed earlier in tude of many-body momentui, for a;=0.35. One can see
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B2 03 04 05 05 07 08 08 10 11 FIG. 2. The allowed momentK for the v=1/7 system with
N=6 electrons with aspect ratioa,=3/8, and theK's of the
ground-state manifold. These low-lyits form a nearly triangular
array, which represents the reciprocal lattice of the Wigner crystal

that the electrons form.
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_ system can be determined easiyN.=N%Np, whereN is
00124 the highest common divisor dfl and the number of flux

; quantaN,. Here we haveN=6 in both cases, thull.=6
4,008 4 =N, indicating there is one electron per unit cell. This is
0,000 precisely what one expects for a WC. This suggests that elec-

trons form a WC at these filling factors, at least when a WC
can be easily accommodated by the geometry of the finite-
size system.

For v=1/6, on the other hand, sucH@mea) degeneracy is
absent for almost all geometries, except for perhapagyat
~0.35. This suggests that the translational symmetry is not
broken aty=1/6, although the tendency toward WC forma-

0,000 4

8’%3. AE ‘N =6, v=1/8, aspect = 0.35 tion is present, especially when the geometry of the finite-
£.025 1 - T . - size system is favorable. We thus conclude that the critical
oozod = - - - I :-f filling factor v, below which the Wigner crystal forms is
R B - - 7 - close to and probably slightly above 1/7, which is in excel-
20154 T _ T - lent agreement with the estimate of Lam and Gif/From

1 - o - the superlattice primitive basis vectors in the reciprocal
0010+ spacé® we obtain the parameters of the WC unit call
0.005 4 T B B ~8.842,a,~6.655, andd~131.6°. While this is not exactly

] a triangular lattice, it is close to it. We believe the discrep-
0.000 4 1-2 -2 -1 ancy is caused by the finite size of the system, and in the

LR o T thermodynamic limit we expect to recover a triangular lat-
0o 05 10 15K20 tice. We emphasize the fact that the WC state is stabilized
nearay=0.4 isnot an artifact of the geometry of the finite-
Size system; as we will see below at filling factors 1/3
and 1/5 where the system is an incompressible fluid and well
and plotted as a function of the magnitude of momentarfor » described by the Laughlin state, no crystalline_order is deve_l-
=1/8, at aspect ratio 0.35. The degeneracy of each low-lying Ieve?pecl and the ground state has h'gh 0\_/erlap_W|th the Laughlin
is indicated by the integer beside it for=1/8. state for all reasonable geo.metnes, including the ones that
are favorable for WC formation.

At v=1/m with m being an odd integer, it is knowhthat
that for the v=1/8 case, as well ag=1/7, for a sizable for certain short-range repulsive interactions, the Laughlin
range ofay (0.3<a,<0.5), there aréN, =6 nearly degen- state is the exact ground state that describes an incompress-
erate low-lying statesincluding the ground statehat form  ible fractional quantum Hall fluid. In Fig. 3 we show the
what we call the ground-state manifold. TKés of the states square of the overlap between the Laughlin state and the
in this manifold form a 2D array, as we show in Fig. 2 for exact ground state of the system for=3, 5, and 7, at dif-
v=1/7 atay=3/8, indicating that the translational symmetry ferent aspect ratios and system sizes. It is seen that for
is broken in both directions, and the system has 2D crystal=1/3 and 1/5, the overlap is rather insensitive to the geom-
line order. Thes&’s determine the lattice structure of the etry of the unit cell and is close to 1, while for=1/7 the
crystal. The number of unit cells included in the finite-sizesquare of the overlap varies appreciably with the geometry,

FIG. 1. The spectra of rectangular-shaped finite-size system
with N=6 electrons, at filling factors 1/6, 1/7, and 1/8. The energy
levels are plotted as functions of the aspect ratioferl/6 and 1/7,
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FIG. 4. The square of the overlap between the Laughlin state
FIG. 3. The square of the overlap between the Laughlin staténd the exact ground state, in a system with aspect agtic3/8. It
and the exact ground state of systems with rectangular geometiy plotted as a function 0dV5 (see text The arrow on the right-
and a variety of filling factors and number of electrons, as a funchand side indicates the position at which the near degeneracy of the
tion of aspect ratio. The points at 1.2 are for hexagonal unit cells.low-lying states starts to develop. The arrow on the left-hand side

. . . indicates the position afV5 below which the absolute ground state
and dips below 0.75 a_nd 0.5 in certal.n' rangea@ffor N is not in theK =0 sector. The overlap shown is between the Laugh-
=4 andN=6, respectively. The sensitivity of the energy |in state and the lowest energy=0 state.

spectrum as well as the overlaps on the system geometry is a

strong indication that the ground state dsmpressiblelt  qynd state is not unique. We have tracked the overlap with
reflects the fact that the system wants to form a WC, but ighe k =0 “ground state.” In real systems, the short-range

frustrated when the aspect rag is far from the optimal 5t of the Coulomb interaction mofteneddue to the finite
one for forming a crystalay~0.4 for N=6. It should be

noted that the Laughlin state his=0, which is one of the extent of the electron wave function along thdirection(or

finite layer thickness thus the WC state is expected to be

K's in the, grounq-state manifold, and in the case of a PUS rther stabilized; we have studied potentials of typical layer
Coulomb interaction the ground state turns out to be in th%hickness and find it is indeed the casevat1/7

K=0 sector for all the aspect ratios and sizes that we ex- As in our previous studies we now turn to the density

plored; thus the square of the overlap evolves continuousl}(esponse functions. In Fig. 5 we show the LLL projected

from being close to 1 neag,=1, where the WC state is guiding center density-density correlation function, in real

lf.rtttjlstrated, tto. b? Ietsst_thar; 0-\?\/2?{: Ot4 th()arr]e t_helrle ;z space. This is the Fourier transform of the guiding center
Ittie geometric frustration for ormation. Fhysically € qiaic structure factor® The central peak represents the usual
reason that the overlap is large when the WC state is frus:

trated is that the Laughlin state at=1/7, while describing o(r) singularity projected to the LLL, which is at the posi-

) ible fluid stat readv h bstantial sh ion of the electron where the correlation is measured from.
an incompressibie fluia staté, aready has substantial SNorg, crystal structure can be clearly seen; the number of
range crystal order built into it; it is thus energetically still

" eaks(including the central onesquals the number of elec-
competitive. b ( g neeq

At. v= 1/7, the Laughlin state can be stabilized by slightly:[,:/?]?shl\:s v?/h;?déﬁitlggpiifshfg? I; %s:g;necrhi?;;;he electron,
Eodjylng t?e sr?ort—range ;?a;]t of thel COtl;I|Omb pothentlial. In_ The tendency toward WC formation, as well as the struc-
9. 2 wep ot the square of the overlap between the aughture of the resultant lattice, can also be seen in the density
lin state and the exact ground state of the systenagt
=3/8, as a function oféVs, the change of them=5
pseudopotentid from its Coulomb value. It is seen that the
overlap is substantially improved to be above 0.8 by adding
a small pseudopotentiaVs=0.02%%/ €l (which represents
less than 10% increase of thés pseudopotential even
though the system geometry is most favorable for WC for-
mation. This is further indication that=1/7 is very close to
the phase boundary separating the crystal and liquid phases.
The smooth change of the overlap as a functiodé also
suggests the transition is either continuous or very weakly
first order in the thermodynamic limit. Adding a negative
6Vs, on the other hand, further suppresses the overlap; in
particular, atsVs~ —0.01%?/ el there is a level crossing for
the ground state, and fofVs<—0.01%?/ €l the absolute
ground state has differentwave vector from the Laughlin FIG. 5. The real-space lowest Landau level projedtadguid-
state; thus the overlap between the Laughlin state and thRg centey density-density correlation function, fdt=6 electrons
absolute ground state is, strictly speaking, zero here. Howat filling factor 1/7, in a rectangular system with aspect ratio 3/8. A
ever, the quasidegeneracies are well developed and tt& contour plot is also shown.
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of the large response at these momenta is the near degen-

441Q . e eracy of the low-lying states that are connected by these
froesgmn Siesisdasemcn momenta discussed earlier; small energy denominators lead
2] @ il . B - e to large response at these momenta.
0 @@ e In summary, we have shown that FQHE incompressible
04 ‘e W 9 - fluids become unstable aroume- 1/7 in agreement with pre-
o & &8 & & o vious predictions. We find the Wigner crystal becomes the
e @@V e e ground state as the system geometry is adjusted to accom-
24 e . @ - cenen modate the crystal. It is more difficult to determine the order
e of the transition by the small sizes that we have studied.
-4 ‘ a8 A LAAERREE Qx However, a strong level crossing first-order transition seems

R T S . to be ruled out by our study. We observe only a continuous
evolution of the required quasidegenerate manifold that al-

FIG. 6. A 2D plot of the LLL projected density response func- Ways includes the state #=0. This state for geometries
tion x(q), with the size of the dot representing the strength. Thethat frustrate the crystal shows large overlap with the Laugh-
system is the same as that in Fig. 5. The four large dots representl State. This suggest the transition may be second order but
peak value of about 21 000. The nearby smaller dots alon@the @ weakly first-order transition predicted by a mean-field
axis represent a value of 4700, etc. approacht also remains a possibility.

F.D.M.H. and E.H.R. thank the Aspen Center for Physics
response function in momentum spagé€q). Figure 6 is a where this work was started. E.H.R. is grateful to NHMFL
plot of x(q) for the same system as in Fig. 5. Here we sedor their hospitality where it was brought to a conclusion.
strong response at an array of momenta, which form a lattic&his work was supported by NSF Grants Nos. DMR-
that is close to being triangular. This is essentially the recip9809483 (F.D.M.H), DMR-0086191 (E.H.R), DMR-
rocal lattice of the crystal that forms in real space. The origind971541(K.Y.), and by the A. P. Sloan FoundatigK.Y.).

1E.P. Wigner, Phys. Rewvi6, 1002(1934). °R.K. Kamilla and J.K. Jain, Phys. Rev. %5, R13 417(1997.

2C.C. Grimes and G. Adams, Phys. Rev. Ld®, 795(1979. 103 K. Jain, Phys. Rev. Let63, 199(1989.

3For reviews, see, e.g., chapters by H. Fertig and M. Shayegan, ih's.M. Girvin, A.H. MacDonald, and P.M. Platzman, Phys. Rev. B
Perspectives in Quantum Hall Effecedited by S. Das Sarma 33, 2481(1986.

and A. PinczukWiley, New York, 1997. 12E H. Rezayi, F.D.M. Haldane, and K. Yang, Phys. Rev. L&3f.
“H. Fukuyama, P.M. Platzman, and P.W. Anderson, Phys. Rev. B 1219(1999.

19, 5211(1979. 13F D.M. Haldane, E.H. Rezayi, and K. Yang, Phys. Rev. L&5f.
SR.B. Laughlin, Phys. Rev. Let50, 1395(1983. 5396 (2000.
5D. Yoshioka and H. Fukuyama, J. Phys. Soc. #h394(1979;  *F.D.M. Haldane, Phys. Rev. Let1, 605 (1983.

D. Yoshioka, and P.A. Lee, Phys. Rev.2B, 4986(1983. 15F D.M. Haldane, Phys. Rev. Le®5, 2095 (1985.
7K. Maki and X. Zotos, Phys. Rev. B8, 4349(1983. 18F. D. M. Haldane, ifThe Quantum Hall Effec2nd ed., edited by
8p.K. Lam and S.M. Girvin, Phys. Rev. 80, 473(1984). R. E. Prange and S. M. Girvi(Springer, New York, 1990

081301-4



