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Parametric generation of second sound in superfluid helium:
Linear stability and nonlinear dynamics
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We report experimental studies of parametric excitation of second s@®dy first sound(FS) in super-
fluid helium in a resonance cavity. The results on several topics in this system are pre&¢rfhd:linear
properties of the instability, namely, the threshold, its temperature and geometrical dependencies, and the
spectra of SS just above the onset were measured. They were found to be in good quantitative agreement with
the theory(ii) It was shown that the mechanism of SS amplitude saturation is due to the nonlinear attenuation
of SS via three wave interactions between the SS waves. Strong low-frequency amplitude fluctuations of SS
above the threshold were observed. The spectra of these fluctuations had a universal shape with exponentially
decaying tails. Furthermore, the spectral width grew continuously with the FS amplitude. The role of three and
four wave interactions are discussed with respect to the nonlinear SS behavior. The first evidence of Gaussian
statistics of the wave amplitudes for the parametrically generated wave ensemble was oliajn€de
experiments on simultaneous pumping of the FS and independent SS waves revealed several effects. Below the
instability threshold, the SS phase conjugation as a result of three wave interactions between the FS and SS
waves was observed. Above the threshold two interesting effects were found: a giant amplification of the SS
wave intensity and strong resonance oscillations of the SS wave amplitude as a function of the FS amplitude.
Qualitative explanations of these effects are suggested.
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[. INTRODUCTION tween two sounds was conducted by S. Gaeetl® more
than 20 years ago. These authors observed the process of the
Superfluid Hé exhibits rather unique nonlinear acoustic nonlinear conversion of SS into FS that was an inverse pro-
properties particularly in the vicinity of the superfluid tran- cess to the one, considered in Ref. 7. This observation gave
sition. As has been known for a long tinhéjt is rather easy ~an indication of the existence of the nonlinear interaction
to observe a second sound shock wave formation even fdietween two acoustic branches in superfluid helium but left
rather small amplitudes in the close vicinity of the superfluid@Side the problem of the instabilities due to two mechanisms
transition temperaturd, .>4 Nonlinear interaction of first Predicted theoretically. _ _
sound(FS and second soun(sS is another manifestation A nonlinear interaction of d!fferent wave branches is a
of nonlinear wave phenomena in the superfluid helium. rather common phenomenon in condensed-matter physics.

There are a few advantages that make superfluid helium gome of the well-known examples are spin waves in ferro-

. N . and antiferromagnets interacting with microwaves,ang-
very appropriate system for quantitative study of nonlinear_ " . . : . .
, . muir waves in a plasma interacting with electromagnetic

vicinity of T, . Second, thermodynamic and kinetic proper- 54 yarious types of collective oscillations in solids. Some of
ties of superfluid helium are well known. And third, very them are a phonon-plasmon interaction in piezoelectric semi-
high precision and accuracy as well as an excellent experionductors, interaction either longitudinal or shear sounds
mental control can be achieved in the superfluid helium exyjith electromagnetic waves in piezoelectrics or magnets, and
periment. an interaction of sound and surface capillary waves. In all
In contrast to self-interaction of first and second soundshese systems, externally driven waves at a sufficiently large
that have been studied a fbt, there were only a few works amplitude become unstable with respect to the generation of
dedicated to interactions between sounds. The process of S&ves of another typ€:**Only in a very few systems men-
generation by FS in an infinite geometry was consideredioned above were these instabilities experimentally ob-
theoretically a long time agd’ Two basic mechanisms of FS served.
to SS conversion due to three wa{@W) interaction were This paper is dedicated to one particular example of a
predicted: parametric generation of SS and Cherenkov radiavave interaction—a parametric instability. In parametrically
tion. Here and further, we follow the terminology defined in driven systems, a driving field excites pairs of waves propa-
the pioneer work of Pokrovskii and Khalatnikbun both  gating in almost opposite direction and having approximately
cases the finite amplitude SS waves are generated abowalf of a pumping frequency. The threshold of the parametric
some threshold amplitude of FS wave as a result of an instanstability is defined by the balance between an energy, trans-
bility. In spite of several attempts made during the y8aas, ferred from a driving field to a wave ensemble, and a wave
experimental verification of both instabilities was absent.attenuation. At the instability threshold the wave attenuation
The only experiment dealing with a nonlinear interaction bedis compensated by pumping. Above the instability
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onset, the wave amplitude should grow exponentially, butude saturation, the structure of a wave packet above the
saturates due to nonlinear interactions different from one thahreshold, its dependence on FS amplitude and temperature,
causes the instability. and statistics of the interacting SS waves are considered. A
The wave dynamics above the onset is defined by nonlinseparate sectio(Sec. IV Q is dedicated to experiments on
ear wave interactions between excited waves. In most casé@e interaction between an independently generated SS wave
amplitudes of parametrically generated waves are sufficiently¥ith a FS-SS wave ensemble below and above the paramet-
low, so that only the lowest orders in wave interaction pro-fiC instability threshold. Here, we present our results on a SS
cesses, three wav@W) and four wave(4W) interactions, phasg_ comugatmn below the o_nset of mstaplhty, a giant SS
should be taken into account. The wave systems can be dgamplification, and strong amplitude fluctuations above the
vided into two major classes according to the type of theifonSet. The last sectiofSec. V) concludes the paper.
dispersion law. The first one is the decay type, which allows
3W interaction(for a power-type dispersion law, this gives a Il. THEORETICAL BACKGROUND
criteria 9w/ 9k?>0). In such systems, 3W processes are re-
sponsible for the amplitude saturation of the parametrically
excited waves! These processes provide an energy transfer As was shown in Ref. 7, an effective way to study non-
from the resonance frequency to about twice that frequencinear waves is to use a Hamiltonian formalism. The equa-
at which the waves attenuate effectively. For the second typ#ons of two-fluid hydrodynamics in the Hamiltonian form
of system with a nondecay-type dispersion relationwere written down in Ref. 16.
(6’wl 9k?<0), 3W processes are forbidden, and 4W pro- Linear properties of waves are defined by quadratic terms
cesses are responsible for the amplitude saturation. The satii-the Hamiltonian
ration occurs due to “dephasing” of pairs]rgf excited waves in
respect to a phase of a pumping frequency. _ * *
The parametric wavepger?ergtionqis observed in a wide HZ_; QKaKaK+; DIy @
class of nonlinear media. The most prominent examples are
spin waves in ferro- and antiferromagnets driven by a microand, particularly, by the dispersion relations for FS and SS:
wave field, ferrofluid surface waves subjected to an ac tan{}=¢:K andw=ck, respectively. Here and furthexandb
gential magnetic field, surface waves in liquid dielectricsare the wave amplitudes of FS and $$andc, are the FS
parametrically excited by an ac electric field, and a parametand SS sound velocities, capital lettef$,K) correspond to
ric excitation of surface waves by a vertical vibration. Inthe FS frequency anll vectors, and small lettersw(k) to
recent years, the latter system, called the Faraday crispaticrS.
or ripples, was extensively studied due to easy visualization The next term in the HamiltoniarH 3, is responsible for
of patterns which appear above the instability thresfibld.  three wave(3W) interactions. This term is essential only in
In this paper, we present experimental observation of theéystems where a dispersion relation allows 3W interaction
parametric instability of FS in the superfluid helium. A FS processes. The most genekd term can be written as
wave with a large enough amplitude is unstable in respect to
creation pairs of SS waves propagating almost in opposite Hom 2
directions and having approximately half of a FS frequency. = 2 ky Ky ks
We study the statistical and dynamic nonlinear properties of (2)
the ensemble of the SS waves above the instability threshold, ] ) ] ]
and the interactions of the parametrically generated S¥Ne€reVi, ik, is the matrix element of the 3W interaction.
waves with a SS wave pumped externally. The short reportgor the particular case of waves in superfluid helium, four
on each of these subjects were published recentlglifferent types of 3W interaction should be considered. Two
elsewher®'*and also presented in Ref. 15. of them are self-interactions of FS and SS. The following
This paper is written as follows. First, in Sec. Il we terms in the Hamiltonian describes these processasa*
present a theoretical background for the wave interactions iandbb*b* and their complex conjugated terms, correspond-
superfluid helium and, particularly, for the parametric insta-ing to the inverse processes. Two others are interactions be-
bility. The physics related to the threshold phenomena and tbwveen different branches, FS and $®*b* andaa*b* and
behavior of a SS wave ensemble above the threshold is déheir complex conjugates. These interactions were consid-
scribed. At the end of this section, we compare our experiered in Ref. 7 and coined as the parametric decay and the
mental system to study the parametric instability with twoCherenkov emission.
well-known systems: the Faraday ripples and the spin waves Both sounds have a linear dispersion law that makes in-
(Sec. I D. Section Il is dedicated to an experimental setup.teraction very peculiar. The linear dispersion law is a mar-
The next section consists of three major parts. In Sec. IV Aginal case between the decay typ#¢/dk?>>0) and the
the results related to the threshold phenom@emperature nondecay type {w/9k?<0) of spectrum. For the decay
dependence of the threshold, two types of a SS spectrutype, 3W processes are permitted, while for the nondecay
above the threshold, and their temperature dependemee type they are forbidden. The linear dispersion law does allow
presented and discussed. Next, in Sec. IV B, we discuss thtee 3W resonant interaction but only for waves propagating
results related to the behavior of the SS wave ensemblalong one line that strongly reduces a phase volume of pos-
above the instability onset. The mechanism of the SS amplisible interacting waves.

A. Wave interaction in superfluid helium

(Vi k, sk, 3,3k, (K1 —ky—k3) +C.C),
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T <1, the generated SS wave propagates almost in the forward
N direction, having the frequency’ =20 7 sin(y/2), and the
! '& -y’ k “’ / secondary FS wave propagates in the backward direction
;K Q ! , with almost the same frequency and wave number as the
/ incident FS wave.
The strength of the Cherenkov interaction which is de-

fined by the matrix element((},x), was calculated in Ref.

7. The FS threshold amplitude for the Cherenkov radiation is
FIG. 1. The vector diagrams for three wave resonance interacqefined as

tions: (a) Cherenkov processh) parametric decay process.

_____

Vy1(Q) ya(w")

Since the self-interaction of FS is rather weak, the shock ap=— . (4)
waves were observed at rather high incident amplitddes. V(Q,x)

Contrary to this, in the temperature range near the superflui has minimum aty=, and is scaled with the frequency

transition, SS velocity approaches zero, the coefficient of SS. .
self-interaction diverges, and the SS shock wave can be eaSth V. Herey, andy, are the attenuation rates of the FS

ily generated even at a rather low wave amplitude. This feag’md SS waves, respeciively.
ture strongly attracted researchers in nonlinear wave
dynamics>*1/

However, the problem of the nonlinear interactions be- Another 3W resonance process between the FS and SS
tween many excited SS waves have not been considerediaves is the parametric decay of one FS wave into two SS
One of the experimental realizations of a multiwave parawaves:
digm is an excitation of an ensemble of SS waves by FS via
either its parametric decay or Cherenkov emission. O=w;+wy;, K=ki+k;. 5

Both of the latter processes are the decay of one primar , )
wave into two secondary waves. One FS wave in the ChefPU€ t0 the smaliness of the ratip the parametrically gen-
enkov process generates one FS and one SS wave, and in §i@t€d SS waves have almost half the FS frequengy,
parametric decay, two SS waves. In order for such a process {}/2, and propagate in almost opposite directiokgs
to oceur, an initial wave should interact with a background K2 The vector diagram of this process is shown in Fig.
noise and amplifies those particular secondary waves from(P)- A more detailed analysis of the resonance conditions
the noise, for which frequency amdvectors satisfy the reso- 'eveals an angular dependence of the SS frequency,
nance conditions. The energy transfer from a primary wave
is proportional to a primary wave amplitude and a matrix
element of interactionya, and it should exceed the energy
attenuated by secondary waves. The threshold amplitude of _
the decay process is defined by the energy balance betwe¥ffiere ¢ is the angle between the plane of the SS wave
pumping and attenuation. Above the threshold, the mechd2roPagation direction and the FS wave vector; see Fig. 1
nisms that are responsible for a secondary wave amplitud® k space, the resonance surface of SS waves interacting
saturation, are different from those that generated thesWith the FS wave, is the ellipsoid of revolutidalmost a
waves. These mechanisms need special consideration agBheré- The matrix element of the parametric decay process

2. Parametric decay instability

QO
w1'2=5(1i 77 C0SH), (6)

will be discussed later for the parametric decay. has been also derived in Ref. 7 and has the following form:
Both of these processes have inverse processes of two q
wave conversion into one wave. Inverse processes do not / —1
: . LA =1\/55" +U,—
deal with a background noise wave amplification, so they u(Q.6) 32pCl (Uy+U;—2cos0), 0

have no threshold behavior. One of the inverse processes,
generation of a double frequency FS wave by two SS wavedvherep is the density of a liquid helium, anld; andU are
was experimenta”y studied by S. Garretta'_g the thermodynamic functions of temperature, pressure, den-
sity, and superfluid density:
1. Cherenkov radiation of SS

The Cherenkov emission results from the resonance inter- Up=— i(& b ae %) , ®
action between a FS wave with the frequer@yand the Jo\ T oP  p JT

wave vectoK with a pair of waves: a SS waves(,k’) and

a FS wave ()’ ,K"), satisfying the following resonance con-

_ -1
ditions[see the vector diagram in Fig(dl]: Uz=p

9

(9¢+ap 31#)
JdT 'k dP)

d=0'+0', K=k'+K'. &) Here the following notations are introducedl=pap/J,
HereQ)=c;K, w=c,k are related to the FS and SS Waves,J=pKTCp/T—a,2,, o=Slp, ¢=ps/p, where p is
respectively. Due to a large difference in FS and SS velocithe helium density, p; is the superfluid density,
ties, particularly near the superfluid transitiop=c,/c;,  ap=—p Y(dp/dT)p is the isobaric thermal expansiory
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=p Ydplop)y is the isothermal compressibility,Cp ary conditions should be considered. One is a finite cell size

=T(daldT)p is the specific heatS is the entropy per unit effect in the direction of SS propagation, another is a reso-

mass. nant effect due to reflections from the cavity walls in the
A FS wave of an amplituda generates SS waves at the perpendicular direction.

rate|aU|. The latter dissipates at the ragg. The parametric

instability occurs when the SS amplification exceeds the dis- 1. Finite-size effect
sipation. Then the FS threshold amplitude in an infinite ge-  gince the horizontal size of experimental cells used in our
ometry is defined as experiments is comparable with the attenuation length of the

SS waves, the lateral boundary conditions should be taken
:7’2(9/2) (10) into account to define the FS threshold amplitude for the
th~uQ,6)’ parametric instability. A straightforward generalization of the
. o envelope methdd?* for a system of a siz&, where waves
The functionay,(6) has a very shallow minimum for a sym- 5rjve and reflect normally to the boundaries, with an arbi-
metric decay at)=m/2, when two SS waves have exactly trary reflection coefficient, yields the following expression
half the FS pumping frequency. for the threshold?

)

3. Experimental conditions for observation of both instabilities ap=ap[1+ 52(|/|_)2]1/2, (11)

According to the estimates made in Ref. 7, the threshoIthereg is the minimal positive root of the equation
intensities of FS for both processes differ substantially. Fre-

guencies of the SS waves excited in these processes also (1-r2)&(1/L)
differ greatly. In the Cherenkov emission, the frequency of tané=— 5 5 "t (12)
the excited SS waves is of the order dgc,/c,), and in 1+ro=2r[1+&5(1/L)"]

the parametric decay the SS frequency is equat /2. As o oo
a result, it was found in Ref. 7, that in an infinite system the|_|erea|th 'S :Qe thlresh(.)tld tvalue fotr an élnflnltedce!l. Fb'.<||'
temperature range, where the parametric excitation precedds Vaue€ Ok, (along its temperature dependenisemainly

the Cherenkov emission, is located between 0.9 and 1.2 leetermined by the second term in the parentheses iflEn.

. 1.33 ; ;
However, as it will be shown later, the corresponding dissi-:€: 8t Co/(LU)ox 7" (see curves in Fig. 8. Note that

pation length for the SS waves is too large in this region, an(!if_the ref_lection coefﬁcie_nt _te_nds to unity, the threshold coin-
any experimental cell cannot be considered as an inﬁnit&'diS with that for an |nf|n|te.s.ystem:=1, §=0, an
one. The finite-size effect drastically alters the threshold™@wn- FOr zero reflection coefficient and large raltie, £
value of the FS amplitude and makes impossible the obsefends tom/2, and one obtainay,~ay,- 7/2-1/L.
vation of the instabilities. So, from this point of view, the _
vicinity of the superfluid transition is the only possible tem- 2. Resonance cavity effects
perature range where the effect can be observed. As we already mentioned, in order to increase the attain-

Our estimates that took into account both regular and singple value of the FS amplitude in the cell, the resonance
gular parts of the thermodynamic and kinetic properties otavity for FS has been used. Thus the SS waves are gener-
the superfluid helium neaf, (Ref. 18§ showed that the ated by the FS standing wave. One can consider two para-
threshold value of the parametric instability was almost in-metric excitation processes caused by two components of the
dependent of in the range of the reduced temperatures fromrs standing wave, with the wave vectarK (Fig. 2). The
10" ° to 10 2. For the Cherenkov instability the threshold momentum conservation conditions for these processes are
had dependence %%’ in the same temperature range and
was much higher than that of the parametric instability. Thus 7 A
the parametric instability undoubtedly precedes the Cheren-
kov radiation in the vicinity ofT, .

The advantage of working in the vicinity of the point
manifests in a possibility to deal with the SS waves with the
attenuation lengththat is less than or comparable to the cell k,
size. The attenuation length of the SS varies drastically in Kk
this temperature rand@.This makes the consideration of %
finite-size effects very important.

B. Parametric instability: Threshold related phenomena

From here, the rest of the paper will be dedicated to the
parametric excitation of the SS waves. In order to create a
large enough amplitude of FS excitation, the resonant cavity
cell was built(see Sec. Il A. SS propagates mostly in the
direction perpendicular to a ASvector, along the planes of  FIG. 2. The vector diagram of wave interactions in a resonance
FS transducers. So, two effects due to a cell size and boundauvity.
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K=k;+k,, —K=kgtkq. (13 C. Properties of SS waves above the threshold
The processes do not interfere unless the same SS phonon 1. Nonlinear amplitude saturation mechanism
participates in the both of them. If it occurs, e.g., kat Recently A. Murato?” has published a theory, based on

=ks, both components of the FS standing wave contributghe Hamiltonian approach, which describes nonlinear prop-
to the excitation process. Therefore this process has a lowgiities of an ensemble of weakly interacting SS waves above
threshold?? a;,=ag/\2. The frequencies of the generated the parametric instability threshold. Let us review these re-
SS waves in this case are sults. The crucial point in understanding the nonlinear behav-
ior of the weakly interacting SS waves is the nature of a
0= 8(1t 7). (14) nonlinear saturation mechanism of the instability. First, it
2 was showrf? that for the SS waves where 3W interaction is
) , permitted, the nonlinear attenuation is significantly more im-
Both of these frequencies can be observed only if thgortant than the renormalization of a pumping field. The lat-
frequency splitting between two SS waves,—w,=07°,  ter mechanism was thoroughly studied in the spin-wave
is larger than the SS attenuation, i.€.7°>7y,. The SS  gystemd® In the case of the SS waves, the 3W interaction
waves with wave vectork, andk, interact with different  yrovides a very effective channel to dissipate the energy of
components of the FS standing waveK and —K. In the  the parametrically excited waves by the second harmonic
opposite case() 7*< y,, i.e., the frequency splitting is less generation, i.e., generation of the SS waves wikhveave
than the SS attenuation, each SS wave interacts with both ctor and 2 frequency. It becomes essential only if an
waves. The frequencies of all SS waves must be equalngle between the wave vectors of the interacting SS waves
w1 ,= (/2. This also reduces the threshold amplitude of FSg smaller than 4/y,/w. Indeed, the 3W interaction couples

by a factor of 2, compared with that in an infinite C&l: 4 jinearly unstable modék(w), which is amplified by the FS
- umping, with a linearly stable mode , which is dis-
A= an/2. (19 Eipatri)veg.] ’ ()

In general, the threshold of the parametric excitation of The theory predicts the functional relation between the
the SS waves by the FS standing wave in a finite horizontdiotal density(or intensity I, of the parametrically excited

size resonance cavity for FS waves can be written in th&vaves and the reduced pumping amplitude or the control
following way:121522 parametele=a/a;,— 1. For the mechanism of the nonlinear

attenuation considered in Muratov’s wdrkthe functional

2 dependence is linear:

« |27
ath:athg - 1+
Y2

1\ 172
frol o

where/ is the numerical function of the rati@ 5%/, with

I 2: gE, (17)
whereg is the coefficient defined by the dimensionality and

limits the shape of the phase volume of the excited waves which is
Qn?ly,<l, =1/2, c_ietermined by the symmetry of the systélmundary condi-

7172 ¢ tions), by the phase volume of the pumping waves, and by

Q7 y,>1, (= 142, the properties of the interaction vertex between the pumping

wave and the parametrically generated wavess maximal
for 3D wave excitation, i.e., generation of waves on a spheri-
cal k surface, and minimal for 1D wave excitation, i.e., gen-
The resonant cavity effect leads to the discreteness of theration of a plane wave. Waves with a linear dispersion law
SS wave vector in the direction of a FS wave propagationinteract through the 3W process only if they propagate in
and to another interesting phenomenon, namely, the exisimost the same direction. So, for a higher dimensionality of
tence of two types of spectra of the SS waves and the trara phase volume of excited waves, the density of waves
sition between them as a function of closenes§ o Far  propagating in the same direction is lower. On the contrary,
away fromT, , two equidistant peaks arouitf2 should be in the one-dimensional wave excitation case, all waves
observed, while closer td, , a single sharp peak at exactly propagates along the same direction. So, for the higher di-
Q/2 frequency should appear. Indeed, as we already memnensionality the energy transfer to the double frequency
tioned in the previous subsection, the frequency splitting beshould be weaker, and the intensity of the parametrically
tween two SS waves, generated by two components of thexcited waves is higher.
FS standing waves in the resonance cavity, should be com- The proportionality of the SS intensity, to the control
pared with the SS attenuation. Far away frdy, one has parametere is the distinguishing property of the nonlinear
Q7?>1,, and two discrete lines in the spectra are presentattenuation mechanism of the parametric wave saturation.
In the opposite casd) 7°< y,, when the SS attenuation is The “dephasing” mechanism leads to the different relation:
larger than the spectrum splitting, just one line at exaQtlg | ,~ 210
is found. Thus the discreteness of the resonance states is The coefficientg was calculated in Ref. 22 for the cases
smeared out closer t6, . From the equality) 7°=y, the  with different dimensionality. As we will show further, the
transition temperature from one peak to two peak spectra idimensionality of the excited SS waves in two experimental
defined. cells differs due to different lateral boundary conditions. In

3. Splitting of SS waves spectra
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cell I with the reflecting boundaries the SS waves were one  g=45x10"2 erg/cn? sec=4.5x10"% u W/cn?
dimensional(1D), or almost flat, while in cell Il without

reflection the SS waves were, probably, two dimensional. ~ =4.5X107% Wi/nv.

The difference in the intensity of 2D and 1D waves is a _

factor \yo/ wo, that is, rather smaf? Since the experimen- 1Ne latter one should be compared at, eg1 with I;
tally observed intensity of the excited SS waves is much=0-04 Wint at the same conditions. _ ,
smaller than the theoretically obtained value even for 1D AS We have already pointed out, the nonlinear attenuation
case, we use the latter case for comparison. In this case tf proportional to the strength of the interaction between the

coefficientg in the expression for the total intensity of the SS waves. The same type of interaction is responsible for the
parametrically excited SS wavésee Eq(17)] is creation of the SS shock waves the strength of which in-

creases strongly while approaching the superfluid transition.
v, |2 Thus one can expect that the nonlinear attenuation can in-
—) , (18  crease as well nedr, . Then the intensity of the SS waves
2B parametrically generated above the threshold should decrease
correspondingly with the scaling~ 7%, where >0. In-
deed, the estimated scaling of asymptotic temperature behav-
ior of the coefficienty is g~ 7232

g:CZLO

whereB=B(60=0) is the triple vertex of the SS interaction.
The latter at the arbitrary angkebetween the SS wave vec-
tors inP and T variables looks &3

2. Broadening of the SS spectrum above the threshold

3
w
B(6)= 1—6;({X_1D(X) +¢~'D(¢)[cog26)—2 cosh]}, Another manifestation of the nonlinear wave interaction is
(19 a spectral broadening of the parametrically generated waves.
In weakly dissipative nonlinear media, 3W and 4W play dif-
where y=p«1/J, D=0/dT+ (ap/k1)(dlJP), andyy andJ  ferent roles in wave kinetics. Although 3W and 4W pro-
are defined after Eq$8) and (9). In order to estimate the cesses control the amplitude saturation of the parametrically
value of the intensity of the excited SS waves at a giverexcited waves for the decay and nondecay types of the dis-
value of the control parameter of the instabilityone needs persion law, respectively, only the 4W processes allow the
to evaluate the triple vertex of the SS waves interaction. Bywvave interactions within a narrow frequency range around
simple algebra the expression B(#=0) can be rewritten the main peak at the parametric resonance frequency. There-
in the following form: fore the spectral shape around the peak is solely controlled
by the 4W processes. Thus one can expect that the spectral
B(0)=B,+B,, (20) shape at the parametric resonance frequency exhibits some
universal properties independent of details of the wave inter-
2 o\ 3 aT action and the type of dispersion law. Wave amplitudes in
B,=cypU —( ) ( ) } (21 different parametrically driven systems can be limited by dif-
¢ P ferent nonlinear mechanisms, their spectral broadening
mechanism is universal.
[ w® [oT pap dp[[aT\ "L [aT\ t I_Experimental eviden.ce and a follow-up theorgticgl expla-
B2= 16”,1(%) w ﬁ{(ﬁ) (ﬁ) . nation of th_e exponential spectra ba§ed on a kinetic theory,
p S were obtained for the parametrically generated spin
(22 \yaves?®?* The theoretical idea behind the explanation is a
very general and convincing oR&There are two reasons for
the spectral broadening: a thermal noise above the onset and
an “intrinsic” noise due to 4W scattering of spin waves. The
latter becomes important at higher values of the control pa-
2 rameter.
_ -1 2_ V2 The broadening due to the thermal noise produces the
11=(2pC1) " (oP) _Clﬂ( ZU) ' 23 squared Lorentzian shape spectrifiithe intrinsic noise re-
sults from the 4W interaction. This interaction does not
At these conditions one findy,=84 sec', c¢;=2.177 transfer energy far away from the region of the parametric
X 10" cm/sec,Cp=56.2 J/mol K, ap=—-0.065 K'*, and  resonance frequency peak, but pumps it to neighboring
the experimental value of the threshold pressure amplitude ghodes and broadens the spectrum. In general, the wave
the FS wave is6P=50 Pa. Then one getdJ=3.5 packet shape is described by a nonlinear integral equation for
x10° cm/gsed? and for By=10° cm/gsed? and B,  wave amplitude correlation functions. It was proved that
=3.8x10" cm/gsed? Here we estimate k;=1.49  such equation has universal exponentially decaying tails in
x10°® cné/dyn, J=0.136 K2, =-0.07 gK/cn?, the frequency domaiff. The 4W resonance interaction is
(9T/9P),=—2.29x10"7 Kcm?/dyn, (9T/dP)s=—6.9 present in any medium with parametrically driven waves.
x10°° K cm?/dyn, and  dIn(ps/p)ldP=—8.3x10"°%  Thus the kinetic theory predicts the universal spectral broad-
cn?/dyn. Thus, finally one obtains the following value for ening in such systems irrespectively of the wave dispersion
the coefficient: law.

Q

JP

Let us estimate the triple vertéx of the FS and SS wave
interaction at the reduced temperature 3.3x 10”4 using
the expression for the threshold intensity of FS:
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A theory of the spectral broadening in the parametricallyof the spin waves above the threshold are forbidden, and
excited SS waves was developed recently by A. Murafov. only the 4W resonant interactions are possible. As was sug-
According to Ref. 22, the thermal width of the central line in gested theoretically and verified experimentally, a nondissi-
the SS spectrum can be estimated from the following expregpative mechanism of the 4W interactions is responsible for a

sion saturation of spin-waves amplitud® This mechanism in-
) volves a phase detuningdephasing”) between the spin
(Aw)r _ @®y2kgT waves and the electromagnetic rf pumping. Even though, the
Vo 4772(;§|2 4W interactions is of the next order approximation in the

) ) wave amplitude compared to the 3W case, the 4W interac-
wherekg is the Boltzmann constant, add=ge is the SS  tjons are responsible for the amplitude saturation, when 3w
waves intensity, Eq(17). Using estimates fog from the  processes are forbidden by the dispersion reldfiddue to
previous section and from Ref. 22, at=1 one obtains 3|l these features the wave turbulentlike state is observed just
(Aw)1/y,~10"8, which is extremely small and unattain- gpove the instability threshold.

able in a real experiment. At this point we would like to clarify various definitions
There are two possible channels for the intrinsic noiseof highly irregular wave states. The term “wave,” or
The first is a direct 4W process, i.e., direct scattering of two'weak,” turbulence was introduced to distinguish the highly
SS waves on two SS waves. The second is two consequepfegular state of many interacting waves from a strong hy-
3W processes: Two SS waves generate a double frequengyodynamic turbulenc®:? A common feature of a fully de-
SS wave which decays into two new SS waves with a freveloped wave and a hydrodynamic turbulence is an observa-
quency of the initial waves. This scattering process can bgon of a wide spectrum of excited modes in the frequency
considered also as an indirect 4W process. As calculationgnd wave-number domains, where the energy pumping and
show; such second order 3W scatterit the indirect 4W  the dissipation have very different scales. The major factor
process is more effective than the direct 4W scattering of that makes wavéweak turbulence different from the hydro-
two SS waves on two SS waves. The intrinsic reduced widtflynamic one is a presence of a small parameter in a theory,

of the central line in the SS spectrum depends on the dimersych as, e.g., the ratio of a wave energy to a ground-state

sionality of the excited SS wavés energy. While there is no theory of hydrodynamic turbu-
lence, the self-consistent perturbation theory of wave turbu-

Awes/(gfo)_(lJr €)(P~1)/(9-D) (25) lence has been developed in the works of Zakharov’s

Y2 ' school?® One of the strong assumptions of this theory is the

5‘randomness of the phases of waves creating a turbulent
state'® The word “turbulence” in the context of wave prob-
lems sometimes has a different meaning. The irregular wave
state with many interacting waves can be also called turbu-
lence. In the case of parametric pumping, such a state has
been coined as a parametric turbulelitn this case, in a
contrast to the developed wave turbulence, the energy pump-
At this point, it will be instructive to compare the para- ing and the dissipation occurs on the same spatial scale. A
metric instability in this system with another two systemsnarrow, almost singular spectrum characterizes the paramet-
which were studied the most extensively: the spin waves itic turbulence. The theory of the parametric turbulence was
magnetics generated by a microwave pumping, and the Fagleveloped and applied to a spin-wave systériihus the
aday ripples excited on a fluid free surface by vertical vibrafparametric wave turbulence is the irregular state of waves
tions. From a theoretical point of view, these two systemswith random phases, that consists of one or several wave
exhibit different aspects of a nonlinear behavior of the parapackets and does not exhibit an inertial range with a wide
metrically excited waves. The Faraday crispation is considfange of algebraic power law in a spectrum, like in the fully
ered as a canonical example of a pattern forming system, argteveloped wave turbulenc®?®
was studied by using an amplitude equation dynamical The parametrically generated surface waves exhibit a very
approach! whereas the spin waves exhibit a very largedifferent type of behavior depending on the value of ke
number of interacting modes. In this system, an irregulavector. In a smalk limit, gravity waves with the nondecay-
state of excited waves is expected to appear above the thresiype spectrum 2w/ Jk?<0) are excited, while in a largk
old of the parametric instabilit} Then the statistical kinetic limit, capillary waves with the decay-type spectrum
approach, based on a random-phase approximation, is usédw/Jdk?>0) are found. In the intermediate regime of the
to describe experimental resulfsThe main distinction of capillary-gravity waves, there exists the valuekadt which
the parametrically excited spin waves is an enormous aspeonly collinear resonant 3W interactions are permitted. It is
ratio, I'=L/I, which is usually 100 and mor@t Lk~=10°—~  coined as the second-harmonic resonance, and the corre-
10°) at very minute relative dissipation rate/w=<10°. sponding capillary-gravity waves are called the Wilton's
HereL is the horizontal cell sizd,and y are the attenuation ripples?’
length and the dissipation rate of the waves, respectively. In the capillary wave regime, 3W resonance conditions
The dispersion law of the spin waves in most systems is oflefine the angle of strong nonlinear interactions. These inter-
the nondecay type. In this case, the 3W resonant interactioractions are responsible for both amplitude saturation and pat-

whereD is the space dimensionality of the SS waves. Thu
atD=2 one has\/y,~€%"-(1+¢€)Y’, and atD=1 one gets
Aly,~e.

D. Comparison of different parametrically driven wave
systems
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tern formatior?®=3°In a sufficiently large containet,k>1, angles between interacting waves excluding zero. A zero
the standing surface waves above the threshold produce patAgle corresponds to self-interactihThe characteristic
terns which symmetry is found to be independent of the conminimal angle of the wave interaction depends on the dissi-
tainer shape. However, even for the recent experimentgation ratey. As y decreases the characteristic angle of in-
where Lk reaches the value 100, for low viscosity regime teractions vanishes, and the number of independent self-
(y/©=0.01) the aspect ratid =L/l still remains close to intracting waves with the same frequency propagating in
unity3-32As the driving increases the pattern becomes timélifferent directions increases. In the limit ¢f—0, it be-
dependent, and in the large containers it loses its spatial c§Omes potentially infinite.

herence via a defect nucleati&i® Thus spatiotemporal ~ AS suggested by Newell and Pomedwan asymptotic
chaotic behavior rather than the parametric wave turbulencBl@nform in this case will be spatially turbulent. It means that
was found in this system far above the threshold. spatial correlations of the fields will decay. This state was

Comparison of the parametrically generated SS waves iisoined the “turl_)ule_nt prystal.” At a finite dissipation, high- _
respect to the amplitude saturation mechanism with the FarSymmetry qua5|pe_zr_|od|zc patterns were observed near the Wil-
aday instability.As discussed above, the SS amplitude satu{on's ripple conditior? The parametrically generated SS
ration occurs due to the nonlinear attenuation and can b&aves just above the instability threshold may provide a
compared with a saturation mechanism of the parametricallJo0d experimental realization of the turbulent crystal.
driven surface waves investigated recently in dégdf. T_he same conclusion about the absence of a pattern for-
There are two major differences between these two systemgation and a long-range order in the SS waves was made
First, the Faraday ripples have typically a considerably largeindependently by Muratot? Since only the SS waves with
reduced dissipation ratg/w than the parametrically gener- the wave vectors in the angle smaller thad~4yy,/w
ated SS wavesat least two to three orders of magnitude <1 interact, the long-range order at larger angles is de-
Second, the marginal condition for the collinear 3W interac-Stroyed, and so the pattern formation is absént.
tions are fulfilled with great precision in the latter system for ~ This work deals with the parametrically generated SS
any wave frequency, due to the linear dispersion relationwaves in cells in which the aspect ratit. is varied depend-
while for the Faraday instability the collinear 3W interaction ing on the closeness , , between 0.1 and 10k varies
exists only for one specific value of the wave number in thebetween about 200 and 80Whereas the reduced dissipation
mixed gravity-capillary regiméthe Wilton’s ripples. rate is in the range 10<y/w<2x107°. The SS waves

To derive an amplitude equation for the parametricallyhave the linear dispersion law which implieéw/Jdk*=0. It
excited standing surface waves, a classical multiscale methdd & marginal case in which the 3W interactions are restricted
has been applietf:*° In the amplitude equation a low order to the collinear waves, whereas waves propagating in differ-
nonlinear term provides a saturation. In the case of spati@nt directions interact only via the 4W processes which are
isotropy, the waves should be excited in any direction, andnuch weaker. All these features make this system particu-
the mode selection occurs due to the next nonlinear terms drly interesting to study a highly excited state of the nonlin-
the formg;;|A;|?A;, whereA; andA; are the slowly varying ~ early interacting SS waves.
amplitudes of two degenerate unstable modes. For the known A possibility to observe the fully developed wave turbu-
coupling coefficientsy;; , the resulting wave pattern can be I_ence in_ a system which has_ two acoustic branches with the
found from the amplitude equatidh*°The derivation of the linear dispersion law was discussed theoretically rather ex-
amp”tude equation for the Faraday waves is greaﬂy Simpnlensively for the last several years, and various scaling laws
fied in the case of an ideéhviscid) fluid, where the Hamil-  for the spectrum were predicted~**If the nonlinear in-
tonian approach can be used, and viscous effects then can &¥actions between different acoustical branches are much
treated perturbatively, analogously to the parametrically genstronger than the wave self-interactions inside each branch, a
erated SS waves. shock wave formation is suppressed. Two acoustic noncol-

For both the parametrically generated surface waves aninear waves may interact efficiently via waves from another
the SS waves, a major contribution to the wave saturatioffranch. Moreover, it was predicted that the parametric decay
arises from the 3W interactici?:?®2°The role of triad reso- pProcesses mainly contribute to the generation of an inertial
nance interactions in the amplitude saturation of low viscousange with algebraic power-law spectra. So this system is
surface waves was emphasized by Edwards and FPduve. considered as a promising candidate for an observation and
was explicitly shown by Zhang and Vin&fsthat for these duantitative studies of the fully developed wave turbulence.
conditions the dissipation through the excitation of the resoThus the parametric generation of SS waves may be the first
nant stable waves at the double frequency is the dominargitep toward the creation of the developed wave turbulence.
channel of the amplitude saturation. It was also proved thafhe study of this phenomenon may give an insight into the
3W resonant interaction gave the major contribution into thehature of the multiwave interaction in this system.
coefficients of the cubic terms of the amplitude equations in
this limit. _ , lll. EXPERIMENTAL SETUP

A particularly relevant case for the comparison with the
SS waves is the Wilton's ripples scenario, the parametrically According to our estimates, experiments on the paramet-
generated surface waves with the frequency corresponding tic generation of the SS waves in the superfluid helium
the collinear 3W interaction. The nonlinear term in the am-should be performed in the vicinity of the superfluid transi-
plitude equation for Wilton’s ripples almost vanishes for all tion with a temperature stabilization of 1uK or better.
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Thus we used a three-stage temperature regulated cryostavacuum can. The pump had a very weak thermal leak to the
with a helium container(experimental ceJl as a third external helium bath. Such a design gave us a possibility to
stage®®*°The detailed description of two experimental cells, cool the cell in a short time.

where all measurements were performed, follows. There

were several specifically designed technical elements that

were crucial for success of the experiments. We will describe B. FS transducers

them below.

In both cells, the FS capacitive transducers similar to that
described in Ref. 42, were used. The advantages of using the
capacitive transducers are as follow#: a relatively high

To study the parametric instability of the FS waves in theamplitude of an acoustic way& comparison to a piezoelec-
superfluid helium two cells of different geometries were de-tric), (ii) a high sensitivity(iii ) a flat frequency response, and
signed. In both of them, we were able (ip produce the FS (iv) easy to build. A 6azm aluminized mylar film, stretched
wave of a sufficiently large amplitude with known and and glued to an external brass ring, served as one electrode
simple geometryii) measure the FS amplitud@i ) measure  of a capacitor. A sandblasted brass backplate 50 mm diam-
the SS wave amplitude, ariol) test the system by an inde- eter was the second electrode. The capacitance of such a
pendent SS wave. transducer was about 2 nF. An amplitude of a driving ac

Both cells were short _c_ylindrical resonance cavities forvoltage signal was up to %, and a dc bias up to 300 V.
FS. Two round FS capacitive transducers form the endsidegne higher bias increased efficiency and sensitivity of the

of these cavities. Construction and calibration techniques of 554y cer, but at the same time increased a probability of an
the FS transducers are discussed in the Sec. Il B. The d'a”(]-.\]ectrical breakdown

eFer of the working part of the transducers was 50 mm.'The Knowing an absolute value of the FS amplitude is very
distance between the transducers was 3.9 and 2.8 mm in tr?r% ortant for studvina nonlinear wave dvnamics. A method
first and second cells, respectively. Both resonance cavities, P ying nc . y T
had rather high quality factors of aboQ@t=150. It allowed of a transducer calibration using only electrical measure-

us to obtain sufficiently large FS amplitudes at the resonanc%:entS was developed by MacLean in 1940a general

frequencies of the cavities and to neglect an influence of a"€0ry of such a calibration can be found in Ref. 44. It was

other acoustic modes. The first resonance frequencies for tt}$€d in superfluid helium in Refs. 45 and 46. This method is
first and second cells were weak functions of temperatur@@sed on a few assumptiors: two acoustic transducers are
due to a temperature dependence of the FS velocity in thélentical and form a resonance cavitiy) all acoustic losses
superfluid helium, particularly in the vicinity of, . In the ~ happen in a medium and can be measured by the resonance
whole working range of temperatures, the first resonance frecharacteristics of the cavity. While the detailed analysis is
quencies were in the range between 28050 and 28 150 Hmitted, the resulting expression for the amplitude of the
and between 39380 and 39480 Hz in the first and secon@coustic pressure oscillations at the receiver at the resonance
cells, respectively. The cell widths were found with greatis as follows:

precision by fitting our experimental data on the temperature

dependence of the first resonance frequency in each cell us-

ing a single adjustable parameter. The fit was based on the V4V, 2pc2Q\ Y2
known temperature dependence of the FS veldtitihe cell 2=\ "7 "Sde ,
widths wered=3.833 mm andd=2.767 mm for the first

and second cells, respectively.

In_ghe experimental temperature rang&X 20 “<7<2  \yhere v, andV, are the voltage oscillations on the first and
X107%, the SS dissipation lengthvaries drastically from  {he second transducetie first transducer is the emitter, the
0.2 to 10L for frequencies equal to half the FS resonantsecong s the receiversoV; is the ac generator amplitude

frequency for both cells. That allowed us to study the behav:,jmdv2 is the measured amplitudz:;is the electrical imped-

ior of the parametrically generated SS waves in dif“ferentance of each transducé = 1/wC, whereC is the electrical

limits of ”I." The main difference in the cell design, how pacitancep is the density of the medium where acoustic
ever, was in the geometry of bolometers and heaters for S . -
: : waves propagatéor heliump~0.145 g/cri at\ point); ¢,
wave generation and detection. . . . .
is the sound velocityd;~218 m/s); Q is the quality fac-

The cells were placed into a container filled with about ;
300 ml of purified H& and vacuum sealed. This container (O Of the resonance cavity, measured from the frequency

had a very low heat leak to the rest of the cryostat. A filling"€SPONse of the cav_it)S is th_e surface area of the transducer
capillary was disconnected by a cold valve. That was cruciaf S=19.6 cnf); d is the distance between transduckos

for a rather high level of temperature stabilization, belowthe first celld~3.9 mm, for the secondi~2.8 mm); and
0.1 K. To make a thermal contact between the cell and av=27f is the frequency of the sound wave. All valu¥s,
helium bath during the initial cooling, the vacuum isolation V2, andw, correspond to the resonance.

space was filled with helium gas at 100 mTorr at room tem- The measurements of an acoustic sensitivity of the trans-
perature. After the initial cooling, the exchange gas wagucersM and an efficiency of the acoustic resonafowere
pumped out by a sorbtion pump mounted on the top flange ahade for both cells:

A. Cells

(26)
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Contacts

/

FIG. 4. Drawing of the flat bolometer.

heater substrates, and partially escaped from the cell being
absorbed by the paper around the cell.

crumpled

WW> SS wave

5 paper Flat bolometer and heater
FS wave _ _
_ _ _ Bolometers were 4@em wide superconducting Au-Pb
FIG. 3. The first cell schematic drawing. stripes in the form of a round serpentine pattern of diameter
d,=2 mm, evaporated on a cover gla$sg. 4). The tech-
Measured ac signgN,,d nology of such bolometers was developed early in our

laboratory**® The figure of merit of the bolometers was
abouta=R }(gR/JT)~100 K !in a zero magnetic field.
. SinceN/dp<<1 in the working temperature rangthe SS
E_ Pressure in the resonanic a| wave length\ changed from 0.1 to 0.5 mimthese bolom-
ac voltage amplitude on the generaftdf, ] eters were sensitive mainly to waves incident almost perpen-
dicular to them within the angle of~\/d, to the normal
It was found thatVl andE did not depend on temperature in direction, i.e., from 0.05 to 0.15 rad. Thus they were able to
the experimental range and with the given accuracy. Temdetect the SS waves generated only in the central part of the
perature changes of the FS resonance frequency, of the qugkell.

~ Pressure oscillationsP ;] ’

ity factor of the acoustic cavityFS attenuation of the am- A heater was produced by evaporation of a thin gold film
plitude of the signal at the resonance, and of the heliun®n a 22-mm-diameter glass substrate. Contacts were made of
density can be neglected. a thick gold film (~150 nm). A heater resistance was(18

The measured sensitivity of the transducers in the first ceft liquid-helium temperatures.
was M,=1.56x 10 °V,,«/Pa, and in the second cell,,
=1.75x 10 %V, ¢/Pa. The efficiency of the resonance cavi- D. The second cell

ties wereE,=3.5 Paly_p, andE, =7.5 PaN,_p. As the experiment showed, a partial reflection of the SS

waves from the bolometers and the heaters caused certain

C. The first cell difficulties in an interpretation of the experimental results
and their comparison with the theory particularly above the
instability threshold. Thus to resolve these problems, the sec-

nd cell with the nonreflecting bolometers and the heater was

esigned. The development of a different type of bolometer
and heater was the main technological challenge in the cell
Hesign‘.17

The first experimental cellFig. 3) was designed as par-
tially reflecting for the SS waves in a horizontal plane. Two
SS bolometers and two heaters, evaporated on 22-mm dia
eter glass substrates, were placed diametrically opposite
each othefone bolometer is opposite to one heatand the
two pairs were mounted perpendicular to each other. Eac
heater-bolometer pair, separated by 54 mm, formed a reso-
nant, partially open cavity for the SS waves with resonances
from 12 to 40 Hz apart depending on temperature. Possible The bolometers were prepared on glass fibers of which
incidental effects of these resonances on the experimenttiie diameter was much smaller than the SS wave length
observations will be discussed below. Four glass substratégs1<A<<0.5 mm. A superconducting gold-le&2:1 compo-
covered together about half of the cell perimeter; the remainsition) film of an approximately 20 nm thickness was evapo-
ing part was open. Several layers of crumpled paper were puited on 8um-diameter glass fiber. While the detailed de-
around the cell to absorb the FS and SS waves. To decreaseription of the bolometers can be found in Ref. 47, here we
the acoustic crosstalk between the FS transducers, each glassnmarize their main features:
substrate was attached to the side of the cavity through a (a) No reflectionsThe bolometers with no reflection were
layer of thick filter paper. The parametrically generated SSroposed in Ref. 48, where they were made by coating glass
waves were partially reflected from the bolometer and thdibers of diameted~10 wm with a layer of gold and tin.

1. Fiber bolometer
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However, such bolometers did not have a high enough figure G10-ring

of merit and were not designed for measuring near the su-

perfluid transition temperature. The diameter of the glass fi- i TS ansducer )
A Ay Tw1sted

2.8 mm

bers in our case was @ m, close to that reported in Ref. 48,
and much less than a SS wave length. A SS wave reflection
from such bolometers was negligible.

d

(b) Uniform angular sensitivitySince the diameter of the B lFlber %/éﬂk
fiber bolometer was much smaller than the SS wave length, BIGELES B R i

the bolometer was sensitive to all SS waves propagating in
the plane perpendicular to its axis, in contrast to a flat bo-
lometer. B2

(c) High figure of merit The figure of merit of these bo-
lometers wase=R ™ }(dR/dT)~30 K%, that was compa-
rable with the best flat bolometet$.

(d) Working temperature range is near thepoint The Fiber
bolometers were built on a basis of the same type of super- heater
conducting gold-lead alloy that was used in Refs. 4, 40 and
19. crumpled »

(e) Magnetic field and current tunabilityA capability to paper

tune T, of the bolometers by varying the bias current, while . . ) .

still maintaining a high figure of merit, was essential for the, | 'C: 5 Schematic drawing of the second cell. Inset: the fiber
g ! . bolometer wiring arrangement.

use of these bolometers in our experiments. The experimen-

tal cell contained eight bolometers operating simultaneously ] hich |
with a high sensitivity. Since all the bolometers in the ex-c@l 100p which could act as an antenna for a crosstalk, was

perimental cell saw the same field from an external solenoidecreased.

dal magnet, it was the individual bias current which was
adjusted to bring each bolometeiTs to a helium working
temperature. The nonreflecting SS emitter heater was constructed from

(f) Long-time room stability The superconducting layer 31 glass fibers of &m diameter spaced 1 mm apart. A fiber
was covered by 40 nm of MgRhat decreases a rate of an length was equal to the cell width, 3 mm. The fiber grid was
oxidation at a room temperature. Since a technology otovered by=80 nm of Cr. This grid produced a plane wave
preparation of the bolometers and their mounting in the celht a distance larger than a fiber spacing, 1 mm, and less than
required a high accuracy and took a long time at a roonma grid width, 30 mm. The incident SS waves coming from
temperature, it was necessary to prevent a fast oxidation afe cell, were not reflected from the heater. The details of a
the superconductor. The bolometers could survive roomfiber bolometer and heater fabrication, mounting, testing and
temperature conditions during many hours and almost diéll characteristics can be found in Refs. 15 and 47.
not change their properties after a month of being in a
vacuum desiccator.

In order to have a possibility to measure an angular dis-
tribution of the SS waves in the cell plane, eight bolometers To improve a thermal stabilization of the experimental
were mounted around the cell at equally spaced intervals ogell, a dedicated SS phase locki(®SPL thermometer was
the circumference of the celFig. 5. The number of the built. The idea of such a thermometer was proposed and
bolometers was defined by a maximal number of coaxiagxperimentally verified by H. Davidowit:* The SS veloc-
cables permitted by a given wiring setup. Unfortunately,ity is a sharp function of the closeness TQ. So, small
only five among eight bolometers worked after cooling.  temperature fluctuations in the cell lead to strong fluctuations

The bolometers were placed in semicylindri¢al5-mm  of the phase of the SS sine wave continuously emitted from
radiug grooves machined in two rings made of G-10,the heater and measured by the bolometer. The phase signal
mounted around the FS transducers. Such design allowed igssent to a temperature stabilization loop.
to electrically isolate the fiber bolometers from the FS trans- Together with the experimental cell, a separate cell for
ducer housing made of brass, and to put them as close &SPL thermal stabilization was placed inside the helium con-
possible to the working area of the transducer membrane, dainer. A radio frequency wave guid@ross section 3.5
that a SS wave path without a FS pumping was minimal. Tox7 mn?, length 60.6 mmwas used as a resonance cavity.
decrease the electrical pickup and crosstalk by the bolom©ne side of the cavity was formed by a flat heater, evapo-
eters, all the wiring was made by coaxial cables down to theated on a piece of glass substrate. The fiber bolometer, at-
cell and twisted pairs inside the cell. For the same purpose, @ched to a flat G-10 plate, was mounted on the opposite
thin copper wire(0.05 mnm was soldered parallel to the bo- side.
lometer fiber and connected to the bolometer contact on one The phase of the detected SS signal relative to the phase
side of the cell. A twisted pair was connected to other bo-of the emitted signal was measured by a lock-in amplifier.
lometer contact and this wire. In this way an area of electri-Such a thermometer did not allow us to measure the absolute

2. Fiber heater

E. SS phase locking thermal stabilization
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value of the temperature in the cell but provided a very high

- dc bias ———
temperature stability. The temperature can be measured by ¢ HWV_
) A

measuring a time propagation of the SS pulse in the same

Synchronized_ !
cell. l yclock line >

The sensitivity of the thermometer increases while ap- @
proachingT, . The best result on the temperature stabiliza-
tion of 0.1 K rms was obtained at the reduced temperature
r=5x10"° with a SSPL frequency,=970 Hz.

F. Signal acquisition » > -
We developed a new technique to measure the SS spectra L°°‘“:,‘m
in a narrow band around the centf@l2 peak. We also de- 88;1‘_’;1‘16'
scribe a home-made eight-channels preamplifier with a Amplifier

lock-in amplifier for a simultaneous signal acquisition from
eight bolometers.

Preamplifier
+ current bias

16 Channel

1. Spectrum measurements 7] - FS circuit . Z A/D
As follows from the theory and as found by our experi- ] - S8 circuit : I cem L

ments, the SS spectra should be very narrow and centered at C1-cen e U,
half of the FS frequencyF/2=2=(}/2. For temperatures

close toT,, the width of a single peak arourie/2, A, FIG. 6. The electronic scheme of the experimé@itbolometers
should be much less than the SS attenuatihy,<1, (1,2,...,8)H: heater,T: FS transducem: ac-dc mixer,G1, G2
where y,~100 Hz. And for temperatures far from, , the  generatorsy voltmeter.

SS spectra should consist of two peaks with a distance apart

of 8f=(c,/c,)?F/2, that is of the order of a few Hertz. it The low noise, wide bandwidth preamplifier with con-
Thus an idea of the measurement technique is to measutgant gains K 10%) had nine channels: eight for the cell bo-
a signal from the bolometer by a lock-in amplifier with a |ometers and the ninth for the SSPL bolometer. A noise level
reference frequency exactly equal to a half the FS frequencyy 5 frequency range from 100 Hz to 100 kHz did not exceed
F,/2, to record tlme-erenQent S|gnals from a lock-in qutputz nV Hz=2 "It was found that a main noise source was
and then by, calculating their Fourier spectrum, to rebuild thaiher the bolometers than the preamplifier. The preamplifier
real spectra in a narrow bandwidth arouRg/2. The mea- pa3g also an adjustable simple dc current sou(68—
suring spectral width should be smaller than an inversg g uA) for a bolometer biasing. The preamplifier was lo-
lock-in integration time constant. Then, as shown in Ref. 15404 very close to the cryostat terminal box and had an
the relation between the Fourier component of a real, timerndependent battery power source 12 V).
dependent signal at the lock-in amplifier inpl{wy+6), Signals from 8 preamplifiers were fed to a home-made
and the Fourier component of a complex, slowly changingsight-channel lock-in amplifier. The lock-in amplifier had a
signal at the lock-in amplifier outpuZ(4) is given by the  reference at a double frequency compared to the frequency
following expression at the gain equal one: of the measuring signal. This unique property was very con-
venient for detection of the SS signal at half the FS fre-
A(wy+ 0) | arctan@t) quency. The input signal was multiplied by two square waves
Z(6)= Wexd ' (27) at half the FS frequency with phases shifted #f2 and
integrated during a given time. The two shifted square waves
where 5= w— w, andt is the lock-in amplifier integration Were easy to generate out of the reference square wave signal

time. Thus both the phase shift and the amplitudes of spectriken from theSYNCoutput of the FS generator, by logical
components of the complex output signal should be cor¥ TL manipulation. Low-frequency signals from 16 lock-in

rected according to Eq27). outputs were sent to a A/D computer card.
Both components of the lock-in complex output signal
were sampled and digitized at a r&tg,,,during an interval 3. Instrumental setup

Tmeass As a rule we usedFg,n=16 Hz and Tpeas
=128 sec. Then the complex Fourier transform of both.l.h
components of the signal provided the SS spectrum in a nag.
row window, £8 Hz, aroundr/2 with resolution of 1/128
Hz.

A general scheme of our measurements is shown in Fig. 6.
e FS transducer was pumped by an ac signal from a func-
n generato(G1).>° The generator can give a sine wave
with amplitude up to 40,_,. The FS amplitude was mea-
sured by an Ithaco lock-in amplifidrreferenced from the
SYNCoutput of the generator. The amplitude reading was
digitized and sent to the computer via a Keithley 197 DMM
For the second experiment with eight bolometers, a deditV). The SS measuring circuits required a biasing current of
cated low noise preamplifier and a lock-in amplifier wereabout 100 w A. The dedicated eight-channel preamp-

2. Multichannel lock-in and preamplifier
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lifier with the biasing current was designed and built. Each],
bolometer was connected to the preamplifier box by a single
coaxial cable which transferred both the bias current and the
measuring signal. All coaxial cables were grounded at a

T T T T T Y

7=1.20x10°

single point on the cell level. 3 = 6.52x10™ 160
The output signals from the preamplifiers were sent to the I
eight-channel lock-in amplifier, that takes its reference signal
2r  r=219x10" 140

from the FS generator. The lock-in amplifier was designed to
have the reference frequency twice larger than the frequenc —

of the signal of interest. So to measure the parametric insta 1} o 120
bility signal near half the FS frequency, the signal from —

SYNCoutput of the FS signal generator was directly fed to :

the lock-inreferenceinput. In the first experiment a standard 0= 60 B0 a0 12 140°
lock-in amplifier was used. Such a lock-in required a refer- FS Amplitude ( Pa)

ence signal equal to half the FS frequency. A small home-[],
made frequency divider was introduced between the genera

SS Intensity (10° mW/cm?)

5 T T T

tor SYNCoutput and the lock-imeferencechannel. = 8.06x10™ J
For the experiments on a response of the interacting wave al .

system to an independent SS wave, and for a bolomete L

check, independent SS emitters heaters were mounted in th 3l r=636x10% ad _

cell. The heater was connected to a Synthesized Functiol
generator DS345Ref. 52 (G2) that can produce both a
burst signal for measuring pulse arrival time and a continu-
ous sine wave. Quartz clocks of both generat®isand G2
were synchronized. This option was essential for the experi-
ments on simultaneous pumping of the FS and SS wave:

7= 3.67x10" .f "y

Nt

SS Intensity (10® mW/cm?)

when a SS wave with a frequency shifted from half the FS U 00 50 =00

frequency needs to be emitted. FS Amplitude ( Pa)

IV. EXPERIMENTAL RESULTS AND COMPARISON WITH FIG. 7. SS wave intensity vs FS wave amplitude at fixed tem-
THEORY peratures:(l) the first cell for the reduced temperatures 2.3

x1074,6.52x10° 4, and 1.20x1073; (II) the second cell forr
Presentation and discussion of the experimental results 3.67x10 4,6.36<x10™4, and 8.06<10™“.
are divided into three major sectior($} linear properties of

the parametric instability; here we discuss all threshold rehreshold of the FS waves in the both cells were performed
lated phenomena: the temperature dependence of the threghthe same way. At a fixed temperature, FS was generated at
old and finite-size effects and the splitting of the SS spectruny frequencyQ), which was chosen to be the first resonance
just above the thresholdii) nonlinear behavior of the para- frequency of the cavity. For a given FS amplitude, a SS
metrically excited SS waves above the threshold: the SS amympitude was measured by the bolometers. Typical plots of
plitude saturation mechanism, the broadening of the SS spegyse time averaged SS intensity in the vicinitywt Q/2 as a
trum above the threshold, and the statistics of the SS wavgnction of the driving FS amplitude for the first and second
amplitudes; andiii) the experiments on a simultaneous FSce|is are shown in Fig. 7. Averaging time intervals for the
and SS pumping that include an observation of an acoustifyst and second cells were 128 and 32 sec, respectively. A
phase conjugation and a giant SS amplification above thge|| defined threshold for the driving amplitude, at which the

threshold. _ , SS intensity first exceeds twice the background noise level,
To avoid further misunderstanding we need to commenkyisis for each curve in Fig. 7.
on the words “linear” and “nonlinear.” All our results are One can notice a striking difference between the SS in-
about the wave interactions in superfluid helium that are ingnsjty dependences for the first and second cells. In the first
generalnonlinear phenomena, however, when we use thege| ahove the instability threshold, the SS intensity plot ex-
word “linear” we mean linear in respect to the SS wave pipits rather large fluctuations as a function of the FS ampli-
amplitude. Correspondingly we use the word “nonlinear.” y,qe |t is important to point out here that the SS amplitude in
Nonlinear phenomenaby our classifications, are those s cell also strongly fluctuates in time. The characteristic
where the interactions between SS waves play a crucial rolgime of these fluctuations was particularly long near the onset
where the time intervals between isolated spikes could be as
A. Parametric instability: Linear properties long as 1000 se@vhich was the maximal sampling interyal
This time is much larger than all characteristic times in the
problem. These fluctuations limit the resolution of the thresh-
Measurement of the threshold of the parametric instabil-old determination and hinder quantitative studies of the am-
ity. The experiments to define the parametric instabilityplitude dynamics above the onset. Nevertheless, they do not

1. Experimental results

054506-13



DMITRY RINBERG AND VICTOR STEINBERG

L _
«
Ay
D
=
=
=
B
£
«
|7,]
= , A
20t -—i
Q<1 | Qnify>1
o—-= =7
10 10
t=(T,-T)T
II A A
* . 30 T
- ontly< 1! Qn’y>
& 25 -
S o0
S 209 :
£ :
2. 150
£ Ly¥
~1oo__#;gy
A
50 L3 T
ol— I/L<1 . I/L>1
10 10°
T=(TA'T)/TA

PHYSICAL REVIEW B64 054506

— -

10* S 14

%
10°° o ’." g
10—8 ,.’.".. 42 <
-5 [} 5 _.-" .

_______ .e -».,_'_".7/41t &S
___________________ S
o 6 06-0606-060-806-06 0 f‘:,:
PR T ]
P e R () b
E E 10 -~_\. =]
'8 T % 128
s 2 10° e =
— B a @
W .. -
175 5‘10-0 Lg% =

-5 5 . +1-4

&, (Hz) .
. N
10" 10°
1:=(Tl- T)/T/1

FIG. 9. The SS frequency shift as a function of the reduced
temperaturer. The insets show two types of the SS power spectrum
in two temperature range&a) r=2.19x10 4, (b) 7=6.52x10 4.

The temperature dependence of the frequency peak shift
is shown in Fig. 9. Closer td, , the spectrum has just one
peak at the frequenc§/2 that corresponds to the symmetric

FIG. 8. The temperature dependence of the FS threshold amplbecay of FS. Further away frof, (76X 10—4) the spec-

tude for the parametric instability foft) the first cell, andll ) the

second cell. Solid circles with error bars are experimental points;

curvesA: theory for an infinite cell without the spectral spiltting
(r=1,,=1/2), curvesB: theory for a finite cell with no reflection
from the boundaries and with the SS spectral splitting=0,{
=1/\/2); curvesC [plot (1)]: theory for a finite cell with the reflec-
tion coefficient r=0.7 and with the SS spectral splittingl (
=1/\/2); curveD [plot (11 )]: theory of finite cell without reflections
(r=0) and without the SS spectral splitting=€ 1/2). Dashed lines
separate the regions where different conditidilk<>1 and
Q7n?ly,<>1 are satisfied.

change the main features of the phenomena discussed belo,

The SS intensity plots for the second cell are more regular

The temperature dependences of the FS threshold amp
tude for both cells are presented in Fig. 8. The solid lines ar
theoretical curves which are plotted without any fitting pa-

e

trum shows two peaks equally separated fran2. A cross-
over from one type of spectrum to another occurs in the
reduced temperature interval x40 4<7<6x10 %),
where both the central peak and the pair of the separated
peaks coexist in the spectrum. The two peak spectra are al-
ways asymmetric: the left peak corresponding to the lower
frequency is always higher than the right one.

Features of the second cell spectithe geometry of the
second cell differs from that of the first cell, and this causes
some differences in a SS response. The most striking fact
was that the SS spectra in the second cell were different on
different bolometers and had also different frequency shifts
om an exacl()/2 value. A typical SS spectrum just above

fhe onset of the parametric instability consists of a single

hstrumentally sharp peak shifted frofiv2. The peak shifts

rameter. As we already discussed in Sec. Il, there are two 20

important factors which should be taken into account. First,
one should consider the generation of the SS waves by the
standing FS waves in a resonance cavity rather than by the
propagating ones. Second, the cell size should be compared
with the SS attenuation length that drastically depends on
temperature.

SS spectra just above the threshofehother result found
at the instability threshold was two types of the SS power
spectrum that were observed in different temperature re-
gions. Examples of two typical SS power spectra at the re-
duced temperatures=2.19x10"% and r=6.52x10"% in
the first cell are shown in the insets of Fig. 9. The first spec-
trum has a single sharp peak exactly at frequeidéy, while
the second one, obtained further away frogn exhibits two

peaks equally separated frdi12. The left peak at the lower FIG. 10. SS spectrum peak shift relativelyRé? vs the reduced
frequency)/2— 61, is always larger than the right one at the temperaturer just above the threshold of the parametric instability

Frequency shift ( Hz )

10" 10
T=(T,-T/T,

frequencyQ/2+ 6f. for different bolometers in the second cell.
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are different on different bolometers and depend on temperaFhe experimental data for the FS threshold amplitude as a
ture. Their temperature dependences are shown in Fig. 1@unction of the reduced temperature in the first cell lie be-
The bolometer positions in the cell are shown in the inset ofween two theoretical limit§Fig. &1)]: curve A represents
Fig. 10. Bolometers 2 and 8, that are above the dotted linghe threshold in an infinite cell without the spectrum splitting
connecting bolometers 3 and 7, have negative frequencyr =1,(=1/2), and curveB shows the threshold in a finite
shifts. Bolometers 4 and 5, located below the line, have posieell without reflection {=0) and with the spectrum splitting
tive frequency shiftéthe frequency shift for bolometer 5 was (7= 1/y/2). An additional curveC is plotted with the reflec-
positive but the SS signal was very noisBolometer 7 has tion coefficient r=0.7 and the spectrum splitting (

almost no frequency shift. =1/1/2). It fits the data rather well for the most part of the
_ _ experimental temperature range.
2. Comparison between the experiment and theory For the temperature range closeTp, the experimental

In order to explain the experimental results on the tem+oints lie above curvéA that presents the threshold in an
perature dependence of the instability threshold and the spetfinite cell. A reasonable explanation can be the following.
trum splitting as well, let us first estimate the range of varia-In the limit of Q7% y,<1, the excited SS waves have no
tions of important parameters in the problem, namely, thespectra splitting and propagate in the cell plane. The condi-
sound velocity ratio;y=c,/c,, the ratio of the SS dissipa- tions of the SS generation by the FS standing waves vary
tion length to the horizontal size of the calll, and the ratio  along the vertical axis. Indeed, in the standing FS waves the
of the frequency splitting to the SS dissipation rdde;?/y,.  regions of maximal amplitudes of pressure and velocity are

In the working temperature range, 1bB<r<2 separated in space. It was shown in Ref. 22 that it is the
X103, 7 varies between 0.006 and 0.019. In the samedressure oscillations in the FS waves that are responsible for
temperature rangd/L changes from 11 to 0.2 in the first the SS generation. So, the most preferable conditions for the
cell, and from 5.5 to 0.1 in the second one. The r&ig?/ v, SS wave generation are in the antinodes of the pressure in
varies between 9 and 0.05 in the first cell, and between 6 anidieé FS standing wave. Thus the SS waves are excited in
0.04 in the second one. narrow layers near the FS transducer surfaces and propagate

Temperature dependence of the FS threshold amplitudélong them. At the same time, the SS bolometers are located
The experimental data on the temperature dependence of tie the first cell near the central cell plane and are not sensi-
FS threshold amplitudes of the parametric instability for bothtive to the SS waves propagating near the transducer sur-
cells are presented in Fig. 8 together with various theoreticdpces. It means that the bolometers can only detect the SS
curves. The general expression &gy, from Eq.(11) is used. ~Wwaves well above the onset, and the real threshold value
CurvesA in both plots show the lowest possible FS thresh-cannot be measured.
old amplitude which corresponds to an infinite cell with the ~ The experimental data for the second cell agree with the
resonance cavity factof=1/2. Two conditions should be theoretical predictions rather w¢fig. 811)]. All the experi-
satisfied in order to apply this criteriofi) I/L<1, and(i)  Mental points lay between two curvé&andD. CurveD
Q7% y,<1. It occurs in the close vicinity tar,. At r  Presents the threshold for the cell with the zero reflection

=10"* the ratios in the first and second cells are the follow-coefficientr =0 and the numerical factaf=1/2, that corre-

ing: sponds to no spectra splitting. For smallthe experimental
points are fitted by the curv®, and for larger—by the
I. 1/L=0.21, Q%% vy,=0.052, curveB. The crossover happens at the intermediate tempera-
tures.
. 1/L=0.10, Q%% y,=0.036. Splitting of SS waves spectrBhe experiments in the first

i , cell exhibit different types of the SS spectrum in the different
The maximal values of the FS threshold amplitude argemperature ranges that is well explained by the consider-
realized in a finite cell without SS reflections from the yiions of the finite-size geometry in the direction of the FS
boundariesy =0, and with the spectrum splitting, i.e., &  yropagation and by the discreteness of theomponent of
= 1/y2—curvesB in the both figures. Thls“oppogne limitis the SS wave vectofsee Sec. IIBB In the experimental
reached at the conditionsi) I/L>1, and(ii) Q%“/y,>1,  temperature range, the attenuation of the SS waves changes
which are satisfied far from the superfluid transition. Forsharply, so the both limit€) %/ y,< and >1 can be ob-
example, atr=10""° one finds served. Then indeed, if th@ %%/ y,<1, that occurs closer to
| 1/L=48 Qr%v.—28 T, the discreteness of the resonance states is smeared out.
' B KERCI This case corresponds to the symmetric decay with a single
— 20 — peak in the SS spectra. The opposite c@s¢/y,>1 leads
. L=23, Quiy,=20. to the discrete resonance states and two peaks in the SS
The transition from one regime to another occurs withinSPectrum. The temperature dependence of the frequency shift
the following experimental temperature range in the botrf the peakssf=*(F/2)»” is plotted as dashed lines in Fig.

cells: 9 (hereF=Q/2). It describes the experimental data rather
well. The two peaks spectrum corresponds to the decay pro-
l/L=1: I. 7=3.1x10°% Il. 7~5.3x10 4 cess in which one of the SS waves propagates normally to
the FS wave direction, and both components of the FS stand-

Q7?ly,=1: 1. 7=55x104% Il. 7=~6.8x10% ing waves contribute to the parametric excitation. On the
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same plot, the temperature dependence of the SS attenuatic 3 . . . .
rate, y,/4, is also showr(Fig. 9, dotted ling For the tem- &
perature range, where two peaks are observed, the following
inequality is satisfiedzy,/47< 8f, while in the region of a
single peak, the relation is oppositg;/47> 5f.

The large difference in the measured peak amplitudes i<$ &
probably due to different SS modes corresponding to eacl=, oo
peak. The peak with a lower frequency corresponds to the g
zero eigenmode along vertical axis, that has a symmetric’Z 1} PRl .

distribution with respect to the central plane. The peak with a @ th o

higher frequency corresponds to the first mode, that is anti- £ ....'"

mW/cm

0

symmetric. The measured signal on the bolometer is a resulw2

of an interference. The bolometer is symmetric with respect 0
to the central plane. So it can detect the antisymmetric mode

only in the case when the bolometer location deviates from FS Amplitude ( Pa)

the central plane symmetry. Therefore, the higher frequency

signal should have much lower amplitude. FIG. 11. The SS intensity vs FS amplitude in the second cell,

Features of SS Spectra in the second.cEle Spectra of measured on bolometer 4 at&3.3%X 1074. The dashed line is the
the SS waves in the second cell differ greatly from the Sdinear fit of the intensity data above the threshalg .
spectra in the first cell. They are much more irregular. These
irregu|arities in the spectra do not Change the temperatur@btained from the fit for different bolometers are the follow-
dependence of the FS threshold amplitude but do smear oift9:  ax~ag~(90+1.6)deg, a,~(90-1.4)deg, ay
the SS spectral splitting effect, observed in the first cell.  ~90deg.

There are two main factors that make two cells so differ- However, in spite of these nuisance effects it is still pos-
ent. First, there is no reflection of the SS waves in the secongible to characterize nonlinear behavior of the SS waves
cell in contrast to the first one. Second, the bolometers in th@bove the threshold in the second cell.
cells have very different angular sensitivity as described in

50 100 150 200 250

Sec. ll1C and Il D. . B. Nonlinear properties of SS waves above the threshold
The striking result on the frequency shift of the SS spec- _ _ )
trum peaks just above the threshold of instabiliig. 10 1. Nonlinear saturation mechanism

can be explained by anisotropy of the FS acoustic field As the FS amplitude increases above the threshold of the
which had a nonzero component in the horizontal plane. Th@arametric instability, the SS amplitude starts to grow expo-
FS traveling waves could propagate in the direction showmentially in time. One of the central questions in this respect
by the arrow in the insetFig. 10. This could result from s a nature of a mechanism of a SS amplitude saturation. As
asymmetric FS reflection from the cell boundaries. Both ofwe discussed in Sec. Il C 1, the thetfrguggests that the 3W
the wave vectors of the FS standing-wave components coulgéésonance interaction is responsible for the saturation. Ac-
be slightly tilted. In such a case, the SS spectrum measur%brding to that theory, the SS wave intensity above the
on a bolometer should be shifted from ex&e2 value by threshold is defined by the nonlinear attenuation and has the
following dependence on the control parameter of the insta-
bility: 1,~A/A,— 1, see Eq(17). HereA andA, are the FS
amplitude and its threshold value, respectively. This scaling
is very different from that predicted and observed for spin
where « is the angle between the FS wave vector in thewaves, where the amplitude saturation occurs due to the
horizontal plane and the direction of the SS wave propagadephasing mechanism. Then the spin-wave intensity depends
tion which is along the radial direction in the cell plane. So,on the control parameter &s-\/(A/A,,)?—1.2°

C
Asz(—z

e, COSa, (28)

for bolometers 2 and 8 one has eesO, for bolometers 4 The experiments in the first cell did not provide a clear
and 5 one has cas>0, and for the bolometer 7 one finds cut answer about the saturation mechanism. An average in-
cosa~0. tensity, particularly at large values of the control parameter

As follows from Eq.(28) the frequency shift due to ex- e=A/A— 1, fluctuated so strongly with the control param-
ternally broken isotropy in the cell plane is proportional to eter, that it was impossible to establish the intensity depen-
c,/c,. This dependence is different from the dependence dudence one [see Fig. 71)]. A possible mechanism for such
to spectral splitting considered above, whéfe-(c,/c;)?>.  strong fluctuations will be discussed below.

Since the frequency shift due to anisotropy is larger than the The data on the SS intensity as a functioneofn the
spectral splitting, that is probably the reason why the lattesecond cell can be analyzed quantitatively. The typical plot
effect was not observed in the second cell. of the SS intensity in a wide range of the FS amplitude

The experimental data on the frequency shift in the secvariation is shown in Fig. 11. This plot undoubtedly exhibits
ond cell were fitted by Eq28). The dashed lines in Fig. 10 linear dependence on the control parameferge,e, where
show the result of the fitting for each pair of the bolometersg,,, is the parameter of the linear fit. It was possible to
with a single adjustable parameter The values of angles measure this parameter in a wide temperature range in the
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type in the same celkee the data on two bolometers in Fig.
3 12). Moreover, as it is clear from Fig. 12, a different func-
¢ Bol.4: g ~7 - :
. 4 > tional dependence o, on the reduced temperature was
o Bol.8: 83~ 7 - observed for two bolometers: for bolometer 4 one figds
~ 73, and for bolometer 8 one hag~ 7*. Both these power
. o laws are very different from the theoretically predictgd
e o ~ ;0.3322
- e The reason for such great quantitative discrepancies be-
tween the theory and the experiment, and also inconsisten-
o cies of the results on the different bolometers and in two
27 cells, may be explained by the following arguments. There
are two unknown factors that can influence the absolute
a.- value of the SS amplitude measuremerits:an inhomoge-
2x10™ 10° neity of the bolometer sensitivity along the fiber, aiiid a
T= (Tl- 1)/ T/1 nonuniformity of a profile of a SS wave packet across the
cell height. The consequence of the latter factor on the mea-
FIG. 12. Temperature dependence of the experimental slope csurements of the instability threshold in the first cell has been
efficient g, for two bolometers 4 and 8 in the second cell. already discussed aboy8ec. IV A 2. A nonuniform spatial
structure of a SS wave packet, that was not taken into ac-
vicinity of T, only for two bolometers, 4 and 8. The depen- count by the theor§? may be another possible explanation
dences 0@,y ON the reduced temperature for these bolom-of the quantitative discrepancy. For the sufficiently small
eters are presented in Fig. 12. For the reduced temperatufige SS wave spectrum exhibits only one central pesae
7=3.3X10 * one findsye,,~10 % 1 Wicn?=10"3W/m®.  Sec. IVA 2. Then the SS waves propagate almost in the cell
Thus the data verified the theoretically found functionalplane. However, the SS wave packet has nonuniform ampli-
dependence of the SS wave intensity above the threshold qnde distribution in the vertical direction. As was discussed
the control parameter presented by Efj7). However, we  above, the most preferable conditions for the SS wave gen-
found significant quantitative discrepancy both in the valueeration are in narrow layers near the FS transducers, because
of the coefficient in this expression and its temperature dethe amplitude of the pressure oscillations there has a maxi-
pendencésee Sec. [IC1L mum. Moreover, two SS waves, propagating along two
In order to compare the experimental valuegaf,, we  transducer surfaces and along different directions in the
would like, first, to make comments about a dimensionalitytransducer plane, may be almost incoherent and produce a
of SS wave packets in the first and the second cells. In botrandom destructive interference on the bolometers. All these
cells, the SS waves propagate in the plane of the FS trangactors can drastically reduce the measured SS intensity.
ducers. That defines 2D geometry of wave propagation. In  The measurements of the SS intensity require a bolometer
the first cell dimensionality of the wave pattern may be re-calibration. In our cell, it was possible to make only a static
duced to 1D, due to boundary conditions. The resonancBolometer calibration, namely to measure the bolometer re-
reflections from the bolometer and heater substrates may ssistance vs the cell temperature. For experiments with the SS
lect the 1D pattern of the wave propagation. This effectplane wave such calibration was sufficient to get correct
should be observed further away frofy. Closer toT, , the  numbers’ However, in the experiment on the SS parametric
dissipation length becomes very short, and the role of thgeneration the distribution of the SS amplitude between the
boundaries diminishes. In the second cell with the nonreFs transducers is unknown. If the SS wave packet profile
flecting boundaries the dimensionality of the wave packetsicross the cell is far from the planar wave and the SS waves
should be 2D. A nonlinear pattern selection may change it térom different directions are incoherent, it is easy to get the
1D, however, we do not see any evidence of such a phenonmeasured signal ten and even more times smaller than a real
enon. amplitude of the SS wave for bolometers with inhomoge-
Even for the lowest theoretically predicted valuegthat  neous sensitivity distribution along the fiber. This gives cor-
corresponds to the 1D case, we found a large discrepanggspondingly more than two orders of magnitude error in the
with the experiment. For the temperature 3.3X10 4, the  SS intensity measurements. Then bolometers with different
experimental valu@e,, is 450 times smaller than the theo- inhomogeneity can measure different SS amplitudes for the
retically predicted one. In the 2D case the discrepancy isvave packet. The discrepancy between different bolometers
even higher by the factofw,/y,. Comparison of the results can depend on temperature because both the bolometer sen-
in two cells does not improve the situation. While the dimen-sitivity distribution and the SS wave amplitude profile can be
sionality of the first cell should be lower, argishould be a function of temperature.
smaller correspondingly, one can see from the plots in Fig. Thus, in spite of the fact that the measurements of the SS
71 that the average slope of the SS intensityevs the first  intensity above the instability threshold in the second cell do
cell, particularly at small values of, is an order of magni- not provide a possibility of quantitative verification of the
tude larger than in the second cell. The inconsistency existtheoretical predictions on the coefficiegtfrom Eq. (17),
not only in the data for the different type of bolometers inthese experiments do provide information about the power
two cells but even for two different bolometers of the samedependence of the SS intensity as a function of the control
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FIG. 13. SS amplitude fluctuations as a function of time for
different values ofe=A/A;,—1 at 7=2.33x 10" 4. FIG. 14. 3D plot of SS power spectral density as a function of
FS amplitude and SS frequency shifff =f—(/2 at 7=2.33

parameter. In this way, the experimental results do verify the* 107

theoretical prediction that the nonlinear attenuation is the

main mechanism of the SS amplitude saturation. We canngiomes comparable with the distance between the FS trans-
exclude the possibility that the major mechanism of SS amducers @=3.9 mm). Therefore the SS waves that reach the
plitude saturation is different from the nonlinear attenuationpolometers are generated near the cell edge where a FS
and the linear dependence of the SS amplitude is the result @coustic field is inhomogeneous. In this region, we observed
a coincidence of many other factors discussed above. Howgualitatively the same SS spectra shifted a few Hertz to the
ever, this is much less probable and we have no arguments tight from the basic SS frequency.

prove it. At 7>3x 10 two other factors come into the play. The
first one is the resonance cavity effects discussed in Secs.
2. Broadening of the SS spectrum above the threshold IIB3 and IVA. It causes the transition from a one to two

) ) ) peaks spectrum. The second, as the rHtioexceeds unity,
It was already pointed out that the dynamic nonlinear besne |ateral boundary conditions become important.

havior of the parametrically generated SS above the thresh- a; the threshold of the parametric instability, the SS wave
old is highly intermittent. Such intermittent behavior differs spectrum is very narrow and it starts widening as the control
greatly from a known example of the parametrically excitedyarameter increases. However, in the entire experimental
surface waves (see Sec. 1D In particular, the difference range of the control parameter, the SS spectrum remains very
with pattern forming systems manifests itself in low fré- narrow compared to other characteristic frequency scales.
quen'cy.flugtuanons of the SS.ampllltudég. 13. The char-  The smallest among them is the SS attenuation yatehat
acteristic time of the fluctuations is much longer than the;g ahout 40-60 Hz. The typical SS spectra for different val-
relaxation time of SS wavesy, ', and their traveling time g5 of the control parameters are shown in Fig. 15. They
L/cp. The behavior similar to this was observed in somepaye a finite widthA and exponentially decaying tails. In

cases of the parametrically excited spin waifes. semilogarithmic coordinates the spectra look like triangles
In the whole experimental temperature range, the SS fre-

guency spectra just above the threshold consist of one or two
instrumentally narrow peaks that broaden continuously as the
control parameter increases. In spite of the fact that the SS
frequency spectra exhibit qualitatively similar behavior in
the entire temperature range, it is possible to analyze them
quantitatively only in a narrow range of the reduced tempera-
tures between 2 10”4 and 3x 10" 4. The range of the con-
trol parameter, however, is rather widex@=<1.5. In this
temperature range, the spectra have a single peak exactly at
half the FS frequency, and the SS attenuation length is less
than the horizontal size of the cell. The typical 3D plot of the
SS spectral density as a function of the FS amplitude and the
frequency shiftéf=f —F/2 is shown in Fig. 14.

The narrowness of the temperature range where good 8f=f-F/2 (Hz)
quality data are observed can be explained by several rea- !
sons. The ratid/L in this temperature range changes from FIG. 15. SS power spectra for different valuesesf A/A;,— 1
0.55 to 0.95. Atr<2x 10 * the SS attenuation length be- at r=2.33x107%.

SS Power Spectral Density
(Arb. Un., Logarithmic Scale)
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oo - A=m(B/B,-1) FIG. 17. Ratiob= M4/M§ for the SS amplitude fluctuations as
0 Soof T L a function of FS amplitude at=2.33x 10 *.
40 60 80 100 120 140
FS amplitude ( Pa) of whether the statistics of the SS wave amplitudes was

) . Gaussian. The characteristic plots of the SS amplitude time
FIG. 16. Width of the SS power spectra as a function of the Fsseries are shown in Fig. 13.

amplitude for different temperatures. Inset: temperature dependence One of the parameters that characterizes the deviation of

f the sl . . S . . .
ot the Slopem the amplitude distribution function from the Gaussian one is

; _ 2
with equal sides. The width of the spectrum grows as th the ratiod=M,/Ms, W.he'reMz andM, are the second- and
control parameter increases. In order to analyze the depe e fo*urth-order statlstlcaI2 momengvlf((_z—(z})(z
dence of the spectral width on the control parameter and_<z>) )andM4.=((Z—<Z>) (Z2=(Z))™), _ Zis the com-
temperature, we fit the data by one of simple functions whictP!€X Wave amplitude(- - -) means averaging over the time

ossess the exponential tails, namel series. - . .
P P y A characteristic plot ofb as a function of the FS ampli-
f—E/2 tude at a fixed temperature is shown in Fig. 17. Below the
N(f— F/2)=cosh . A ) (29 threshold® =2, that provides an evidence of the Gaussian

distribution of complex amplitudes of an experimental noise

We emphasize here that the characteristic width of the WaVWI'[hOU'[ any phase correlation. Near and above the threshold

\ . . . Ae> i
packetA is 20-50 times smaller thap, and is the result of fluctuates strongly. Ate>1/2 it approaches an average

. o , : : . value of about 3.
?:Cnﬁrélzlgear indirect 4W interactiorisas explained in the The statistics is Gaussian if the fourt-order correlation

Figure 16 presents the dependence of the spectral width %%;ilﬁt(l;(())?r(leslaﬁgﬁa:‘lutnocttir(;iss'um of all possible products of the
1 :

a function of the FS amplitude for different temperatures. Al
each temperature, the initial parts of the curves show a rather /p p_p*b*\y=(p. b*\(b.b* )+ (b.b* \(b-b*) + (b.b

weak dependence on the control parameter. Then in awide< 1D2D505) = (b1b3 )(b2b3 ) + (b1bz )(b2D3) +(b1br)
range of the control parameter &< 1.5, the spectra width X (b3 b} ), (30

is fitted rather well by a linear function of the FS amplitude: ) ) )
A=m(A/Ay—1). A, differs from Ay, due to flat initial part Whereb;=b(ky,»,) is the SS wave amplitude for giveq

of the curves, as it is seen from the plot. The temperatur@nd @i . Two first Iterms are products of the second-order
dependence of the slopeis shown in the inset of Fig. 16. It normal correlators:

increases about twice in the narrow temperature range very " B

similar to the SS attenuation ratg. A comparison of the (Bry 0,0k, 0,0 =My 0y SR~ K) (@01 = w2),  (3D)
experimental, almost linear dependence of the spectral widt : L '
on the control parameter with the theoretical predictions forl:'l"l"“l s the number. of waves W'th glvdq andw;, or the
different space dimensionalities of the SS waysse Eq. spectral wave density. The third term is a product of the
(25)] allows us to conclude that the experimental situation i@nomalous correlators:

either 1D or lies between the 1D and 2D cases. The tempera- _ .

ture change of the prefactor in E(5) is also close to the (Bicy0,By,0,) = Ty 0, O Ka HK2) 1 = w2). (32
experimentally observed temperature dependence of the cgne anomalous correlator differs from zero for parametri-

efficientm cally generated waves because a pumping field produces
pairs of waves, and the waves inside one pair are strongly
correlated. It was shown theoreticdflythat in a steady state

In the same temperature range, where the SS specttak..|=|nk,.|, and that leads to the following relation be-
broadening was measured, we also conducted the statistida¥een statistical moments:
analysis of the SS amplitude signals measured by both bo- )
lometers(see Fig. 18 We intended to answer the question My=3M5. (33

3. Statistical analysis of the SS amplitudes
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The relation between the fourth and second moments witlisee Sec. Il C}, this state, particularly very close to the in-
zero anomalous correlator is differeM;=2M2. Below the  stability threshold, can be described as a turbulent cry3tal.
threshold of the parametric instability the measured signal is The 4W resonance interaction is present in any medium
the electronic noise. This noise certainly has no anomalougith parametrically driven waves. Thus the kinetic theory
correlator, and it is Gaussian, i.@=2. Close to the thresh- predicts the universal spectral broadening in such systems
old the value ofp fluctuates strongly. One of the reasons forirrespective of the wave dispersion law. We do not exclude a
such fluctuations is insufficient time of the statistical mea-possibility that this universal spectral broadening can be ob-
surements. The characteristic time scale of the amplitudgerved in the capillary waves too. This would be possible if
fluctuations for smalle is comparable with the measuring the resolution in frequency measurements is drastically im-
time (see Fig. 18 For largee, ® becomes equal to 3, and proved compared to that reached in previous experiments, to
this is a crucial evidence of the Gaussian statistics of the SBe much better than the ratig/w, which for the Faraday
wave amplitudes. This transition in the value ®dffrom 2 ripples is of the order 10%.

below the threshold to 3 above it, indicates a very crucial

manifestation of a physical mechanism for the parametric ¢ Experiment on simultaneous FS and SS pumping
instability, namely, appearance of a parametrically initiated _ o _ _

wave pairing with a strong phase correlation inside of each 1. Acoustic phase conjugation in superfluid helium

wave pair. The experiments in the second cell with a simultaneous
We verified the Gaussian statistics only for the correlatorss and SS pumping reveal an interesting effect in the dy-
with a time delay and a space shift both equal to zero. So waamics of the SS waves below the parametric instability
got a necessary but not sufficient proof of the Gaussian stahreshold. An analog of the well-known in optics phenom-
tistics. However, it is evidence of the validity of the theoret-enon of a phase conjugaté®C) mirror was observed in
ical hypothesis about the Gaussian statistics for the parauperfluid helium for the SS waves. A mirror built on this
metrically generated waves. _ ~effect, in contrast to a conventional one, reflects an incident
The Gaussian statistics of the SS amplitude fluctuationgave in such a way that a reflected wave is always directed
above the threshold verified in the experiment unambiguppposite to an incident one.
ously points at the kinetic theory to describe the behavior of One of the differences between the first and the second
the parametrically excited SS waves and provides a foundaells essential for such experiments is the presence of the
tion for its applicability. In this approach, one introduces holometer located between the SS emitter and the cell. Thus,
pair-correlation functions of parametrically excited wavesin the second cell, we had an opportunity to measure the SS
and, using a hypothesis of the Gaussian statistics of wavgave amplitude emitted from the heater before it entered into
amplitudes, splits higher-order correlation functions, that apthe cell. On the same bolometer we could measure an ampli-
pear in nonlmear terms, into products of the pair-correlationude of the SS wave that was coming back from the cell.
functions:® The kinetic theory also predicts that a spectral Another great advantage of the second cell, which allows us
packet has universal exponential tails and its width is smalig perform the experiments on the phase conjugation, is a
due to relatively weak 4W scattering processes. Thereforgide angle sensitivity of the fiber bolometers and absence of
the observed shape and width of the packet confirm the maig reflection for the SS waves.
results of the kinetic theory. _ ' Theoretical backgroundA PC mirror has several unique
Wg also .measured the cross correlation furjctlon (_)f theyroperties compared to an ordinary mirror. It reflects an in-
amplitude signalZ; andZ, from two bolometers in the first cident wave back for any incident angle. The conjugated

cell: wave can have a larger amplitude than the incident one. But
it is this time-reversed phase property of the reflected wave
(Z1() —(Z) [ Za(t— 6)—(Z,)]*) that makes the optical PC so potentially useful for a host of
C(o)= 5 > (34 interesting applications, and particularly for correction of
Z2() ~(ZD)[P (| Zo() —(Z5)[) wavefront distortions® A common but not a sole realization

of PC in optics is the mirror, based on 4W interactiGh.

The bolometers are sensitive to the waves propagating iban also be realized through 3W interactions. In the latter
almost perpendicular directions. The absolute value of thease, PC has been observed in various wave systems mani-
normalized cross correlation function is found to [ ¢)|  festing sufficiently strong nonlinear interactions, e.g.,
<0.1 for all delaysd. That can be explained by an absencemicrowaves* and acoustic waves. In fact, the first obser-
of angular correlations between the SS waves, and once movation of PC in acoustics was made long before the observa-
indicates a random-phase distribution of wave amplitudesion of the optical PG> PC in acoustics results from the
already discussed above. Moreover, we were able to measuirgeraction between sound waves and the various types of
correlations of the SS signals obtained by the different boeollective oscillations in solids. The interaction of a sound
lometers also in the second cell. We found no significantvave (either longitudinal or shearwith electromagnetic
correlations between the signals on the bolometers near theaves in piezoelectrics or magnets, the phonon-plasmon in-
threshold instability. That indicates no tendency to patterrteraction in piezoelectric semiconductors, and the interaction
formation. This observation agrees with the theoretical conef electromagnetic waves with spin waves in magnets are a
clusion about the absence of a long-range order at an angfew of many examples. At large enough amplitudes of an
of resonantly interacting SS waves. As we suggested abowexternal field, these systems exhibit a space-homogeneous
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parametric instability, as was already described above. Thkead to the following expression for the nonlinear power re-
PC phenomenon of the SS waves in superfluid helium can biéection coefficient, defined as=|b,(0)|%/|b;(0)|?:

observed below as well as above the parametric instability

threshold. 2cosr(29 L)—cogq2fL)

An incident SS wave with half the frequency of the FS =4k D ' (38)
wave can be amplified by the FS pumping wave, generating
a PC wave in the opposite direction. Indeed, as can be easilyhere
seen from the conservation laws of E§), at|K|<|k, J one
getsw; ,~/2, and the parametrically generated SS waves D=exp —2gL)[(f—A)?+(g— y,/c;)%]+exp2gL)
propagate in almost opposite directiokg=—k; with the ) ) ) )
conjugated phases. X[(F+A)+(g+ y2/C2) ] +4[g°— (y2/c2)7]

Two mgin fagtors disting_uish our system from the.con_‘l- X cog 2fL )+ 4(fy,/c,— gA)sin(2fL), (39)
mon manifestation of PC in optics. First, PC in optics is
usually examined only below the onset of spontaneous oscil- 5 2 9. .2 2 _
lations (instability), which is unattainable at the currently FF=g"=k"+A%=(72/c)%  fg=Ayz/co. (40

available laser intensifi? Second, the optical systems are of Equations(38)—(40) are transformed to the known expres-

a very low dissipation, so thafL>1. Our system is in the  gjon for the power reflection coefficient in the optical PC via

range ofl/L=1 depending on the temperature, so the dissi- nearly degenerate 4W mixing &t 05 At this limit, in

pation is of a crucial importance for the conjugated Wavehe regionsr/a< kL < /2, the intensity of the PC wave ex-
generation. . , ceeds that of the incident one, i.e., it is the regime of the PC
Two linear (in respect to the incident and conjugated ;onerent amplifying reflector. The dissipation cuts down the
waves amphtgde?sprob@ms can bg formulat.ed in regards to amplification and shifts the amplification region closer to the
the parametric instability of FSti) determination of the ,nget of the parametric instability. Thus both the dissipation
threshold of a spontaneous SS wave generation via & 3Wnq the frequency mismatch result in a decrease of the PC

interaction process(ii) generation of the conjugated SS \ofjaciivity, and the conjugator behaves as a narrow bandpass
wave below t.hellnstabmty onset Fiue to the nonl'f‘ear_'mer'acoustic filter. In the limita/a,,<1, Eqs.(38)—(40) can be
action of the incident SS wave with the FS pumping field. simplified

The first problem, discussed in Secs. I1A2 and IV A,
deals with the spatially uniform, rotationally invariant state
in a FS resonance cavity. The second problem is related to a 4,2 costi2gL)—coq2fL) _
system with its rotational invariance externally broken by the exp(2L y,/C,)[(81C5) 2+ (y21¢5)?]
incident SS wave having a spatially dependent amplitude.

The relevant question here is: what is the amplitude value of his limit can be always achieved, and the expressii)

the conjugated SS wave which is generated as a result of tr@n be easily analyzed. Indeed, it follows thak:a reflected
3W interaction? Depending on the boundary conditions andvave amplitude|b,(0)|, is proportional to a FS amplitude

the valuel/L for the same cell geometry this problem can be(ii) |b,(0)| is proportional to an incident wave amplitude
described in two ways. The first method is similar to the PClby(0)[; (iii) a reflection coefficient has a resonant depen-
paradigm in opticS® One can consider the inhomogeneousdence on frequency mismatah The resonance curve de-
problem for a space-dependent amplitude distribution of thggends on the SS attenuation ratgand the cell sizé..

probe and the conjugated waves in a resonance cavity with a However, as our calculations and comparison with the
dissipation. In this case the nonlinear process of the PC wavexperiments show, the expressions either of E88)—(40)
generation via the 3W interactiofwith nonzero wave num- or Eq.(41) do not fit the experimental data. This is, probably,
ber mismatchAk= 6/c,) is described by the following set of due to the relatively large dissipation and, particularly, due to

(42)

linear steady-state equations: the nonreflecting lateral boundaries.
The second method is to consider a homogeneous prob-
(9l x+ y,/cy)by+ikb% expiAkx) =0, (35) lem for the probe and the conjugate waves with a linear

decay. Thus in this case the nonlinear process of the PC wave
generation via the 3W interaction is described by the follow-
ing set of linear equations:

and the boundary conditions for both incident and conju- ) ) .
gated waves: [dldt+ y,+iwq]by+iUab3 =0, (42

(9l x+ y,/cy)by+i kbl expiAkx) =0, (36)

b,(0)=bg, b,(L)=0. (37) [919t+ y,—iw,]b3 —iU*a*b,=0. (43)

Here k=aU/c,, b;, are the incident and conjugated SS Here, the incident and the conjugated SS waves have the
wave amplitudes, respectivelysk=<L is the coordinate in amplitudesh; andb, and the frequencies, andw,, respec-

the direction of the SS wave path, abg,(0) are the ampli- tively, and w, ,=Q/2* 6, where ¢ is the frequency shift of
tudes of the incident and the reflected SS waves at the cethe parametrically generated SS waves. The nonlinear power
entrance, respectively. Rather straightforward calculationseflection coefficient is obtained from Eq#.2)—(43) as
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Here b, ,(0) are the amplitudes of the incident and the re-
flected SS waves, respectively, at the cell entrance.

In order to describe the experimental data by Etf),
obtained in a finite lateral geometry FS resonance cavity, one
can rewrite Eq(44) by incorporating Eq(16) in the follow-
ing form:
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This approach is justified in the linear regime below the
parametric instability threshold. The effective attenuation

=7;~V|Ua[*~ 6 tends to zero at the threshold and be- _7 o7 144 5ng frequency shifsf=—12 Hz. Inset: the spec-

cpmes negative a}bove i, cauglng the SS wave gmphtude tt?um of the SS signal measured on the bolometer B4 at FS ampli-
diverge exponentially. Saturation occurs due to higher-ordef jo po=75 pa.

nonlinear effects of the SS wave interactimee Secs. IIC 1

and rI]V B). in th ical dicti for th eter B4, clearly does not depend on the FS amplitude, since
The main theoretical predictions for the PC waves genefinese waves do not interact in the region between the heater
ated parametricallpelowthe onset are: and the resonance cavity. On the other hand, the amplitude

(i) The amplitude of the conjugated SS wave is Propor-¢ we 55 waves arriving from the céi is a linear function

tional to(a the FS am.plitude at fix'ed'value of the frequencyof the FS amplitude below the parametric instability thresh-
Sh'f.t.’ anﬁ(b) the imﬁ“tuﬂe of th? incident S?j wave. old, as follows from the theorjsee Eq(44)], and is also a
(i) The sum of the phases of one FS and two SS wavefear function of the SS wave amplitude emitted by the
involved n the resonance Interaction g5t ¢1J_F b= 2. heateb,. The estimate of the slope b} /b, as a function of
For__z_i pair of the SS waves this Ie_gds¢5@+ ¢2—C°F‘St- A/A;, from Fig. 18 gives 1.Z0.15. This value is in a fair

(iii) The power reflection c_oefﬂment asa funpnon of the agreement with the theoretical value of 2.05 obtained from
fLequency Sh'? has a Lorentzian shape with a width equal t¢-4 (44) Thus the first property of the conjugated SS signal,
the SS \;vave c;”g.af attgnuathn rﬁ\te. . . following from Eq. (44), is quantitatively verified.

Results and discussioms in the previous experiments, — paricylar efforts were made to verify the phase relation

we performed the SS spectrum measurements in a NaMOYuyyeen the incident and the conjugated SS waves. The
bandwidth around/2 using the lock-in amplifier fixed at phases of each of the SS signals at the frequerigiesd,

this reference fr.equenc§see Sec. IIIF)l'The experiment were arbitrary with respect to the pumping field, and
was conducted in the second cell at a fixed temperature b, hanged randomly from one measurement set to another
pumping the acoustic cavity with the FS waves at the fre'(open circles in Fig. 19 However, the sum of the two

quencyF and_ the am.p_litude below the Fhreshold value fo.rphases of both signals was constant for all FS and SS inci-
the parametric instability. At the same time, a small ampli-

tude SS wave was emitted by the heater. In order to separate

SS signals coming directly from the heater and those coming

from the cell, the incident wave frequency was shifted from > o

F/2 to f1=F/2+ 6f. R o o
Bolometer B8, located far from the heateee Fig. 5,

detected only the SS waves with the frequehgyBolometer

B4, on the other hand, located between the heater and the

cell, detected two signals: one with the frequerigy}coming

from the heater, and another with the frequerfgyF/2

— 6f coming from the cell. This dual detection is clearly ° o °

seen from the power spectrum of the signal read by bolom-

eter B4(see the inset of Fig. 28The spectra were measured °, % o o

at the reduced temperature=7.07x 10~ and the FS ampli- 50 150 160

tude A=75 Pa. This amplitude was below the threshold .

valueA;,=162 Pa, measured at the same temperature. The FS amplitude (Pa)

dependence of the amplitudes of both peaks at the same tem- FiG. 19. Dependence of the phase of the conjugated SS waves

perature on the FS amplitude is presented in Fig. 18, thg, on FS amplitudgopen circley, and dependence of the sum of

frequency shift isof = —12 Hz. The amplitude of the inci- phases ¢+ ¢,) of the incident and conjugate SS waves on the FS

dent SS wavé,, arriving directly from the heater on bolom- amplitude(solid circles.

FIG. 18. Amplitudes of incident; (open circles and conju-
gateda, (full circles) SS waves as a function of FS amplitutlet
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FIG. 20. Frequency dependence of the nonlinear reflection co- FS amplitude ( Pa)

efficient at constant FS amplitude=75 Pa andr=7.07x10 4.
The dashed line is a fit of the experimental data by a Lorentzian

> : FIG. 21. SS wave intensity vs FS amplitude measured by the
curve with a bandwidth oA =14 Hz.

bolometer located opposite to the heater that emitted SS wave, in
the first cell, for different heating powav,, at 7=3.32x 10" 4.
dent wave amplituded=ig. 19. The standard deviation from
the average value of the phase sum g, + ¢,)=0.15 Amplification of externally generated SS waves by FS
rad, as compared to the uniform distribution of the phase, iyhove the thresholdrhe first experiment on an amplification
a 2m bandwidth, for each separate signal. This result is thef the SS waves by FS was conducted in the first cell. The
main evidence for the PC in the SS waves. small amplitude SS wave was emitted from the plane heater

The dependence of the nonlinear reflection coeffictent (see F|g $at exacﬂy half the FS frequencylz_ The Signa|
on the frequency shiftsf at the reduced temperature  \was measured on the bolometer located on the opposite side
=7.07<10 * and the FS amplitud&=75 Pa is presented of the cell. The SS intensity was measured as a function of
in Fig. 20. Fitting the experimental data by the Lorentzianthe FS amplitude for the different initial SS amplitudes and
function giveS a bandwidth af =14 Hz Compared with the the different reduced temperatures
theoretical WidthAch 19 Hz. The theoretical width is de- The amp”tude of the emitted wave was calculated by us-
fined solely by the SS attenuation in an infinite cell at theing the data for the SS wave attenuatfband the measured
experimental values ofr and the SS frequencyF/2  SS wave amplitude on the bolometer. The typical plots of the
~20 kHz. The main reason for the discrepancy is a nearss intensityl as a function of the FS amplitudefor differ-
field configuration, used in the experiment. The latter carent values of a heat flux from the heater, i.e., the different SS
lead to distortions of the linear decay rate. amplitudes of the probe wave, are shownrat3.32< 104

In conclusion, we have presented direct evidence of PC iim Fig. 21. Each plot can be approximated by two linear
the SS waves, as a result of the 3W interaction between thegions: the first region is for sufficiently small FS ampli-
FS pumping field and the SS waves, below the threshold ofudes below the instability onset, and the second one is above
the parametric instability. Since PC is a fairly general phe+the threshold.
nomenon in parametrically generated waves, we are con- For sufficiently small FS amplitudes, the linear attenua-
vinced that it can be observed in other parametrically driverion and the 3W interactions between the FS and SS waves
systems. One of these easily accessible systems is that of tgefine the SS amplitude. Below the threshold of the paramet-

surface waves parametrically excited by a verticalric excitation the effective attenuation rate is
vibration! An obvious advantage of the latter system is an

easy visualization of the surface waves which can be used to I'=y,—aU. (46)
verify the PC effect experimentally.
It can be rewritten a§' = y,(1—a/a;;,). Then the SS wave
2. Experiments on simultaneous FS and SS pumping above intensity on the bolometer far below the threshold can be

the threshold expressed as
One of the powerful tools to probe a state of many waves
is to measure its response on small perturbations, namely on =1 A 1 1= 2Ly, 4
. . : =lg| — . 1g=leexp — : (47)
an externally excited, small amplitude wave. An independent A Co

SS wave emitted from a heater propagates through the non-

linear medium of the interacting waves, and interacts withwherel is the SS wave intensity, reaching the bolometer
them. We study experimentally the response of the parawithout FS pumping. Using Eq47) to fit the initial part of
metrically generated SS waves above the threshold on plots in Fig. 21, one gets the threshold FS amplitudes and the
small perturbation in both cells. SS wave intensity on the heatég,
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T=4.52x10%

background whatsoever. However, it allows us to make some
speculations about possible reasons for the giant amplifica-
tion of the SS probe waves.

3 As we already discussed abotaee Sec. IVB}, one of

the possible explanations of the huge quantitative discrep-
S ancy between the theoretically predicted valuedg@nd the

-
(-}
&

7=3.32x10
109} A I

SS Intensity Slope, g (mW/cm?)

. 1 experimental ones fae,,, measured without the SS simul-
{' =1 T taneous pumping, may be the nonuniform spatial structure of
./ 1 e T a SS wave packet that was not taken into account by the
1079 7= 280x10+ y . I A theory?? For the sufficiently smallr, the SS wave spectra
; 1.5x10+ T3X‘°“‘ 6x10 exhibit only one central peafsee Sec. IVA Then the SS
7=2.38x10 M 1.56x104 waves propagate almost in the cell plane. However, a SS
1072 101 10 10° 10° wave packet has nonuniform amplitude distribution in the

vertical direction. As was discussed above, the most prefer-
able conditions for the SS wave generation are in narrow
. . . . . layers near the FS transducers, because the amplitude of the
FIG. 22. SS wave intensity slofig,, vs SS emitted intensity, pressure oscillations has a maximum there. On the other

for different temperatures. The values ofr are written near the . ) .
curves. The dashed lines are linear fits in logarithmic coordinateshand’ the SS bolometers in the first cell are located in the cell

gexp~lg(7) . Inset: the value of the power indexas a function ofr. ml?_planle andti;[hussh‘?ve I%W SenSIIIillty to i\r/ie waves i)mpg's
The v(7) dependence is linearized inreciprocal coordinates and galing close the ransgucer surtaces. Vioreover, two

fitted by the expressiony=r,/7— vy, Where r,=5.2x10"* and  Waves, .propagating along two transducer surfac_es,.may be
vo=1. almost incoherent and have a random destructive interfer-

ence on the bolometers. All these factors could drastically

. , . reduce the measured SS intensity, as we already discussed in
The SS wave amplitude above the threshold is defined bgec |vB 1.

the nonlinear attenuation, discussed in Secs. IIC1 and IVB. |n the experiment with the simultaneous FS and SS pump-

Similar to the results on the SS intensity, discussed there, thﬁg the plane SS wave, emitted by the heater, had a uniform
SS intensity slop@ey, was found to be much smaller than amplitude distribution in the vertical direction. Such a wave
the theoretically predicted orfé. o interacted with the FS wave field and could lead to a redis-

However, an unexpected giant amplification of the SSyipution of a SS packet intensity at the bolometer. The emit-
probing waves by the FS pumping was observed in the firsfeq SS wave can also synchronize phases of two packets
Ce”. The SS IntenSIty as a fUnCtion Of.the Control pa.rametebropagating aiong two FS transducers and Suppress the ﬂuc-
e on the plots with different, and for differentr was fitted  tyations of interference signal. These factors alone can in-
by 12=0gexp(l0,7) €. The thresholdA;, was found to be al-  crease greatly the SS wave intensity measured on the bolom-
most independent on the initial SS intensity, and was the  eter. This effect should be certainly sensitive to initial SS
same as measured in the previous experiments without a sijave distribution and thus to the reduced temperature.
multaneous SS pumpirigee Sec. IV A As it was discussed At large 7, the SS wave spectra became splitted, and one
before, the SS intenSity above the threshold ﬂUCtuateﬁvave in a pair of the SS waves propaga’[es out of the cell
strongly in the first cell without a simultaneous SS pumpingplane. So the emitted SS wave from the heater may not have
(see Sec. IVBR With the simultaneous SS pumping at a sych strong influence on the SS wave intensity redistribution.
sufficiently small SS amplitude, the intensity of the measuredrhe reduced temperature at which the influence of the SS
Signal still remains ﬂUCtuating. As the SS pumplng amp“tudepumping wave on the intensity SlOF@exp vanishes (.O
increases the fluctuations are suppressed, and the glgpe  =5.2x107*, found from the fit of the data in Fig. 22ies
strongly increases. Although, the maximum value of thesyrprisingly close to the value of at which the transition
SlOpe is S“” remained |OW€I’ than the theoretica"y predicteq“)m one peak to the Spiitted type of SS Spectrum OCCuUrs.
value?” Plots of the dependence of the SS intensity slope aghe Ss reflection from the lateral boundaries becomes im-
a function of the SS probe wave inte_nsit_y for the differentportant, and discrete levels come into the play.r&t7, the
reduced temperatures are presented in Fig. 22. slopegey, does not change with, variations. In this tem-

Very close taoT, , the SS intensity slope strongly depends perature range, another effect which modifies the SS inten-
on the |n|t|a| SS pumplng intensity. The Value gt?xp Sity measurements takes over.

changes few orders of magnitudelgsncreases. This effect  Nonlinear SS wave resonances in the first cell with lateral
becomes weaker asincreases. The daigey(lo) for vari-  reflection A typical plot of the SS wave intensity as a func-
ous 7 is plotted in the Iogarithmic scale in Flg 22. These tion of the FS amp|itude for a given SS pumpmg amp“tude
experimental data can be fitted by a functigrn 1y, where  at 7=5.21x 10" * is shown in Fig. 23. As seen clearly from
the indexw in its turn is a function of the reduced tempera- the plot, the SS intensity strongly oscillates as the FS ampli-
ture. The inset in Fig. 22 shows the dependenge). This  tude changes. The most surprising fact is that for some val-
dependence can be fitted by 7o/ 7— vo. The fit parameters ues of the control parameter the SS wave intensity reaches
were found to bery=5.2x10"* andv,=1. So, finally one  zero values. One of the reasonable explanations can be the
hasv=7y/7—1. This data representation has no theoreticakffect of nonlinear renormalization of the SS wave number

Initial SS Intensity, I, (mW/cm?)
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8.0 T T T

«~ w,=ow+Re, (49
g where Re; is the real part of the correction for the self-
= 6.0} energy function X, calculated in Ref. 22. For one-
= n dimensional geometry the calculations give
=
= aop 1 4B%0* [ w?
I Av=wy— o= In , (50
.Z"’ w 320),2
s 20 N 1 whereb?=1,/c, andB is defined in Eqs(20)—(22).
; By substitutingl , andg from Egs.(17) and(18) one gets
A
0. L L Aw 2
%% 40 60 80 _:3_44(2 Ae 5D

FS amplitude ( Pa ) @

) This nonlinear frequency shift causes a change in the nonlin-
FIG. 23. SS wave intensity vs FS amplitude measured by theygr wave length:Aw/w=ANAN=(L/N+1)"L. Then the

bolometer located opposite to the heater emitted the SS wave in twaariation in the control parameter necessary for switching to
first cell for the heater powew,=108.5 x W/cn? and for 7 a neighboring SS mode is

=5.21x10"4.

due to the 3W interaction’$.In all nonlinear wave systems, Ae~—
the 3W interactions renormalize the wave frequency. It
means that the dispersion relation becomes dependent on tiiaus again, we obtain a large quantitative discrepancy be-
amplitude of the parametrically excited waves as tween the theoretical estimates, based on the 3W interactions
and the experimental results. It is feasible that it has the same
source as the discrepancy in the value of the nonlinear coef-
o= w(k)+2J T(k,k")b(k")?dk’, (48  ficientg for the amplitude saturation, which also results from
the 3W interactions.
. ) . . . Another possible mechanism to explain the phenomenon
where w(k) is the linear dispersion relatiori, is the 3W s 3 redistribution of the SS intensity between different azi-
interaction matrix element, arta(k”) is the SS wave ampli- mythal modes due to an increase of a nonlinear SS interac-
tude. In the case of the parametric wave generation, thgon as the FS pumping amplitude rises. The azimuthal
pumping frequency) is fixed, and frequency of the para- Bessel modes of the SS waves have much smaller differ-
metrically excited waves always satisfies the conditi@fi  ences between higher-order modes in the spectrum than the
=(/2. Then Eq.(48) leads to the renormalization of the |ongitudinal modes. Then one can expect that the energy re-
wave vectors of the excited waves to satisfy the frequencyistribution between the modes due to the nonlinear interac-
relation. In the case of a cell opened in a lateral directiontions can bring into the resonance different modes for differ-
such an effect does not influence on an average intensity @nt values of the FS wave amplitude. Unfortunately, one
parametrically excited waves. However, in a resonance cavtannot quantitatively estimate this effect.
ity it leads obviously to resonance oscillations of the wave
intensity, detected by a bolometer. In the first cell at the
reduced temperature larger tharr5Xx 10 4, the finite-size
effect became significant since the SS dissipation length be- We present the results of the experiments on the paramet-
came larger than the cell sizé|.>1 (see Sec. IVA2 Then ric generation of the SS wave by FS in superfluid helium in
the SS reflection at the lateral boundaries could modify thewo resonant cavities with the different lateral boundary con-
dependence of the SS intensity on the FS amplitude. Thuditions and the different angular sensitivity of the SS detec-
the probable explanation of the strong SS intensity oscillators. There are three main subjects which were studied:
tions as a function of the FS amplitude could be the nonlinthe temperature dependence of the parametric instability
ear renormalization of the dispersion relation of the parathreshold and the SS spectra at the on@igtthe mechanism
metrically generated SS waves and influence of the reflectingf the wave amplitude saturation and the nonlinear properties
lateral boundaries on the SS measured intensity. We wouldf the SS waves above the threshold, their statistical and
like to emphasize here that a similar effect of the strong SSpectral characteristic§iji) the interaction between the inde-
wave intensity oscillations but less pronounced, was obpendently pumped SS wave and FS: SS phase conjugation
served in the first cell even without an additional SS pump-below the threshold, and the giant amplification of the para-
ing, as we already pointed out in Sec. IV A and Fig. 7. metrically generated SS waves above the threshold.

Let us estimate the value of the control parameter varia- Comparison of the presented experimental results with the
tion, Ae, which is necessary to switch from one to another,theory reveals the following. The temperature dependence of
close-by resonance SS modes. In the case of the SS pathe FS threshold amplitude for the onset of the parametric
metrically driven waves, Eq48) can be written & instability in a resonance cavity of a finite lateral size agrees

w2
—) ~50>1. (52
Y2

V. CONCLUSIONS
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well with the theoretical predictionsee Fig. 8 without any  wave on the amplitude of the pumping field and on the am-
fitting parameter. The theory quantitatively explains also theplitude of the incident wave(ii) the resonance dependence
experimentally observed transition from a single line SSof the amplitude of the conjugated wave on the frequency of
wave spectrum close b, to a spectral splitting further from the incident wave, andii) the phase relation between the
T, . It results from lifting of a degeneracy in the SS waveincident and conjugated waves. Above the instability thresh-
generation process when the SS dissipation rate becomedd two strong nonlinear effects were observed: the giant
smaller than the frequency difference between two discretamplification of the SS wave intensity closer to the onset,
resonance modes in the SS wave spectrum in the resonanged the strong resonance oscillations of the SS wave inten-
cavity. sity as a function of the FS amplitude further from the
In regards to the nonlinear properties of the SS wave enthreshold. There is no currently quantitative description of
semble, quantitative comparison is less successful. Ththese effects. The qualitative explanation based on the inter-
strong fluctuations of the SS amplitude in the first cell, prob-play between théi) nonuniformity of the SS wave profile,
ably due to the lateral boundary reflections, do not permit ugii) incoherence and destructive interference of the SS waves
to get definite conclusions about its functional dependencen the bolometeriii) discrete spectra of SS azimuthal
on the FS pumping amplitude. In contrast, the results fronmodes in a cell plane, an@) nonlinear SS wave interac-
the second cell provide an evidence of the mechanism of théons and coherent action of the SS pumping wave, that cause
SS amplitude saturation based on the functional dependencedistribution of the SS wave intensity between different
of the SS wave intensity on the control parameter for themodes.
different reduced temperatures. The linear dependence of the Let us now come back to the problem of a possible ob-
SS wave intensity in a wide range of the control parameteservation of the fully developed wave turbulence in a para-
points out on the nonlinear attenuation due to the 3W resometrically excited wave ensemble. In our experiments we
nance interactions of the SS waves as a main mechanism observed the first instability of the FS wave. A state of a
the SS amplitude saturation in agreement with the theornjarge number of the strongly interacting SS waves occurs as
However, the value of the nonlinear attenuationsaturated a result of the parametric instability Bt\>1. The SS wave
SS intensity greatly disagrees with the theoretical predic-ensemble has the Gaussian distribution of the wave ampli-
tions. The possible reason for the great discrepancy lies itudes that justifies its description by the kinetic equation with
the interplay between nonuniformity of the SS wave packeta random-phase approximation. The 4W interactions gener-
profile due to its generation by FS in the resonance cavityate new modes only in the vicinity of the main peak that
destructive interference of the SS waves coming from differresults in the spectral broadening. However, this process is
ent directions on the bolometer, and spatial inhomogeneity afiot strong enough even far from the threshold to redistribute
the bolometer sensitivity. modes in the SS wave spectra in a sufficiently wide wave
Another manifestation of the nonlinear SS wave interachumber range. We have not got any evidence of the pro-
tions is observation and quantitative measurements of the S&sses that may lead to the creation of the fully developed
spectral broadening with the exponential tails above the inwave turbulence with a wide frequency spectrum. However,
stability threshold in the first cell. The functional dependencewve cannot exclude a possibility that the fully developed
of the spectral width on the control parameter and its temwave turbulence may be observed at much higher energy
perature dependence agree well with the predictions, basdllixes, that is indeed rather problematic to realize experimen-
on the kinetic theory of the 4Wsecond-order 3Wresonance tally. Thus the parametrically generated SS waves is not a
interactions. The SS wave system provides a unique opposuitable system to study the fully developed wave turbu-
tunity to get first experimental evidence of the Gaussian dislence, contrary to the theoretical expectatichs?
tribution of the amplitudes of the parametrically generated
waves. This fact supplies a firm ground for an application of
the kinetic theory with a random-phase approximation to de-
scribe statistical behavior of the parametrically excited SS We would like to thank V. Cherepanov who was a coau-
wave ensemble. thor of our early publication&Refs. 12 and 1B8and taught us
Interactions of the system of the FS and parametricalljthe kinetic theory of the parametric instability of waves. We
generated SS waves with the SS wave pumped externallgre grateful to A. Muratov whose theoretical guidance on
reveal new effects. Below the instability threshold, a SSlater stages helped us in the interpretation of our results. We
wave, phase conjugated to an incident SS wave, is excited ase also thankful to V. L'vov, G. Falkovich, and V. Lebedev
a result of the 3W interaction between the FS pumping fieldor many enlightening discussions and helpful criticism. This
and the SS waves. Three main features of the phase conjwork was partially supported by the Minerva Center for
gation, predicted theoretically, were experimentally verified:Nonlinear Physics and Complex Systems and by the Israel
(i) the linear dependence of the amplitude of the conjugate&cience Foundation Grant No. 92/96.
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