PHYSICAL REVIEW B, VOLUME 64, 064422

Microscopic models of two-dimensional magnets with fractionalized excitations
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We demonstrate that spin-charge separation can occur in two dimensions and note its confluence with
superconductivity, topology, gauge theory, and fault-tolerant quantum computation. We construct a microscopic
Ising-like model and, at a special coupling constant value, find its exact ground state as well as neu%ral spin-
(spinon, spinless charge (holon), andZ, vortex (vison) states and energies. The fractionalized excitations
reflect the topological order of the ground state which is evinced by its fourfold degeneracy on the torus—a
degeneracy which is unrelated to translational or rotational symmetry—and is described lgpiage theory.

A magnetic moment coexists with the topological order. Our model is a member of a family of topologically
ordered models, one of which is integrable and realizes the toric quantum error correction code but does not
conserve any component of the spin. We relate our model to a dimer model which could be a spin SU(2)
symmetric realization of topological order and its concomitant quantum number fractionalization.
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I. INTRODUCTION ized excitations, not that it be a realistic description of any
particular physical systeniAs we discuss below, Kitae¥,
The advent of polyacetylehand the fractional quantum in beautiful work, has constructed an exactly soluble model
Hall effect® showed that quantum number fractionalizationwith many of the desired properties, but it does not have any
is a robust possibility in condensed-matter physics. Theonserved quantum numbers, so it is not ‘fractionalized’ in
quantum numbers of the low-energy excitations of these syshe sense of admitting fractional quantum numberw-
tems are fractions of those of the microscopic degrees oéver, we insist that our model be expressed in terms of spin-
freedom, the electrons. There are chamgespin 0, and 3 electrons, so that it is truly microscopic. Consequently, our
charge 0, spirk spin-charge separateexcitations in poly-  analysis differs in a number of key respects from earlier ones
acetylene and other one-dimensio(feD) systems. The frac-  which dealt with model"**®-*which are not, strictly speak-
tional quantum Hall state at filling fractiom=1/m has ing, microscopic electronic models or else relied on various
chargee/m, statistics/m excitations; more exotic possibili- assumptior®in order to reduce the microscopic models to
ties lurk at otherv. Despite a flurry of interest generated by effective models which exhibit fractionalization. We avoid
the suggestiot? that spin-charge separation is the mechathe need for such assumptions or modificatighewever
nism for high-temperature superconductivity in the cuprateshenign they may seemby endowing our model with the
it is, at present, unclear whether spin-charge separation cébllowing properties which distinguish it from other models
occur in a 2D magnet. There is a set of long-wavelength fieldvhich have been considered in this contéktising symme-
theorie§ ™ which describe the properties of putative frac- try, (ii) translational symmetry which is broken by hand, and
tionalized magnets, but their existence has been controversigii) adiabatic continuability to an integrable mod&l.
for want of a concrete microscopic model of sgimnoments A real magnet will have many additional complications,
coupled by short-ranged interactions in which fractionaliza-ut these are unimportant so long as it shares the key feature
tion occurs. In this paper, we construct such a microscopiof our model, namelyopological order In pioneering work,
model of a 2D magnet. We find the exact ground state an@ven'>%4observed that phases of matter in two dimensions
neutral, spinz (spinon and chargee, spinless(holon) ex-  with fractionalized excitations are not characterized by a lo-
cited eigenstates as well asZa vortex****°The fraction-  cal order parameter, in contrast to more familiar phases such
alized excitations reflect theopological ordet®>!®*of the  as crystals. Rather, their universal properties are encapsu-
ground state which is evinced by its fourfold degeneracy onated by topological quantum numbers, such as their ground-
the torus”'812_a degeneracy which is unrelated to transla-state degeneracy on a torus or higher genus surfaee,and
tional or rotational symmetry—and is described byZa  above any degeneracy which is due to broken symmmigay
gauge theory??%°Our construction implies that fractional- generacy which is due to topological order persists in the
ization is a reasonable possibility for magnets with shortpresence of local perturbations such as impurities, which
ranged interactions. Our model is a member of a family ofbreak translational and rotational symmet(Vhis observa-
models, another of which is integrable and realizes the torition will prove important since it guides us to construct our
quantum error correction codé.The models are related to model on lattices which penalize states which would break
the quantum dimer mod@&land lie at the confluence between translational and rotational symmetry on a square lajtice.
superconductivity, topology, gauge theory, and fault-toleranThis is completely different from the twofold degeneracy
guantum computation. associated with an Ising antiferromagnet, which is removed
Our purpose here is to show that such microscopic modelby the application of a small symmetry-breaking field at even
do exist, at least in principle, so we construct a model withone point. Topological order is well established theoretically
the aim that it be deep within a phase supporting fractionalin the fractional quantum Hall effeéf,where it is manifested
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by the existence of excitations with nontrivial braiding \ \
.. 3 [ ] L ] [ ] [ ]
statistics® L
Along with spinons and holons, a spin-charge separated \ \ => \ \
state must hav&, vortices>~**which have been recently . \ ) . \ .
dubbed “visons.” Topological order implies the existence
of a gap in the vison spectrum. It it necessary for all FIG. 1. The action of the flip operatét, on a typical plaquette.

other excitations to be gappeddee, for instance, the con- Notice that the totat component of spin is generally not conserved
struction of Ref. 6. This is analogous to the situation in a under such operation. The links with the up spins are shown here as
conventional ordered state such as a superconductor, whiclelored—this provides an alternative graphical representation
can have gapless quasiparticles if, for instance, ithasve  which will be exploited later on.

symmetry or impurities. They do not preclude a stable sc

state so long as there is a gap to the creation of vorticesvhereS'=3, _()S;,, and i) is the set of links emanat-
Similarly, in our topologically ordered states the existence ofing from sitei. The definitions of~,, P, are

a vison gapA, is necessary to guarantee the existence of

distinct topological sectors of the Hilbert space on the torus, - H S @)

as we will describe below. We compute the vison gap and Pgep @

present evidence that the rest of the spectrum is gapped

(though, we reiterate, this is not a major isgu€he inte- P.=f(S2 +S2 ) f(S2 +S2) f(S2 +S2) (3)
p ay - Ty ay  Tag ag - Tay)?

grable model in the family is fully gapped.

_The concept of t.opolog_ical ordgr_ is very attractive theo—.\,\,hereal,0[2,0[3,0[4 are the links of plaquettg, enumerated
retically because it is precise, but it is sobering to note that itockwise. At a site with coordination numbez g(x)
has not been possible, to date, to directly measure most °—f(2x+z—2)2/4. f(x)=1—x2. This model is closely re-
the topological quantum numbers—such as the braidinggied to the guantum dimer mod&(please see below

statistics—of a fractional quantum Hall state. On the other o operatorg(S?) annihilates stategand only those
hand, this very feature has generated considerable interest éli]ate$ which haveSZI: —1, i.e., which have one and only
(| 3 ey

the use of topologically ordered states for quantum compuz - neighboring spin. The operatBy, “flips” plaquette p

tation. The inaccessibility of topological degrees of freedo L , - .
to local probes insulates them against many forms of decrgl2y flipping the four spins around it; an example of such flip

) ) . Is shown in Fig. 1. The operatdt, is a projection operator
herence, thdete noir of the quantum computation program. = o P . )
. . . . . . which annihilates all states except those in which up and
This point was made by Kitaévin a beautiful paper in

which he constructed a concrete model exhibiting the requiEjown spins alternate ar(_)umﬂ see Fig. 2. Plaguettes are
. . assumed to have four sides. however, they can be put to-

site topological order and a fault-tolerant quantum error cor- .

recting code which could be implemented irisee also Ref. gether irregularly or can .overlap, as the parallelogram-

24). The integrable model in our family is equivalent to Ki- Sh%s:dwﬂhgﬁzt‘t]es\]m;hi ;[)rlangular lattice do.

taev’s. For our purposes, the model of greater physical inter- A

est is the one which conservB%and exhibits quantum num-

ber fractionalization, which is of intrinsic interest and might . LATTICE

be relevant to high-temperature superconductititycould
also prove useful for quantum computing since their spin an ee below, the modell) is tractable atl,=J;. We would

Ch?‘rge qu?jn:]urln numbers a_IIowsh forhthe _mamlpu!a'uor} Olike to choose a lattice so that the ground-state exhibits the
SFmObns and ho ons.l arn%\f,lslngf the ot erwsg elusive V'Soﬁy feature from which all of the interesting physics follows:
also becomes a real possibility If the proposed experiment gf, 4| ground state degeneracy on the torus even in the

Ref. 25 can be implemented. Finally and perhaps most img osance of local translational symmetry-breaking fields.
portantly, the energy scale associated with topological ordet +1is can be accomplished (i) the lattice does not allow
in a magnet is likely to be an exchange constdnt . qigental symmetries which will increase the ground-state
~1000 K. Thus a magnet with fractionalized excitations hasyegeneracy, a requirement which can usually be satisfied by
many attractive features as a milieu for quantum computag,ying a nonbipartite lattice, ar(d) the lattice has a unit cell
tion (for another, see Ref. 26 and references therein which includes several plaquettes, so as to frustrate states in

Some care is required in the choice of lattice. As we will

1. MODEL . \ . . \ .

Our model has spig-degrees of freedons,, living on \ \ \ \

the links of a lattice which we specify below. They aret . \ . J\ \ )\
gauge fields, but gauge-invariant, physical degrees of free-

dom which happen to be located on the links of the lattice

(we return to this point latér The Hamiltonian is FIG. 2. The action of the projection operatd?, leaves

plaquettes with the above shown spin configurations intact while
annihilatingany other type of plaquettes. A subsequent application

Ha=J SH—J EP.+] P, (1) of the flip operator,, to these plaquettes simply transforms them
0 12i 9(S 2% PP 32;) P into each other, therefore they will be referred to as “flippable.”
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FIG. 3. The mutilated triangular latticd,’. The spingonly up Y v v 4 A ¥
spins are showncorrespond to the maximally staggered configura- 4o . . . .
tion. In the presence of this type of lattice defects, there are strings \ \ \ 'W
of flippable plaquette¢shadedl which frustrate the true staggered  FiG, 4. A state of our model on the distorted square lattice with
state. a spinon(centered about the site inside the dotted )liree holon

(open circlg, and a visor(a cross connected to a dashed )iriEhe
which the up spins form an ordered crystak., a spin- dotted-dashed line encloses one of the four defect plaquettes which
density wavé There are many possible lattices which satisfyhas been split by additional sites.
these requirements. Our basic strategy for constructing these
lattices is to take a Bravais lattice and introduce a periodic V. GROUND STATES AND TOPOLOGICAL ORDER
array of “defects.” These defects pin a spin-density-wave —rp. ao torm in Eq(1) requires each site to have one and
state and make it nondegenerate, but they do not affect the . . ) . .

only one neighboring up spin, so thgft= — 1, in which case

fourfold degeneracy of the topologically ordered state. Welt vanishes. On the square lattice, this leads to a magnetic

h f ith i hich is i - o .
arrange these defects with a spacing which is incommensuy oment which is half that of a fully polarized state. In our

rate with the likely spin-density-wave states so that thes&" . )
Y SP Y odel, this magnetic moment does not result from spontane-

states are frustrated and lifted in energy. Certain types o rderina: the maanetization i tually fixed at a nonzer
defects will also make it easier to satigfy. ous ordering, the magnetization 1S actually Tixed at a nonzero

We will give two examplesT’ andS'. T is based on the value. However, it is possible to have a system which will

triangular lattice(which, without defects, was exploited in spontageousl_y undergo an_|3|ng-l|ke_tran5|t|on Into S.UCh
this context by Moessner and Sondhisee belo; the de- phase® We will call a state with both spin-charge separation

L2 : : T . nd ferromagnetisri&*, following the nomenclature of Ref.
fects are missing sites, as depicted in Fig. 3. Even a smglg The coeﬁstence of conver?tional long-ranae order and
such missing site frustrates the staggered state—a SDECia.Lljantum number fractionalization is famil?ar inng and 2D:
type Of. cry_stalline s_tate with no fIippa_\bIe plaquettes—_as -deﬁw polyacetylene, fractionalization coexists with charge.-
picted in Fig. 3.(A flippable plaguette is a plaquette which is densit wave(CD’\N) order: in easy-axis magnetic chains
not annihilated byP,—see Fig. 2. It has alternating up and y ’ y ’

down spins whose direction can be reversed by applicatio?évr';[{:r aget}gerroggg;ﬁtc'ferg'Citnt?;?ngaq;agtt;rgﬂja#,gItaoteﬁfjo’ -
of F,P,=S. S, S!S, +H.c. Left to its own devicesF, gee’s quasipart 4 porog!

b ay~e . : cal order(and quantum Hall effezwill not be disrupted.
will flip any plaquette, even the ones w_hlch are not fllpp_able; The ground state of this model ai or S’ can be found
Pp p.n_events this. On the triangular lattice, a plaque'gte IS aN¥ayactly for J,=Js. Every plaquette costs zero energy, so
primitive parallelogram).in T, an array of sites is missing, |ong as all flippable plaquettes are taken in the linear com-
so that the lattice is given by bination|¢)+ F | ). Since every spin configuration is ob-
tainable from every other one by the repeated application of
F,P,,?>%%the ground state is the superposition with equal

PP
[R‘ R=n,(ax)+n, é)“(Jr @9); ny,n,#0 modk amplitudes of all possible configurations of spins satisfying
2 2 S/=—1. The ground state is annihilated bi,.
(4) Let us consider the crystalline states which compete with

the topologically ordered state. On the square and triangular
wherek is an arbitrary integefthis is just one such example, lattices?’ the staggered state does not mix with other states
many otherT’-type lattices can be constructed along theseunder F P, since it is annihilated by this operator. It is a
lines). Another possibility,S’, is the square lattice in which zero-energy ground state which is degenerate with the topo-
some of the plaquettes are split in two, as in Fig® Zhis logically ordered state. These two distinct ground states have
must be done so as to split some plaguettes horizontally anldecome degenerate at the first-order phase transition point
others vertically, in order to frustrate staggered states aligned, = Js.
in both directions. These split plaquettes may be viewed as Fortunately, this is not the case on our lattices, as we now
elementary dislocations in a perfect square lattice and thudemonstrate. The staggered state has finite-energy density at
they serve to model “real-life” defects. J,=J;0onT’ andS’ since it is frustrated on these lattices.
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OnT’, there is no perfect staggered state. Consider a singleectors.S’ is not bipartite, so it has only four topologically
defect(missing sit. It is clearly impossible to have a perfect distinct ground state¥.

staggered state in the presence of the defect. The closest that

we can come to a perfect s'taggered' statieich we ywll call V. SPINONS AND HOLONS

a maximally staggered statis either(i) a state which has a

string of flippable plaquettes originating at the defect and The fourfold ground-state degeneracy implies the exis-

extending to infinity or(ii) a state with one vertex which is tence of fractionalized excitations, so long as it is unrelated
frustrated by having?’=—2. If we takeJ;—, then only O translational and rotational symmetry, a condition which is

(a) is possible. When we introduce an array of defects, thatisfied as a result of our choice of lattice. To see this,
strings of flippable plaquettes will originate at one defect andMadin€ cutting open the torus along its second generator,
terminate at another. Under the actionkgf, this state will thereby prod_ucmg an annulus. The ground stajg,) has

mix with all of the others. Hence a maximally staggered statd!ONZero projection on the ground state of the annulus be-

will have energy density proportional tdpJ,, in this limit cause it will have some amplitude to have zero loops encir-
. 9y Y Prop P2 cling the torus i, o) does not, but it does have finite projec-
(wherep is the defect densijy However, forJ,—o, only ’

- . ) . tion on a finite-energy excited state of the annulus because it
(i) is possible and the energy density of the maximally Stag, st have at least one loop circuiting the torus and it must

gered state is proportional ta;. More generally, fod, and  paye some amplitude to have only one. This finite-energy
J, finite, the energy density of the maximally staggered statycitation has, by construction, a spinon at the inner and
will be pJ/2 for small defect density and will be propor-  outer edges of the annulus, as in Laughlin’s construction of
tional to y/pJ; at largep. One might wonder whether there is charge e/3 quasiparticles in the fractional quantum Hall
some other crystalline state.g., one with a large unit cgll  effect® The inner edge of the annulus can be shrunk and
which has zero energy. However, if such a state containfilled in since our discussion depends only on the topology,
flippable plaquettes, it will mix under the action Bf, with but not the geometry of the lattice. This construction can be
all of the other states with flippable plaquetf@sience such done on a torus of any size, so the spinon at the boundary
a state will cost finite energy. can be taken arbitrarily far away from the one in the interior
We can repeat the above analysis ®r OnS', we can  With finite energy cost. _ _

frustrate one plaquette for each defect, with energy densitg This general argument can be substantiated in our model
pJ,. On the perfect square lattice, thé ground state is not PY @ direct construction of spinon _and ho[on eXC|tat|o.ns_. Two
fourfold degenerate. It is criticd? and unstable to a colum- SPinons may be created by flipping a single up spin into a
nar state ads is decreased® This is not the case ofi’ or ~ down spin. This changeS’ by —1 and creates 2 sites with

S, so we do not need to worry about the columnar stateS — — 2+ These sites can be moved apart; each one carries
either &= —1 and costs energy;. A holon may be constructed by

The ground state may be visualized in the following Way.Slmply removing a spin frorzn on? of these spmonzsnesi This
Consider some reference configuration of spins which is an< NoVes chre]lrgeband Sg'”s T2 frolm a nrt]'-:utraIS.= 2
nihilated by the first term of Eq1) and color all of the links e>r<1C|tat|o_r;|, thereby producing a;_spmsess chae?ﬂcltatmn.
which have up spins. Now take any other configurationT ere will now be a S'te. W'ths‘_._i’ so the holon CO.StS
which is also annihilated by the first term of Ed) and do energyJ1/4. In the loop picture, spinons and holons reside at
the same. By placing one graph on top of the other, anéhe endpoints of broken loops.
erasing all links at which both graphs coincide, we obtain a
collection of loops on the lattice. If we visualize states in VI. VISONS
terms of their associated loop graphs, then the ground state is
given by a superposition of different loop configurations.

Since H, conserves modulo 2 the winding numbers of
these loops about either of the generators of the torus, there b = H og? )
are four degenerate ground states on the toms; n.) P dge, a’

n.,n,=0,1, with 0,1 corresponding to even or odd winding
numbers. By straightforward extension, the degeneracy onwaherec,, is any curve which starts at the center of plaquette
genusg surface is 4. Although we have computed this de- p, connects it to the center of a neighboring plaquptteand
generacy only at the special coupling constant valge continues in this manner through the centers of a sequence of
=Js, we believe that it is robust over some range of paramneighboring plaquettes, running to infinitgr the boundary
eters because it is characterized by an integer, 4. This integef the system The product in Eq(5) is over all links «
cannot change as a result of infinitesimal perturbations, buwhich intersect,. Under the action ofb,, each loop con-
only as a result of a perturbation which is sufficiently strongfiguration receives a-1 if ¢, has an odd number of inter-
that it moves the system across a phase transition at whickections with colored links and 1 if it has an even number of
this integer changes discontinuously. intersections with colored links. When a holon or spinon
On the perfect square lattice, the directed winding numbefollows a trajectory encirclingp, the intersection number
(not merely the winding number modulo 2) is conservedmust change by one, sb, creates &, vortex, or “vison,"®
because the lattice is bipartite. As a result, there Laxd. at plaquettep.

Consider now the operator
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The statistics of holons and spinons depend on the enedistance since these fermions, though massless on a regular
getics of the model: by binding to a vison, they can switchsquare lattice, acquire mass in the presence of lattice distor-
their statistics between bosonic and fermiotfi¢> Our  tions such as that shown in Fig.(the details of this calcu-
Hamiltonian does not allow holons or spinons to move: theylation will be published elsewhereHence it is natural to
are infinitely heavy. However, a small perturbation will al- conclude that there is an energy gap to all excited states; this
low them to move and will give rise to the energetics whichmay be argued via the single-mode approximation. This
determines whether they bind with visons and thereby theicomputation has been carried out on the triangular lattice by
statistics. Moessner and Sondhf,who found that the single-mode ap-

The fourfold degeneracy of the ground state—or, in otheproximation suggests that the system is indeed gapped.
words, the topological order—guarantees the existence of a
vison energy gap. To see this, consider the degenerate states VII. A FAMILY OF MODELS
¥0,0)% ¥(1,0) 0N the torus. Now imagine creating a vison pair . o .
at plaquette, taking one vison around the second generator We can gain further insight into the spectrum of our
of the torus, and annihilating the pair@tThis is equivalent model by generalizing it to the following family of models:
to acting on our state with an operator similardg,, but
with the curvec, in Eq. (5) replaced by a closed curve which _ / N _ N
passes througl?n and encircles the torus along its second H HO+JlEi y(s) Jzzp [Fo(1=Pp)=(1=Pp)].
generator. This operator exchanggg o= #(1,0)- The am- (7)
plitude for such a process is essentially the exponential of the here y(x) = 2x(x’— 4)(x+ 1) (for z=4) and J,=Js in

Euclidean action required for such a virtual process to occur? S ) , .
~e~°L4 whereL is the length of the loop around the torus, Ho. AsJ;,J; are increased, two things occur: loop crossings

A, is the vison gap, and is a constant. Hence the energy are allowed*and plaqu_ette flips of_unflippable plaquettes are
splitting between stategq o) and 1 o) is —e L, gince allowed. The topological order is preserved because the

we know that this splitting vanishes in the thermodynami vv’inding n,umber modulo 2 is conserved. In the extreme limit
limit, the vison gapA, must be finite. J1=J1, J;=J,, there are eight equally likely configurations
This conclusion is supported by a direct calculation. Thedl €ach site(corresponding to those of the elght-vzertex
creation of a vison ap takes the statpy)+F,|¢) into |¢) ~ mode) and the model is now integrable becaysgs)
—F,l), with an energy cosh, . Since the vison creation +Y(S)] and F, commute among themselves and hence
operatord, commutes with all of the terms in E¢) except ~ With the Hamiltonian, for alli, p. Hence we can simulta-

for the J, term at plaquett@, with which it anticommutes, a neously diagonalize all of these operators. They have eigen-

state with one vison®,), has excitation energy values 0 and 1, respectively, in the ground statej(&’)
+y(S)=1 eigenvalue is a quasiparticle excitationi &nd
(Pp|H|P,)=2,(0[|P,|0). (6) Fp=—1 is a vison atp. This model is equivalent to

Kitaev’s ! The ground state of this integrable model has the
Hence the vison gap is equal td2multiplied by the density same topological ordeffourfold degeneragyas that of Eq.
of flippable plaquettes. This may be computed gt J; by (1), but its quasiparticle excitations do not carry spin since it
the Grassmann techniques discussed below. In an integrabienot conserved. Since there is no projection operfpin
model which we discuss below, exact vison eigenstates anid, the vison energy is exactlyJ3. Crystalline states have

energy eigenvalues may be found. energyJ,/2 per plaquette above the ground state.
From Eq.(6), we see that the vison gap will be nonvan-
ishing whenever(0|F,P|0)#0, i.e., whenever the spins VIIl. FIELD-THEORETIC DESCRIPTION

fluctuate in the ground state, as they generically do in our
model, even outside the topologically ordered phase. How- The configurations allowed in the ground state of the in-
ever, this is not particularly consequential. Consider theegrable model are described by closed loops—in other
analogous situation in a superfluid: it is possible to define avords, by the configurations of the Ising model on the dual
vortex energy above the transitiofe.g., the Kosterlitz- lattice (equivalent to the eight-vertex mogeThe dynamics
Thouless transitionwhich varies smoothly across the transi- of the plaquette flip operator is the same as that of a trans-
tion. However, this energy is only meaningful in the super-verse field in the Ising model. Hence the integrable model is
fluid state (or, perhaps, near)it Similarly, the vison gap equivalent at low energies to the transverse field Ising model
becomes meaningful in the topologically ordered phase. Outhich, in turn, is dual to &, gauge theory. Since the topo-
side this phasep , is merely an operator which creates somelogical order associated witH, is the same as that of the
complicated gapped excitation. integrable model, it, too, is described by agauge theory?®

A vison gap is necessary for topological order; a gap inas proposed in Refs. 20 and 9.
the rest of the spectrum is not. However, the equal-time spin- Note thatSf is conserved for all in our model(1). Hence
spin correlation function in the ground state is exponentiallythere is an independent U(1) symmetry at each site of the
decaying, as may be seen from an exact mapping betwedattice. However, only time-independent transformations
the ground state of our model and the field theory of fredeave the Lagrangian invariant. Hence this is an orditilauoy
lattice fermions’® according to which it is a square root of large symmetry group; it isnot a gauge symmetry, which
the eight-fermion correlator. This decays exponentially withmust allow time-dependent transformations. All of the de-
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grees of freedom in Eq1) are physical. This is similar to the  the starting point for the discussion of an SU(2) symmetric
symmetry of a set of noninteracting spins in a magnetic fieldtopologically ordered magnét:*"**There is some numerical
H=-3;B-S, which also has an independent U(1) at eachevidencé® that a model of spins on the triangular lattice with

site of the lattice. strong four-spin exchanges—reminiscent of the plaquette flip
operator—has a topologically ordered ground state with
IX. QUANTUM DIMER MODELS fourfold degeneracy.

Our model (1) can be mapped to the quantum dimer
model>?2123%in which it is assumed that there are spins

located at the sites of a lattice and that each spin forms a We have demonstrated that quantum number fractional-
singlet dimer with one of its nearest neighbors. In By, an  ization and topological order are an eminently reasonable
up-spin link corresponds to a dimer; a down-spin link to thepossibility for two-dimensional magnets by constructing a
absence of a dimer; spinons, to empty sitekich are holons  microscopic model which exhibits these phenomena. Our re-
in the dimer model Then the first term in Eq(1) requires  sult links two problems of great interest: quantum number
each spin to form a dimer with exactly one of its neighbors fractionalization in 2D quantum magnets and the investiga-
The J, and J; terms are precisely the dimer kinetic and tion of physical systems which are suitable platforms for
potential energies of Ref. 22. Ow* state of Eq.(1) is  fault-tolerant quantum computatidthis link was also noted
simply the resonating valence bofEVB) (Refs. 4 and 22 in Ref. 40. A possible nexus with ideas about
ground state of the quantum dimer model on the same latticguperconductivity—either in the cuprates or elsewhere—
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