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Optical absorption spectra and dynamical fractional Stark ladders in semiconductor superlattices
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The optical response of semiconductor heterostructure under a combined dc-ac fields,Fdc1FaccosvLt, is
studied by calculating absorption spectra based on semiconductor Bloch equations. First, we investigate the
periodic motion of the carrier in a band under a ac field or dc field. Under the ac field with the frequencyvL ,
we find the periodic motion ofvL , which is very similar to the Bloch oscillation under the dc field. The ladder
spacing of quasienergy states under the ac field is observed to be\vL . Under combined ac-dc fields, we
discover the absorption peaks corresponding to the so-called dynamical fractional Stark ladders with ladder
spacingm\vB1m8\vL wherem andm8 are integers andvB is the Bloch oscillation frequency.
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Recently, coherent effects of applied external fields on
optical properties of the semiconductor quantum wells a
superlattices have received considerable interests. The B
oscillating charge density induced by the dc~static! electric
field generates a tera-hertz field that interacts with the Bl
electrons.1 The carrier dynamics in presence of the combin
dc-ac field,F(t)5Fdc1FaccosvLt, has also drawn much
attention. Here,Fdc is the strength of the dc field.Fac and
vL are the strength and the frequency of the ac field, resp
tively. The superposition of both fields causes new pheno
ena such as inverse Bloch oscillators,2,3 dynamical fractional
Stark ladders~DFSLs!, and assisted photon transports.4–9

In the presence of the static field, electrons exhibit
Bloch oscillation ~BO! with the period of tB5h/eFdcd,
whose stationary counterparts correspond to the Wann
Stark ladders~WSLs! with energy spacing ofm\vB . Here,
m is either a positive or negative integer,vB5eFdcd/\, and
d is the superlattice constant.10–12

Under the influence of the ac field, a number of intere
ing effects have also been predicted, including dynam
localization due to band collapse.8,13,14 Carriers also show
the periodic motion with the period oftD52p/vL in k
space. The counterparts in the frequency domain of this
tion indicate dynamical Stark ladders~DSL’s!, which are the
discrete quasienergy levels with energy spacing ofm8\vL .
Here, m8 is an integer. The DSL’s are very similar to th
occurrences of WSL’s.

Under the combined dc-ac fields, a parent band is s
into several quasienergy subbands with a fractional lad
structure.4–7,15,16These quasienergy levels, which is the s
called dynamical fractional Stark ladders~DFSL’s!, are re-
lated to a new periodic motion of carriers ink space due to a
competition between the static field and the time-depend
field.15,16 The dependence of the quasienergy spectra on
ac and dc fields presented as an electric analogue of
well-known Hofstadter spectra under the magnetic field18

Recently, these fractional ladder structures have been
lyzed when the ratio ofvB to vL is simple fractions and
integers.15–17 These effects have been investigated anal
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cally from a tight-binding model of a two-band system a
from a periodic superlattice potential formed by th
d-function-type barriers.4–7 Especially, Dignam15 suggested
that the optical absorption peaks are shifted by appro
matelymeF(to)d, whereF(to) is the strength of the ac field
at the time when the optical pulse reaches the sample.

In this paper, we report on the periodic motion of th
carriers ink space under the applied dc and/or ac fields. Fi
we demonstrate that DSL’s correspond to the discrete qu
energy levels with energy difference\vL and, under the
combined ac-dc fields, the quasi-enegry levels have lad
structure with energy spacingm\vB1m8\vL . Then, we
show that such ladder structure between WSL’s under
combined fields, which is the so-called DFSL, can exist
studying the optical absorption peaks. Next, we analyze
optical-absorption spectra in a real three-dimensional (3D)
semiconductor superlattice under the combined ac and
fields. In order to analyze the absorption peaks of 3D sup
lattices, we compare the structure of the peaks in 3D su
lattice to DFSL with the energy spacingm\vB1m8\vL ,
which is nearly the exact results for 1D superlattice. Fina
we find that we can interprete the physical origins of t
variety of the peaks in the optical-absorption spectra in
anisotropic semiconductor superlattices under the influe
of the combined dc-ac fields.

In order to consider the motion of the carriers in the e
ergy band by the applied field, we calculate the sing
particle energy,e(k), which is obtained from the Kronig-
Penney equation for the superlattices. When the exte
field F(t) is applied along the growth axis of the superlattic
the motion of a carrier in an energy band can be described
the acceleration theorem,\ k̇(t)5qF(t), where q is the
charge of the carrier. Therefore, under the combined fie
the electron that is initially in the energy state ofe(ko) will
be in the state with the energy ofe(ko2eFdct/\
2eFacsinvLt/\vL) at a later timet.19 The motion of the
carrier in the energy band results in a modulation of
amplitude of the optical polarization related to the ent
photoexcited wave packet.
©2001 The American Physical Society11-1
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Optical spectra can be calculated by the semicondu
Bloch equations with an external field ofF(t) as:20
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Here,Pk is the interband polarization andf k
e(5 f k

h) is a dis-
tribution function of electron~hole!. The renormalized elec
tron ~hole! energy is E k
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2/2m*
1e(kz) is the single-particle energy, wheree(kz) is obtained
from the Kronig-Penney equation for the superlattice, a
V(k,k8) denotes the Coulomb matrix elements.21 The renor-
malized Rabi-frequency isUk5mkE(t)2(k8V

eh(k,k8)Pk8 ,
whereE(t) is the incident optical laser field andmk is the
optical dipole matrix element. Beyond the Hartree-Fock
proximation]/]tuscat represents the scattering terms, such
interactions of carrier with other quasiparticles, contributi
to a dephasing of the optical absorption spectra. We cons
electron-LO-phonon coupling up to second order with
well-known Markov-approximation in the semiconduct
Bloch equations. The coupling contributes to dephasing
both intra- and interband polarizations as well as ener
relaxation processes.22 For our theoretical approach, we in
troduce a moving coordinate framet̃ 5t and k̃(t)5k
2eFdct/\2eFacsinvLt/\vL.

In order to investigate one dimensional (1D) superlattice,
we assume the superlattice of 111 Å-GaAs well layers
17 Å-AlGaAs barrier layers. The width of combined min
band is set asD5Dc1Dv514 meV, whereDc(Dv) is the
width of the first conduction~valence! miniband. The band-
gap (eo) between these bands iseo5\vo51550 meV. All
the calculations are performed atT510 K. The incident la-
ser pulseE(t) is assumed asE(t)5Eo(t)exp(ivot), where
Eo(t) has the Gaussian whose full width at half maximum
assigned to be 50 fs. In the analysis of the 1D superlatt
we do not consider the effects of Coulomb interactions. T
results are shown in Figs. 1, 2, and 3.

Figure 1~a! displays the temporal variation of an ener
state due to the motion of an electron in the conduction b
for the various applied dc fields, whereeFdcd55,10, or 15
meV. The dc field induces an oscillating motion of the carr
in k space. The temporal variation of the state has the s
period of Bloch oscillation~BO!, tB5h/eFdcd. Figure 1~b!
shows the linear absorption spectra of the superlattice u
the same dc fields as those in Fig. 1~a!. The peak at 1.550 eV
of the linear absorption spectra for the various strengths
the applied dc field corresponds to the band gap ofeo . A
series of equally spaced peaks, which correspond to the
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called Wannier Stark Ladders~WSL’s! with e01m\vB5e0
1meFdcd, can be explicitly seen in Fig. 1~b!. The location
of the peaks corresponds to the frequency of the perio
motion or BO of the carrier in an energy band. The pea
with only negative indices ofm are shown in Fig. 1~b! for
convenience. We have also observed that the same seri
the absorption peaks corresponding to the state with pos
indices of m clearly exist. The oscillator strengths for th
peaks become smaller asumu increases, because the magn
tude of the overlap integral between electron and hole w
function gets smaller. This fact explains why the peaks c
responding to the WSL’s withumu.2 cannot be seen clearl
in Fig. 1~b!.

Figure 2 shows the optical responses under two differ
ac fields with frequency\vL515 meV. As can be seen in
Fig. 2~a!, the periodic variation of the energy state due to t

FIG. 1. ~a! Temporal variationseko
(t) of an energy state due to

the periodic motion of the carrier with the initial Bloch momentu
ko under the several applied dc fields. Here we show the case
the conduction electron withko50. The variations are shown fo
eFdcd55,10,15(meV), where the periods of the variations are
actly the same as the values oftB5h/eFdcd. ~b! The absorption
spectra under the same strengths of dc fields as in~a!. The main
peak at 1.550 eV corresponds to the band-gap energy. The o
peaks corresponds to WSL’s with the energy spacingeFdcd.
1-2
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motion of the carrier can be identified as clearly as BO,
displayed in Fig. 1~a!. The periodtL is the same as that o
the applied ac field~or equal totL52p/vL), regardless of
the strength of the ac field or the numerical values of
parameter,f 5eFacd/\vL. The periodic motion under the a
field may have subperiodic motion. In other words, t
quasienergy states can be deformed to have additional pe
as the field strengthf is increased. We have observed t
subperiodic motion clearly whenf .1.0. This might be an
indication of band-collapse effects. The variation of ba
width (D) due to band collapse induced by the ac field c
be estimated from the function ofD5DoJ0( f ),8 whereDo is
the width without any external field andJo is the zeroth-
order Bessel function. Figure 2~b! shows the linear absorp
tion spectra of the superlattice under the same ac fields.

In the presence of the dc field@or in Fig. 1~b!#, the peaks
of the absorption spectra corresponding to the splitting of
energy state into the ladder states of\vL , which we call the
dynamical Stark ladders~DSL’s!, can be identified. The

FIG. 2. ~a!Temporal variationseko
(t)(ko50) of an energy state

due to the periodic motion of the carrier under the several ac fi
with the fixed frequency (\vL515 meV). The variations are
shown for f 50.4 and 0.8, where the periods of the variations
exactly the same astL52p/vL regardless of values off. ~b! The
corresponding absorption spectra. Inset shows the splitting of
peak at the band-gap energy 1.550 eV into two peaks ateo8
51.545 eV andeo951.555 eV. The other peaks corresponds
DSL’s at eo81m8\vL(m8,0).
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peaks of the absorption spectra can be explained by the
der structure with energy ofeo81m8\vL . eo8 is the shifted
energy level ofeo itself by the ac field through the ban
collapse.8,13,14This shift of eo reflects the band-collapse e
fects as mentioned earlier.8 Then the peaks at the energie
less thaneo851.545 eV in Fig. 2~b! can be identified byeo8
1m8\vL , where\vL515 meV. Corresponding peaks a
those at 1530 meV (m8521), 1.515 eV (m8522), 1.5 eV
(m8523), etc. Although we do not show the absorptio
spectra for the energy larger thaneo951.555 eV, we have
also confirmed that the peaks corresponding toeo9
1m8\vL(m8.0) exist. The peaks with the ladder spacin
exist at the same spectral energies, regardless of value
Fac or f 5(eFacd)/(\vL). The peaks due to DSL’s ateo8
1m8\vL(m8,0) and eo91m8\vL(m8.0) correspond to
the periodic frequency of the electrons under the ac fie
When f .1.0, additional peaks or valleys are appeared in
absorption spectra. These might be originated from the
relation between the periodic motion of the carriers in a ba
and the band-collapse effects withD5DoJ0( f ).8

Based on these results, we have also studied the lin
absorption spectra when the ac field and dc field are sim
taneously applied. The frequency of the applied ac field
fixed as\vL510 meV, but the strength of the ac field~or
the value off ) is varied. The strength of the dc field is fixe
as eFdcd515 meV. The peak corresponding to the ba
gap (eo) is located at 1.550 eV and is not shifted. As can
seen in Fig. 2~b!, the band-collapse effects due to the ac fie
shift the band-gap peak toeo8 and eo9 . However, under the
combined dc-ac field, we find that the peak is not shifted.

s

e

e

FIG. 3. Absorption spectra under the combined dc-ac fie
when\vB5eFdcd515 meV and\vL510 meV. The spectra are
shown for the different strengths of the ac fields orf 50, 0.3, 0.6,
and 1.2.vo is the center frequency of the incident laser pulse a
eo5\vo . Indices such as~21,1!, ~22,2!, and etc. in the upper par
of the figure are for the pointing out the spectral locations cor
sponding to the fractional dynamical Stark ladders withe(m,m8)
5eo1m\vB1m8\vL . Here, absorption spectra only fo
e(m,m8),eo are shown for the convenience.
1-3
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contrast to large values off or large strength of the ac field
the band-collapse effects would make the spectra much c
plex.

The other peaks are spectrally located ate(m,m8)5e0

1m\vB1m8\vL , wherem andm8 are indices of WSL and
DSL. In Fig. 3, we specify the locations of all the spect
frequencies corresponding to everye(m,m8)(,eo) with
umu<2 andum8u<2. It can be identified that the peak exis
at every frequency. We have confirmed that the peaks co
sponding toe(m,m8).eo explicitly exist in the absorption
spectra. Peaks with indices (m,m8)5(21,0) and (m,m8)
5(22,0) correspond to WSL’s with indexm521 andm
522, respectively. Peaks with indices such as (0,21) and
(0,22) are DSL’s. The peaks with indices (mÞ0,m8Þ0)
such as~-2,1! and ~-1,1! between WSL’s are the dynamica
fractional Stark ladders~DFSL’s!. DFSL’s, which are the
quasienergy states under the combined dc-ac fields, ca
well interpreted by the energy states withe(m,m8)5eo

1m\vB1m8\vL . We have also observed that the quasie
ergy spectra under the combined dc-ac fields withvB

5pvL for an integerp are well assigned by the formulaeo

1m8\vL . The oscillator strength of the peaks for the giv
Fac and Fdc gets smaller as the indicesm or m8 increases.
These effects can be understood from the fact that the m
nitude of the overlap integral between the electron wa
function at the corresponding ladder state and the hole w
function gets smaller when indexm or m8 increases. Asf
increases, the oscillator strength for the peak for given in
ces (m,m8) gets larger.~See the curve forf 51.2.! In addi-
tion, some peaks for lowerf become valleys for the higherf.
@Compare the peak at~21,0! for f 50.6 to the valley at
~21,0! for f 51.2.# This might be come from the correlatio
effects between the band collapse and the motion of the
rier in a band due to the acceleration theorem. However, s
anomalous behavior for the relatively large strength of the
field ~or large f ) is very difficult and complex to analyze a
the present stage. The physical origin of such behavio
now under investigation.

Next we calculate the absorption spectra for a 3D se
conductor superlattice based on 1D results as describe
Figs. 1, 2, and 3. We use an anisotropic superlattice w
75 Å-GaAs well layers and 17 Å-AlGaAs barrier layer
The absorption spectra are calculated with the full consid
ation of Coulomb interactions between carriers in the Blo
equation. The results are presented in Figs. 4 and 5 for
superlattices.

Figure 4 shows the absorption spectra under a dc fi
(eFdcd520 meV) without applied ac field and those und
an ac field (f 53.83 and\vL510 meV) without applied dc
field. The dc field has sufficient strength to provide WSL’s
the frequency-domain counterpart of Bloch oscillation. T
data have four dominant peaks. The peaks at 1.577, 1.
and 1.542 eV correspond to WSL withm50, m521, and
m522, respectively. Another peak around 1.60 eV is t
WSL with m51. The ladder spacing between WSL’s
around 18 meV, which is smaller than the value (eFdcd
5\vB520 meV). This discrepancy of about 2 meV com
from the Coulomb interactions. The positive WSL states
07511
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largely broadened and the WSL peak withm51 is much
weaker than the WSL peak withm521, since they exist in
the ionization-continuum of negative WSL states.21 Figure 4
shows the case with ac field only withf 53.83. The absorp-
tion spectra have an exciton peak at 1.578 eV (m850) and
its second eigen state at 1.569 eV (m8521). Another peaks
at 1.559 eV (m8522), 1.55 eV (m8523), and 1.54 eV
(m8524) correspond to dynamical Stark ladders~DSL’s!
caused by the ac field. The ladder spacing estimated f
these DSL’s is almost\vL(510 meV) as expected from 1D
results~See Fig. 2!. In practice, the scattering and screeni
effects make many possible peaks broadened. The absen
WSL’s with positive indices should be due to the fact th
two-dimensional density of states in the conduction ba

FIG. 4. The absorption spectra foreFdcd520 meV andf 50
~solid line! and Fdc50 and f 52.83 with \vL510 meV ~dotted
line! in anisotropic three-dimensional structure.

FIG. 5. Absorption spectra under the combined dc-ac fields
three-dimensional structure wheneFdcd520 meV and \vL

510 meV. The spectra are shown for the different strengths of
ac fields orf 50, 0.2, 0.4, 0.6, 0.8, and 1 from the bottom. Indic
in the upper part of the figure have the same meaning as in Fig
1-4
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plays an important role.22 Thus, we believe that we only
observe a few DSL’s withm8.0 in 3D anisotropic superlat
tice.

Figure 5 displays the absorption spectra under the
fields with different strengthsf and the dc field of a fixed
strengtheFdcd520 meV. A peak at 1.577 eV correspon
the WSL with the indexm50. As the strength of the ac fiel
increases, the DSL’s appear with the same spacing en
\vL . We observe also the DFSL’s between WSL’s positio
Nearly all of the peaks, corresponding to the spectral p
tions at the formulaeo1m\vB1m8\vL , exist. As ex-
plained in Fig. 3, almost all the peaks can be identified
(m,m8). Here,eo is the energy position of 1S excitonic ab-
sorption peak. However, all the spectral positions of
peaks do not exactly coincide with the positions calcula
from the formula ofeo1m\vB1m8\vL . The energy spac
ing between WSL peaks are slightly different from the va
estimated from the 1D results due to Coulomb interactio
The spacing between DSL’s are almost the same as the v
from the 1D results. These facts explain why the spec
positions of peaks induced by the combined fields
slightly different from the positions estimated from the fo
mula, which explains 1D results relatively well. The oscill
tor strengths of DFSL’s are modulated for different stren
of ac fields, as such the one-dimensional structure. In
three-dimensional structure, the exciton peak can
bleached if the strength of the ac field in the combined
plied fields is increased. It means that under the combi
fields, the excitons can be delocalized and again localiz
rd
ell

tte

n

T
i
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repeatedly. These phenomena depend on the paramete
the combined fields. Thus, we conclude that the ac-field
pendence of the optical spectra in the anisotropic superla
for a given dc field is almost consistent with the theory of t
1D tight-binding model that the ac field modifies the com
bined band width asD5DoJn( f ).

In summary, we have analyzed the ladder structure of
quasienergy states of semiconductor superlattices unde
combined dc-ac field. The most important correlation effe
observed by a competition between dc-field- and ac-fie
induced localizations are the quasi-energy states of the
called dynamical fractional Stark ladders witheo1m\vB
1m8\vL , wherem andm8 are integers. We have also dem
onstrated that those states are the counterparts in the
quency domain of the periodic motion of the carriers in
band due to the acceleration theorem. However, the ano
lous behaviors of the absorption spectra for large valuesf
~or Fac) occurs, such as the enhancement of the peak at
given (m,m8) and the change from the peak at some (m,m8)
for lower f to the valley, asf increases. This might be origi
nated from the correlation effects between the band colla
and the motion of the carrier in a band. These anomal
behaviors remain to be investigated.

ACKNOWLEDGMENTS

This work was supported in part by Brain Korea 2
Project of the Ministry of Education and by the Ministry o
Commerce, Industry, and Energy, Korea.
K.

d

1V.G. Lyssenko, G. Valusis, F. Lo¨ser, T. Hasche, K. Leo, M.M.
Dignam, and K. Ko¨hler, Phys. Rev. Lett.79, 301 ~1997!.

2K. Unterrainer, B.J. Keay, M.C. Wanke, S.J. Allen, D. Leona
G. Medeiros-Riberio, U. Bhattacharya, and M.J.W. Rodw
Phys. Rev. Lett.76, 2973~1996!.

3X.G. Yan, S.-Q. Bao, and X.-G. Zhao, J. Phys.: Condens. Ma
~1998!.

4B.S. Monozon, J.L. Dunn, and C.A. Bates, Phys. Rev. B50,
17 097~1994!.

5B.S. Monozon, J.L. Dunn, and C.A. Bates, J. Phys.: Conde
Matter 8, 877 ~1996!.

6X.-G. Zhao and Q. Niu, Phys. Lett. A191, 181 ~1994!.
7X.-G. Zhao, G.A. Georgakis, and Q. Niu, Phys. Rev. B54, R5235

~1996!.
8M. Holthaus, Phys. Rev. Lett.69, 351 ~1992!.
9X.-G. Zhao, G.A. Georgakis, and Q. Niu, Phys. Rev. B56, 3976

~1997!.
10G.H. Wannier, Phys. Rev.117, 432 ~1960!.
11J. Feldmann, K. Leo, J. Shah, D.A.B. Miller, J.E. Cunnigham,

Meier, G. von Plessen, A. Schulze, P. Thomas, and S. Schm
,
,

r

s.

.
tt-

Rink, Phys. Rev. B46, 7252~1992!.
12C. Waschke, H.G. Roskos, R. Schwedler, K. Leo, H. Kurz, and
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