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Spontaneous alloying in binary metal microclusters: A molecular dynamics study
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Microcanonical molecular-dynamics study of spontaneous alloying~SA!, which is a manifestation of fast
atomic diffusion in a nanosized metal cluster, is done in terms of a simple two-dimensional binary Morse
model. Important features observed by Yasuda and Mori are well reproduced in our simulation. The tempera-
ture dependence and size dependence of SA phenomena are extensively explored by examining long-time
dynamics. The dominant role of negative heat of solution in completing SA is also discussed. We point out that
a presence of melting surface induces the diffusion of core atoms even if they are solidlike. In other words, the
surface meltingat substantially low temperature plays a key role in attaining SA.
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I. INTRODUCTION

Microclusters exhibit neither the properties of bulk n
those of molecules. One of the most important features
atomic and molecular clusters is the presence of the la
portions of surface atoms, which provide large fluctuation
their motion. A lot of interesting static and dynamical pro
erties of nanosized clusters have been found by many aut
during the last two decades.1 If we restrict ourselves to dy
namical aspects of microclusters, for instance, it was sho
that small metal clusters fluctuate between different multi
twinned and single-crystal structures rather than having fi
structures.2 From the viewpoint of equilibrium thermody
namics, Ajayan pointed out that this is a manifestation o
quasimolten state where the Gibbs free-energy surface
function of the cluster morphology is quite shallow.3 From
the viewpoint of a molecular-dynamics MD study, on t
other hand, Sawada and Sugano showed that the struc
change of Au clusters observed in experiments, is regar
as a floppy motion between local minima of a potential s
face due to the dynamical nature of clusters.4 In both cases
we may say small clusters suffer from anomalously la
dynamical fluctuations. Owing to the presence of such la
fluctuations, as pointed out by Sugano, it is hard to giv
clear answer for the following naive question: Are micr
clusters like solids, where atoms are oscillating around th
respective equilibrium positions? Are they like liquid
where atoms move diffusively? Or, are they fluctuating b
tween different solid phases during the course of th
motion?1 In fact, according to the works by Berry and h
co-workers in their microcanonical MD study of a Lennar
Jones cluster, there exists the intermediate phase called
existing phase’’ of liquid and solid.5 While numerical
searches of stable structures of small microclusters have
done extensively, research is left untouched on extrem
long-time dynamics beyond microseconds, which is resp
sible for diffusion process, in clusters. In the present pa
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we discuss a fast-diffusion process, which was experim
tally discovered by Yasuda and Mori~YM ! in nanosized bi-
nary metal clusters, because it is a manifestation of
anomalous diffusion process peculiar to a microcluster.6 The
aim of the present paper is to realize spontaneous alloy
~SA! with a concise model and to elucidate what kind
dynamics dominates SA with an extensive numerical stu

The present paper is organized as follows. In the n
section we mention the experimental results of SA and
outline of our motivation. In Sec. III our model for the MD
simulation of SA is introduced with a physical assumpti
that we made to prepare appropriate initial configuratio
Numerical results and observations of the MD simulation
presented in Sec. IV. Some useful quantities are introdu
to characterize atomic fluctuation and rearrangement i
cluster. A comparison between experimental and numer
results are discussed in Sec. V. In Sec. VI the differen
between surface and core atoms in a cluster are empha
by paying attention to the activity of atoms manifested
their fluctuation and rearrangement. A special emphasi
put on the important role of surface melting in SA. Lastly,
Sec. VII, we briefly make a concluding statement regard
the interpretation of the results.

II. SUMMARY OF YASUDA AND MORI’S EXPERIMENTAL
RESULTS, AND AN UNUSUAL FEATURE OF

SPONTANEOUS ALLOYING

A. Yasuda and Mori’s experimental results

In 1992 a transport phenomenon in a nanosized m
alloy cluster was reported by YM.6 By using an evaporator
they deposited individual solute atoms~copper! on the sur-
face of host nanosized clusters on amorphous carbon film
room temperature and observed the alloying behavior wit
transmission electron microscope. In Fig. 1~a!, their in situ
observation is schematically described. In Ref. 6 they de
onstrated that gold clusters promptly changed into hig
©2001 The American Physical Society12-1
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SHIMIZU, IKEDA, AND SAWADA PHYSICAL REVIEW B 64 075412
concentrated, homogeneously mixed~Au–Cu! alloy clusters.
This process is termed asspontaneous alloying. SA is simi-
larly observed in many nanosized binary clusters, such
~Au–Ni!, ~In–Sb!, ~Au–Zn!, and~Au–Al!.6 They examined
the presence and absence of SA for clusters of various s

They concluded that the remarkable features of SA p
nomenon can be summarized as follows:

~1! The diffusion rate of copper atoms in clusters is a
proximately 9 orders of magnitude faster than that in b
crystalline alloys. By use of the simple relationx5ADt, be-
tween the diffusion coefficientD and the timet needed to
achieve diffusion of solute atoms across the distancex, YM
roughly evaluated the value 1.1310219 @m2/s# as a lower
limit. Note that the diffusion constant of copper in the bu
gold is known to be 2.4310228 m2/s at 300 K.7

~2! Negative heat of solution plays an important role
enhancing and suppressing the SA process. Indeed, SA
never been observed in the combination of the solute
host atoms with sufficiently large positive heat of solutio
However, it is worth mentioning that SA occurs even w
the species that has almost null heat of solution.

~3! Temperature is also an important factor controlli
SA. At relatively high temperature (T;245 K!, Cu atoms
can dissolve well into the center of a 4-nm-sized Au clus
whereas at medium temperatures (T;215 K and 165 K!, the
dissolution of copper takes place only over a limited, sh
shaped region beneath the surface of a 4-nm-sized clu
and the thickness of that region, where a solid solution
formed, decreases with the decrease in temperature.

~4! With increase in cluster size the occurrence of ra
SA is suppressed. In Au clusters of approximately 10 nm
the mean size, rapid alloying of Cu takes place only at
shell-shaped region beneath the free surface of an indivi
cluster and pure gold was retained at the central region of
cluster. In Au clusters of approximately 30 nm in the me
size, no rapid alloying of Cu takes place. It should
stressed that the critical size of the SA increases with
negative heat of solution and temperature.

~5! SA takes place in a solid phase, which was confirm
by the fact that no changes were observed in the mult
twinned structure of the host cluster during the alloying p
cess. Although the electron beam heating seemingly br
considerable influence on SA, the estimated magnitude o

FIG. 1. A schematic picture of thein situ observation of SA by
YM. White and black circles denote gold and copper atoms, res
tively. ~a! Before the onset of SA, individual copper atoms a
deposited on a gold cluster.~b! After SA is completed, copper atom
dissolve into a gold cluster to form a homogeneously mixed a
cluster.
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temperature rise in atom clusters was of the order of 10
which causes no significant effect on SA.

B. What is unusual in spontaneous alloying?

The experimental results mentioned above suggest
presence of an unexpectedly fast diffusion process, whic
controlled by negative heat of solution and temperature,
small sized cluster.

It is worthwhile to statewhat is unusualin SA. It is quite
natural for Au and Cu atoms to mix and change into
alloyed state, which is entropically preferable from the vie
point of equilibrium statistical mechanics. In addition,
negative heat of solution ensures that the alloyed stat
enthalpicaly preferable. In fact, near icosahedrallike grou
states, mixed structures are preferred over the segreg
ones for bimetallic clusters with 13214 atoms.8 Thus it
seems to be no surprise to find out aspontaneouslyalloyed
state in a binary cluster. The really unusual point of SA
that the alloying completes at least within the time scale o
secondeven at room temperature. How is this diffusion r
alized? What we would like to elucidate is the atomis
mechanism of such a fast diffusion. Before pursuing t
question, it is helpful to confirm how fast the diffusion i
Supposing that a diffusion process of impurity atoms ob
Arrhenius’s law, YM’s experimental result implies that th
activation energy is effectively lowered, at least, by
250% in Au clusters compared with bulk crystalline Au.
is important to note that the diffusion coefficient of atoms
a clean surface is many orders of magnitude faster than
in bulk. In fact the activation energy of the diffusion consta
on a clean surface is about 35% of that in the bulk.9 That is,
the diffusion coefficient of Cu atoms in a nanosized cluste
almost comparable to that on a surface. Atoms are eas
move on a cluster surface, because the surface is popu
by point defects. Considering that the fraction of surface
oms in a cluster becomes significant as the cluster size
creases, it is clear that the rapid surface diffusion is relev
for the rapid SA phenomenon. On the other hand, it is i
portant to note that SA is a manifestation of atomic mov
ment in theradial direction of the cluster. How is the fas
diffusion parallel to the surface of cluster related to the rap
diffusion in the radial direction? A remarkable differenc
between a bulk surface and a cluster surface is that the l
has a nonvanishing curvature, which makes the surface m
deformable. An easily deformable surface may influence
manner of atomic diffusion along the surface and may dr
tically accelerate the radial diffusion rate.10 How is such a
rapid diffusion enhanced or suppressed by the key fac
such as magnitude of negative heat of solution, cluster s
and temperature rise?

In our previous work, we reported some preliminary r
sults that included the numerical simulation of SA by using
two-dimensional~2D! binary Morse model.13 We pointed out
that some features of the experimental results summarize
~1!–~5! may be reproduced. However, the results presen
there were not complete. The time scale of simulation w
not long enough to reproduce the whole SA process in larg
sized clusters and the temperature of simulation w
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SPONTANEOUS ALLOYING IN BINARY METAL . . . PHYSICAL REVIEW B 64 075412
not lower enough than the melting temperature. In particu
the dependence of the alloying process on the cluster s
which is the heart of YM’s experiments, was not made cle
The aim of the present paper is to show systematic resul
a further extensive and comprehensive numerical simula
and demonstrate how our simple-minded Morse mode
clusters reproduces the essential feature of YM’s experim
A particular emphasis is put on the fluctuation and rearran
ment of cluster atoms, which contain useful information
elucidating the atomistic mechanism of the SA process.

III. A NUMERICAL APPROACH: HOW TO PREPARE A
MODEL WITH APPROPRIATE INITIAL CONDITIONS

A. A model cluster

There are several proposed empirical potentials that
cessfully mimic the equilibrium properties of bulk meta
such as a lattice constant, bulk modulus, elastic consta
and sublimation energy. Among them, the so-called emb
ded atom method~EAM! is a well-known model for alloy
systems.11 However, it has many parameters that should
well-adjusted to yield plausible values for equilibrium pro
erties of bulk metals. Moreover, transferability or applicab
ity of these potentials to a cluster system is still unknown12

Because a simpler model is better to get physical insight
the mechanism of SA, we employ a Morse model that
can explain qualitative aspects of the experimen
results.13,14

More specifically, we choose the Morse model for the t
reasons:

~1! Unlike EAM, the heat of solution, that are the ke
parameter of our simulation, can easily be controlled b
single parameter. EAM has many parameters which is in
ential in changing heat of solution.

~2! By using pairwise potential we can considerably
duce the simulation time. Furthermore, in the present pa
we use a 2D Morse cluster rather than the realistic 3D c
ter. The reasons why we examine the 2D model are twof
First, the computation time for the 2D model is much shor
than that for the 3D model. In realistic 3D simulations co
responding to the experimental condition, time evolution
more than 1000 atoms should be traced for longer than a
microseconds. This is still beyond recent computational
pability. Second, visualization of individual atomic motion
the SA process can more easily be done with 2D model t
that with 3D model.

We take the 2D Morse potential Hamiltonian

H5(
i 51

N
1

2m
~px

( i )21py
( i )2!1(

i , j
Vkl~r i j !, ~1!

and

Vkl~r !5ekl$exp@22bkl~r 2r kl
c !#22 exp@2bkl~r 2r kl

c !#%,
~2!

wherek and l specify the two species of atoms, sayhostand
guest. Host and guest atoms are denoted byA andB, respec-
tively. A cluster is formed byNA host atoms andNB guest~or
solute! atoms, where the total number of atoms isN5NA
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1NB . For simplicity we choose bAA5bBB5bAB

51.3588 A21, e[eAA5eBB50.3429 eV, andr AA
c 5r BB

c

5r AB
c 52.866 A. Those values are suitable for copper.15 The

only free parameter isa5eAB /eAA . Because the heat o
solutionDH is given byDH5z(12a)e, wherez is a coor-
dination number, our choice fora(a51.1), provides a nega
tive heat of solution for the binary system.16 For a realistic
binary system, the relationseAA5eBB5eAB and r AA

c 5r BB
c

5r AB
c do not hold. Although we may oversimplify the mod

system, we believe our model is suitable to investigate h
the effect of the heat of solution controls SA.

In our model we neglect the presence of a supporting fi
which may be important as a heat reservoir. However,
released binding energy is transferred to a substrate
slowly, since the coupling between a substrate and a clu
is considerably weak. Weak coupling between a subst
and a cluster is due to the frequency mismatch between
oms in a substrate and a cluster~see Appendix A!.

B. Plausible initial conditions

It is very hard to simulate the realistic condition of YM
original experiment. The solute atoms that are successi
deposited onto the host cluster form new bondings and
lease the bonding energy as excess kinetic energy. This
cess makes the cluster so hot that some cluster atoms
denly evaporate, because the total energy is conserved in
simulation. We, therefore, employ an initial condition
which the solute atoms are boundedstably with the host
cluster at its surface as shown in Fig. 2 in order to remo
other initial conditions in which surface atoms are sudde
evaporated. In addition, as will be discussed later in detai
is important to note that the temperature, which is identifi
with the average kinetic energy of the cluster, is one of
key parameters that controls SA.

Thus it is desirable to keep the initial temperature of t
cluster as stationary as possible. Arbitrarily chosen ini
configurations areunstablein the sense that the surface a

FIG. 2. A typical initial atomic configuration for isoenerget
MD simulation. White and black circles denote host~A! and guest
~B! atoms, respectively. A cluster consists of 47 host atoms and
guest atoms, (NA ,NB)5(47,20).~The radius of each circle is given
by an arbitrary unit.!
2-3
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SHIMIZU, IKEDA, AND SAWADA PHYSICAL REVIEW B 64 075412
oms do not form saturated bondings with the inner atoms
the configuration is not located in a sufficiently deep lo
minimum of the potential energy. As a result, in the tim
evolution of a MD run, formation of new bonds betwee
atoms leads to a rapid and considerable temperature ris
such cases the initial temperature is not well controlled17

Indeed, we have observed, in preliminary simulations, t
atoms attached to the surface of a cluster are in gen
promptly absorbed into the first layer of a host cluster a
release the kinetic energy in an uncontrollable manner. Th
are the practical reasons why we choose a stable config
tion, as is shown in Fig. 2, with which the kinetic energ
keeps a stationary value over a sufficiently long-time scal
which the initial temperature is well defined.

Selection of a stable initial configuration is also justifi
from the experimental viewpoint. Using nm-sized amo
phous Sb (a-Sb! clusters, each of which was attached to
Au cluster, YM also confirmed the presence of SA.18 In their
experiments these binary clusters were gradually heated
96 K to 290 K. Then, dissolution of Au intoa-Sb clusters se
in around 200 K and Sb-Au alloyed clusters, were produ
in the time scale much less than 1 s. Unlike the origi
experiment of a~Au–Cu! cluster by YM, the two sorts of
clusters bonded firmly with each other at their interface a
could be identified with our stable initial configuration.

A stable initial configuration for MD is prepared by th
simulated annealing method: prepare a homogeneous cl
composed of theA-atoms alone and start its time evolutio
then the system wanders over various local minima of
potential energy. At the step when the configuration falls i
a sufficiently deep local minima, we choose it as the init
condition and start the simulation of SA after assigning
appropriate number of atoms at the surface of the cluste
the solute atoms i.e.,B atoms. After allocating initial random
velocity to each atom, the trajectories were computed by
velocity form of the Verlet algorithm, where the time ste
used was 5310215 s.19 The time evolution of 1026 s was
run in every case.

IV. TOOLS FOR QUANTIFICATION: HOW TO
OBSERVE ATOMIC FLUCTUATION AND

REARRANGEMENT DURING SPONTANEOUS ALLOYING

In this section we give some examples of numerical
sults obtained from microcanonical MD simulation. O
main purpose here is to introduce some useful quantities
to outline how SA proceeds with them.

A. Useful tools

Prior to discussing numerical results of size, temperat
anda dependency, we introduce some quantities charac
izing the atomic motion in a cluster. At first, we define
quantity measuring to what extent two different types of
oms are mixed in a cluster. To do this, we introduce
number of neighboring host atoms per a solute atoms,
nB(t). nB(t) is defined as

nB~ t !5
1

NB
(
i 51

NB

NA( i )~ t !, ~3!
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where NA( i ) is the number of A atoms, which occupy th
nearest-neighbor sites around thei th B atom at timet. In case
two types of atoms are homogeneously mixed, a sim
mean-field consideration yields thatnB(t) should benB

H

5z(12r ), wherez and r denote coordination number an
fraction of solute atoms with respect to the total number
atoms in a cluster.

During the SA process each atom in a cluster vibra
near a stable position and sometimes jumps to another ne
boring position. The accumulation of the latter process
sults in the mixing of the solute atoms into the host atom
Accordingly, the dynamics of the alloying process has
least three different time scales: the shortest one is due to
rapidfluctuationsaround the site, which is comparable to th
inverse of Debye frequency (;1021 ps!. The second one
which is much longer than the first one, is the time scale
rearrangementof their neighboring atoms (;102100 ps!.
The longest one characterizes the time scale of the alloy
process, which is the relaxation time from the initial no
equilibrium configuration to an equilibrium one, which
shorter than 10 ms in YM’s experiments. Since the third tim
scale can be observed in terms of the variation ofnB(t), we
introduce alternative quantities characterizing atomic mot
observed during the shorter two time scales. To quan
fluctuating and rearranging properties of atoms, we introd
the atomic Lindemann indexd( i ) and the frequency of re
combination of the neighboring atoms. The rapid vibration
atoms around each site is manifested in the so-called Lin
mann index, which is expressed by the rms deviation
atomic separation between neighboring atoms.5 We define
the nearest-neighbor Lindemann index~NNL! for individual
atomsd i(t), as follows:

d i~ t !5
1

^N( i )&
(

j Pn.n.
o f i2th atom

A^Ri j
2 & t2^Ri j & t

2

^Ri j & t
, ~4!

whereRi j denotes the distance betweeni th and j th atoms,
^N( i )& t is time-averaged number of the nearest neighbor
oms of i 2th atom. Note that̂ F& is time average of the
arbitrary quantityF, given by,

^F& t5
1

tav
E

t

t1tavF~t!dt. ~5!

The averaging timetav is fixed to be 2 ns. On the other han
the frequency of recombination of the neighboring atoms
estimated by the distance index.4 The distance index is de
rived from a adjacency matrix, sayM , which isN3N sym-
metric matrix whose elementsM i j 51 for ur i j u,r c and zero
otherwise, wherer c51.34r AA

c . Distance indexdi(t) of the
i th atom is then defined as

di~ t !5A(
j 51

N

uMi j ~ t1Dt !2Mi j ~ t !u2. ~6!

Supposing that atoms move from one site to another
frequently in a cluster, then the occurrence of atomic re
rangements should be manifested by the variation of the
tance indexdi(t). Time interval,Dt, must be short enough to
2-4
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SPONTANEOUS ALLOYING IN BINARY METAL . . . PHYSICAL REVIEW B 64 075412
resolve the single event of atomic rearrangement. In our
merical analysis we setDt510 ps.

B. Some examples

Before illustrating systematic results of our simulatio
we show a typical example of time evolution of the alloyin
process observed in our numerical simulation for theA47B20
cluster @denoting the cluster of (NA ,NB)5(47,20)] anda
51.1. In Fig. 3 we show the time evolution ofnB(t), i.e., the
number of neighboring atoms of different species per a
ute atom. nB(t) increases monotonically from the initia
valuenB(0);2, which means that the soluteB atom initially
on the surface of the cluster, forms two bonds with the h
A atoms in the inner shells. FinallynB(t) reaches to the leve
of nB

H corresponding to the homogeneously mixed sta
which is indicated by the dotted line.

It is obvious that a homogeneously mixed configuration
almost achieved until 800 ns. The present example co
sponds to the case where the initial temperature is the low
among our data exhibiting SA within 1000 ns. The spon
neous increase of thenB(t) implies that the system evolve
so as to decrease the potential energy of the system. Ind
the incrementnB(t)2nB(0), means that the variation of po
tential energy per oneB-atom is @nB(t)2nB(0)#z(12a).
The time averaged variation of the total potential ener
then, is ^DU(t)& t>NB@nB(t)2nB(0)#(12a), if we take
into account the contribution from the nearest-neighbor
atoms. The decrease in the potential energy is converted
the increase in the kinetic energy. In our simulation we
fine the kinetic temperature byT52Ek /kB(2N23), where
Ek is total kinetic energy of the system andkB is Boltzmann
constant. Note that we eliminate the contributions fro
translational and angular degrees of freedom, because
select initial conditions with vanishing translational and a
gular momentum. Variation of the kinetic temperature of t
cluster is shown in Fig. 4.

As is expected, it is clear that the variation ofnB(t) is
strongly correlated to the temperature rise. The final incre
in the temperature, sayDT, is less than DTmax5
22/kB(2N23)^DU(t5`)& tav

;200 K, and the half of

FIG. 3. A typical time evolution ofnB(t) for isoenergetic MD
simulation. The final configuration of atoms in the cluster is a
inserted. Initial temperature is about 510 K.~See Fig. 4.!
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DTmax contributes to the actual temperature rise according
the virial theorem. Indeed the virial theorem predictsDT
;100 K, which is consistent with Fig. 4. Although the tem
perature is increased up to about 610 K when the alloy
process is completed, the temperature att5800 ns is still
sufficiently below the melting temperature of the cluster. T
typical melting temperatures measured for various sizes
clusters, is listed in Table I.

Although one cannot observe a sharp solid-liquid tran
tion in a small system in a strict sense, we can practica
locate the melting point by an abrupt jump in caloric cur
and the Lindemann index.5,13 As is well-known experimen-
tally and numerically, the melting point is reduced as the s
of the cluster decreases.20 It is evident that Table I also in-
dicates the same trend.

Since the melting temperature of a clusterA47B20 is about
670 K, dynamics of the SA process in Fig. 4 provides e
dence manifesting that the alloying process completes in
solid phase without the melting of the whole cluster.

In Fig. 5 we show the snapshots of the atomic configu
tions corresponding to the SA process depicted in Figs. 3
4.

The B atoms initially deposited on the surface wande
activelyalong the surface of the cluster. However, as clea
seen in Fig. 5, they all stay on the surface and the movem
in the radial direction of the cluster is almost quiescent o

FIG. 4. A typical time evolution of kinetic temperature for a
isoenergetic MD simulation of aA47B20 binary Morse cluster taken
from the same data as Fig. 3. Initial temperature is estimated as
K. Averaging of kinetic temperature was done every 2 ns. Not
that resulting temperature does not exceed estimated melting
perature (;670 K! ~See also Table I!.

TABLE I. The relation between cluster size and the melti
temperature for our 2D Morse model.

Number of atoms Melting temperature@K#

32 580
67 670
80 710

117 750
2-5
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SHIMIZU, IKEDA, AND SAWADA PHYSICAL REVIEW B 64 075412
a significantly long time (t,300 n!. The length of the qui-
escent period depends very sensitively on the initial confi
ration. After that the radial movement begins to be activat
Some atoms suddenly enter into the inner shell, which
reflected in an abrupt rise ofnB(t) in Fig. 3. Then theB
atoms enter further into inner layers andnB(t) increases sta
tionarily. During the stationary stage, theB atoms aggregate
in one side of the cluster as is typically seen in the atom
configurations att55202580 ns. The atoms initially form-
ing the core of the cluster, which are indicated by shad
atoms in snapshots, are pushed out in a group and break
when they reach the surface. In this way the outerB atoms
exchange their positions with the innerA atoms. All the al-
loying processes observed in our microcanonical simula
completes according to the similar scenario.

V. DEPENDENCE OF THE ALLOYING PROCESS
ON KEY PARAMETERS

According to the conclusions by YM, SA phenomena a
dominated by three key parameters: magnitude of nega
heat of solution, temperature of the system, and the size
cluster. In this section we show systematic numerical res
exhibiting that these parameters are similarly important
the onset of SA reproduced in our microcanonical simu
tion.

A. A role of heat of solution as a driving force
of spontaneous alloying

In Sec. IV we illustrated a typical dynamical behavior
SA, which is driven by the negative heat of solution. In ord
to probe the dependence of the alloying process on the
of solution, we compare three different cases, i.e.,a50.9
~positive heat of solution!, a51.0 ~vanishing heat of solu-
tion! anda51.1 ~negative heat of solution!.

In Figs. 6~a! and 6~b!, we show the time evolution o
nB(t) for two values of initial temperature, 620 K and 510
respectively. In both cases, we also display the time ev
tion of nB(t) for a50.9, a51.0, anda51.1.

FIG. 5. Snapshots of atomic configuration ofA47B20 in time
evolution. White and black circles denote host and guest ato
respectively. Shaded circles are host atoms that initially form co
of a cluster.
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Some significant discrepancies in the variation ofnB(t)
among these three cases become obvious in Figs. 6~a! and
6~b!. It is clear that the value ofnB(t) for a51.1 shows a
rapid increasing trend which is a signature of a faster all
ing process. Conversely, an absence of a mixing betw
guest and host atoms is manifested in a slower decrease
saturation ofnB(t) for a50.9. Fora51.0, nB(t) increases
very slowly, becauseA andB atoms are mixed to some ex
tent. However, it does never reach the valuenB

H , within the
simulation time~800 ns!. The difference in the variation o
nB(t) is direct evidence indicating that the SA process
dominated by the heat of solution. In other words, the time
complete SA becomes shorter as the initial temperature
higher. A systematic analysis to clarify the relationship b
tween the alloying speed and initial temperature is pursue
Sec V B.

In addition to the main features mentioned above, it
important to note the following numerical results.

~1! For the relatively high temperature, the mixing beha
ior takes place even for the atomic species with null hea
solution (a51.0). As shown in Fig. 6~c!, most of theB

s,
s

FIG. 6. A typical example of time evolution ofnB(t), which is
defined for host atoms (A atoms! and guest atoms (B atoms!, ob-
tained by isoenergetic MD runs with high and low initial temper
ture.@~a! 610 K ~high! and~b! 510 K ~low!#. ~c! The radial diffusion
of atoms in a cluster is evaluated in terms of the time evolution
the distance betweenB atoms and the center-of-mass of the clus
for ~a!. The final configurations of a cluster fora51.1 and a
51.0 are also inserted. An aggregation ofB atoms in a cluster is
also indicated by the circle of the inserted figure fora51.0.
2-6
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atoms diffuse into the cluster even for the case ofa51.0.
That is, the average distance between theB atoms and the
center-of-mass reaches approximately 8.8, which is v
close to the value of the final configuration ofa51.1, where
a complete mixing is attained.

~2! On the contrary,nB(t) for a51.0 is always smaller
than that fora51.1.

These seemingly contradictory facts are understand
by comparing the final atomic configurations fora51.0 with
that fora51.1. As shown in Fig. 6~c!, theA atoms and theB
atoms are well separated fora51.1, while theB atoms tend
to aggregate fora51.0. Aggregated configurations of theA
and theB atoms are energetically neither favorable nor u
favorable fora51.0, although such an aggregation of theB
atoms are energetically unfavorable fora.1.0. Indeed, as
indicated by the circle in the insert of Fig. 6~c!, an aggrega-
tion of theB atoms is easily verified. In short, in the case
a51.1, theA and theB atoms mix so as to decrease t
potential energy and it works as the driving force of S
Consequently, the role of negative heat of solution is tw
fold, as far as our microcanonical simulation is concern
First, it results in a driving force that promotes the alloyi
of two species of atoms. Second, the decrement of pote
energy in the alloying process is converted into the kine
energy, which heats up the cluster and accelerates SA.
latter effect is pursued again in the next section. Howev
these two facts indicate that the diffusion of theB atoms into
the cluster from the surface is by no means prohibited e
in the case ofa51.0, where the potential-energy gain, due
the mixing, is zero. It should be noted that such a diffus
process is still much quicker than the diffusion into the bu
media. We numerically confirmed that no significant diff
sion occurs in the bulk 2D medium within the time scale
Fig. 6 at the same temperature.

In summary, the heat of solution is a key parameter of
in the sense that the positive heat of solution prohibits S
while the negative heat of solution remarkably accelera
SA. However, a rapid mixing of the two species of atom
occurs even in the case of the null heat of solution. This f
demonstrates that the rapid diffusion process is a gen
feature of microclusters. The present result is consistent w
YM’s experiments. Indeed, YM reported that SA occu
even in the combinations of atomic species with very sm
magnitude~almost null! of the positive heat of solution
when the size of the cluster is sufficiently small.21

B. Temperature dependence and size dependence

In YM’s experiments, the time needed for the SA proce
to complete, depends sensitively on the temperature. S
systematic results for the initial temperature dependenc
SA is presented here. Because kinetic temperature is not
stant during time evolution in microcanonical dynamics,
regard the initial kinetic temperature as the parameter c
acterizing the temperature of the system. The tempera
dependence of the alloying time is examined for the fo
sizes of clustersA23B9 , A47B20, A56B24, andA140B60. For
each of them, we prepare initial conditions corresponding
various values of initial kinetic temperature. The values
07541
ry

le

-

f

.
-
.

ial
c
he
r,

n

n

f

A
,
s

ct
ric
th

ll

s
e

of
n-

r-
re
r

o
f

initial kinetic temperature cover a wide range, from well b
low to just below the melting temperature. The value of t
parametera is fixed (a51.1) for all sizes of clusters. Note
that the ratior 5NB /(NA1NB) is chosen to be the sam
value, r 50.3, for the four sizes of clusters. This is becau
the bonding number of homogeneous mixingnB

H should be
fixed to be a common value irrespective of the cluster s
Moreover, the possible temperature riseDT51/2kB@nB

H

2nB(0)#r (a21) in the SA process is controlled to be com
mon in the four sizes.

The alloying timeshould be defined as the time require
to attain the homogeneous mixing, which corresponds to
time whennB(t) reaches the value for homogeneous mixin
i.e., nB

H54.2. However, it takes extremely long time to com
plete SA especially for larger clusters, and it is difficult
get reliable data. We, therefore, define the alloying tim
talloy as the time whennB(t) reaches 3.0, which is almos
the average of the initial value ofnB and nB

H . The semilog
plot of the inverse initial temperature versus the alloyi
time is depicted in Fig. 7 for the four clusters.

Because SA is an outcome of the diffusion of solute
oms into the cluster, it is reasonable to expect that the al
ing rate also obeys the Arrhenius-like law of the diffusio
coefficient. Since the time evolution patternnB(t) largely
fluctuates from sample to sample, the alloying time defin
above is also accompanied with considerable sam
dependent fluctuations. However, as shown in Fig. 7,
semilog plots for these samples are almost on lines. After
the dependence of the alloying time on the initial tempe
ture obeys an Arrhenius-like law:

talloy5t0 expS Talloy

T0
D , ~7!

whereTalloy can be interpreted as the ‘‘activation energy
divided by the Boltzmann constant andt0 is the inverse of
the frequency factor. It is evident that the activation ener
which is the slope of each line, increases with the size of

FIG. 7. The dependence of the alloying timetalloy on the initial
temperatureT0 for the 2D Morse binary clusterA23B9 ~black
square!, A47B20 ~white square!, A56B24 ~white circle!, andA140B60

~black circle!.
2-7
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SHIMIZU, IKEDA, AND SAWADA PHYSICAL REVIEW B 64 075412
cluster. The present result is the manifestation of the s
effect, which was observed in YM’s experiments and is
garded as the characteristic effect peculiar to clusters.
activation energyTalloy and the inverse of the frequency fa
tor t0, evaluated for the four sizes of clusters are summ
rized in Table II.

By an extrapolation with these values we roughly estim
the alloying time at room temperature. The estimated all
ing times are 5.4310210 s, 7.331.024 s, 4.431.024 s, and
1.3 s forA23B9 , A47B20, A56B24 andA140B60 at 300 K, re-
spectively. The resulting values are short enough to be c
sistent with YM’s experimental observation.

In addition, it is interesting to note the fact that activati
energyTalloy has similar values forA56B24 andA47B20, al-
though the size of the former is larger than that of the lat
The apparent contradiction is understandable, if we ass
that these clusters consist of the same number of shells.~The
precise definition of the shell is given in Sec. VI A.! One can
easily verify that the clusters,A23B9 , A47B20, A56B24, and
A140B60 are composed of 2,4,4, and 7 shells, respectiv
Thus, the cluster size represented by the number of she
a relevant quantity to determine the activation energy gi
in Table II.

VI. AN ACTIVITY OF A CLUSTER SURFACE AND THE
MECHANISM OF SPONTANEOUS ALLOYING

A. A shell dependent activity of atoms

In this section we probe how actively individual atom
composing the cluster move during SA. To evaluate the
tivity of atomic motion in a cluster provides important clu
to elucidate the mechanism of the SA process. In particu
we pay attention to how dynamical activities, represented
fluctuationand rearrangementof atoms, depend on the dis
tance from the center of the cluster. To do this, it is con
nient to divide the cluster into shells. According to the d
tance of a target atom from the center atom, which is defi
as the atom closest to the center-of-mass of the cluster
allocate the shell index to each atom. Since a single clu
has a hexagonal structure, it is possible to introduce amagic
number, where a cluster forms a geometrically packed co
figuration. For instance, a cluster that contains 7, 19, and
atoms are magic number clusters that consist of 1, 2, an
closed shells, respectively. A cluster containing 67 ato
which is shown in Fig. 3, is divided into 4 shells, saym
54. The shell index numberm is assigned in the order of th
distance from the center-of-mass. The center-of-mass ato
allocated to the zeroth shell. In Fig. 8 the frequency dis

TABLE II. Numerically estimatedt0 andTalloy for various sizes
of binary clusters, i.e.,A140B60, A56B24, A47B20, andA23B9.

Cluster size t0 @psec# Talloy @K#

A140B60 0.02 8600
A56B24 2.7 5400
A47B20 0.91 6000
A23B9 2.7 3000
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bution of the distance of atoms from the center-of-mass
depicted. This is a typical example obtained from a sin
isoenergetic MD run of aA47B20 cluster.

Since the distribution has distinct minima in Fig. 8, it
possible to divide a cluster into shells without any redund
cies. In the following, we argue about the fluctuation and
rearrangement of atoms in an individual shell.

A fluctuation property of the separation between nea
two atoms has been used as an indicator to locate the me
point.5 In fact, the location of the melting point, determine
by rms bond length fluctuation~Lindemann index!, almost
coincides with the one given by the caloric curve.5,22 In order
to get further detailed information on atomic fluctuation w
use the NNL index defined for each shell. The NNL index
the kth shell,Dk(t), is defined by averaging the NNL inde
for individual atoms, sayd i(t), belonging to the same shel

Dk~ t !5
1

^NS
(k)&

(
i Pkth shell

d i~ t !, ~8!

where ^NS
(k)& is time average of the total number of atom

contained in thekth shell overtav .
One can expect that some shell-dependent dynamica

tivities are captured byDk(t). In Fig. 9 we depict the time
evolution ofDk(t) for a single run of the SA process.

The bond fluctuation is much enhanced in the shells n
the surface of a cluster even if its temperature is substant
below the melting point, which is about 680 K. It exceeds t
Lindemann criterion for melting, i.e.,Dk;0.1, denoted by
the broken line in Fig. 9. The time evolution ofD4 in Fig.
9~a!, strongly suggests that the cluster surface is in a mel
state. Indeed thesurface meltingis observed in a Pb cluste
below the melting temperature.10 Judging from the fact tha
the Lindemann index of the inner shells are less than 0.1,
inner shells of the cluster is in a solid phase in the sens
Lindemann’s criterion.

The dependence of the Lindemann index for the 3rd a
the 4th shell upon the initial temperature is shown in Fig.

While the outermost shell begins to melt about 510 K, S
completes within 800 ns at the same temperature as show

FIG. 8. A frequency distribution of a distance between the c
ter atom and other atoms in a 2D Morse binary clusterA47B20. The
dotted line denotes critical distances used to divide a cluster
shells.
2-8
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SPONTANEOUS ALLOYING IN BINARY METAL . . . PHYSICAL REVIEW B 64 075412
Figs. 3 and 4. Consequently, it is plausible to say that
presence of the active surface atoms is a necessary cond
to attain SA within 1 ms.

The Lindemann index measures the fluctuation occurr
on the time scale of atomic vibration, which is the short
time scale of the system. An enhancement of fluctuation
the surface also increases the chance for the surface ato
jump to another vacant site on the surface. Such a rearra
ment process is a rare event, which occurs in time sc
much longer than the vibration. On the surface, however,
atomic rearrangement is also enhanced, because the su
is filled with defectsor vacanciesto which surface atoms ar
allowed to jump. Ease of jump on the surface enhances
diffusion constant along the surface. For a demonstration
a pecular motion of surface atoms, it is interesting to sh
how the activity of the atomic rearranging process depe
on the shells. In order to quantify it in each shell, we defi
the cumulated distance index for thekth shell

CD
(k)~ t !5E

0

t

dtDk~t!, ~9!

where

FIG. 9. ~a! The time evolution of Lindemann index for the 1s
2nd, 3rd, and 4th shell obtained from the data of the 2D Mo
binary clusterA47B20. ~b! The time evolution of the cumulate
distance indexCD

(k) for (k5124). The initial temperature is abou
510 K. ~See Fig. 4.!
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Dk~ t !5
1

Ns~k! (
i Pkth shell

di~ t !, ~10!

wheredi(t) is the distance index introduced by Eq.~6!, and
CD

(k)(t) is the accumulated number of rearranging events
occur near the atoms belonging to thekth shell. As easily
verified in Fig. 9~b!, atomic rearrangement is much mo
frequent in the surface shell, and almost all the rearrang
events occur in the shells on or close to the surface.

B. Surface melting and the rapid radial diffusion

It is possible to demonstrate that the surface activity
responsible for the SA process in an alternative way. S
pose that we could suppress the activity of surface atoms
example, by embedding the alloying cluster in a bulk m
dium, then the rapid alloying process would be inhibited b
cause the diffusion in the radial direction of the cluster
nothing more than the diffusion in a bulk medium. The a
tive rearrangement of the surface atoms is a necessary
dition for the rapid alloying to be realized. The frequency
the rearrangements per unit time is represented byDk(t),
which increases as the time elapses due to the temper
rise. Its average over a single alloying process, sayD̄k ,
obeys the Arrhenius-type law the respect to initial tempe
ture T0;

D̄k}expF2
TR

T0
G , ~11!

where

D̄k5
1

talloy
E

0

talloy
dt8Dk~ t8!. ~12!

FIG. 10. The relationship between the initial temperature a
the averaged atomic fluctuation for the 3rd and the 4th shell in a
Morse binary clusterA47B20. The averaged atomic fluctuation i

given by D̄k5(1/talloy)*0
talloydtDk(t). The black and white circles

denote the Lindemann index for the 3rd and the 4th shell, resp
tively. The surface atoms on the 4th shell begin to melt near
region denoted by the arrow.

e
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FIG. 11. The trajectories of solute atoms (B atoms! during SA in a clusterA47B20(a51.1). Initial configuration and initial temperatur
are the same as those in Figs. 5 and 4, respectively.
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This nice property enables us to introduce the activation
ergyTR of the atomic rearrangement. For the clusterA56B24,
we obtainTR;3700 K for the surface shell. On the oth
hand, as shown in Table II, the activation energy of alloyin
Talloy , is about 5400 K. These two activation energies
significantly different;

Talloy

TR
;1.5. ~13!

It is possible to interpretTR as the activation energy of th
rearranging motion parallel to the surface, whereTalloy mea-
sures the activation energy for the atoms to diffuse along
direction perpendicular to the surface. LetPi andP' be the
probabilities for surface atoms to jump to another site pa
lel to and perpendicular to the surface, respectively. Supp
ing that the radial hopping is induced by the parallel re
rangement, the relation between these two probabilitie
expressed as

P'

Pi
5e2TRP /T, ~14!

where TRP5(Talloy2TR).0. A plausible interpretation o
Eqs.~13! and~14! is that the diffusion in the radial directio
of cluster is the outcome of a surface rearrangement follow
by a certain activation process characterized by the ba
heightTRP , which is roughly evaluated as12 TR . The present
interpretation is also supported by a direct observation
trajectories of atoms during the SA process. In Fig. 11
trajectories of all solute atoms (B atoms! are shown for every
250 ns.

During the initial stage of the process (;260 ns! the B
atoms glide over the surface of a cluster. In the next stage
atomic motion begins to contain the component perpend
lar to the surface and a diffusive motion into the cluster
activated (;510 ns!. The trajectories ofB atoms spread ove
the whole cluster in the final stage. In short, atomic glidi
motion along the surface plays a role of a trigger to pu
solute atoms, which was initially located on the surface, i
the inside of a cluster. Successive snapshots in Fig. 11 d
onstrate that the diffusion along the surface induces the
fusion to the inside of the cluster.
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In addition, the diffusion into the solid cluster, which
responsible for the SA process, is quite different from t
diffusion into the bulk solid in the following manner. A usua
diffusion mechanism of atoms into the bulk is attributed to
hopping process, which is mediated bydefectsor vacancies
in the solid.23 In contrast, a formation of defects in clusters
extremely rare and its lifetime is very short, because defe
are immediately pushed out to the surface. Then the resu
hopping probability in the radial direction, mediated by t
defects, is negligibly small. Moreover, in our simulations, w
could find no evidence suggesting that the vacancies in
the cluster play any role in the diffusion process in the rad
direction of the cluster. Thus we conclude that the diffusi
into the solid cluster, which is relevant for the SA process
quite different from the diffusion process in the bulk soli
To elucidate, the essential mechanism of the rapid diffus
into the solid cluster will be discussed elsewhere in deta24

In the present paper, we only claim that, as discussed ab
the frequent rearrangement of atoms on the surface of
cluster initiates the rapid diffusion in the direction perpe
dicular to the surface.

VII. CONCLUSION

In the present paper we examined the presence and
absence of SA in a 2D binary microcluster in terms of
isoenergetic MD of a simple Morse model under differe
conditions of initial temperatures, sizes, and heat of so
tions. One important advantage of our model is that the m
nitude of the negative heat of solution, which has been s
posed to be the key parameter of the SA in YM
experiment, can be well controlled by a single parameter.
confirmed that the heat of solution is similarly a drivin
force to form homogeneously mixed binary cluster in a ve
short time scale less than 1ms in our model. Our main
conclusions consist of the following three results.

~1! By changing the initial temperature of the system, w
found that the SA occurs sufficiently below the melting te
perature. The time required to complete the SA becom
longer exponentially as the initial temperatureT0 decreases.
That is, it obeys an Arrhenius-like law,talloy
}exp@Talloy /T0#.
2-10
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~2! We investigated the cluster size dependence of
alloying time. As a result, we observed that larger size cl
ters take longer time to achieve the SA. More precisely,
activation energyTalloy becomes larger with increase in th
cluster size. This result makes it clear that the quicker all
ing surely occurs in smaller sized clusters. By extrapolat
the Arrhenius plot, we verified that the alloying time is mu
less than 1 s order at room temperature for a sufficien
small cluster. These numerical results qualitatively coinc
with the experimental observation by YM.

~3! By introducing quantities to probe fluctuating and r
arranging properties of atoms composing a cluster, we fo
that the surface layer of a cluster is in a melting state eve
the temperature much lower than the melting point of
cluster. The surface melting state is almost equivalent t
condition where atoms keep rearranging along the surfac
the cluster. Such an active surface motion is converted
the rapid diffusion of solute atoms in the direction perpe
dicular to the surface and results in a rapid SA. As far
such a diffusive motion assisted by surface melting is c
cerned, the rapid diffusion of the solute atoms into the so
cluster is quite different from the diffusion process in abulk
solid. It should be emphasized that the surface melting is
very origin to activate the radial diffusion process. As d
cussed in Sec. VI, the radial diffusion process is accelera
by a successive gliding motion of surface atoms, even if
core part of a cluster is solidlike. The active motion of su
face atoms is gradually converted into the rapid radial dif
sion by the frequent onset of a gliding motion of the surfa
atoms. A gliding motion as a collective atomic motion w
be elaborated in detail elsewhere.24

Before closing our conclusion, it is worth recalling thre
important factors, say substrate effect, dimensionality eff
and many-body effect, which arenot taken into account in
the present paper. In fact we neglect the role of the subst
which support a cluster and absorbs the heat accumulate
the alloying process. By choosing isoenergetic MD simu
tion, we assumed that the coupling strength between s
strate and a cluster is very weak and heat transfer from c
ter to substrate is considerably slow. Although we roug
evaluate how fast the heat transport is in the Appendix, th
is still a possibility that we underestimate the effect of
supporting substrate. If we emphasize a role of a substra
a heat reservoir for clusters, an isothermal dynamics, suc
a Langevin simulation, should be employed to trace the t
evolution. According to the Langevin dynamics, the kine
temperature of a cluster does not increase as the SA
ceeds, because the released heat of solution is quickly
sorbed by the substrate. Thus, we are able to remove co
erable temperature rise caused by the negative hea
solution and explore the effect of temperature as purely
possible, distinguishing it from the effect of negative heat
solution.25 As far as the conclusions we present here
concerned, the gross feature of the SA in an isoenerg
condition is not much different from that in an isotherm
one.

In the MD studies of bulk metals, many-body potent
models are usually employed to mimic the interaction
tween metal atoms. We examined an isoenergetic MD of
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SA with a many-body potential based upon the EAM, but
did not observe very significant differences from the pres
simulation.29 From these facts we expect that, except
some detailed aspects, the peculiar features due to the m
body potential do not essentially alter our results related
the dynamics of the SA process. In this connection, it
worth noting that the presence of spontaneous mixing beh
ior has been also reported for alkali halide microclust
~KBr-KCl system!.26 The atomic interaction in the alkali ha
lide compound is well-described by the Born-Meyer ty
pairwise potential, which is completely different from th
many-body interaction of metal atoms.27 For these reasons, i
is plausible to say that the many-body effect, which is pe
liar to metal, is not essential for the onset of the SA. W
employed a 2D model, which is somehow special in a se
that it exhibits anomalous fluctuating properties near
melting point, which is similar to the Kosterlitz-Thoules
type transition.28 The direct outcome due to the confineme
in 2D, not 3D, is also reported in comparison to the 3
model with EAM.29 Nevertheless, our preliminary results r
veal that there are no significant differences between the
Morse model and the 3D EAM model, as far as the mater
we examined here are concerned.
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APPENDIX A: HOW FAST DOES KINETIC ENERGY OF
ATOMS TRANSFER FROM A CLUSTER TO THE

SUBSTRATE?

In the present paper we assume that the heat given by
formation of bonding between a deposited impurity atom a
a cluster was released to the substrate slowly. In the App
dix, we evaluate how fast kinetic-energy transfers from
oms in a cluster to the substrate, in terms of a simple o
dimensional model. As depicted in Fig. 12 the cluster ato
are bounded to the substrate atom via harmonic poten
where the mass of cluster atoms and substrate atoms aM
andm, respectively.

FIG. 12. A schematic picture of a substrate atom~white circle!
interacting with a cluster atom~shaded circle! via harmonic poten-
tial.
2-11
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The spring constant of harmonic potential between a c
ter and a substrate atom is denoted byK. Atomic frequencies
of a cluster atom and a substrate atom arev0 and v1, re-
spectively. The Langevin equation for two atoms, locat
the interface between a substrate and a cluster is given

ẍ152v1
2x11

K

M
~x22x1!, ~A1!

ẍ252v0
2x22g0ẋ21 f ~ t !1

K

m
~x12x2!, ~A2!

where x1 and x2 are positions of a substrate atom and
cluster atom,g0 is a friction constant, andf (t) is an external
random noise.m andM are masses of a substrate atom an
cluster atom, ndv0 and v1 are vibrational frequencies o
atoms inside the substrate and the cluster. The Laplace tr
form of these two equations is expressed as

z2X12zX1
(0)2Ẋ1

(0)52v1
2X11

K

M
~X22X1! ~A3!

and

z2X22zX2
(0)2Ẋ2

(0)5v0
2X22g0zX21g0X2

(0)1F~z!

1
K

m
~X12X2!, ~A4!

where X1(z)[L@x1(t)#5*0
`x1(t)exp(2zt) dt, X2(z)

[L@x2(t)#5*0
`x2(t)exp(2zt) dt, F(z)5L@ f (t)#, X1

(0)

[x1(0) andX2
(0)[x2(0): They lead us to the following ex

pression forX2:

X25
K

m

X1

S z21v0
21

K

m
1g0zD 1F̃~z!, ~A5!

where

F̃~z!5F~z!1~z1g0!X2
(0)1

Ẋ2
(0)

z21v0
21

K

m
1g0z

. ~A6!

Our goal is to give a closed form to evaluate an effect
friction constant for the variablex1. The substitution of Eq.
~A5! into Eq. ~A3! and its inverse Laplace transform yield

ẍ1~ t !52v1
2x12

K

M
x11

K

ME
0

t

u~ t2t8!x1~ t8! dt81g~ t !,

~A7!

where

u~ t ![
K/m

ṽ
expS 2

g0

2
t D sin~ṽt !, ~A8!

ṽ[Av0
21

K

m
2

g0
2

4
, ~A9!
07541
s-

a

ns-

e

g~ t ![L 21F K

M
F̃~z!G . ~A10!

By introducing a new variableF(t)5* t
`u(t)dt, the third

term of Eq.~A7! is rewritten as

E
0

t

u~ t2t8!x1~ t8! dt85@F~ t2t8!x1~ t8!#0
t

2E
0

t

F~ t2t8!ẋ1~ t8! dt8.

Then, the resulting expression forx1 is given by

ẍ152v1
2x12

K

M
~12F0!x12

K

ME
0

t

F~t2t8!ẋ1 dt1g̃~ t !,

~A11!

where

g̃~ t ![g~ t !2
K

M
F~ t !x1~0!, ~A12!

andF0[F(t50). When comparing the time scale ofF(t)
to that of ẋ1, it is easy to note thatẋ1 oscillates with fre-
quencyv1 and that the temporal behavior ofF is dominated
by a frequencyṽ. These values are determined by the fr
quencies of the substrate atoms and the cluster atoms, re
tively. The value ofv1 is about 0.231014 s21 for Au, while
ṽ is roughly estimated as 331014 s21 for carbon graphite.
We may say the characteristic time scale forF andẋ1 is well
separated. As a result, the third term on the right-hand sid
Eq. ~A11! is simplified by extractingẋ1 out of the integral.

On the other hand, the explicit form forF is

F~ t !5
K

mṽ

e2(g0/2)t

S v0
21

K

mD S ṽcosṽt1
g0

2
sinṽt D , ~A13!

and the so-called frequency shift, sayF0, is

F05
K

m

1

S g0
21

K

mD . ~A14!

In addition, if we assume to hold a symmetric relation forF,
namely,F(t)5F(2t), and to extend the upper limit of th
integral region with respect tot from t to `, then *0

`F(t

2t) ẋ1 dt5 ẋ1*0
`F(t) dt. If we put b5*0

`F(t)dt, then
one can get the following expression from Eqs.~A9! and
~A13!,

b5
K

m

g0

S v0
21

K

mD 2 . ~A15!

By taking into account the relationg0;v0 andv0
2@K/m, it

is possible to give the following relation,b;K/mv0
3. Con-

sequently, Eq.~A11! can be rewritten as
2-12
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ẍ152v1
2x12

K

M
x12

K

M
b ẋ11g̃~ t !. ~A16!

Then, we finally obtain a simple expression of theeffective
damping factorg,

g[
K

M
b5

K

M

K

m

1

v0
3

. ~A17!

It is safe to say that the damping factorg is small enough,
since the ratiog/v1 is estimated as
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