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Parametric generation of second sound in superfluid helium:
Linear stability and nonlinear dynamics

Dmitry Rinberg* and Victor Steinberg
Department of Physics of Complex Systems, The Weizmann Institute of Science, 76100 Rehovot, Israel

~Received 27 December 2000; published 5 July 2001!

We report experimental studies of parametric excitation of second sound~SS! by first sound~FS! in super-
fluid helium in a resonance cavity. The results on several topics in this system are presented:~i! The linear
properties of the instability, namely, the threshold, its temperature and geometrical dependencies, and the
spectra of SS just above the onset were measured. They were found to be in good quantitative agreement with
the theory.~ii ! It was shown that the mechanism of SS amplitude saturation is due to the nonlinear attenuation
of SS via three wave interactions between the SS waves. Strong low-frequency amplitude fluctuations of SS
above the threshold were observed. The spectra of these fluctuations had a universal shape with exponentially
decaying tails. Furthermore, the spectral width grew continuously with the FS amplitude. The role of three and
four wave interactions are discussed with respect to the nonlinear SS behavior. The first evidence of Gaussian
statistics of the wave amplitudes for the parametrically generated wave ensemble was obtained.~iii ! The
experiments on simultaneous pumping of the FS and independent SS waves revealed several effects. Below the
instability threshold, the SS phase conjugation as a result of three wave interactions between the FS and SS
waves was observed. Above the threshold two interesting effects were found: a giant amplification of the SS
wave intensity and strong resonance oscillations of the SS wave amplitude as a function of the FS amplitude.
Qualitative explanations of these effects are suggested.

DOI: 10.1103/PhysRevB.64.054506 PACS number~s!: 67.40.Pm, 43.25.1y, 67.40.Mj
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I. INTRODUCTION

Superfluid He4 exhibits rather unique nonlinear acous
properties particularly in the vicinity of the superfluid tra
sition. As has been known for a long time,1,2 it is rather easy
to observe a second sound shock wave formation even
rather small amplitudes in the close vicinity of the superflu
transition temperatureTl .3,4 Nonlinear interaction of first
sound~FS! and second sound~SS! is another manifestation
of nonlinear wave phenomena in the superfluid helium.

There are a few advantages that make superfluid heliu
very appropriate system for quantitative study of nonlin
wave dynamics. First, parameters of nonlinearity can be
ily tuned in a wide range by changing the temperature in
vicinity of Tl . Second, thermodynamic and kinetic prope
ties of superfluid helium are well known. And third, ve
high precision and accuracy as well as an excellent exp
mental control can be achieved in the superfluid helium
periment.

In contrast to self-interaction of first and second soun
that have been studied a lot,3–5 there were only a few works
dedicated to interactions between sounds. The process o
generation by FS in an infinite geometry was conside
theoretically a long time ago.6,7 Two basic mechanisms of F
to SS conversion due to three wave~3W! interaction were
predicted: parametric generation of SS and Cherenkov ra
tion. Here and further, we follow the terminology defined
the pioneer work of Pokrovskii and Khalatnikov.7 In both
cases the finite amplitude SS waves are generated a
some threshold amplitude of FS wave as a result of an in
bility. In spite of several attempts made during the years,8 an
experimental verification of both instabilities was abse
The only experiment dealing with a nonlinear interaction b
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tween two sounds was conducted by S. Garrettet al.9 more
than 20 years ago. These authors observed the process o
nonlinear conversion of SS into FS that was an inverse p
cess to the one, considered in Ref. 7. This observation g
an indication of the existence of the nonlinear interact
between two acoustic branches in superfluid helium but
aside the problem of the instabilities due to two mechanis
predicted theoretically.

A nonlinear interaction of different wave branches is
rather common phenomenon in condensed-matter phy
Some of the well-known examples are spin waves in fer
and antiferromagnets interacting with microwaves,10 Lang-
muir waves in a plasma interacting with electromagne
waves, and two sound branches in a dusty plasma. There
numerous examples of interactions between sound wa
and various types of collective oscillations in solids. Some
them are a phonon-plasmon interaction in piezoelectric se
conductors, interaction either longitudinal or shear sou
with electromagnetic waves in piezoelectrics or magnets,
an interaction of sound and surface capillary waves. In
these systems, externally driven waves at a sufficiently la
amplitude become unstable with respect to the generatio
waves of another type.10,11 Only in a very few systems men
tioned above were these instabilities experimentally
served.

This paper is dedicated to one particular example o
wave interaction—a parametric instability. In parametrica
driven systems, a driving field excites pairs of waves pro
gating in almost opposite direction and having approximat
half of a pumping frequency. The threshold of the parame
instability is defined by the balance between an energy, tra
ferred from a driving field to a wave ensemble, and a wa
attenuation. At the instability threshold the wave attenuat
is compensated by pumping. Above the instabil
©2001 The American Physical Society06-1
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onset, the wave amplitude should grow exponentially,
saturates due to nonlinear interactions different from one
causes the instability.

The wave dynamics above the onset is defined by non
ear wave interactions between excited waves. In most c
amplitudes of parametrically generated waves are sufficie
low, so that only the lowest orders in wave interaction p
cesses, three wave~3W! and four wave~4W! interactions,
should be taken into account. The wave systems can be
vided into two major classes according to the type of th
dispersion law. The first one is the decay type, which allo
3W interaction~for a power-type dispersion law, this gives
criteria ]2v/]k2.0!. In such systems, 3W processes are
sponsible for the amplitude saturation of the parametric
excited waves.11 These processes provide an energy tran
from the resonance frequency to about twice that freque
at which the waves attenuate effectively. For the second t
of system with a nondecay-type dispersion relat
(]2v/]k2,0), 3W processes are forbidden, and 4W p
cesses are responsible for the amplitude saturation. The
ration occurs due to ‘‘dephasing’’ of pairs of excited waves
respect to a phase of a pumping frequency.10

The parametric wave generation is observed in a w
class of nonlinear media. The most prominent examples
spin waves in ferro- and antiferromagnets driven by a mic
wave field, ferrofluid surface waves subjected to an ac t
gential magnetic field, surface waves in liquid dielectr
parametrically excited by an ac electric field, and a param
ric excitation of surface waves by a vertical vibration.
recent years, the latter system, called the Faraday crispa
or ripples, was extensively studied due to easy visualiza
of patterns which appear above the instability threshold.11

In this paper, we present experimental observation of
parametric instability of FS in the superfluid helium. A F
wave with a large enough amplitude is unstable in respec
creation pairs of SS waves propagating almost in oppo
directions and having approximately half of a FS frequen
We study the statistical and dynamic nonlinear properties
the ensemble of the SS waves above the instability thresh
and the interactions of the parametrically generated
waves with a SS wave pumped externally. The short rep
on each of these subjects were published rece
elsewhere12–14 and also presented in Ref. 15.

This paper is written as follows. First, in Sec. II w
present a theoretical background for the wave interaction
superfluid helium and, particularly, for the parametric ins
bility. The physics related to the threshold phenomena an
behavior of a SS wave ensemble above the threshold is
scribed. At the end of this section, we compare our exp
mental system to study the parametric instability with tw
well-known systems: the Faraday ripples and the spin wa
~Sec. II D!. Section III is dedicated to an experimental setu
The next section consists of three major parts. In Sec. IV
the results related to the threshold phenomena~temperature
dependence of the threshold, two types of a SS spect
above the threshold, and their temperature dependence! are
presented and discussed. Next, in Sec. IV B, we discuss
results related to the behavior of the SS wave ensem
above the instability onset. The mechanism of the SS am
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tude saturation, the structure of a wave packet above
threshold, its dependence on FS amplitude and tempera
and statistics of the interacting SS waves are considere
separate section~Sec. IV C! is dedicated to experiments o
the interaction between an independently generated SS w
with a FS-SS wave ensemble below and above the para
ric instability threshold. Here, we present our results on a
phase conjugation below the onset of instability, a giant
amplification, and strong amplitude fluctuations above
onset. The last section~Sec. V! concludes the paper.

II. THEORETICAL BACKGROUND

A. Wave interaction in superfluid helium

As was shown in Ref. 7, an effective way to study no
linear waves is to use a Hamiltonian formalism. The eq
tions of two-fluid hydrodynamics in the Hamiltonian form
were written down in Ref. 16.

Linear properties of waves are defined by quadratic te
in the Hamiltonian

H25(
K

VKaKaK
! 1(

k
vkbkbk

! ~1!

and, particularly, by the dispersion relations for FS and S
V5c1K andv5c2k, respectively. Here and further,a andb
are the wave amplitudes of FS and SS,c1 andc2 are the FS
and SS sound velocities, capital letters (V,K ) correspond to
the FS frequency andk vectors, and small letters (v,k) to
SS.

The next term in the Hamiltonian,H3, is responsible for
three wave~3W! interactions. This term is essential only
systems where a dispersion relation allows 3W interact
processes. The most generalH3 term can be written as

H35 (
k1 ,k2 ,k3

~Vk1 ,k2 ,k3
ak1

ak2

! ak2

! d~k12k22k3!1c.c.!,

~2!

whereVk1,k2,k3
is the matrix element of the 3W interaction

For the particular case of waves in superfluid helium, fo
different types of 3W interaction should be considered. T
of them are self-interactions of FS and SS. The followi
terms in the Hamiltonian describes these processes:aa!a!

andbb!b! and their complex conjugated terms, correspon
ing to the inverse processes. Two others are interactions
tween different branches, FS and SS:ab!b! andaa!b! and
their complex conjugates. These interactions were con
ered in Ref. 7 and coined as the parametric decay and
Cherenkov emission.

Both sounds have a linear dispersion law that makes
teraction very peculiar. The linear dispersion law is a m
ginal case between the decay type (]2v/]k2.0) and the
nondecay type (]2v/]k2,0) of spectrum. For the deca
type, 3W processes are permitted, while for the nonde
type they are forbidden. The linear dispersion law does al
the 3W resonant interaction but only for waves propagat
along one line that strongly reduces a phase volume of p
sible interacting waves.
6-2
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Since the self-interaction of FS is rather weak, the sh
waves were observed at rather high incident amplitud5

Contrary to this, in the temperature range near the super
transition, SS velocity approaches zero, the coefficient of
self-interaction diverges, and the SS shock wave can be
ily generated even at a rather low wave amplitude. This f
ture strongly attracted researchers in nonlinear w
dynamics.3,4,17

However, the problem of the nonlinear interactions b
tween many excited SS waves have not been conside
One of the experimental realizations of a multiwave pa
digm is an excitation of an ensemble of SS waves by FS
either its parametric decay or Cherenkov emission.

Both of the latter processes are the decay of one prim
wave into two secondary waves. One FS wave in the C
enkov process generates one FS and one SS wave, and
parametric decay, two SS waves. In order for such a pro
to occur, an initial wave should interact with a backgrou
noise and amplifies those particular secondary waves f
the noise, for which frequency andk vectors satisfy the reso
nance conditions. The energy transfer from a primary w
is proportional to a primary wave amplitude and a mat
element of interaction,Va, and it should exceed the energ
attenuated by secondary waves. The threshold amplitud
the decay process is defined by the energy balance betw
pumping and attenuation. Above the threshold, the mec
nisms that are responsible for a secondary wave ampli
saturation, are different from those that generated th
waves. These mechanisms need special consideration
will be discussed later for the parametric decay.

Both of these processes have inverse processes of
wave conversion into one wave. Inverse processes do
deal with a background noise wave amplification, so th
have no threshold behavior. One of the inverse proces
generation of a double frequency FS wave by two SS wa
was experimentally studied by S. Garrettet al.9

1. Cherenkov radiation of SS

The Cherenkov emission results from the resonance in
action between a FS wave with the frequencyV and the
wave vectorK with a pair of waves: a SS wave (v8,k8) and
a FS wave (V8,K 8), satisfying the following resonance con
ditions @see the vector diagram in Fig. 1~a!#:

V5v81V8, K5k81K 8. ~3!

HereV5c1K, v5c2k are related to the FS and SS wave
respectively. Due to a large difference in FS and SS velo
ties, particularly near the superfluid transition,h5c2 /c1

FIG. 1. The vector diagrams for three wave resonance inte
tions: ~a! Cherenkov process;~b! parametric decay process.
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!1, the generated SS wave propagates almost in the forw
direction, having the frequencyv852Vh sin(x/2), and the
secondary FS wave propagates in the backward direc
with almost the same frequency and wave number as
incident FS wave.

The strength of the Cherenkov interaction which is d
fined by the matrix elementV(V,x), was calculated in Ref
7. The FS threshold amplitude for the Cherenkov radiation
defined as

ath
` 5

Ag1~V8!g2~v8!

V~V,x!
. ~4!

It has minimum atx5p, and is scaled with the frequenc
ath

` ;AV. Hereg1 andg2 are the attenuation rates of the F
and SS waves, respectively.

2. Parametric decay instability

Another 3W resonance process between the FS and
waves is the parametric decay of one FS wave into two
waves:

V5v11v2 , K5k11k2 . ~5!

Due to the smallness of the ratioh, the parametrically gen-
erated SS waves have almost half the FS frequency,v1,2
'V/2, and propagate in almost opposite directions,k1'
2k2 . The vector diagram of this process is shown in F
1~b!. A more detailed analysis of the resonance conditio
reveals an angular dependence of the SS frequency,

v1,25
V

2
~16h cosu!, ~6!

where u is the angle between the plane of the SS wa
propagation direction and the FS wave vector; see Fig. 1~b!.
In k space, the resonance surface of SS waves interac
with the FS wave, is the ellipsoid of revolution~almost a
sphere!. The matrix element of the parametric decay proc
has been also derived in Ref. 7 and has the following fo

U~V,u!5AV3

32r
c1

21~U11U222 cos2u!, ~7!

wherer is the density of a liquid helium, andU1 andU2 are
the thermodynamic functions of temperature, pressure, d
sity, and superfluid density:

U152
r

Jf S CP

T

]c

]P
1

aP

r

]f

]T D , ~8!

U25r21S ]c

]T
1

aP

kT

]c

]PD . ~9!

Here the following notations are introduced:c5raP /J,
J5rkTCP /T2aP

2 , s5S/r, f5rs /r, where r is
the helium density, rs is the superfluid density
aP52r21(]r/]T)P is the isobaric thermal expansion,kT

c-
6-3
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
5r21(]r/]p)T is the isothermal compressibility,CP
5T(]s/]T)P is the specific heat,S is the entropy per unit
mass.

A FS wave of an amplitudea generates SS waves at th
rateuaUu. The latter dissipates at the rateg2. The parametric
instability occurs when the SS amplification exceeds the
sipation. Then the FS threshold amplitude in an infinite
ometry is defined as

ath
` 5

g2~V/2!

U~V,u!
, ~10!

The functionath
` (u) has a very shallow minimum for a sym

metric decay atu5p/2, when two SS waves have exact
half the FS pumping frequency.

3. Experimental conditions for observation of both instabilities

According to the estimates made in Ref. 7, the thresh
intensities of FS for both processes differ substantially. F
quencies of the SS waves excited in these processes
differ greatly. In the Cherenkov emission, the frequency
the excited SS waves is of the order of 2V(c2 /c1), and in
the parametric decay the SS frequency is equal to;V/2. As
a result, it was found in Ref. 7, that in an infinite system t
temperature range, where the parametric excitation prec
the Cherenkov emission, is located between 0.9 and 1.2
However, as it will be shown later, the corresponding dis
pation length for the SS waves is too large in this region, a
any experimental cell cannot be considered as an infi
one. The finite-size effect drastically alters the thresh
value of the FS amplitude and makes impossible the ob
vation of the instabilities. So, from this point of view, th
vicinity of the superfluid transition is the only possible tem
perature range where the effect can be observed.

Our estimates that took into account both regular and
gular parts of the thermodynamic and kinetic properties
the superfluid helium nearTl ~Ref. 18! showed that the
threshold value of the parametric instability was almost
dependent oft in the range of the reduced temperatures fr
1026 to 1022. For the Cherenkov instability the thresho
had dependencet20.67 in the same temperature range a
was much higher than that of the parametric instability. Th
the parametric instability undoubtedly precedes the Che
kov radiation in the vicinity ofTl .

The advantage of working in the vicinity of thel point
manifests in a possibility to deal with the SS waves with
attenuation lengthl that is less than or comparable to the c
size. The attenuation length of the SS varies drastically
this temperature range.19 This makes the consideration o
finite-size effects very important.

B. Parametric instability: Threshold related phenomena

From here, the rest of the paper will be dedicated to
parametric excitation of the SS waves. In order to creat
large enough amplitude of FS excitation, the resonant ca
cell was built ~see Sec. III A!. SS propagates mostly in th
direction perpendicular to a FSk vector, along the planes o
FS transducers. So, two effects due to a cell size and bo
05450
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ary conditions should be considered. One is a finite cell s
effect in the direction of SS propagation, another is a re
nant effect due to reflections from the cavity walls in t
perpendicular direction.

1. Finite-size effect

Since the horizontal size of experimental cells used in
experiments is comparable with the attenuation length of
SS waves, the lateral boundary conditions should be ta
into account to define the FS threshold amplitude for
parametric instability. A straightforward generalization of t
envelope method20,21 for a system of a sizeL, where waves
arrive and reflect normally to the boundaries, with an ar
trary reflection coefficientr, yields the following expression
for the threshold:12

ath5ath
` @11j2~ l /L !2#1/2, ~11!

wherej is the minimal positive root of the equation

tanj52
~12r 2!j~ l /L !

11r 222r @11j2~ l /L !2#1/2
. ~12!

Hereath
` is the threshold value for an infinite cell. ForL, l ,

the value ofath ~along its temperature dependence! is mainly
determined by the second term in the parentheses in Eq.~11!,
i.e., ath;c2 /(LU)}t1.33 ~see curvesB in Fig. 8!. Note that
if the reflection coefficient tends to unity, the threshold co
cides with that for an infinite system:r 51, j50, ath

5ath
` . For zero reflection coefficient and large ratiol /L, j

tends top/2, and one obtainsath'ath
`
•p/2• l /L.

2. Resonance cavity effects

As we already mentioned, in order to increase the atta
able value of the FS amplitude in the cell, the resona
cavity for FS has been used. Thus the SS waves are ge
ated by the FS standing wave. One can consider two p
metric excitation processes caused by two components o
FS standing wave, with the wave vectors6K ~Fig. 2!. The
momentum conservation conditions for these processes

FIG. 2. The vector diagram of wave interactions in a resona
cavity.
6-4
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
K5k11k2 , 2K5k31k4 . ~13!

The processes do not interfere unless the same SS ph
participates in the both of them. If it occurs, e.g., atk1
[k3 , both components of the FS standing wave contrib
to the excitation process. Therefore this process has a lo
threshold:22 ath5ath

` /A2. The frequencies of the generate
SS waves in this case are

v5
V

2
~16h2!. ~14!

Both of these frequencies can be observed only if
frequency splitting between two SS waves,v12v25Vh2,
is larger than the SS attenuation, i.e.,Vh2.g2. The SS
waves with wave vectorsk2 and k4 interact with different
components of the FS standing wave,1K and 2K . In the
opposite case,Vh2,g2, i.e., the frequency splitting is les
than the SS attenuation, each SS wave interacts with bot
waves. The frequencies of all SS waves must be eq
v1,25V/2. This also reduces the threshold amplitude of
by a factor of 2, compared with that in an infinite cell:22

ath5ath
` /2. ~15!

In general, the threshold of the parametric excitation
the SS waves by the FS standing wave in a finite horizo
size resonance cavity for FS waves can be written in
following way:12,15,22

ath5ath
` zS Vh2

g2
DA11FjS r ,

l

L D l

LG2

, ~16!

wherez is the numerical function of the ratioVh2/g2 with
limits

Vh2/g2!1, z51/2,

Vh2/g2@1, z51/A2.

3. Splitting of SS waves spectra

The resonant cavity effect leads to the discreteness of
SS wave vector in the direction of a FS wave propagat
and to another interesting phenomenon, namely, the e
tence of two types of spectra of the SS waves and the t
sition between them as a function of closeness toTl . Far
away fromTl , two equidistant peaks aroundV/2 should be
observed, while closer toTl , a single sharp peak at exact
V/2 frequency should appear. Indeed, as we already m
tioned in the previous subsection, the frequency splitting
tween two SS waves, generated by two components of
FS standing waves in the resonance cavity, should be c
pared with the SS attenuation. Far away fromTl , one has
Vh2.g2, and two discrete lines in the spectra are pres
In the opposite case,Vh2,g2, when the SS attenuation i
larger than the spectrum splitting, just one line at exactlyV/2
is found. Thus the discreteness of the resonance stat
smeared out closer toTl . From the equalityVh25g2 the
transition temperature from one peak to two peak spectr
defined.
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C. Properties of SS waves above the threshold

1. Nonlinear amplitude saturation mechanism

Recently A. Muratov22 has published a theory, based o
the Hamiltonian approach, which describes nonlinear pr
erties of an ensemble of weakly interacting SS waves ab
the parametric instability threshold. Let us review these
sults. The crucial point in understanding the nonlinear beh
ior of the weakly interacting SS waves is the nature o
nonlinear saturation mechanism of the instability. First,
was shown,22 that for the SS waves where 3W interaction
permitted, the nonlinear attenuation is significantly more i
portant than the renormalization of a pumping field. The l
ter mechanism was thoroughly studied in the spin-wa
systems.10 In the case of the SS waves, the 3W interacti
provides a very effective channel to dissipate the energy
the parametrically excited waves by the second harmo
generation, i.e., generation of the SS waves with 2k wave
vector and 2v frequency. It becomes essential only if a
angle between the wave vectors of the interacting SS wa
is smaller than 4Ag2 /v. Indeed, the 3W interaction couple
a linearly unstable mode (k,v), which is amplified by the FS
pumping, with a linearly stable mode (2k,2v), which is dis-
sipative.

The theory predicts the functional relation between
total density~or intensity! I 2 of the parametrically excited
waves and the reduced pumping amplitude or the con
parametere5a/ath21. For the mechanism of the nonlinea
attenuation considered in Muratov’s work,22 the functional
dependence is linear:

I 25ge, ~17!

whereg is the coefficient defined by the dimensionality a
the shape of the phase volume of the excited waves whic
determined by the symmetry of the system~boundary condi-
tions!, by the phase volume of the pumping waves, and
the properties of the interaction vertex between the pump
wave and the parametrically generated waves.I 2 is maximal
for 3D wave excitation, i.e., generation of waves on a sph
cal k surface, and minimal for 1D wave excitation, i.e., ge
eration of a plane wave. Waves with a linear dispersion l
interact through the 3W process only if they propagate
almost the same direction. So, for a higher dimensionality
a phase volume of excited waves, the density of wa
propagating in the same direction is lower. On the contra
in the one-dimensional wave excitation case, all wav
propagates along the same direction. So, for the higher
mensionality the energy transfer to the double freque
should be weaker, and the intensity of the parametrica
excited waves is higher.

The proportionality of the SS intensityI 2 to the control
parametere is the distinguishing property of the nonlinea
attenuation mechanism of the parametric wave saturat
The ‘‘dephasing’’ mechanism leads to the different relatio
I 2;e1/2.10

The coefficientg was calculated in Ref. 22 for the case
with different dimensionality. As we will show further, th
dimensionality of the excited SS waves in two experimen
cells differs due to different lateral boundary conditions.
6-5
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
cell I with the reflecting boundaries the SS waves were
dimensional~1D!, or almost flat, while in cell II without
reflection the SS waves were, probably, two dimension
The difference in the intensity of 2D and 1D waves is
factor Ag0 /v0, that is, rather small.22 Since the experimen
tally observed intensity of the excited SS waves is mu
smaller than the theoretically obtained value even for
case, we use the latter case for comparison. In this case
coefficientg in the expression for the total intensity of th
parametrically excited SS waves@see Eq.~17!# is

g5c2vS g2

2BD 2

, ~18!

whereB[B(u50) is the triple vertex of the SS interaction
The latter at the arbitrary angleu between the SS wave vec
tors in P andT variables looks as22

B~u!5Av3x

16r
$x21D~x!1f21D~f!@cos~2u!22 cosu#%,

~19!

wherex5rkT /J, D5]/]T1(aP /kT)(]/]P), andc andJ
are defined after Eqs.~8! and ~9!. In order to estimate the
value of the intensity of the excited SS waves at a giv
value of the control parameter of the instabilitye, one needs
to evaluate the triple vertex of the SS waves interaction.
simple algebra the expression forB(u50) can be rewritten
in the following form:

B~0!5B11B2 , ~20!

B15c1rUA2

c S v

V D 3S ]T

]PD
r

, ~21!

B25A v3

16rc S ]T

]PD
r

raP

Jf

]f

]P F S ]T

]PD
S

21

2S ]T

]PD
r

21G .

~22!

Let us estimate the triple vertexU of the FS and SS wave
interaction at the reduced temperaturet53.331024 using
the expression for the threshold intensity of FS:

I 15~2rc1!21~dP!25c1VS g2

2U D 2

. ~23!

At these conditions one findsg2584 sec21, c152.177
3104 cm/sec,CP556.2 J/mol K, aP520.065 K21, and
the experimental value of the threshold pressure amplitud
the FS wave is dP550 Pa. Then one getsU53.5
3105 cm/g sec1/2, and for B15106 cm/g sec1/2 and B2
53.83104 cm/g sec1/2. Here we estimate kT51.49
31028 cm2/dyn, J50.136 K22, c520.07 g K/cm3,
(]T/]P)r522.2931027 K cm2/dyn, (]T/]P)S526.9
31029 K cm2/dyn, and ] ln(rS/r)/]P528.331026

cm2/dyn. Thus, finally one obtains the following value fo
the coefficient:
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g54.531023 erg/cm2 sec54.531024 m W/cm2

54.531026 W/m2.

The latter one should be compared at, e.g.,e51 with I 1
50.04 W/m2 at the same conditions.

As we have already pointed out, the nonlinear attenua
is proportional to the strength of the interaction between
SS waves. The same type of interaction is responsible for
creation of the SS shock waves the strength of which
creases strongly while approaching the superfluid transit
Thus one can expect that the nonlinear attenuation can
crease as well nearTl . Then the intensity of the SS wave
parametrically generated above the threshold should decr
correspondingly with the scalingg;ta, where a.0. In-
deed, the estimated scaling of asymptotic temperature be
ior of the coefficientg is g;t0.33.

2. Broadening of the SS spectrum above the threshold

Another manifestation of the nonlinear wave interaction
a spectral broadening of the parametrically generated wa
In weakly dissipative nonlinear media, 3W and 4W play d
ferent roles in wave kinetics. Although 3W and 4W pr
cesses control the amplitude saturation of the parametric
excited waves for the decay and nondecay types of the
persion law, respectively, only the 4W processes allow
wave interactions within a narrow frequency range arou
the main peak at the parametric resonance frequency. Th
fore the spectral shape around the peak is solely contro
by the 4W processes. Thus one can expect that the spe
shape at the parametric resonance frequency exhibits s
universal properties independent of details of the wave in
action and the type of dispersion law. Wave amplitudes
different parametrically driven systems can be limited by d
ferent nonlinear mechanisms, their spectral broaden
mechanism is universal.

Experimental evidence and a follow-up theoretical exp
nation of the exponential spectra based on a kinetic the
were obtained for the parametrically generated s
waves.23,24 The theoretical idea behind the explanation is
very general and convincing one.23 There are two reasons fo
the spectral broadening: a thermal noise above the onset
an ‘‘intrinsic’’ noise due to 4W scattering of spin waves. Th
latter becomes important at higher values of the control
rameter.

The broadening due to the thermal noise produces
squared Lorentzian shape spectrum.10 The intrinsic noise re-
sults from the 4W interaction. This interaction does n
transfer energy far away from the region of the parame
resonance frequency peak, but pumps it to neighbor
modes and broadens the spectrum. In general, the w
packet shape is described by a nonlinear integral equation
wave amplitude correlation functions. It was proved th
such equation has universal exponentially decaying tails
the frequency domain.25 The 4W resonance interaction
present in any medium with parametrically driven wave
Thus the kinetic theory predicts the universal spectral bro
ening in such systems irrespectively of the wave dispers
law.
6-6
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
A theory of the spectral broadening in the parametrica
excited SS waves was developed recently by A. Murato22

According to Ref. 22, the thermal width of the central line
the SS spectrum can be estimated from the following exp
sion

~Dv!T

g2
5

v2g2kBT

4p2c2
2I 2

, ~24!

wherekB is the Boltzmann constant, andI 25ge is the SS
waves intensity, Eq.~17!. Using estimates forg from the
previous section and from Ref. 22, ate51 one obtains
(Dv)T /g2;1026, which is extremely small and unattain
able in a real experiment.

There are two possible channels for the intrinsic noi
The first is a direct 4W process, i.e., direct scattering of t
SS waves on two SS waves. The second is two conseq
3W processes: Two SS waves generate a double frequ
SS wave which decays into two new SS waves with a
quency of the initial waves. This scattering process can
considered also as an indirect 4W process. As calculat
show,22 such second order 3W scattering~or the indirect 4W
process! is more effective than the direct 4W scattering
two SS waves on two SS waves. The intrinsic reduced w
of the central line in the SS spectrum depends on the dim
sionality of the excited SS waves22

D

g2
;e8/(92D)

•~11e!(D21)/(92D), ~25!

whereD is the space dimensionality of the SS waves. Th
at D52 one hasD/g2;e8/7

•(11e)1/7, and atD51 one gets
D/g2;e.

D. Comparison of different parametrically driven wave
systems

At this point, it will be instructive to compare the para
metric instability in this system with another two system
which were studied the most extensively: the spin waves
magnetics generated by a microwave pumping, and the
aday ripples excited on a fluid free surface by vertical vib
tions. From a theoretical point of view, these two syste
exhibit different aspects of a nonlinear behavior of the pa
metrically excited waves. The Faraday crispation is cons
ered as a canonical example of a pattern forming system,
was studied by using an amplitude equation dynam
approach,11 whereas the spin waves exhibit a very lar
number of interacting modes. In this system, an irregu
state of excited waves is expected to appear above the th
old of the parametric instability.10 Then the statistical kinetic
approach, based on a random-phase approximation, is
to describe experimental results.10 The main distinction of
the parametrically excited spin waves is an enormous as
ratio, G5L/ l , which is usually 100 and more~at Lk'105–
106) at very minute relative dissipation rate,g/v<1026.
HereL is the horizontal cell size,l andg are the attenuation
length and the dissipation rate of the waves, respectiv
The dispersion law of the spin waves in most systems is
the nondecay type. In this case, the 3W resonant interact
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of the spin waves above the threshold are forbidden,
only the 4W resonant interactions are possible. As was s
gested theoretically and verified experimentally, a nondis
pative mechanism of the 4W interactions is responsible fo
saturation of spin-waves amplitude.10 This mechanism in-
volves a phase detuning~‘‘dephasing’’! between the spin
waves and the electromagnetic rf pumping. Even though,
4W interactions is of the next order approximation in t
wave amplitude compared to the 3W case, the 4W inter
tions are responsible for the amplitude saturation, when
processes are forbidden by the dispersion relation.11 Due to
all these features the wave turbulentlike state is observed
above the instability threshold.

At this point we would like to clarify various definitions
of highly irregular wave states. The term ‘‘wave,’’ o
‘‘weak,’’ turbulence was introduced to distinguish the high
irregular state of many interacting waves from a strong
drodynamic turbulence.10,26A common feature of a fully de-
veloped wave and a hydrodynamic turbulence is an obse
tion of a wide spectrum of excited modes in the frequen
and wave-number domains, where the energy pumping
the dissipation have very different scales. The major fac
that makes wave~weak! turbulence different from the hydro
dynamic one is a presence of a small parameter in a the
such as, e.g., the ratio of a wave energy to a ground-s
energy. While there is no theory of hydrodynamic turb
lence, the self-consistent perturbation theory of wave tur
lence has been developed in the works of Zakharo
school.26 One of the strong assumptions of this theory is t
randomness of the phases of waves creating a turbu
state.10 The word ‘‘turbulence’’ in the context of wave prob
lems sometimes has a different meaning. The irregular w
state with many interacting waves can be also called tur
lence. In the case of parametric pumping, such a state
been coined as a parametric turbulence.10 In this case, in a
contrast to the developed wave turbulence, the energy pu
ing and the dissipation occurs on the same spatial scal
narrow, almost singular spectrum characterizes the para
ric turbulence. The theory of the parametric turbulence w
developed and applied to a spin-wave system.10 Thus the
parametric wave turbulence is the irregular state of wa
with random phases, that consists of one or several w
packets and does not exhibit an inertial range with a w
range of algebraic power law in a spectrum, like in the fu
developed wave turbulence.10,26

The parametrically generated surface waves exhibit a v
different type of behavior depending on the value of thek
vector. In a smallk limit, gravity waves with the nondecay
type spectrum (]2v/]k2,0) are excited, while in a largek
limit, capillary waves with the decay-type spectru
(]2v/]k2.0) are found. In the intermediate regime of th
capillary-gravity waves, there exists the value ofk at which
only collinear resonant 3W interactions are permitted. It
coined as the second-harmonic resonance, and the c
sponding capillary-gravity waves are called the Wilton
ripples.27

In the capillary wave regime, 3W resonance conditio
define the angle of strong nonlinear interactions. These in
actions are responsible for both amplitude saturation and
6-7
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
tern formation.28–30 In a sufficiently large container,Lk@1,
the standing surface waves above the threshold produce
terns which symmetry is found to be independent of the c
tainer shape. However, even for the recent experime
where Lk reaches the value 100, for low viscosity regim
(g/v>0.01) the aspect ratioG5L/ l still remains close to
unity.31,32As the driving increases the pattern becomes ti
dependent, and in the large containers it loses its spatia
herence via a defect nucleation.33,34 Thus spatiotempora
chaotic behavior rather than the parametric wave turbule
was found in this system far above the threshold.

Comparison of the parametrically generated SS wave
respect to the amplitude saturation mechanism with the F
aday instability.As discussed above, the SS amplitude sa
ration occurs due to the nonlinear attenuation and can
compared with a saturation mechanism of the parametric
driven surface waves investigated recently in detail.28,30

There are two major differences between these two syste
First, the Faraday ripples have typically a considerably lar
reduced dissipation rateg/v than the parametrically gene
ated SS waves~at least two to three orders of magnitude!.
Second, the marginal condition for the collinear 3W intera
tions are fulfilled with great precision in the latter system
any wave frequency, due to the linear dispersion relat
while for the Faraday instability the collinear 3W interactio
exists only for one specific value of the wave number in
mixed gravity-capillary regime~the Wilton’s ripples!.

To derive an amplitude equation for the parametrica
excited standing surface waves, a classical multiscale me
has been applied.28,30 In the amplitude equation a low orde
nonlinear term provides a saturation. In the case of spa
isotropy, the waves should be excited in any direction, a
the mode selection occurs due to the next nonlinear term
the formgi j uAj u2Ai , whereAi andAj are the slowly varying
amplitudes of two degenerate unstable modes. For the kn
coupling coefficientsgi j , the resulting wave pattern can b
found from the amplitude equation.28,30The derivation of the
amplitude equation for the Faraday waves is greatly sim
fied in the case of an ideal~inviscid! fluid, where the Hamil-
tonian approach can be used, and viscous effects then ca
treated perturbatively, analogously to the parametrically g
erated SS waves.22

For both the parametrically generated surface waves
the SS waves, a major contribution to the wave satura
arises from the 3W interaction.22,28,29The role of triad reso-
nance interactions in the amplitude saturation of low visc
surface waves was emphasized by Edwards and Fauve29 It
was explicitly shown by Zhang and Vinals28 that for these
conditions the dissipation through the excitation of the re
nant stable waves at the double frequency is the domin
channel of the amplitude saturation. It was also proved
3W resonant interaction gave the major contribution into
coefficients of the cubic terms of the amplitude equations
this limit.

A particularly relevant case for the comparison with t
SS waves is the Wilton’s ripples scenario, the parametric
generated surface waves with the frequency correspondin
the collinear 3W interaction. The nonlinear term in the a
plitude equation for Wilton’s ripples almost vanishes for
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angles between interacting waves excluding zero. A z
angle corresponds to self-interaction.30 The characteristic
minimal angle of the wave interaction depends on the di
pation rateg. As g decreases the characteristic angle of
teractions vanishes, and the number of independent s
intracting waves with the same frequency propagating
different directions increases. In the limit ofg→0, it be-
comes potentially infinite.

As suggested by Newell and Pomeau,35 an asymptotic
planform in this case will be spatially turbulent. It means th
spatial correlations of the fields will decay. This state w
coined the ‘‘turbulent crystal.’’ At a finite dissipation, high
symmetry quasiperiodic patterns were observed near the
ton’s ripple condition.32 The parametrically generated S
waves just above the instability threshold may provide
good experimental realization of the turbulent crystal.35

The same conclusion about the absence of a pattern
mation and a long-range order in the SS waves was m
independently by Muratov.22 Since only the SS waves with
the wave vectors in the angle smaller thanDu'4Ag2 /v
!1 interact, the long-range order at larger angles is
stroyed, and so the pattern formation is absent.22.

This work deals with the parametrically generated
waves in cells in which the aspect ratiol /L is varied depend-
ing on the closeness toTl , between 0.1 and 10 (Lk varies
between about 200 and 800!, whereas the reduced dissipatio
rate is in the range 1024,g/v,231023. The SS waves
have the linear dispersion law which implies]2v/]k250. It
is a marginal case in which the 3W interactions are restric
to the collinear waves, whereas waves propagating in dif
ent directions interact only via the 4W processes which
much weaker. All these features make this system part
larly interesting to study a highly excited state of the nonl
early interacting SS waves.

A possibility to observe the fully developed wave turb
lence in a system which has two acoustic branches with
linear dispersion law was discussed theoretically rather
tensively for the last several years, and various scaling la
for the spectrum were predicted.17,36–38If the nonlinear in-
teractions between different acoustical branches are m
stronger than the wave self-interactions inside each branc
shock wave formation is suppressed. Two acoustic non
linear waves may interact efficiently via waves from anoth
branch. Moreover, it was predicted that the parametric de
processes mainly contribute to the generation of an ine
range with algebraic power-law spectra. So this system
considered as a promising candidate for an observation
quantitative studies of the fully developed wave turbulen
Thus the parametric generation of SS waves may be the
step toward the creation of the developed wave turbulen
The study of this phenomenon may give an insight into
nature of the multiwave interaction in this system.

III. EXPERIMENTAL SETUP

According to our estimates, experiments on the param
ric generation of the SS waves in the superfluid heliu
should be performed in the vicinity of the superfluid tran
tion with a temperature stabilization of61mK or better.
6-8
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
Thus we used a three-stage temperature regulated cry
with a helium container~experimental cell! as a third
stage.39,40The detailed description of two experimental cel
where all measurements were performed, follows. Th
were several specifically designed technical elements
were crucial for success of the experiments. We will descr
them below.

A. Cells

To study the parametric instability of the FS waves in t
superfluid helium two cells of different geometries were d
signed. In both of them, we were able to~i! produce the FS
wave of a sufficiently large amplitude with known an
simple geometry,~ii ! measure the FS amplitude,~iii ! measure
the SS wave amplitude, and~iv! test the system by an inde
pendent SS wave.

Both cells were short cylindrical resonance cavities
FS. Two round FS capacitive transducers form the ends
of these cavities. Construction and calibration technique
the FS transducers are discussed in the Sec. III B. The d
eter of the working part of the transducers was 50 mm. T
distance between the transducers was 3.9 and 2.8 mm in
first and second cells, respectively. Both resonance cav
had rather high quality factors of aboutQ5150. It allowed
us to obtain sufficiently large FS amplitudes at the resona
frequencies of the cavities and to neglect an influence o
other acoustic modes. The first resonance frequencies fo
first and second cells were weak functions of tempera
due to a temperature dependence of the FS velocity in
superfluid helium, particularly in the vicinity ofTl . In the
whole working range of temperatures, the first resonance
quencies were in the range between 28 050 and 28 150
and between 39 380 and 39 480 Hz in the first and sec
cells, respectively. The cell widths were found with gre
precision by fitting our experimental data on the temperat
dependence of the first resonance frequency in each cel
ing a single adjustable parameter. The fit was based on
known temperature dependence of the FS velocity.41 The cell
widths wered53.833 mm andd52.767 mm for the first
and second cells, respectively.

In the experimental temperature range 231024,t,2
31023, the SS dissipation lengthl varies drastically from
0.2L to 10L for frequencies equal to half the FS resona
frequency for both cells. That allowed us to study the beh
ior of the parametrically generated SS waves in differ
limits of l /L. The main difference in the cell design, how
ever, was in the geometry of bolometers and heaters for
wave generation and detection.

The cells were placed into a container filled with abo
300 ml of purified He4 and vacuum sealed. This contain
had a very low heat leak to the rest of the cryostat. A filli
capillary was disconnected by a cold valve. That was cru
for a rather high level of temperature stabilization, belo
0.1 mK. To make a thermal contact between the cell an
helium bath during the initial cooling, the vacuum isolatio
space was filled with helium gas at 100 mTorr at room te
perature. After the initial cooling, the exchange gas w
pumped out by a sorbtion pump mounted on the top flang
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a vacuum can. The pump had a very weak thermal leak to
external helium bath. Such a design gave us a possibilit
cool the cell in a short time.

B. FS transducers

In both cells, the FS capacitive transducers similar to t
described in Ref. 42, were used. The advantages of using
capacitive transducers are as follows:~i! a relatively high
amplitude of an acoustic wave~in comparison to a piezoelec
tric!, ~ii ! a high sensitivity,~iii ! a flat frequency response, an
~iv! easy to build. A 6-mm aluminized mylar film, stretched
and glued to an external brass ring, served as one elect
of a capacitor. A sandblasted brass backplate 50 mm di
eter was the second electrode. The capacitance of su
transducer was about 2 nF. An amplitude of a driving
voltage signal was up to 40Vp2p, and a dc bias up to 300 V
The higher bias increased efficiency and sensitivity of
transducer, but at the same time increased a probability o
electrical breakdown.

Knowing an absolute value of the FS amplitude is ve
important for studying nonlinear wave dynamics. A meth
of a transducer calibration using only electrical measu
ments was developed by MacLean in 1940;43 a general
theory of such a calibration can be found in Ref. 44. It w
used in superfluid helium in Refs. 45 and 46. This method
based on a few assumptions:~i! two acoustic transducers ar
identical and form a resonance cavity;~ii ! all acoustic losses
happen in a medium and can be measured by the reson
characteristics of the cavity. While the detailed analysis
omitted, the resulting expression for the amplitude of t
acoustic pressure oscillations at the receiver at the reson
is as follows:

P25S V1V2

Z

2rc1
2Q

Sdv D 1/2

, ~26!

where,V1 andV2 are the voltage oscillations on the first an
the second transducers~the first transducer is the emitter, th
second is the receiver!, so V1 is the ac generator amplitud
andV2 is the measured amplitude;Z is the electrical imped-
ance of each transducer,Z51/vC, whereC is the electrical
capacitance;r is the density of the medium where acous
waves propagate~for heliumr'0.145 g/cm3 at l point!; c1

is the sound velocity (c1'218 m/s); Q is the quality fac-
tor of the resonance cavity, measured from the freque
response of the cavity;S is the surface area of the transduc
(S519.6 cm2); d is the distance between transducers~for
the first celld'3.9 mm, for the second:d'2.8 mm); and
v52p f is the frequency of the sound wave. All values,V1 ,
V2, andv, correspond to the resonance.

The measurements of an acoustic sensitivity of the tra
ducersM and an efficiency of the acoustic resonatorE were
made for both cells:
6-9
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M5
Measured ac signal@Vrms#

Pressure oscillations@Parms#
,

E5
Pressure in the resonance@Parms#

ac voltage amplitude on the generator@Vp2p#
.

It was found thatM andE did not depend on temperature
the experimental range and with the given accuracy. Te
perature changes of the FS resonance frequency, of the
ity factor of the acoustic cavity~FS attenuation!, of the am-
plitude of the signal at the resonance, and of the heli
density can be neglected.

The measured sensitivity of the transducers in the first
was MI51.5631025Vrms/Pa, and in the second cellMII
51.7531025Vrms/Pa. The efficiency of the resonance ca
ties were:EI53.5 Pa/Vp2p , andEII 57.5 Pa/Vp2p .

C. The first cell

The first experimental cell~Fig. 3! was designed as par
tially reflecting for the SS waves in a horizontal plane. Tw
SS bolometers and two heaters, evaporated on 22-mm d
eter glass substrates, were placed diametrically opposit
each other~one bolometer is opposite to one heater!, and the
two pairs were mounted perpendicular to each other. E
heater-bolometer pair, separated by 54 mm, formed a r
nant, partially open cavity for the SS waves with resonan
from 12 to 40 Hz apart depending on temperature. Poss
incidental effects of these resonances on the experime
observations will be discussed below. Four glass substr
covered together about half of the cell perimeter; the rem
ing part was open. Several layers of crumpled paper were
around the cell to absorb the FS and SS waves. To decr
the acoustic crosstalk between the FS transducers, each
substrate was attached to the side of the cavity throug
layer of thick filter paper. The parametrically generated
waves were partially reflected from the bolometer and

FIG. 3. The first cell schematic drawing.
05450
-
al-

ll

m-
to

ch
o-
s
le
tal
es
-
ut
se

lass
a

S
e

heater substrates, and partially escaped from the cell b
absorbed by the paper around the cell.

Flat bolometer and heater

Bolometers were 40-mm wide superconducting Au-Pb
stripes in the form of a round serpentine pattern of diame
db52 mm, evaporated on a cover glass~Fig. 4!. The tech-
nology of such bolometers was developed early in o
laboratory.4,40 The figure of merit of the bolometers wa
abouta5R21(]R/]T)'100 K21 in a zero magnetic field.

Sincel/db!1 in the working temperature range~the SS
wave lengthl changed from 0.1 to 0.5 mm!, these bolom-
eters were sensitive mainly to waves incident almost perp
dicular to them within the angle of;l/db to the normal
direction, i.e., from 0.05 to 0.15 rad. Thus they were able
detect the SS waves generated only in the central part of
cell.

A heater was produced by evaporation of a thin gold fi
on a 22-mm-diameter glass substrate. Contacts were mad
a thick gold film (;150 nm). A heater resistance was 18V
at liquid-helium temperatures.

D. The second cell

As the experiment showed, a partial reflection of the
waves from the bolometers and the heaters caused ce
difficulties in an interpretation of the experimental resu
and their comparison with the theory particularly above
instability threshold. Thus to resolve these problems, the s
ond cell with the nonreflecting bolometers and the heater
designed. The development of a different type of bolome
and heater was the main technological challenge in the
design.47

1. Fiber bolometer

The bolometers were prepared on glass fibers of wh
the diameter was much smaller than the SS wave len
0.1,l,0.5 mm. A superconducting gold-lead~2:1 compo-
sition! film of an approximately 20 nm thickness was evap
rated on 8-mm-diameter glass fiber. While the detailed d
scription of the bolometers can be found in Ref. 47, here
summarize their main features:

~a! No reflections. The bolometers with no reflection wer
proposed in Ref. 48, where they were made by coating g
fibers of diameterd'10 mm with a layer of gold and tin.

FIG. 4. Drawing of the flat bolometer.
6-10
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
However, such bolometers did not have a high enough fig
of merit and were not designed for measuring near the
perfluid transition temperature. The diameter of the glass
bers in our case was 8mm, close to that reported in Ref. 48
and much less than a SS wave length. A SS wave reflec
from such bolometers was negligible.

~b! Uniform angular sensitivity. Since the diameter of the
fiber bolometer was much smaller than the SS wave len
the bolometer was sensitive to all SS waves propagatin
the plane perpendicular to its axis, in contrast to a flat
lometer.

~c! High figure of merit. The figure of merit of these bo
lometers wasa5R21(dR/dT)'30 K21, that was compa-
rable with the best flat bolometers.40

~d! Working temperature range is near thel point. The
bolometers were built on a basis of the same type of su
conducting gold-lead alloy that was used in Refs. 4, 40
19.

~e! Magnetic field and current tunability. A capability to
tuneTc of the bolometers by varying the bias current, wh
still maintaining a high figure of merit, was essential for t
use of these bolometers in our experiments. The experim
tal cell contained eight bolometers operating simultaneou
with a high sensitivity. Since all the bolometers in the e
perimental cell saw the same field from an external solen
dal magnet, it was the individual bias current which w
adjusted to bring each bolometer’sTc to a helium working
temperature.

~f! Long-time room stability. The superconducting laye
was covered by 40 nm of MgF2 that decreases a rate of a
oxidation at a room temperature. Since a technology
preparation of the bolometers and their mounting in the
required a high accuracy and took a long time at a ro
temperature, it was necessary to prevent a fast oxidatio
the superconductor. The bolometers could survive roo
temperature conditions during many hours and almost
not change their properties after a month of being in
vacuum desiccator.

In order to have a possibility to measure an angular d
tribution of the SS waves in the cell plane, eight bolomet
were mounted around the cell at equally spaced intervals
the circumference of the cell~Fig. 5!. The number of the
bolometers was defined by a maximal number of coa
cables permitted by a given wiring setup. Unfortunate
only five among eight bolometers worked after cooling.

The bolometers were placed in semicylindrical~1.5-mm
radius! grooves machined in two rings made of G-1
mounted around the FS transducers. Such design allowe
to electrically isolate the fiber bolometers from the FS tra
ducer housing made of brass, and to put them as clos
possible to the working area of the transducer membrane
that a SS wave path without a FS pumping was minimal.
decrease the electrical pickup and crosstalk by the bol
eters, all the wiring was made by coaxial cables down to
cell and twisted pairs inside the cell. For the same purpos
thin copper wire~0.05 mm! was soldered parallel to the bo
lometer fiber and connected to the bolometer contact on
side of the cell. A twisted pair was connected to other b
lometer contact and this wire. In this way an area of elec
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cal loop which could act as an antenna for a crosstalk, w
decreased.

2. Fiber heater

The nonreflecting SS emitter heater was constructed f
31 glass fibers of 8-mm diameter spaced 1 mm apart. A fib
length was equal to the cell width, 3 mm. The fiber grid w
covered by'80 nm of Cr. This grid produced a plane wav
at a distance larger than a fiber spacing, 1 mm, and less
a grid width, 30 mm. The incident SS waves coming fro
the cell, were not reflected from the heater. The details o
fiber bolometer and heater fabrication, mounting, testing
all characteristics can be found in Refs. 15 and 47.

E. SS phase locking thermal stabilization

To improve a thermal stabilization of the experimen
cell, a dedicated SS phase locking~SSPL! thermometer was
built. The idea of such a thermometer was proposed
experimentally verified by H. Davidowitz.40,49The SS veloc-
ity is a sharp function of the closeness toTl . So, small
temperature fluctuations in the cell lead to strong fluctuati
of the phase of the SS sine wave continuously emitted fr
the heater and measured by the bolometer. The phase s
is sent to a temperature stabilization loop.

Together with the experimental cell, a separate cell
SSPL thermal stabilization was placed inside the helium c
tainer. A radio frequency wave guide~cross section 3.5
37 mm2, length 60.6 mm! was used as a resonance cavi
One side of the cavity was formed by a flat heater, eva
rated on a piece of glass substrate. The fiber bolometer
tached to a flat G-10 plate, was mounted on the oppo
side.

The phase of the detected SS signal relative to the ph
of the emitted signal was measured by a lock-in amplifi
Such a thermometer did not allow us to measure the abso

FIG. 5. Schematic drawing of the second cell. Inset: the fi
bolometer wiring arrangement.
6-11
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
value of the temperature in the cell but provided a very h
temperature stability. The temperature can be measure
measuring a time propagation of the SS pulse in the s
cell.

The sensitivity of the thermometer increases while
proachingTl . The best result on the temperature stabiliz
tion of 0.1 mK rms was obtained at the reduced temperat
t5531025 with a SSPL frequencyf s5970 Hz.

F. Signal acquisition

We developed a new technique to measure the SS sp
in a narrow band around the centralV/2 peak. We also de
scribe a home-made eight-channels preamplifier with
lock-in amplifier for a simultaneous signal acquisition fro
eight bolometers.

1. Spectrum measurements

As follows from the theory and as found by our expe
ments, the SS spectra should be very narrow and center
half of the FS frequency,F/252pV/2. For temperatures
close toTl , the width of a single peak aroundF/2, D,
should be much less than the SS attenuation,D/g2!1,
whereg2;100 Hz. And for temperatures far fromTl , the
SS spectra should consist of two peaks with a distance a
of d f 5(c2 /c1)2F/2, that is of the order of a few Hertz.

Thus an idea of the measurement technique is to mea
a signal from the bolometer by a lock-in amplifier with
reference frequency exactly equal to a half the FS freque
Fp/2, to record time-dependent signals from a lock-in out
and then by, calculating their Fourier spectrum, to rebuild
real spectra in a narrow bandwidth aroundFp/2. The mea-
suring spectral width should be smaller than an inve
lock-in integration time constant. Then, as shown in Ref.
the relation between the Fourier component of a real, tim
dependent signal at the lock-in amplifier input,A(v01d),
and the Fourier component of a complex, slowly chang
signal at the lock-in amplifier outputZ(d) is given by the
following expression at the gain equal one:15

Z~d!5
A~v01d!

A11~dt !2
expi arctan(dt), ~27!

where d5v2v0 and t is the lock-in amplifier integration
time. Thus both the phase shift and the amplitudes of spe
components of the complex output signal should be c
rected according to Eq.~27!.

Both components of the lock-in complex output sign
were sampled and digitized at a rateFsampduring an interval
Tmeas. As a rule we usedFsamp516 Hz and Tmeas
5128 sec. Then the complex Fourier transform of bo
components of the signal provided the SS spectrum in a
row window, 68 Hz, aroundF/2 with resolution of 1/128
Hz.

2. Multichannel lock-in and preamplifier

For the second experiment with eight bolometers, a de
cated low noise preamplifier and a lock-in amplifier we
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built. The low noise, wide bandwidth preamplifier with co
stant gains (3103) had nine channels: eight for the cell bo
lometers and the ninth for the SSPL bolometer. A noise le
in a frequency range from 100 Hz to 100 kHz did not exce
2 nV Hz21/2. It was found that a main noise source w
rather the bolometers than the preamplifier. The preampl
had also an adjustable simple dc current source~50–
150 mA) for a bolometer biasing. The preamplifier was l
cated very close to the cryostat terminal box and had
independent battery power source (612 V).

Signals from 8 preamplifiers were fed to a home-ma
eight-channel lock-in amplifier. The lock-in amplifier had
reference at a double frequency compared to the freque
of the measuring signal. This unique property was very c
venient for detection of the SS signal at half the FS f
quency. The input signal was multiplied by two square wav
at half the FS frequency with phases shifted onp/2 and
integrated during a given time. The two shifted square wa
were easy to generate out of the reference square wave s
taken from theSYNCoutput of the FS generator, by logica
TTL manipulation. Low-frequency signals from 16 lock-i
outputs were sent to a A/D computer card.

3. Instrumental setup

A general scheme of our measurements is shown in Fig
The FS transducer was pumped by an ac signal from a fu
tion generator~G1!.50 The generator can give a sine wav
with amplitude up to 40Vp2p . The FS amplitude was mea
sured by an Ithaco lock-in amplifier51 referenced from the
SYNCoutput of the generator. The amplitude reading w
digitized and sent to the computer via a Keithley 197 DM
~V!. The SS measuring circuits required a biasing curren
about 100 m A. The dedicated eight-channel pream

FIG. 6. The electronic scheme of the experiment:B: bolometers
(1,2, . . . ,8),H: heater,T: FS transducer;M : ac-dc mixer;G1, G2:
generators;V voltmeter.
6-12
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
lifier with the biasing current was designed and built. Ea
bolometer was connected to the preamplifier box by a sin
coaxial cable which transferred both the bias current and
measuring signal. All coaxial cables were grounded a
single point on the cell level.

The output signals from the preamplifiers were sent to
eight-channel lock-in amplifier, that takes its reference sig
from the FS generator. The lock-in amplifier was designed
have the reference frequency twice larger than the freque
of the signal of interest. So to measure the parametric in
bility signal near half the FS frequency, the signal fro
SYNCoutput of the FS signal generator was directly fed
the lock-inreferenceinput. In the first experiment a standa
lock-in amplifier was used. Such a lock-in required a ref
ence signal equal to half the FS frequency. A small hom
made frequency divider was introduced between the gen
tor SYNCoutput and the lock-inreferencechannel.

For the experiments on a response of the interacting w
system to an independent SS wave, and for a bolom
check, independent SS emitters heaters were mounted i
cell. The heater was connected to a Synthesized Func
generator DS345~Ref. 52! ~G2! that can produce both
burst signal for measuring pulse arrival time and a conti
ous sine wave. Quartz clocks of both generatorsG1 andG2
were synchronized. This option was essential for the exp
ments on simultaneous pumping of the FS and SS wa
when a SS wave with a frequency shifted from half the
frequency needs to be emitted.

IV. EXPERIMENTAL RESULTS AND COMPARISON WITH
THEORY

Presentation and discussion of the experimental res
are divided into three major sections:~i! linear properties of
the parametric instability; here we discuss all threshold
lated phenomena: the temperature dependence of the th
old and finite-size effects and the splitting of the SS spectr
just above the threshold;~ii ! nonlinear behavior of the para
metrically excited SS waves above the threshold: the SS
plitude saturation mechanism, the broadening of the SS s
trum above the threshold, and the statistics of the SS w
amplitudes; and~iii ! the experiments on a simultaneous F
and SS pumping that include an observation of an acou
phase conjugation and a giant SS amplification above
threshold.

To avoid further misunderstanding we need to comm
on the words ‘‘linear’’ and ‘‘nonlinear.’’ All our results are
about the wave interactions in superfluid helium that are
generalnonlinear phenomena, however, when we use t
word ‘‘linear’’ we mean linear in respect to the SS wa
amplitude. Correspondingly we use the word ‘‘nonlinea
Nonlinear phenomena, by our classifications, are thos
where the interactions between SS waves play a crucial r

A. Parametric instability: Linear properties

1. Experimental results

Measurement of the threshold of the parametric insta
ity. The experiments to define the parametric instabi
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threshold of the FS waves in the both cells were perform
in the same way. At a fixed temperature, FS was generate
a frequencyV, which was chosen to be the first resonan
frequency of the cavity. For a given FS amplitude, a
amplitude was measured by the bolometers. Typical plot
the time averaged SS intensity in the vicinity ofv5V/2 as a
function of the driving FS amplitude for the first and seco
cells are shown in Fig. 7. Averaging time intervals for t
first and second cells were 128 and 32 sec, respectivel
well defined threshold for the driving amplitude, at which t
SS intensity first exceeds twice the background noise le
exists for each curve in Fig. 7.

One can notice a striking difference between the SS
tensity dependences for the first and second cells. In the
cell above the instability threshold, the SS intensity plot e
hibits rather large fluctuations as a function of the FS am
tude. It is important to point out here that the SS amplitude
this cell also strongly fluctuates in time. The characteris
time of these fluctuations was particularly long near the on
where the time intervals between isolated spikes could b
long as 1000 sec~which was the maximal sampling interval!.
This time is much larger than all characteristic times in t
problem. These fluctuations limit the resolution of the thre
old determination and hinder quantitative studies of the a
plitude dynamics above the onset. Nevertheless, they do

FIG. 7. SS wave intensity vs FS wave amplitude at fixed te
peratures:~I ! the first cell for the reduced temperaturest52.3
31024,6.5231024, and 1.2031023; ~II ! the second cell fort
53.6731024,6.3631024, and 8.0631024.
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change the main features of the phenomena discussed b
The SS intensity plots for the second cell are more regu

The temperature dependences of the FS threshold am
tude for both cells are presented in Fig. 8. The solid lines
theoretical curves which are plotted without any fitting p
rameter. As we already discussed in Sec. II, there are
important factors which should be taken into account. Fi
one should consider the generation of the SS waves by
standing FS waves in a resonance cavity rather than by
propagating ones. Second, the cell size should be comp
with the SS attenuation length that drastically depends
temperature.

SS spectra just above the threshold. Another result found
at the instability threshold was two types of the SS pow
spectrum that were observed in different temperature
gions. Examples of two typical SS power spectra at the
duced temperaturest52.1931024 and t56.5231024 in
the first cell are shown in the insets of Fig. 9. The first sp
trum has a single sharp peak exactly at frequencyV/2, while
the second one, obtained further away fromTl , exhibits two
peaks equally separated fromV/2. The left peak at the lowe
frequency,V/22d f , is always larger than the right one at th
frequencyV/21d f .

FIG. 8. The temperature dependence of the FS threshold am
tude for the parametric instability for:~I ! the first cell, and~II ! the
second cell. Solid circles with error bars are experimental poi
curvesA: theory for an infinite cell without the spectral spilttin
(r 51,z51/2), curvesB: theory for a finite cell with no reflection
from the boundaries and with the SS spectral splitting (r 50,z
51/A2); curvesC @plot ~I !#: theory for a finite cell with the reflec-
tion coefficient r 50.7 and with the SS spectral splitting (z
51/A2); curveD @plot ~II !#: theory of finite cell without reflections
(r 50) and without the SS spectral splitting (z51/2). Dashed lines
separate the regions where different conditionsl /L,.1 and
Vh2/g2,.1 are satisfied.
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The temperature dependence of the frequency peak
is shown in Fig. 9. Closer toTl , the spectrum has just on
peak at the frequencyV/2 that corresponds to the symmetr
decay of FS. Further away fromTl (t.631024), the spec-
trum shows two peaks equally separated fromV/2. A cross-
over from one type of spectrum to another occurs in
reduced temperature interval 431024,t,631024),
where both the central peak and the pair of the separ
peaks coexist in the spectrum. The two peak spectra are
ways asymmetric: the left peak corresponding to the low
frequency is always higher than the right one.

Features of the second cell spectra. The geometry of the
second cell differs from that of the first cell, and this caus
some differences in a SS response. The most striking
was that the SS spectra in the second cell were differen
different bolometers and had also different frequency sh
from an exactV/2 value. A typical SS spectrum just abov
the onset of the parametric instability consists of a sin
instrumentally sharp peak shifted fromV/2. The peak shifts

FIG. 10. SS spectrum peak shift relatively toF/2 vs the reduced
temperaturet just above the threshold of the parametric instabil
for different bolometers in the second cell.

li-

s;

FIG. 9. The SS frequency shift as a function of the reduc
temperaturet. The insets show two types of the SS power spectr
in two temperature ranges:~a! t52.1931024, ~b! t56.5231024.
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are different on different bolometers and depend on temp
ture. Their temperature dependences are shown in Fig.
The bolometer positions in the cell are shown in the inse
Fig. 10. Bolometers 2 and 8, that are above the dotted l
connecting bolometers 3 and 7, have negative frequen
shifts. Bolometers 4 and 5, located below the line, have p
tive frequency shifts~the frequency shift for bolometer 5 wa
positive but the SS signal was very noisy!. Bolometer 7 has
almost no frequency shift.

2. Comparison between the experiment and theory

In order to explain the experimental results on the te
perature dependence of the instability threshold and the s
trum splitting as well, let us first estimate the range of var
tions of important parameters in the problem, namely,
sound velocity ratio,h5c2 /c1, the ratio of the SS dissipa
tion length to the horizontal size of the cell,l /L, and the ratio
of the frequency splitting to the SS dissipation rate,Vh2/g2.

In the working temperature range, 1024,t,2
31023, h varies between 0.006 and 0.019. In the sa
temperature range,l /L changes from 11 to 0.2 in the firs
cell, and from 5.5 to 0.1 in the second one. The ratioVh2/g2
varies between 9 and 0.05 in the first cell, and between 6
0.04 in the second one.

Temperature dependence of the FS threshold amplitu.
The experimental data on the temperature dependence o
FS threshold amplitudes of the parametric instability for b
cells are presented in Fig. 8 together with various theoret
curves. The general expression forath from Eq.~11! is used.
CurvesA in both plots show the lowest possible FS thres
old amplitude which corresponds to an infinite cell with t
resonance cavity factorz51/2. Two conditions should be
satisfied in order to apply this criterion:~i! l /L!1, and~ii !
Vh2/g2!1. It occurs in the close vicinity toTl . At t
51024 the ratios in the first and second cells are the follo
ing:

I . l /L50.21, Vh2/g250.052,

II . l /L50.10, Vh2/g250.036.

The maximal values of the FS threshold amplitude
realized in a finite cell without SS reflections from th
boundaries,r 50, and with the spectrum splitting, i.e., atz
51/A2—curvesB in the both figures. This opposite limit i
reached at the conditions:~i! l /L@1, and ~ii ! Vh2/g2@1,
which are satisfied far from the superfluid transition. F
example, att51023 one finds

I . l /L54.8, Vh2/g252.8,

II . l /L52.3, Vh2/g252.0.

The transition from one regime to another occurs with
the following experimental temperature range in the b
cells:

l /L51: I . t'3.131024, II . t'5.331024,

Vh2/g251: I . t'5.531024, II . t'6.831024.
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The experimental data for the FS threshold amplitude a
function of the reduced temperature in the first cell lie b
tween two theoretical limits@Fig. 8~I !#: curve A represents
the threshold in an infinite cell without the spectrum splitti
(r 51,z51/2), and curveB shows the threshold in a finite
cell without reflection (r 50) and with the spectrum splitting
(z51/A2). An additional curveC is plotted with the reflec-
tion coefficient r 50.7 and the spectrum splitting (z
51/A2). It fits the data rather well for the most part of th
experimental temperature range.

For the temperature range close toTl , the experimental
points lie above curveA that presents the threshold in a
infinite cell. A reasonable explanation can be the followin
In the limit of Vh2/g2!1, the excited SS waves have n
spectra splitting and propagate in the cell plane. The con
tions of the SS generation by the FS standing waves v
along the vertical axis. Indeed, in the standing FS waves
regions of maximal amplitudes of pressure and velocity
separated in space. It was shown in Ref. 22 that it is
pressure oscillations in the FS waves that are responsible
the SS generation. So, the most preferable conditions for
SS wave generation are in the antinodes of the pressur
the FS standing wave. Thus the SS waves are excite
narrow layers near the FS transducer surfaces and propa
along them. At the same time, the SS bolometers are loc
in the first cell near the central cell plane and are not se
tive to the SS waves propagating near the transducer
faces. It means that the bolometers can only detect the
waves well above the onset, and the real threshold va
cannot be measured.

The experimental data for the second cell agree with
theoretical predictions rather well@Fig. 8~II !#. All the experi-
mental points lay between two curvesB and D. Curve D
presents the threshold for the cell with the zero reflect
coefficientr 50 and the numerical factorz51/2, that corre-
sponds to no spectra splitting. For smallt, the experimental
points are fitted by the curveD, and for larget—by the
curveB. The crossover happens at the intermediate temp
tures.

Splitting of SS waves spectra. The experiments in the firs
cell exhibit different types of the SS spectrum in the differe
temperature ranges that is well explained by the consid
ations of the finite-size geometry in the direction of the
propagation and by the discreteness of thez component of
the SS wave vector~see Sec. II B 3!. In the experimental
temperature range, the attenuation of the SS waves cha
sharply, so the both limitsVh2/g2! and @1 can be ob-
served. Then indeed, if theVh2/g2!1, that occurs closer to
Tl , the discreteness of the resonance states is smeared
This case corresponds to the symmetric decay with a sin
peak in the SS spectra. The opposite caseVh2/g2@1 leads
to the discrete resonance states and two peaks in the
spectrum. The temperature dependence of the frequency
of the peaksd f 56(F/2)h2 is plotted as dashed lines in Fig
9 ~hereF5V/2p). It describes the experimental data rath
well. The two peaks spectrum corresponds to the decay
cess in which one of the SS waves propagates normall
the FS wave direction, and both components of the FS sta
ing waves contribute to the parametric excitation. On
6-15
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same plot, the temperature dependence of the SS attenu
rate,g2/4p, is also shown~Fig. 9, dotted line!. For the tem-
perature range, where two peaks are observed, the follow
inequality is satisfied:g2/4p,d f , while in the region of a
single peak, the relation is opposite:g2/4p.d f .

The large difference in the measured peak amplitude
probably due to different SS modes corresponding to e
peak. The peak with a lower frequency corresponds to
zero eigenmode along vertical axis, that has a symme
distribution with respect to the central plane. The peak wit
higher frequency corresponds to the first mode, that is a
symmetric. The measured signal on the bolometer is a re
of an interference. The bolometer is symmetric with resp
to the central plane. So it can detect the antisymmetric m
only in the case when the bolometer location deviates fr
the central plane symmetry. Therefore, the higher freque
signal should have much lower amplitude.

Features of SS spectra in the second cell. The spectra of
the SS waves in the second cell differ greatly from the
spectra in the first cell. They are much more irregular. Th
irregularities in the spectra do not change the tempera
dependence of the FS threshold amplitude but do smea
the SS spectral splitting effect, observed in the first cell.

There are two main factors that make two cells so diff
ent. First, there is no reflection of the SS waves in the sec
cell in contrast to the first one. Second, the bolometers in
cells have very different angular sensitivity as described
Sec. III C and III D.

The striking result on the frequency shift of the SS sp
trum peaks just above the threshold of instability~Fig. 10!
can be explained by anisotropy of the FS acoustic fi
which had a nonzero component in the horizontal plane.
FS traveling waves could propagate in the direction sho
by the arrow in the inset~Fig. 10!. This could result from
asymmetric FS reflection from the cell boundaries. Both
the wave vectors of the FS standing-wave components c
be slightly tilted. In such a case, the SS spectrum meas
on a bolometer should be shifted from exactF/2 value by

D f 5FS c2

c1
D cosa, ~28!

where a is the angle between the FS wave vector in
horizontal plane and the direction of the SS wave propa
tion which is along the radial direction in the cell plane. S
for bolometers 2 and 8 one has cosa,0, for bolometers 4
and 5 one has cosa.0, and for the bolometer 7 one find
cosa'0.

As follows from Eq.~28! the frequency shift due to ex
ternally broken isotropy in the cell plane is proportional
c2 /c1. This dependence is different from the dependence
to spectral splitting considered above, whered f ;(c2 /c1)2.
Since the frequency shift due to anisotropy is larger than
spectral splitting, that is probably the reason why the la
effect was not observed in the second cell.

The experimental data on the frequency shift in the s
ond cell were fitted by Eq.~28!. The dashed lines in Fig. 1
show the result of the fitting for each pair of the bolomet
with a single adjustable parametera. The values of angles
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obtained from the fit for different bolometers are the follow
ing: a2'a8'(9011.6)deg, a4'(9021.4)deg, a7
'90deg.

However, in spite of these nuisance effects it is still po
sible to characterize nonlinear behavior of the SS wa
above the threshold in the second cell.

B. Nonlinear properties of SS waves above the threshold

1. Nonlinear saturation mechanism

As the FS amplitude increases above the threshold of
parametric instability, the SS amplitude starts to grow ex
nentially in time. One of the central questions in this resp
is a nature of a mechanism of a SS amplitude saturation
we discussed in Sec. II C 1, the theory22 suggests that the 3W
resonance interaction is responsible for the saturation.
cording to that theory, the SS wave intensity above
threshold is defined by the nonlinear attenuation and has
following dependence on the control parameter of the ins
bility: I 2;A/Ath21, see Eq.~17!. HereA andAth are the FS
amplitude and its threshold value, respectively. This sca
is very different from that predicted and observed for sp
waves, where the amplitude saturation occurs due to
dephasing mechanism. Then the spin-wave intensity depe
on the control parameter asI;A(A/Ath)221.10

The experiments in the first cell did not provide a cle
cut answer about the saturation mechanism. An average
tensity, particularly at large values of the control parame
e5A/Ath21, fluctuated so strongly with the control param
eter, that it was impossible to establish the intensity dep
dence one @see Fig. 7~I!#. A possible mechanism for suc
strong fluctuations will be discussed below.

The data on the SS intensity as a function ofe in the
second cell can be analyzed quantitatively. The typical p
of the SS intensity in a wide range of the FS amplitu
variation is shown in Fig. 11. This plot undoubtedly exhib
linear dependence on the control parameterI 25gexpe, where
gexp is the parameter of the linear fit. It was possible
measure this parameter in a wide temperature range in

FIG. 11. The SS intensity vs FS amplitude in the second c
measured on bolometer 4 att53.331024. The dashed line is the
linear fit of the intensity data above the thresholdAth .
6-16
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
vicinity of Tl only for two bolometers, 4 and 8. The depe
dences ofgexp on the reduced temperature for these bolo
eters are presented in Fig. 12. For the reduced tempera
t53.331024 one findsgexp'1026 m W/cm251028W/m2.

Thus the data verified the theoretically found function
dependence of the SS wave intensity above the threshol
the control parameter presented by Eq.~17!. However, we
found significant quantitative discrepancy both in the va
of the coefficient in this expression and its temperature
pendence~see Sec. II C 1!.

In order to compare the experimental value ofgexp, we
would like, first, to make comments about a dimensiona
of SS wave packets in the first and the second cells. In b
cells, the SS waves propagate in the plane of the FS tr
ducers. That defines 2D geometry of wave propagation
the first cell dimensionality of the wave pattern may be
duced to 1D, due to boundary conditions. The resona
reflections from the bolometer and heater substrates may
lect the 1D pattern of the wave propagation. This eff
should be observed further away fromTl . Closer toTl , the
dissipation length becomes very short, and the role of
boundaries diminishes. In the second cell with the non
flecting boundaries the dimensionality of the wave pack
should be 2D. A nonlinear pattern selection may change
1D, however, we do not see any evidence of such a phen
enon.

Even for the lowest theoretically predicted value ofg that
corresponds to the 1D case, we found a large discrepa
with the experiment. For the temperaturet53.331024, the
experimental valuegexp is 450 times smaller than the theo
retically predicted one. In the 2D case the discrepancy
even higher by the factorAv0 /g0. Comparison of the result
in two cells does not improve the situation. While the dime
sionality of the first cell should be lower, andg should be
smaller correspondingly, one can see from the plots in F
7I that the average slope of the SS intensity vse in the first
cell, particularly at small values oft, is an order of magni-
tude larger than in the second cell. The inconsistency ex
not only in the data for the different type of bolometers
two cells but even for two different bolometers of the sa

FIG. 12. Temperature dependence of the experimental slope
efficient gexp for two bolometers 4 and 8 in the second cell.
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type in the same cell~see the data on two bolometers in Fi
12!. Moreover, as it is clear from Fig. 12, a different fun
tional dependence ofgexp on the reduced temperature wa
observed for two bolometers: for bolometer 4 one findsg4

;t3, and for bolometer 8 one hasg8;t4. Both these power
laws are very different from the theoretically predictedg
;t0.33.22

The reason for such great quantitative discrepancies
tween the theory and the experiment, and also inconsis
cies of the results on the different bolometers and in t
cells, may be explained by the following arguments. Th
are two unknown factors that can influence the abso
value of the SS amplitude measurements:~i! an inhomoge-
neity of the bolometer sensitivity along the fiber, and~ii ! a
nonuniformity of a profile of a SS wave packet across
cell height. The consequence of the latter factor on the m
surements of the instability threshold in the first cell has be
already discussed above~Sec. IV A 2!. A nonuniform spatial
structure of a SS wave packet, that was not taken into
count by the theory,22 may be another possible explanatio
of the quantitative discrepancy. For the sufficiently smalt
the SS wave spectrum exhibits only one central peak~see
Sec. IV A 2!. Then the SS waves propagate almost in the c
plane. However, the SS wave packet has nonuniform am
tude distribution in the vertical direction. As was discuss
above, the most preferable conditions for the SS wave g
eration are in narrow layers near the FS transducers, bec
the amplitude of the pressure oscillations there has a m
mum. Moreover, two SS waves, propagating along t
transducer surfaces and along different directions in
transducer plane, may be almost incoherent and produ
random destructive interference on the bolometers. All th
factors can drastically reduce the measured SS intensity

The measurements of the SS intensity require a bolom
calibration. In our cell, it was possible to make only a sta
bolometer calibration, namely to measure the bolometer
sistance vs the cell temperature. For experiments with the
plane wave such calibration was sufficient to get corr
numbers.3 However, in the experiment on the SS paramet
generation the distribution of the SS amplitude between
FS transducers is unknown. If the SS wave packet pro
across the cell is far from the planar wave and the SS wa
from different directions are incoherent, it is easy to get
measured signal ten and even more times smaller than a
amplitude of the SS wave for bolometers with inhomog
neous sensitivity distribution along the fiber. This gives c
respondingly more than two orders of magnitude error in
SS intensity measurements. Then bolometers with differ
inhomogeneity can measure different SS amplitudes for
wave packet. The discrepancy between different bolome
can depend on temperature because both the bolometer
sitivity distribution and the SS wave amplitude profile can
a function of temperature.

Thus, in spite of the fact that the measurements of the
intensity above the instability threshold in the second cell
not provide a possibility of quantitative verification of th
theoretical predictions on the coefficientg from Eq. ~17!,
these experiments do provide information about the po
dependence of the SS intensity as a function of the con

o-
6-17
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
parameter. In this way, the experimental results do verify
theoretical prediction that the nonlinear attenuation is
main mechanism of the SS amplitude saturation. We can
exclude the possibility that the major mechanism of SS a
plitude saturation is different from the nonlinear attenuati
and the linear dependence of the SS amplitude is the resu
a coincidence of many other factors discussed above. H
ever, this is much less probable and we have no argumen
prove it.

2. Broadening of the SS spectrum above the threshold

It was already pointed out that the dynamic nonlinear
havior of the parametrically generated SS above the thr
old is highly intermittent. Such intermittent behavior diffe
greatly from a known example of the parametrically excit
surface waves11 ~see Sec. II D!. In particular, the difference
with pattern forming systems manifests itself in low fr
quency fluctuations of the SS amplitude~Fig. 13!. The char-
acteristic time of the fluctuations is much longer than
relaxation time of SS waves,g2

21, and their traveling time
L/c2. The behavior similar to this was observed in som
cases of the parametrically excited spin waves.10

In the whole experimental temperature range, the SS
quency spectra just above the threshold consist of one or
instrumentally narrow peaks that broaden continuously as
control parameter increases. In spite of the fact that the
frequency spectra exhibit qualitatively similar behavior
the entire temperature range, it is possible to analyze th
quantitatively only in a narrow range of the reduced tempe
tures between 231024 and 331024. The range of the con
trol parameter, however, is rather wide: 0,e&1.5. In this
temperature range, the spectra have a single peak exac
half the FS frequency, and the SS attenuation length is
than the horizontal size of the cell. The typical 3D plot of t
SS spectral density as a function of the FS amplitude and
frequency shiftd f 5 f 2F/2 is shown in Fig. 14.

The narrowness of the temperature range where g
quality data are observed can be explained by several
sons. The ratiol /L in this temperature range changes fro
0.55 to 0.95. Att,231024 the SS attenuation length be

FIG. 13. SS amplitude fluctuations as a function of time
different values ofe5A/Ath21 at t52.3331024.
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comes comparable with the distance between the FS tr
ducers (d53.9 mm). Therefore the SS waves that reach
bolometers are generated near the cell edge where a
acoustic field is inhomogeneous. In this region, we obser
qualitatively the same SS spectra shifted a few Hertz to
right from the basic SS frequency.

At t.331024 two other factors come into the play. Th
first one is the resonance cavity effects discussed in S
II B 3 and IV A. It causes the transition from a one to tw
peaks spectrum. The second, as the ratiol /L exceeds unity,
the lateral boundary conditions become important.

At the threshold of the parametric instability, the SS wa
spectrum is very narrow and it starts widening as the con
parameter increases. However, in the entire experime
range of the control parameter, the SS spectrum remains
narrow compared to other characteristic frequency sca
The smallest among them is the SS attenuation rateg2, that
is, about 40–60 Hz. The typical SS spectra for different v
ues of the control parameters are shown in Fig. 15. T
have a finite widthD and exponentially decaying tails. I
semilogarithmic coordinates the spectra look like triang

r
FIG. 14. 3D plot of SS power spectral density as a function

FS amplitude and SS frequency shiftd f 5 f 2V/2 at t52.33
31024.

FIG. 15. SS power spectra for different values ofe5A/Ath21
at t52.3331024.
6-18
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
with equal sides. The width of the spectrum grows as
control parameter increases. In order to analyze the de
dence of the spectral width on the control parameter
temperature, we fit the data by one of simple functions wh
possess the exponential tails, namely

N~ f 2F/2!5cosh21S f 2F/2

D D . ~29!

We emphasize here that the characteristic width of the w
packetD is 20–50 times smaller thang2 and is the result of
the nonlinear indirect 4W interactions,22 as explained in the
Sec. II C 2.

Figure 16 presents the dependence of the spectral wid
a function of the FS amplitude for different temperatures.
each temperature, the initial parts of the curves show a ra
weak dependence on the control parameter. Then in a w
range of the control parameter 0.1,e,1.5, the spectra width
is fitted rather well by a linear function of the FS amplitud
D5m(A/A021). A0 differs from Ath due to flat initial part
of the curves, as it is seen from the plot. The tempera
dependence of the slopem is shown in the inset of Fig. 16. I
increases about twice in the narrow temperature range
similar to the SS attenuation rateg2. A comparison of the
experimental, almost linear dependence of the spectral w
on the control parameter with the theoretical predictions
different space dimensionalities of the SS waves@see Eq.
~25!# allows us to conclude that the experimental situation
either 1D or lies between the 1D and 2D cases. The temp
ture change of the prefactor in Eq.~25! is also close to the
experimentally observed temperature dependence of the
efficient m.

3. Statistical analysis of the SS amplitudes

In the same temperature range, where the SS spe
broadening was measured, we also conducted the statis
analysis of the SS amplitude signals measured by both
lometers~see Fig. 13!. We intended to answer the questio

FIG. 16. Width of the SS power spectra as a function of the
amplitude for different temperatures. Inset: temperature depend
of the slopem.
05450
e
n-
d
h

e

as
t
er
de

:

re

ry

th
r

s
ra-

o-

tra
cal
o-

of whether the statistics of the SS wave amplitudes w
Gaussian. The characteristic plots of the SS amplitude t
series are shown in Fig. 13.

One of the parameters that characterizes the deviatio
the amplitude distribution function from the Gaussian one
the ratioF5M4 /M2

2, whereM2 andM4 are the second- and
the fourth-order statistical moments:M25Š(Z2^Z&)(Z
2^Z&)!

‹ andM45Š(Z2^Z&)2(Z2^Z&)!2
‹, Z is the com-

plex wave amplitude,̂•••& means averaging over the tim
series.

A characteristic plot ofF as a function of the FS ampli
tude at a fixed temperature is shown in Fig. 17. Below
thresholdF52, that provides an evidence of the Gauss
distribution of complex amplitudes of an experimental no
without any phase correlation. Near and above the thresh
F fluctuates strongly. Ate.1/2 it approaches an averag
value of about 3.

The statistics is Gaussian if the fourt-order correlati
function is equal to the sum of all possible products of t
pair-correlation functions:

^b1b2b3* b4* &5^b1b3* &^b2b4* &1^b1b4* &^b2b3* &1^b1b2&

3^b3* b4* &, ~30!

wherebi5b(k1,v1) is the SS wave amplitude for givenki
and v i . Two first terms are products of the second-ord
normal correlators:

^bk1 ,v1
bk2 ,v2
* &5nk1 ,v1

d~k12k2!d~v12v2!, ~31!

nk1 ,v1
is the number of waves with givenki andv i , or the

spectral wave density. The third term is a product of t
anomalous correlators:

^bk1 ,v1
bk2 ,v2

&5sk1 ,v1
d~k11k2!d~v12v2!. ~32!

The anomalous correlator differs from zero for parame
cally generated waves because a pumping field produ
pairs of waves, and the waves inside one pair are stron
correlated. It was shown theoretically10 that in a steady state
usk,vu5unk,vu, and that leads to the following relation be
tween statistical moments:

M453M2
2 . ~33!

S
ce

FIG. 17. RatioF5M4 /M2
2 for the SS amplitude fluctuations a

a function of FS amplitude att52.3331024.
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
The relation between the fourth and second moments w
zero anomalous correlator is different:M452M2

2. Below the
threshold of the parametric instability the measured signa
the electronic noise. This noise certainly has no anoma
correlator, and it is Gaussian, i.e.,F52. Close to the thresh
old the value ofF fluctuates strongly. One of the reasons f
such fluctuations is insufficient time of the statistical me
surements. The characteristic time scale of the amplit
fluctuations for smalle is comparable with the measurin
time ~see Fig. 13!. For largee, F becomes equal to 3, an
this is a crucial evidence of the Gaussian statistics of the
wave amplitudes. This transition in the value ofF from 2
below the threshold to 3 above it, indicates a very cruc
manifestation of a physical mechanism for the parame
instability, namely, appearance of a parametrically initia
wave pairing with a strong phase correlation inside of e
wave pair.

We verified the Gaussian statistics only for the correlat
with a time delay and a space shift both equal to zero. So
got a necessary but not sufficient proof of the Gaussian
tistics. However, it is evidence of the validity of the theore
ical hypothesis about the Gaussian statistics for the p
metrically generated waves.

The Gaussian statistics of the SS amplitude fluctuati
above the threshold verified in the experiment unambi
ously points at the kinetic theory to describe the behavio
the parametrically excited SS waves and provides a foun
tion for its applicability. In this approach, one introduc
pair-correlation functions of parametrically excited wav
and, using a hypothesis of the Gaussian statistics of w
amplitudes, splits higher-order correlation functions, that
pear in nonlinear terms, into products of the pair-correlat
functions.10 The kinetic theory also predicts that a spect
packet has universal exponential tails and its width is sm
due to relatively weak 4W scattering processes. There
the observed shape and width of the packet confirm the m
results of the kinetic theory.

We also measured the cross correlation function of
amplitude signalsZ1 andZ2 from two bolometers in the firs
cell:

C~u!5
Š@Z1~ t !2^Z1&#@Z2~ t2u!2^Z2&#!

‹

AŠuZ1~ t !2^Z1&u2‹•ŠuZ2~ t !2^Z2&u2‹
. ~34!

The bolometers are sensitive to the waves propagatin
almost perpendicular directions. The absolute value of
normalized cross correlation function is found to beuC(u)u
,0.1 for all delaysu. That can be explained by an absen
of angular correlations between the SS waves, and once m
indicates a random-phase distribution of wave amplitu
already discussed above. Moreover, we were able to mea
correlations of the SS signals obtained by the different
lometers also in the second cell. We found no signific
correlations between the signals on the bolometers nea
threshold instability. That indicates no tendency to patt
formation. This observation agrees with the theoretical c
clusion about the absence of a long-range order at an a
of resonantly interacting SS waves. As we suggested ab
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~see Sec. II C 1!, this state, particularly very close to the in
stability threshold, can be described as a turbulent crysta35

The 4W resonance interaction is present in any med
with parametrically driven waves. Thus the kinetic theo
predicts the universal spectral broadening in such syst
irrespective of the wave dispersion law. We do not exclud
possibility that this universal spectral broadening can be
served in the capillary waves too. This would be possible
the resolution in frequency measurements is drastically
proved compared to that reached in previous experiment
be much better than the ratiog/v, which for the Faraday
ripples is of the order 1022.

C. Experiment on simultaneous FS and SS pumping

1. Acoustic phase conjugation in superfluid helium

The experiments in the second cell with a simultaneo
FS and SS pumping reveal an interesting effect in the
namics of the SS waves below the parametric instabi
threshold. An analog of the well-known in optics phenom
enon of a phase conjugated~PC! mirror was observed in
superfluid helium for the SS waves. A mirror built on th
effect, in contrast to a conventional one, reflects an incid
wave in such a way that a reflected wave is always direc
opposite to an incident one.

One of the differences between the first and the sec
cells essential for such experiments is the presence of
bolometer located between the SS emitter and the cell. T
in the second cell, we had an opportunity to measure the
wave amplitude emitted from the heater before it entered
the cell. On the same bolometer we could measure an am
tude of the SS wave that was coming back from the c
Another great advantage of the second cell, which allows
to perform the experiments on the phase conjugation,
wide angle sensitivity of the fiber bolometers and absenc
a reflection for the SS waves.

Theoretical background. A PC mirror has several uniqu
properties compared to an ordinary mirror. It reflects an
cident wave back for any incident angle. The conjuga
wave can have a larger amplitude than the incident one.
it is this time-reversed phase property of the reflected w
that makes the optical PC so potentially useful for a hos
interesting applications, and particularly for correction
wavefront distortions.53 A common but not a sole realizatio
of PC in optics is the mirror, based on 4W interactions.53 It
can also be realized through 3W interactions. In the la
case, PC has been observed in various wave systems m
festing sufficiently strong nonlinear interactions, e.
microwaves54 and acoustic waves.55 In fact, the first obser-
vation of PC in acoustics was made long before the obse
tion of the optical PC.55 PC in acoustics results from th
interaction between sound waves and the various type
collective oscillations in solids. The interaction of a sou
wave ~either longitudinal or shear! with electromagnetic
waves in piezoelectrics or magnets, the phonon-plasmon
teraction in piezoelectric semiconductors, and the interac
of electromagnetic waves with spin waves in magnets ar
few of many examples. At large enough amplitudes of
external field, these systems exhibit a space-homogen
6-20
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
parametric instability, as was already described above.
PC phenomenon of the SS waves in superfluid helium ca
observed below as well as above the parametric instab
threshold.

An incident SS wave with half the frequency of the F
wave can be amplified by the FS pumping wave, genera
a PC wave in the opposite direction. Indeed, as can be e
seen from the conservation laws of Eq.~5!, at uK u!uk1,2u one
getsv1,2'V/2, and the parametrically generated SS wa
propagate in almost opposite directionsk2.2k1 with the
conjugated phases.

Two main factors distinguish our system from the co
mon manifestation of PC in optics. First, PC in optics
usually examined only below the onset of spontaneous o
lations ~instability!, which is unattainable at the current
available laser intensity.53 Second, the optical systems are
a very low dissipation, so thatl /L@1. Our system is in the
range ofl /L>1 depending on the temperature, so the dis
pation is of a crucial importance for the conjugated wa
generation.

Two linear ~in respect to the incident and conjugat
waves amplitudes! problems can be formulated in regards
the parametric instability of FS:~i! determination of the
threshold of a spontaneous SS wave generation via a
interaction process,~ii ! generation of the conjugated S
wave below the instability onset due to the nonlinear int
action of the incident SS wave with the FS pumping field

The first problem, discussed in Secs. II A 2 and IV
deals with the spatially uniform, rotationally invariant sta
in a FS resonance cavity. The second problem is related
system with its rotational invariance externally broken by
incident SS wave having a spatially dependent amplitu
The relevant question here is: what is the amplitude valu
the conjugated SS wave which is generated as a result o
3W interaction? Depending on the boundary conditions
the valuel /L for the same cell geometry this problem can
described in two ways. The first method is similar to the
paradigm in optics.53 One can consider the inhomogeneo
problem for a space-dependent amplitude distribution of
probe and the conjugated waves in a resonance cavity w
dissipation. In this case the nonlinear process of the PC w
generation via the 3W interactions~with nonzero wave num-
ber mismatchDk5d/c2) is described by the following set o
linear steady-state equations:

~]/]x1g2 /c2!b11 ikb2* exp~ iDkx!50, ~35!

~]/]x1g2 /c2!b21 ikb1* exp~ iDkx!50, ~36!

and the boundary conditions for both incident and con
gated waves:

b1~0!5b0 , b2~L !50. ~37!

Here k[aU/c2 , b1,2 are the incident and conjugated S
wave amplitudes, respectively, 0<x<L is the coordinate in
the direction of the SS wave path, andb1,2(0) are the ampli-
tudes of the incident and the reflected SS waves at the
entrance, respectively. Rather straightforward calculati
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lead to the following expression for the nonlinear power
flection coefficient, defined asr 5ub2(0)u2/ub1(0)u2:

r 54k2
cosh~2gL!2cos~2 f L !

D
, ~38!

where

D5exp~22gL!@~ f 2D!21~g2g2 /c2!2#1exp~2gL!

3@~ f 1D!21~g1g2 /c2!2#14@g22~g2 /c2!2#

3cos~2 f L !14~ f g2 /c22gD!sin~2 f L !, ~39!

f 22g25k21D22~g2 /c2!2, f g5Dg2 /c2 . ~40!

Equations~38!–~40! are transformed to the known expre
sion for the power reflection coefficient in the optical PC v
a nearly degenerate 4W mixing atg→0.53 At this limit, in
the regionp/4,kL,p/2, the intensity of the PC wave ex
ceeds that of the incident one, i.e., it is the regime of the
coherent amplifying reflector. The dissipation cuts down
amplification and shifts the amplification region closer to t
onset of the parametric instability. Thus both the dissipat
and the frequency mismatch result in a decrease of the
reflectivity, and the conjugator behaves as a narrow band
acoustic filter. In the limita/ath!1, Eqs.~38!–~40! can be
simplified,

r 54k2
cosh~2gL!2cos~2 f L !

exp~2Lg2 /c2!@~d/c2!21~g2 /c2!2#
. ~41!

This limit can be always achieved, and the expression~41!
can be easily analyzed. Indeed, it follows that:~i! a reflected
wave amplitude,ub2(0)u, is proportional to a FS amplitudea;
~ii ! ub2(0)u is proportional to an incident wave amplitud
ub1(0)u; ~iii ! a reflection coefficient has a resonant depe
dence on frequency mismatchd. The resonance curve de
pends on the SS attenuation rateg2 and the cell sizeL.

However, as our calculations and comparison with
experiments show, the expressions either of Eqs.~38!–~40!
or Eq.~41! do not fit the experimental data. This is, probab
due to the relatively large dissipation and, particularly, due
the nonreflecting lateral boundaries.

The second method is to consider a homogeneous p
lem for the probe and the conjugate waves with a lin
decay. Thus in this case the nonlinear process of the PC w
generation via the 3W interaction is described by the follo
ing set of linear equations:

@]/]t1g21 iv1#b11 iUab2* 50, ~42!

@]/]t1g22 iv2#b2* 2 iU * a* b150. ~43!

Here, the incident and the conjugated SS waves have
amplitudesb1 andb2 and the frequenciesv1 andv2, respec-
tively, andv1,25V/26d, whered is the frequency shift of
the parametrically generated SS waves. The nonlinear po
reflection coefficient is obtained from Eqs.~42!–~43! as
6-21
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r 5
uUau2

g2
21d2

. ~44!

Here b1,2(0) are the amplitudes of the incident and the
flected SS waves, respectively, at the cell entrance.

In order to describe the experimental data by Eq.~44!,
obtained in a finite lateral geometry FS resonance cavity,
can rewrite Eq.~44! by incorporating Eq.~16! in the follow-
ing form:

r 5S a

ath
D 2 z2@11~j l /L !2#

11~d/g2!2
. ~45!

This approach is justified in the linear regime below t
parametric instability threshold. The effective attenuationG
5g22AuUau22d2 tends to zero at the threshold and b
comes negative above it, causing the SS wave amplitud
diverge exponentially. Saturation occurs due to higher-or
nonlinear effects of the SS wave interaction~see Secs. II C 1
and IV B!.

The main theoretical predictions for the PC waves gen
ated parametricallybelow the onset are:

~i! The amplitude of the conjugated SS wave is prop
tional to ~a! the FS amplitude at fixed value of the frequen
shift, and~b! the amplitude of the incident SS wave.

~ii ! The sum of the phases of one FS and two SS wa
involved in the resonance interaction isf1f11f25p/2.
For a pair of the SS waves this leads tof11f25const.

~iii ! The power reflection coefficient as a function of t
frequency shift has a Lorentzian shape with a width equa
the SS wave linear attenuation rate.

Results and discussion. As in the previous experiments
we performed the SS spectrum measurements in a na
bandwidth aroundV/2 using the lock-in amplifier fixed a
this reference frequency~see Sec. III F 1!. The experiment
was conducted in the second cell at a fixed temperature
pumping the acoustic cavity with the FS waves at the f
quencyF and the amplitude below the threshold value
the parametric instability. At the same time, a small amp
tude SS wave was emitted by the heater. In order to sepa
SS signals coming directly from the heater and those com
from the cell, the incident wave frequency was shifted fro
F/2 to f 15F/21d f .

Bolometer B8, located far from the heater~see Fig. 5!,
detected only the SS waves with the frequencyf 1. Bolometer
B4, on the other hand, located between the heater and
cell, detected two signals: one with the frequencyf 1 coming
from the heater, and another with the frequencyf 25F/2
2d f coming from the cell. This dual detection is clear
seen from the power spectrum of the signal read by bolo
eter B4~see the inset of Fig. 18!. The spectra were measure
at the reduced temperaturet57.0731024 and the FS ampli-
tude A575 Pa. This amplitude was below the thresho
valueAth5162 Pa, measured at the same temperature.
dependence of the amplitudes of both peaks at the same
perature on the FS amplitude is presented in Fig. 18,
frequency shift isd f 5212 Hz. The amplitude of the inci
dent SS waveb1, arriving directly from the heater on bolom
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eter B4, clearly does not depend on the FS amplitude, s
these waves do not interact in the region between the he
and the resonance cavity. On the other hand, the ampli
of the SS waves arriving from the cellb2 is a linear function
of the FS amplitude below the parametric instability thres
old, as follows from the theory@see Eq.~44!#, and is also a
linear function of the SS wave amplitude emitted by t
heaterb1. The estimate of the slope ofb2 /b1 as a function of
A/Ath from Fig. 18 gives 1.760.15. This value is in a fair
agreement with the theoretical value of 2.05 obtained fr
Eq. ~44!. Thus the first property of the conjugated SS sign
following from Eq. ~44!, is quantitatively verified.

Particular efforts were made to verify the phase relat
between the incident and the conjugated SS waves.
phases of each of the SS signals at the frequenciesf 1 and f 2
were arbitrary with respect to the pumping field, a
changed randomly from one measurement set to ano
~open circles in Fig. 19!. However, the sum of the two
phases of both signals was constant for all FS and SS i

FIG. 18. Amplitudes of incidenta1 ~open circles! and conju-
gateda2 ~full circles! SS waves as a function of FS amplitudeA at
t57.0731024 and frequency shiftd f 5212 Hz. Inset: the spec-
trum of the SS signal measured on the bolometer B4 at FS am
tudeA575 Pa.

FIG. 19. Dependence of the phase of the conjugated SS w
f2 on FS amplitude~open circles!, and dependence of the sum o
phases (f11f2) of the incident and conjugate SS waves on the
amplitude~solid circles!.
6-22
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dent wave amplitudes~Fig. 19!. The standard deviation from
the average value of the phase sum wasd(f11f2)50.15
rad, as compared to the uniform distribution of the phase
a 2p bandwidth, for each separate signal. This result is
main evidence for the PC in the SS waves.

The dependence of the nonlinear reflection coefficienr
on the frequency shiftd f at the reduced temperaturet
57.0731024 and the FS amplitudeA575 Pa is presented
in Fig. 20. Fitting the experimental data by the Lorentzi
function gives a bandwidth ofD514 Hz compared with the
theoretical widthD th519 Hz. The theoretical width is de
fined solely by the SS attenuation in an infinite cell at t
experimental values oft and the SS frequencyF/2
'20 kHz. The main reason for the discrepancy is a ne
field configuration, used in the experiment. The latter c
lead to distortions of the linear decay rate.

In conclusion, we have presented direct evidence of PC
the SS waves, as a result of the 3W interaction between
FS pumping field and the SS waves, below the threshold
the parametric instability. Since PC is a fairly general ph
nomenon in parametrically generated waves, we are c
vinced that it can be observed in other parametrically driv
systems. One of these easily accessible systems is that o
surface waves parametrically excited by a verti
vibration.11 An obvious advantage of the latter system is
easy visualization of the surface waves which can be use
verify the PC effect experimentally.

2. Experiments on simultaneous FS and SS pumping above
the threshold

One of the powerful tools to probe a state of many wa
is to measure its response on small perturbations, namel
an externally excited, small amplitude wave. An independ
SS wave emitted from a heater propagates through the
linear medium of the interacting waves, and interacts w
them. We study experimentally the response of the pa
metrically generated SS waves above the threshold o
small perturbation in both cells.

FIG. 20. Frequency dependence of the nonlinear reflection
efficient at constant FS amplitudeA575 Pa andt57.0731024.
The dashed line is a fit of the experimental data by a Lorentz
curve with a bandwidth ofD514 Hz.
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Amplification of externally generated SS waves by
above the threshold. The first experiment on an amplificatio
of the SS waves by FS was conducted in the first cell. T
small amplitude SS wave was emitted from the plane he
~see Fig. 3! at exactly half the FS frequency,F/2. The signal
was measured on the bolometer located on the opposite
of the cell. The SS intensity was measured as a function
the FS amplitude for the different initial SS amplitudes a
the different reduced temperaturest.

The amplitude of the emitted wave was calculated by
ing the data for the SS wave attenuation19 and the measured
SS wave amplitude on the bolometer. The typical plots of
SS intensityI as a function of the FS amplitudeA for differ-
ent values of a heat flux from the heater, i.e., the different
amplitudes of the probe wave, are shown att53.3231024

in Fig. 21. Each plot can be approximated by two line
regions: the first region is for sufficiently small FS amp
tudes below the instability onset, and the second one is ab
the threshold.

For sufficiently small FS amplitudes, the linear attenu
tion and the 3W interactions between the FS and SS wa
define the SS amplitude. Below the threshold of the param
ric excitation the effective attenuation rate is

G5g22aU. ~46!

It can be rewritten asG5g2(12a/ath
` ). Then the SS wave

intensity on the bolometer far below the threshold can
expressed as

I 5I 08S A

Ath
11D , I 085I 0expS 2

2Lg2

c2
D , ~47!

where I 08 is the SS wave intensity, reaching the bolome
without FS pumping. Using Eq.~47! to fit the initial part of
plots in Fig. 21, one gets the threshold FS amplitudes and
SS wave intensity on the heater,I 0.

o-

n FIG. 21. SS wave intensity vs FS amplitude measured by
bolometer located opposite to the heater that emitted SS wav
the first cell, for different heating powerwh at t53.3231024.
6-23
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The SS wave amplitude above the threshold is defined
the nonlinear attenuation, discussed in Secs. II C 1 and IV
Similar to the results on the SS intensity, discussed there
SS intensity slopegexp was found to be much smaller tha
the theoretically predicted one.22

However, an unexpected giant amplification of the
probing waves by the FS pumping was observed in the
cell. The SS intensity as a function of the control parame
e on the plots with differentI 0 and for differentt was fitted
by I 25gexp(I 0 ,t)e. The thresholdAth was found to be al-
most independent on the initial SS intensity,I 0, and was the
same as measured in the previous experiments without
multaneous SS pumping~see Sec. IV A!. As it was discussed
before, the SS intensity above the threshold fluctua
strongly in the first cell without a simultaneous SS pump
~see Sec. IV B 2!. With the simultaneous SS pumping at
sufficiently small SS amplitude, the intensity of the measu
signal still remains fluctuating. As the SS pumping amplitu
increases the fluctuations are suppressed, and the slopegexp
strongly increases. Although, the maximum value of
slope is still remained lower than the theoretically predic
value.22 Plots of the dependence of the SS intensity slope
a function of the SS probe wave intensity for the differe
reduced temperatures are presented in Fig. 22.

Very close toTl , the SS intensity slope strongly depen
on the initial SS pumping intensity. The value ofgexp
changes few orders of magnitude asI 0 increases. This effec
becomes weaker ast increases. The datagexp(I 0) for vari-
ous t is plotted in the logarithmic scale in Fig. 22. The
experimental data can be fitted by a functiong;I 0

n , where
the indexn in its turn is a function of the reduced temper
ture. The inset in Fig. 22 shows the dependencen(t). This
dependence can be fitted byn5t0 /t2n0. The fit parameters
were found to bet055.231024 andn051. So, finally one
hasn5t0 /t21. This data representation has no theoreti

FIG. 22. SS wave intensity slopegexp vs SS emitted intensityI 0

for different temperaturest. The values oft are written near the
curves. The dashed lines are linear fits in logarithmic coordina
gexp;I 0

n(t) . Inset: the value of the power indexn as a function oft.
The n(t) dependence is linearized int-reciprocal coordinates an
fitted by the expression:n5t0 /t2n0, wheret055.231024 and
n051.
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background whatsoever. However, it allows us to make so
speculations about possible reasons for the giant amplifi
tion of the SS probe waves.

As we already discussed above~see Sec. IV B 1!, one of
the possible explanations of the huge quantitative discr
ancy between the theoretically predicted value forg and the
experimental ones forgexp, measured without the SS simu
taneous pumping, may be the nonuniform spatial structur
a SS wave packet that was not taken into account by
theory.22 For the sufficiently smallt, the SS wave spectra
exhibit only one central peak~see Sec. IV A!. Then the SS
waves propagate almost in the cell plane. However, a
wave packet has nonuniform amplitude distribution in t
vertical direction. As was discussed above, the most pre
able conditions for the SS wave generation are in narr
layers near the FS transducers, because the amplitude o
pressure oscillations has a maximum there. On the o
hand, the SS bolometers in the first cell are located in the
midplane and thus have low sensitivity to the waves pro
gating close the FS transducer surfaces. Moreover, two
waves, propagating along two transducer surfaces, may
almost incoherent and have a random destructive inter
ence on the bolometers. All these factors could drastic
reduce the measured SS intensity, as we already discuss
Sec. IV B 1.

In the experiment with the simultaneous FS and SS pum
ing the plane SS wave, emitted by the heater, had a unif
amplitude distribution in the vertical direction. Such a wa
interacted with the FS wave field and could lead to a red
tribution of a SS packet intensity at the bolometer. The em
ted SS wave can also synchronize phases of two pac
propagating along two FS transducers and suppress the
tuations of interference signal. These factors alone can
crease greatly the SS wave intensity measured on the bo
eter. This effect should be certainly sensitive to initial S
wave distribution and thus to the reduced temperature.

At large t, the SS wave spectra became splitted, and
wave in a pair of the SS waves propagates out of the
plane. So the emitted SS wave from the heater may not h
such strong influence on the SS wave intensity redistribut
The reduced temperature at which the influence of the
pumping wave on the intensity slopegexp vanishes (t0
55.231024, found from the fit of the data in Fig. 22! lies
surprisingly close to the value oft, at which the transition
from one peak to the splitted type of SS spectrum occu
The SS reflection from the lateral boundaries becomes
portant, and discrete levels come into the play. Att.t0 the
slopegexp does not change withI 0 variations. In this tem-
perature range, another effect which modifies the SS in
sity measurements takes over.

Nonlinear SS wave resonances in the first cell with late
reflection. A typical plot of the SS wave intensity as a fun
tion of the FS amplitude for a given SS pumping amplitu
at t55.2131024 is shown in Fig. 23. As seen clearly from
the plot, the SS intensity strongly oscillates as the FS am
tude changes. The most surprising fact is that for some
ues of the control parameter the SS wave intensity reac
zero values. One of the reasonable explanations can be
effect of nonlinear renormalization of the SS wave numb

s:
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PARAMETRIC GENERATION OF SECOND SOUND IN . . . PHYSICAL REVIEW B64 054506
due to the 3W interactions.10 In all nonlinear wave systems
the 3W interactions renormalize the wave frequency.
means that the dispersion relation becomes dependent o
amplitude of the parametrically excited waves as

vnl5v~k!12E T~k,k8!b~k8!2dk8, ~48!

where v(k) is the linear dispersion relation,T is the 3W
interaction matrix element, andb(k8) is the SS wave ampli-
tude. In the case of the parametric wave generation,
pumping frequencyV is fixed, and frequency of the para
metrically excited waves always satisfies the conditionvnl
5V/2. Then Eq.~48! leads to the renormalization of th
wave vectors of the excited waves to satisfy the freque
relation. In the case of a cell opened in a lateral directi
such an effect does not influence on an average intensit
parametrically excited waves. However, in a resonance c
ity it leads obviously to resonance oscillations of the wa
intensity, detected by a bolometer. In the first cell at
reduced temperature larger thant'531024, the finite-size
effect became significant since the SS dissipation length
came larger than the cell size,l /L.1 ~see Sec. IV A 2!. Then
the SS reflection at the lateral boundaries could modify
dependence of the SS intensity on the FS amplitude. T
the probable explanation of the strong SS intensity osc
tions as a function of the FS amplitude could be the non
ear renormalization of the dispersion relation of the pa
metrically generated SS waves and influence of the reflec
lateral boundaries on the SS measured intensity. We wo
like to emphasize here that a similar effect of the strong
wave intensity oscillations but less pronounced, was
served in the first cell even without an additional SS pum
ing, as we already pointed out in Sec. IV A and Fig. 7.

Let us estimate the value of the control parameter va
tion, De, which is necessary to switch from one to anoth
close-by resonance SS modes. In the case of the SS
metrically driven waves, Eq.~48! can be written as22

FIG. 23. SS wave intensity vs FS amplitude measured by
bolometer located opposite to the heater emitted the SS wave i
first cell for the heater powerwh5108.5 m W/cm2 and for t
55.2131024.
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vnl5v1ReS, ~49!

where ReS is the real part of the correction for the sel
energy function S, calculated in Ref. 22. For one
dimensional geometry the calculations give

Dv[vnl2v5
4B2b2

v
lnS v2

320g2
2D , ~50!

whereb25I 2 /c2v andB is defined in Eqs.~20!–~22!.
By substitutingI 2 andg from Eqs.~17! and~18! one gets

Dv

v
53.44S g2

v D 2

De. ~51!

This nonlinear frequency shift causes a change in the non
ear wave length:Dv/v5Dl/l5(L/l11)21. Then the
variation in the control parameter necessary for switching
a neighboring SS mode is

De'
1

3.44

l

L S v

g2
D 2

'50@1. ~52!

Thus again, we obtain a large quantitative discrepancy
tween the theoretical estimates, based on the 3W interact
and the experimental results. It is feasible that it has the s
source as the discrepancy in the value of the nonlinear c
ficient g for the amplitude saturation, which also results fro
the 3W interactions.

Another possible mechanism to explain the phenome
is a redistribution of the SS intensity between different a
muthal modes due to an increase of a nonlinear SS inte
tion as the FS pumping amplitude rises. The azimut
Bessel modes of the SS waves have much smaller dif
ences between higher-order modes in the spectrum than
longitudinal modes. Then one can expect that the energy
distribution between the modes due to the nonlinear inte
tions can bring into the resonance different modes for diff
ent values of the FS wave amplitude. Unfortunately, o
cannot quantitatively estimate this effect.

V. CONCLUSIONS

We present the results of the experiments on the param
ric generation of the SS wave by FS in superfluid helium
two resonant cavities with the different lateral boundary co
ditions and the different angular sensitivity of the SS det
tors. There are three main subjects which were studied~i!
the temperature dependence of the parametric instab
threshold and the SS spectra at the onset;~ii ! the mechanism
of the wave amplitude saturation and the nonlinear proper
of the SS waves above the threshold, their statistical
spectral characteristics;~iii ! the interaction between the inde
pendently pumped SS wave and FS: SS phase conjuga
below the threshold, and the giant amplification of the pa
metrically generated SS waves above the threshold.

Comparison of the presented experimental results with
theory reveals the following. The temperature dependenc
the FS threshold amplitude for the onset of the parame
instability in a resonance cavity of a finite lateral size agre

e
he
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DMITRY RINBERG AND VICTOR STEINBERG PHYSICAL REVIEW B64 054506
well with the theoretical predictions~see Fig. 8! without any
fitting parameter. The theory quantitatively explains also
experimentally observed transition from a single line
wave spectrum close toTl to a spectral splitting further from
Tl . It results from lifting of a degeneracy in the SS wa
generation process when the SS dissipation rate beco
smaller than the frequency difference between two disc
resonance modes in the SS wave spectrum in the reson
cavity.

In regards to the nonlinear properties of the SS wave
semble, quantitative comparison is less successful.
strong fluctuations of the SS amplitude in the first cell, pro
ably due to the lateral boundary reflections, do not permit
to get definite conclusions about its functional depende
on the FS pumping amplitude. In contrast, the results fr
the second cell provide an evidence of the mechanism of
SS amplitude saturation based on the functional depend
of the SS wave intensity on the control parameter for
different reduced temperatures. The linear dependence o
SS wave intensity in a wide range of the control parame
points out on the nonlinear attenuation due to the 3W re
nance interactions of the SS waves as a main mechanis
the SS amplitude saturation in agreement with the the
However, the value of the nonlinear attenuation~or saturated
SS intensity! greatly disagrees with the theoretical pred
tions. The possible reason for the great discrepancy lie
the interplay between nonuniformity of the SS wave pac
profile due to its generation by FS in the resonance cav
destructive interference of the SS waves coming from diff
ent directions on the bolometer, and spatial inhomogeneit
the bolometer sensitivity.

Another manifestation of the nonlinear SS wave inter
tions is observation and quantitative measurements of the
spectral broadening with the exponential tails above the
stability threshold in the first cell. The functional dependen
of the spectral width on the control parameter and its te
perature dependence agree well with the predictions, ba
on the kinetic theory of the 4W~second-order 3W! resonance
interactions. The SS wave system provides a unique op
tunity to get first experimental evidence of the Gaussian d
tribution of the amplitudes of the parametrically genera
waves. This fact supplies a firm ground for an application
the kinetic theory with a random-phase approximation to
scribe statistical behavior of the parametrically excited
wave ensemble.

Interactions of the system of the FS and parametrica
generated SS waves with the SS wave pumped extern
reveal new effects. Below the instability threshold, a
wave, phase conjugated to an incident SS wave, is excite
a result of the 3W interaction between the FS pumping fi
and the SS waves. Three main features of the phase co
gation, predicted theoretically, were experimentally verifie
~i! the linear dependence of the amplitude of the conjuga
r
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wave on the amplitude of the pumping field and on the a
plitude of the incident wave,~ii ! the resonance dependen
of the amplitude of the conjugated wave on the frequency
the incident wave, and~iii ! the phase relation between th
incident and conjugated waves. Above the instability thre
old two strong nonlinear effects were observed: the gi
amplification of the SS wave intensity closer to the ons
and the strong resonance oscillations of the SS wave in
sity as a function of the FS amplitude further from th
threshold. There is no currently quantitative description
these effects. The qualitative explanation based on the in
play between the~i! nonuniformity of the SS wave profile
~ii ! incoherence and destructive interference of the SS wa
on the bolometer,~iii ! discrete spectra of SS azimuth
modes in a cell plane, and~iv! nonlinear SS wave interac
tions and coherent action of the SS pumping wave, that ca
redistribution of the SS wave intensity between differe
modes.

Let us now come back to the problem of a possible o
servation of the fully developed wave turbulence in a pa
metrically excited wave ensemble. In our experiments
observed the first instability of the FS wave. A state of
large number of the strongly interacting SS waves occurs
a result of the parametric instability atL/l@1. The SS wave
ensemble has the Gaussian distribution of the wave am
tudes that justifies its description by the kinetic equation w
a random-phase approximation. The 4W interactions ge
ate new modes only in the vicinity of the main peak th
results in the spectral broadening. However, this proces
not strong enough even far from the threshold to redistrib
modes in the SS wave spectra in a sufficiently wide wa
number range. We have not got any evidence of the p
cesses that may lead to the creation of the fully develo
wave turbulence with a wide frequency spectrum. Howev
we cannot exclude a possibility that the fully develop
wave turbulence may be observed at much higher ene
fluxes, that is indeed rather problematic to realize experim
tally. Thus the parametrically generated SS waves is no
suitable system to study the fully developed wave turb
lence, contrary to the theoretical expectations.36–38
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