
T),

PHYSICAL REVIEW B, VOLUME 64, 045212
Time-integrated four-wave mixing in GaN and ZnSe: Polarization-sensitive phase shift
of the excitonic quantum beats
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We report on the study of quantum beats in the time-integrated four-wave mixing signal in reflection
geometry from a pair of excitons with different valence orbitals in GaN and ZnSe. We observe ap-phase shift
between quantum beats in the co- and cross-linear polarization configuration, and nearly 100% modulation of
the signal for both materials. In the co-circular polarization configuration, the observed phases of the quantum
beats at the frequency of theA exciton in GaN and heavy-hole exciton in ZnSe are 0.2p and 0.1p, respec-
tively. The phases of the quantum beats change sign for co- and counter-circular polarization configurations
and also forA- ~heavy-hole! andB-~light-hole! excitons in GaN~ZnSe!. We describe the third-order coherent
optical response of the exciton pair with different valence orbitals by taking into account the finite memory
depth of the four-particle correlation. In particular, our experimental findings indicate that excitons with
different valence orbitals and equal angular momentum attract each other similar to excitons with the same
valence orbitals but opposite angular momentum. Excitons with different orbitals and opposite angular mo-
menta repel one another. The comparison between experimental and theoretical results allows us to develop a
quantitative analysis of the four-particle correlation in the presence of an exciton pair with different valence
orbitals. We show that the observedp-phase shift and nearly 100% modulation of the signal in the co- and
cross-linear polarization configuration impose restraints on the memory functions, which describe the exciton-
exciton interaction. These restraints imply, in particular, that electron spins play a more important role in the
exciton-exciton interaction in comparison to hole spins. We show that a striking similarity, which we observe
in the quantum beat signal from GaN and ZnSe, originates from the strong four-particle correlation contribu-
tion to the third-order excitonic nonlinearity.

DOI: 10.1103/PhysRevB.64.045212 PACS number~s!: 71.35.Cc, 42.50.Md
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I. INTRODUCTION

The strong potential of quantum beats for the study
dephasing processes has been widely recognized at the
beginning of quantum electronics. This effect, which in
cates the presence of quantum coherence in the system
been observed in the resonance fluorescence of two op
transitions with common ground state in mercury atoms1,2

Although there have been few observations of quantum b
of excitons in resonance fluorescence,3 quantum beats hav
been studied extensively from the early 1990’s in four-wa
mixing ~FWM! experiments in various semiconductors.4–14

In these experiments, two excitons with different energ
are excited by two short laser pulses delayed with respec
one another and the time-integrated~TI! FWM signal as a
function of the time delay between the pulses shows osc
tions with a period corresponding to the exciton energy d
ference. The first observation of this effect in the FWM s
nal from excitons has been reported in Ref. 4, where FW
in quantum wells~QW’s! of variable width has been inves
tigated. TI FWM measurements for a pair of excitons w
different valence orbitals has been performed for the fi
time in GaAs QW’s.5,6 Here,hh and lh excitons excited by
an ultrashort light pulse give rise to oscillations in the
FWM signal with a period corresponding to thehh-lh split-
ting in the transmission spectrum.

The question whether these oscillations arise from
coupling of the excitonic transitions or from the interferen
0163-1829/2001/64~4!/045212~14!/$20.00 64 0452
f
ery

has
cal

ts

e

s
to

-
-
-

t

e

of the signals from two independent oscillators~in other
words, whether the observed effect is quantum beats or
larization interference15! was a central issue of the discussio
for a long time. This is because although excitonic opti
response may be described in spirit of atomic systems,
many-body origin of the excitonic nonlinearity makes d
crimination of the quantum beats and the polarization int
ference a difficult experimental problem. The method, wh
is based on the dependence of the beating phase on the
delay between two pulses, has been proposed to dimi
polarization interference and quantum beating in tim
resolved~TR! FWM.16 In the TI FWM, the quantum beat
can be identified from the spectral dependence of the os
lating signal near the resonance.18 In particular, it has been
shown that in the case of the polarization interference
oscillations are observed in TI FWM signal at the excit
resonance frequencies. More recently, the problem of the
gin of the oscillations in the FWM signal from a two-excito
system has been revisited because—in contrast to the p
ization interference—the quantum beats of excitons is on
the manifestations of the mutual coherence of the electr
hole pairs due to the Coulomb-induced correlation amo
photoexcited carriers. Correspondingly, the study of the b
ing signal can provide us with important information on t
many-particle correlation, the role of which in the nonline
optical response at the band edge has become widely re
nized. In particular, by utilizing the method developed
Ref. 16, it has been shown17 that when the TR FWM signa
in GaAs-AlxGa12xAs multiple quantum well is produced b
©2001 The American Physical Society12-1
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AOKI, MOHS, SVIRKO, AND KUWATA-GONOKAMI PHYSICAL REVIEW B 64 045212
pulses of the same circular polarization, the dynamic bea
behavior at thehh-lh frequency provides evidences of th
four-particle correlation contribution to the third-order no
linearity. In order to study the four-particle correlation b
using the TI FWM technique, we have proposed the meth
which utilizes dependence of the fourth- and higher-or
correlations on the carriers spin.19 Such dependence give
rise to a sensitivity of the amplitude and phase of the qu
tum beats to the polarization configuration, i.e., on the po
ization of the light waves involved in the FWM process.19

The polarization dependence of quantum beats has b
reported in Ref. 7, where the quantum beats betweenhh and
lh excitons in GaAs quantum wells have been studied
parallel and orthogonal linear polarized incident puls
These polarization configurations of the TI FWM experime
are referred to as co- and cross-linear polarization confi
rations, respectively. The observedp phase shift, which has
been accompanied by a lower intensity and faster deca
the cross-linear compared to the colinear polarization c
figuration, is the most prominent feature of the beating s
nal. The experiment7 has been interpreted in the spirit o
atomic systems using a six-level model, which accounts
the spin degree of freedom of the carriers in the conduc
and valence bands. The model allows to reproduce thp
phase shift when changing the polarization configurat
from co- to cross-linear. However, since this model is ba
on the one-electron picture, it may not be employed to st
many-body effects, which have become of particular inter
recently.

Our recent experiments have revealed that the phas
the quantum beats at positive time delays is determined
the interplay of various mechanisms of the third-order n
linearity at the fundamental band edge.12,19This makes phase
measurements a suitable tool for studying four-particle c
relation effects20–24 in the third-order optical response o
semiconductors. In the spectral window close to the exc
resonance the effects of four particle correlation, wh
originate from the Coulombic interaction between photo
nerated carriers and the Pauli exclusion principle, can
classified in terms of a spin-dependent interaction betw
excitons.25–28 In particular, the weakly interacting boso
model,28 in which the interaction between 1s excitons is de-
scribed by using two parameters to acount for excitons w
different angular momenta, has allowed us to reproduce
overall features of polarization-sensitive FWM spectra. R
cently, we have extended this model to describe the TI FW
signal from a pair of excitons with different valence orbita
in GaN.19 In this model, we have suggested that the ma
contribution to the third-order nonlinearity originates fro
the continuum of unbound two-exciton states assuming
the interaction between excitons is instantaneous. Howe
the description of the TI FWM experiment requires an e
tension of this model to elucidate the role of non-Markovi
memory effects29,30 in the exciton-exciton interaction and, i
particular, the role of the long-living correlation between c
riers, which are associated with the bound two-exci
states.25–28

In this paper, we report the observation of polarizatio
sensitive quantum beats from excitons in GaN and ZnSe
04521
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order to clarify the exciton-exciton interaction effects in t
nonlinear optical response we perform precise measurem
of the phase of the quantum beats in various polariza
configurations. This allows us to investigate the role of t
electron and hole spin in the four-particle correlations. W
interpret our experimental findings by developing a theo
based on the third-order optical response of the two-exc
system accounting for a finite correlation time of the excit
interaction. The analysis of the experimental data allows
to conclude that the interaction between excitons depe
mainly on the electron spin rather than on hole spin. T
may considerably simplify the description of the tempo
evolution of the 2v coherence in the continuum of two
exciton states, which can be studied by time-resolved FW
spectroscopy.

The reminder of the paper is organized as follows. In
next section, we present the results of our measurement
quantum beats in the TI FWM signal associated with pairs
excitons with different valence orbitals in GaN and ZnSe.
Sec. III we discuss our experimental findings in terms of
evolution equation for the coherent excitonic polarizatio
This equation, which accounts for a finite memory depth
the four-particle correlation, is derived in the Append
where we present a phenomenological theory of the cohe
third-order optical response at the semiconductor band e
in the presence of two excitons with different valence orb
als. By assuming that the incident pulses are much sho
than the exciton dephasing time and beating frequency,
calculate the amplitude of the excitonic polarization at t
frequencies of the excitons and, correspondingly, the int
sity of the TI FWM signal. In Sec. III, we obtain constrain
imposed by thex (3) regime on the amplitudes and phases
the quantum beats in different polarization configuratio
By taking the finite correlation memory time of the excito
exciton interaction into account, we extend the treatmen
the polarization-sensitive TI FWM measurements in G
presented in Ref. 19. In particular, we show implications
our experimental findings on properties of the memory fu
tions, which describe the interaction between excitons.
show that in the short-memory approximation, i.e., when
unbound two-exciton states dominate the third-order opt
response of the system, the phase of the quantum bea
determined by both exciton-exciton interaction and exc
tion induced dephasing~EID!. In Sec. IV we summarize ou
experimental and theoretical results.

II. EXPERIMENT

We perform FWM measurements in GaN and ZnSe cr
tals. GaN is grown by hydride vapor phase epitaxy on
sapphire substrate to a thickness of about 220mm.31 The
sapphire substrate is removed after growth. ZnSe is gro
by molecular-beam epitaxy on a~100! surface of a GaAs
substrate to a thickness of 500 Å . The samples are mounte
in a closed-cycle helium cryostat and kept at 12 K. The l
ear reflection spectra revealA- andB-exciton resonances in
GaN at 356.3 nm and 355.8 nm, respectively, and light- a
heavy-hole exciton resonances in ZnSe at 439.7 nm
441.5 nm, respectively.
2-2
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TIME-INTEGRATED FOUR-WAVE MIXING IN GaN AND . . . PHYSICAL REVIEW B64 045212
A sketch of the experimental setup is shown in Fig. 1.
our FWM measurements we use a frequency-doubled K
lens mode-locked Ti-sapphire laser, which produces 12
pulses at a repetition rate of 76 MHz. In the experime
with the GaN and ZnSe crystals, second-harmonic pul
which are generated by a beta-barium borate~BBO! or a
lithium tribonate~LBO! crystal, respectively, excite both ex
citons simultaneously.

We use two-pulse TI FWM in reflection geometry. In th
geometry, two pulses with wave-vectorsk1 andk2 are inci-
dent on the sample withk1 normal to the sample surface
The FWM signal in the direction 2k12k2 traces back the
incident path of thek2 pulse and is reflected at a half-mirro
set in thek2 path. The signal is time integrated and spectra
resolved by a monochromator. This allows us to detect
signal at the frequency of each exciton resonance separa

We use five polarization configurations, which will her
after be abbreviated by superscript (pts) according to the
polarization of the incident pump pulse~p! with wave-vector
k1, the test pulse~t! with wave-vectork2, and the signal
pulse~s! with wave-vector 2k12k2. Correspondingly, in the
(xxx) configuration, the two incident pulses and the sig
pulse are linearly polarized along thex direction ~this con-
figuration is also referred to as the colinear configuration!. In
the (xyy) configuration, the pump pulse with wave-vectork1
is linearly polarized along thex direction, while the test pulse
with wave-vectork2 and the signal pulse are linearly pola
ized along they direction ~cross-linear configuration!. Simi-
larly, in the (111) configuration, the pump, test, and si
nal pulses ares1 polarized~co-circular configuration!, in the
(x11) configuration, the pump pulse isx polarized, while
the test and signal pulses ares1 polarized, and, finally, in
the (x12) configuration, the pump pulse isx polarized, the
test pulse iss1 polarized, and the signal pulse iss2 polar-
ized. In the (x11)-configuration, al/4 plate turns the po-
larization of thek2 pulse s1 , and additionally turns the
polarization ofs1 signal pulse to they direction on its pass
back. Therefore, as1 component can be selectively me
sured by passing the signal though an analyzer before de
tion. In the (x12) configuration, the signal is detected sim
larly by turning the analyzer 90 degrees with respect to
(x11) configuration.

The zero position of the time delayT between the two

FIG. 1. Experimental setup.
04521
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incident pulses is determined by monitoring the signal in
directions 2k12k2 and 2k22k1, which are equivalent ye
reversed with respect toT. The symmetry point of the two
traces is defined asT50. By examining the dependence o
the signal intensity on the excitation power, we confirm th
all the measurement are performed strictly in thex (3) re-
gime.

Figures 2~a! and 2~b! show the TI FWM signal in GaN a
the frequency of theA and B excitons, respectively, as
function of the delayT in the (xxx), (xyy), and (111)
configuration. The TI FWM signal in the (xxx), (x11),
and (x12) configuration is presented in Figs. 3~a! and 3~b!.
The results of the measurements in the (xxx) configuration
are shown in both figures to enable an easy comparison
tween the relative magnitudes of the signal. In particular, o
can observe that the magnitude of the signal in the (xxx),
(xyy), and (111) configurations is several times large
than that in the (x11) and (x12) configurations.

One can see from Figs. 2 and 3 that the TI FWM signa
all configurations shows a typical quantum beats behav
At T.0, the overall TI FWM signal intensity shows an e
ponential decay with the exciton dephasing rate, and os
lates with a frequency given by the energy difference
tween theA and B excitons. One may notice that a loc
maximum in the (xxx) configuration coincides with a loca
minimum in the (xyy) configuration, and atT50, the signal

FIG. 2. TI FWM signal in GaN in the direction 2k12k2 as a
function of time delayT at theA- andB-exciton resonance for the
colinear (j), cross-linear (1), and co-circular (s) polarization
configuration. Positive time delay is defined as pulsek2 arriving
first.
2-3
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AOKI, MOHS, SVIRKO, AND KUWATA-GONOKAMI PHYSICAL REVIEW B 64 045212
magnitude is maximum in the (xxx) configuration and mini-
mum in the (xyy) configuration.

By representing the magnitude of the TI FWM signal
I A,B

pts }@11aA,B
pts cos(DT2fA,B

pts)#exp(22gT), where subscripts
‘‘ A’’ and ‘‘ B’’ indicate A andB excitons in GaN andhh and
lh excitons in ZnSe, respectively, and superscripts (pts) la-
bel the polarization configuration (D andg are the beat pe
riod and exciton dephasing rate!, one can conclude that th
phase of the signal in the (xxx) and (xyy) configurations is
0 and p, respectively, for both excitons. Corresponding
the beats in the (xxx) and (xyy) configuration show a cos2-
and sin2-like behavior, respectively, because the modulat
depth in these configurations is as high as 95%:aA,B

xxx'aA,B
xyy

'0.95.
In the (x11) and (x12) configuration~see Fig. 3!, the

TI FWM signal has neither a maximum nor a minimum
T50, and thus, the phase of the quantum beats is neith
nor p. Furthermore, the phase of the beats is different
signals measured at theA- and theB-exciton resonance. On
can also see that in the (x11) and (x12) configuration,
the modulation of the signal is considerably less than in
co- and cross-linear configurations:aA,B

x11'aA,B
x12'0.8.

Figures 4 and 5 show the TI FWM signal in ZnSe in t
(xxx), (xyy), and (111) configuration and in the (xxx),
(x11), and (x12), respectively. One can observe fro

FIG. 3. TI FWM signal in GaN in the direction 2k12k2 as a
function of time delatyT at the A- and B-exciton resonance;h
2(x11) polarization configuration;32(x12) polarization con-
figuration;j2(xxx) polarization configuration.
04521
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the graphs that the polarization-sensitive TI FWM for ligh
and heavy hole excitons in ZnSe shows a similar behavio
for A andB excitons in GaN.

One may notice that the decay time of the TI FWM sign
is almost same in all polarization configurations. Such ins
sitivity of the dephasing to the polarization configuration i
dicates that inhomogeneous broadening32 does not play an
important role in the phenomena we study in our experime
i.e., both GaN and ZnSe samples are homogeneo
broadened.12,21,33One may recall that in the case of a hom
geneously broadened system, the signal is emitted in
form of a free induction decay. Since this is equivalent
both the co- and cross-linear polarization configurations,
same decay rate should be expected. In the case of an i
mogeneously broadened system, on the other hand, the
nal is emitted in the form of a photon echo. Therefore, fro
the arrival of the test pulse at timet up to the signal emission
at time 2t the system is in one-exciton states for the coline
and in two-exciton states for the cross-linear polarizat
configurations, respectively. Correspondingly, in the pr
ence of inhomogeneous broadening, the decay rate for
cross-linear polarization configuration is faster than that
the colinear, reflecting the faster two-exciton states deph
ing.

The results of our phase measurements of the beating
nal in GaN and ZnSe are summarized in Table I.fA,B

pts is

FIG. 4. TI FWM signal in ZnSe as a function of time delayT at
the light-hole and heavy-hole exciton resonance for the colin
(j), cross-linear (1), and co-circular (s) polarization configura-
tion. The solid line provides guidance for the eye.
2-4
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TIME-INTEGRATED FOUR-WAVE MIXING IN GaN AND . . . PHYSICAL REVIEW B64 045212
obtained by fitting the experimental data for different pol
ization configurations. By using the weakly interacting bos
model we have shown in Ref. 19 that the amplitude a
phase of the beating signal in GaN are determined by

FIG. 5. TI FWM signal in ZnSe as a function of time delayT at
the light hole and heavy hole and exciton resonance;s2(x11)
polarization configuration;32(x12) polarization configuration;
j2(xxx) polarization configuration. The solid line provides gui
ance for the eye.
o
m
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interplay of excitation-induced dephasing~EID! and the
polarization-sensitive interaction within the continuum
unbound exciton states. In the next section, we extend
treatment of the TI FWM by accounting for memory effec
in the polarization-sensitive exciton-exciton interaction.

III. THEORY AND DISCUSSION

A. TI FWM signal in the x „3… regime

We have shown in the previous section, that the TI FW
signal in both GaN and ZnSe shows similar features indic
ing that in thex (3) regime, the quantum beats are determin
by fundamental mechanisms of optical nonlinearity at
band edge, where four-particle correlation effects play a c
cial role. In this section, by extending the treatment of t
excitonic nonlinearity in terms of a polarization-sensiti
exciton-exciton interaction19,34–37we will analyze the results
of our phase measurements accounting for memory effe
By using the evolution equation for the excitonic polariz
tion, which is derived in the Appendix, we analyze propert
of the TI FWM signal in thex (3) regime. This allows us to
obtain certain restraints, which our experimental findings i
pose on the memory functions.

We assume that there are two exciton resonances
different valence orbitals, which will be labeled below b
subscriptsA and B. They are excited by a laser pulse wi
central frequencyv. We start from the equation of motio
for the complex amplitudes of the right- and left-circul
components of the excitonic polarization at that frequen
Following Ref. 34 we introduce normalized excitonic pola
izations associated with theA and B excitons pA,B65
,bA,B6./(VvA,B)1/2, where bA,B6 are the corresponding
exciton annihilation operators~subscripts6 denote circular
polarizations!, vA,B are the effective exciton volumes, andV
is the crystal volume. With an account for terms up to t
third order in the light field, the temporal evolution ofpA6

can be described by the following equation, which is o
tained in the Appendix:
2 i
]pA6

]t
1DApA6

5E62S CAupA6u21
1

2
AvA

vB
C8upB7u2DE62

1

2
AvA

vB
C8pB7* pA6E72pA6* E

0

`

FAA~t!pA6
2 ~ t2t!e22iDAtdt

2pB6* AvA

vB
E

0

`

FAB~t!pA6~ t2t!pB6~ t2t!e2 i (DA1DB)tdt2pA7* E
0

`

GAA~t!pA6~ t2t!pA7~ t2t!e22iDAtdt

2pB7* AvA

vB
E

0

`

GAB~t!pA6~ t2t!pB7~ t2t!e2 i (DA1DB)tdt. ~1!
g

HereDA,B5vA,B2v2 ig, vA,B, andg are the exciton fre-
quencies and dephasing rate, respectively, andE6 are the
Rabi frequencies, which are proportional to the product
the amplitudes of the right- and left-circular polarized co
f
-

ponents of the electric field at the frequencyv and the ef-
fective interband dipole moment~see the Appendix!. The
evolution equation forpB6 can be obtained by replacin
subscriptA with B and vice versa in Eq.~1!.
2-5
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TABLE I. Measured phase of the quantum beats for each polarization configuration at each resona
phase offset of 0.1p due to the finite pulse width has been subtracted for the numbers in brackets.

Polarization Phase
configuration GaN ZnSe

fA fB fhh f lh

(xxx) 0.1p (0.0p) 0.1p (0.0p) 0.1p (0.0p) 0.0p (20.1p)
(xyy) 20.9p (1.0p) 20.9p (1.0p) 20.9p (1.0p) 20.9p (1.0p)
(111) 0.4p (0.3p) 20.1p (20.2p) 0.2p (0.1p) 20.2p (20.3p)
(x11) 0.4p (0.3p) 20.1p (20.2p) 0.2p (0.1p) 20.2p (20.3p)
(x12) 20.2p (20.3p) 0.4p (0.3p) 20.1p (20.2p) 0.2p (0.1p)
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The first term on the right-hand side of Eq.~1! gives the
linear optical response of theA exciton at the frequencyv,
while the second and third term describe the phase-sp
filling ~PSF! effect.38 The PSF parametersC andC8, which
are introduced in the Appendix, account for the reduction
the exciton-photon coupling due to the existing excit
population in the medium.

The last four terms on the right-hand side of~1! describe
the effects of the 2v coherence in the nonlinear response
the two-exciton system. The 2v coherence, which is due t
the presence of bound and unbound two-exciton state
determined by first- and higher-order exciton-exciton int
action effects. The memory functionsFAA(t) and GAA(t)
describe the 2v coherence, which is associated with the
teraction between two excitons of theA valence orbital (A
excitons! with equal and opposite angular momentum,
spectively. Similarly, the memory functionsFAB(t) and
GAB(t) describe the 2v coherence due to the interactio
between excitons of different valence orbitals (A andB ex-
citons! with equal and opposite angular momentum, resp
tively.

The characteristic time of the memory functions are
termined by the memory depth of the four-particle corre
tion. In the meanfield approximation, when only instan
neous interaction between excitons with the same spin
the same energy is allowed,39 FAA,BB5RA,Bd(t), FAB(t)
5GAA(t)5GAB(t)50 and C850, Eq. ~1! reduces to the
modified semiconductor Bloch equation@see Eq.~A11! in
the Appendix#. If the long-living 2v coherence, i.e., the
bound biexcitons, plays an important role in the nonline
optical response, the memory functions should have p
nounced harmonic components, oscillating with the frequ
cies corresponding to the relevant biexciton binding en
gies. For example, when only the interaction betweenA
excitons with opposite angular momentum is allowed,
memory function GAA(t) may be reduced toGAA(t)
}Wd(t)2 iK exp$ivbt%, wherevb is the biexciton binding
energy.34

We assume that the incident light pulses of the durat
tp with wave-vectorsk1,2 are shorter than the exciton cohe
ence time and use thed-function approximation for the inci-
dent electric field:

E65E16dS t2t1

tp
Dexp$ ik1r%1E26dS t2t2

tp
Dexp$ ik2r%.

~2!
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In this paper, we will consider the case oft2,t1, i.e., the
pulse with the wave-vectork2 arrives first. The time-
integrated FWM signal

I A,B
pts ~T!}E

2`

1`

upA,B
(3)pts~ t !u2dt, ~3!

can be presented in the following form at positive time de
(T5t12t2.0):

I A,B
pts ~T!}@ I 0A,B

pts 1Re$SA,B
pts %cosDT6Im$SA,B

pts %sinDT#e22gT.
~4!

Here,D5vB2vA , while I 0A,B
pts andSA,B

pts are determined by
the memory functions~see Appendix!.

Equation ~4! indicates that the phases of the quantu
beats at the frequency of theA andB exciton have opposite
signs. As one can observe from Figs. 2–5 this well cor
sponds to our experimental findings for all polarization co
figurations. Moreover, by using the definitions ofI 0A,B

pts and
SA,B

pts from the Appendix, one can find that thex (3) regime
imposes the following constrains~compare with Ref. 28!:

2~ I 0A,B
x111I 0A,B

x12!5I 0A,B
xxx 1I 0A,B

xyy , ~5!

2~SA,B
x111SA,B

x12!5SA,B
xxx1SA,B

xyy . ~6!

These constrains, which are due to the third-order natur
the nonlinear effect, also hold in our experiment.

B. Comparison with the results of the phase measurements

In this section, we will analyze the experimental resu
which have been presented in Sec. II, in terms of Eq.~4! for
the TI FWM signal. By using the expressions forI 0A,B

pts and
SA,B

pts obtained in the Appendix, we show that our experime
tal findings allow us to obtain the relationship betwe
memory functions.

Let us start from the results of the phase measurement
the (xxx) and (xyy) configuration, the observed phase of t
quantum beats is 0 andp, respectively, for both excitons
~see Fig. 2!. Therefore, from Eq.~4!, we can conclude that in
these polarization configurations Im$SA,B

xxx%5Im$SA,B
xyy%50.

Moreover, the zero phase of the beating signal in the (xxx)
configuration implies Re$SA,B

xxx%.0, while thep phase shift
in the (xyy) configuration gives Re$SA,B

xyy%,0.
2-6
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In the (x11) and (x12) configuration, the beating
phase is neither 0 norp and, therefore, Eq.~4! does not
impose any constrains onSA,B

x11 and SA,B
x12 . However, con-

strains~5! and~6!, along with thep phase shift between th
beating signals in the (xxx)- and (xyy)-configuration allow
us to obtain information on the properties of the TI FW
signal in the (x11) and (x12) configuration. Specifically,
since Im$SA,B

xxx%5Im$SA,B
xyy%50, Eq. ~6! results in Im$SA,B

x11%
52Im$SA,B

x12%.
In order to interpret the results of the experiment furth

we consider the modulation depths. One can observe f
Fig. 2 that the modulation depth of the signal in the (xxx)
and (xyy) configuration is much higher than that in thex
11) and (x12) configuration. Specifically, in the (xxx)
configuration, we find nearly 100% modulation of the
FWM signal, i.e.,aA,B

xxx'aA,B
xyy'0.95. Therefore, in a first ap

proximation Re$SA,B
xxx%5I 0A,B

xxx and Re$SA,B
xyy%52I 0A,B

xyy and,
therefore, the signal in (xxx) and (xyy) configuration can be
represented in the following form:I A,B

xxx(T)}I 0A,B
xxx (1

1cosDT)e22gT and I A,B
xyy(T)}I 0A,B

xyy (12cosDT)e22gT.
The 100%-modulation depth and thep phase shift of the

TI FWM signal in the (xxx) and (xyy) configuration impose
severe restrictions on the amplitude and phase of the si
in the (x11) and (x12) configuration. Specifically, defi
nitions ~A19!–~A24! from the Appendix allow one to arrive
at the following equations:

I A,B
x11~T!}@ I 0A

x111Re$SA
x11%cosDT

6Im$SA
x11%sinDT#e22gT, ~7!

I A,B
x12~T!}@ I 0A

x111Re$SA
x11%cosDT

7Im$SA
x11%sinDT#e22gT. ~8!

Therefore, the phase of the quantum beats in the TI FW
signal in the (x11) and (x12) configuration in thex (3)

regime have an opposite sign but the same magnitude fA
andB excitons:

fA
x1152fA

x1252fB
x115fB

x125argSA
x11 . ~9!

One can observe from Table I that the relationship~9! holds
well in our experiment both for GaN and ZnSe.

The relations~7!–~8!, which have been obtained from th
100% modulation and thep phase shift of the TI FWM
signal in the (xxx) and (xyy) configuration, impose the fol
lowing constrains on the PSF parameters:

CA,B5AvA,B

vB,A
C8. ~10!

These relations can be understood if one recalls that the
parameterCA (CB) can be interpreted as the ratio of th
region occupied bys1-polarizedA(B) excitons to the vol-
ume, into which anothers1-polarizedA(B) exciton can be
excited. Similarly, the PSF parameterC8 gives the ratio of
the region occupied by ans1-polarizedA(B) excitons to the
volume, into which as2-polarizedB(A) exciton can be ex-
cited. Being a composite particle, thes6-polarizedA exciton
04521
,
m

al

SF

consists of an electron with spin61/2 and a hole with spin
71/2, while thes6-polarizedB exciton consists of an elec
tron with spin71/2 and a hole with spin73/2. Since the
Pauli exclusion principle forbids two equivalent electro
and/or holes with the same coordinates, one can expect
two excitons cannot be excited simultaneously, regardles
the fact if one or two of their constituents have the sa
spin. Correspondingly, the reduction of the coupling of t
s1(s2)-polarizedA exciton with the relevant photon due t
PSF is proportional to the total volume occupied
s1(s2)-polarizedA excitons ands2(s1)-polarizedB ex-
citons, which include electrons with the same spin. One
readily find that the relationCA /C85AvA /vB from Eq. ~10!
ensures this by reducing the interaction Hamiltonian~A1! to
the following form:

HA52MAbA1
† F12

CA

4V
~vAbA1

† bA11vBbB2
† bB2!GE1

2MAbA2
† F12

CA

4V
~vAbA2

† bA21vBbB1
† bB1!GE21h.c.

~11!

In addition to the relationship~10! for the PSF factors, the
100% modulation and thep-phase shift of the TI FWM sig-
nal in the (xxx) and (xyy) configuration implies the follow-
ing constrains on the memory functions, which describe
2v coherence in a system of two excitons with differe
valence orbitals:

FAA,BB~ t !5AvA,B

vB,A
GAB~ t !, ~12!

GAA,BB~ t !5AvA,B

vB,A
FAB~ t !. ~13!

In order to examine the implications of these constrains,
should recall that a memory function may consist of sho
and long-memory correlation parts. In particular, t
memory functionsFAA,BB(t), which describe the interaction
between excitons with the same energy and polarization
not contain a long-memory part.26 Therefore, Eq.~12! im-
plies thatGAB(t) also has no long-memory part, i.e., inte
action betweens1(s2)-polarizedA excitons is described by
the same~up to a constant factor, which depends on mate
parameters! memory function as the interaction betwee
s1(s2)-polarizedA excitons ands2(s1)-polarizedB ex-
citons. This indicates that—similar to the case discus
above—the memory functions are the same for excito
which include electrons with the same spin. Therefore,
obtained constrains on the memory functions indicate a m
important role of the electron spin in comparison to the h
spin for the exciton-exciton interaction. In the simplest a
proximation, if the correlation time is the shortest charact
istic time in the system, the short-memory part can be writ
as FAA(t)5A(vA/vB)GAB(t)5(vA /vB)FBB(t)5(R8
2 iR9)d(t).

In contrast to excitons with parallel spins, the excit
memory functionGAA(t), which describes the interaction be
2-7
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tweens1- and s2-polarizedA excitons and is of second
and higher-order in exciton-exciton interaction, consists
short- and long-memory parts.26 The short-memory part is
responsible for the correlation within the continuum of u
bound two-exciton states, while the long-memory part
scribes the bound biexciton. If onlyA excitons would exist,
the memory function could be written in the followin
form:40,41 GAA(t)5WA(t)2 iDGA exp$ivb

At%. Here, WA(t)
describes the short-memory correlations due to the c
tinuum of unbound states,vb

A is the relevant biexcitonic
binding energy. However, in the presence of two excito
with different valence orbitals, the structure of the tw
exciton manifold may be complicated42,43 depending on the
material parameters. For example, mixed biexcitons,43 which
are formed fromhh and lh excitons of same polarizatio
have been observed in ZnSe QW.42 From Eq.~13! one can
see that the interaction betweens1- and s2-polarized A
excitons is described by the same memory function as
interaction betweens1-polarizedA excitons andB excitons.
By recalling that the electronic constituencies of the abo
exciton pairs are the same, one may conclude that the ro
the electron spin in exciton-exciton interactions is more i
portant in comparison to the hole spin.

C. Short-memory approximation

The above analysis of our experimental data, which
counts for the finite memory time of the four-particle corr
lation, allows us to obtain restraints~ 12,13! on the memory
functions, which describe polarization-sensitive interactio
between excitons. In particular, the combination of the ph
and amplitude measurements of the beats in the TI FW
signal reveals that these general properties of the mem
functions are responsible for the change in sign of the b
ing phase for the co- and counter-circular polarizatio
However, the magnitude of the beating phase~9! is an inte-
gral characteristic. That is, the experimental measuremen
the beating phase, which is a function of the memory de
and exciton dephasing rate, does not allow one to obtain
memory functions themselves. In order to reveal the tem
ral profile of the memory functions, time-resolved FW
measurements are necessary.

The relative contributions to the TI FWM signal from
different mechanisms of coherent excitonic nonlinearity su
as exciton-exciton interaction, EID and PSF can be estima
if the memory functions for the particular structure ha
been calculated using the dynamically controlled truncat
scheme44 or Hubbard operators approach.26 However, the
temporal profile of the memory functions, which is dete
mined by the memory depth of the correlations in the c
tinuum of unbound two-exciton states and the biexcito
binding energy, may also be approximated on the basi
simple qualitative arguments41 and/or experimental data. I
this section, in order to clarify how the phase measureme
can be employed to estimate the relative contributions fr
the different mechanisms to the excitonic nonlinearity,
consider the simplest, short-memory approximation. Spe
cally, we assume that the role of long-living correlations
one-exciton systems is not decisive,34,40 i.e., that the long-
04521
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living memory effects, which are associated with the biex
ton state, do not play an important role in the TI FWM sign
for our experimental conditions and may be accounted for
renormalizing the excitonic anharmonicity due to the co
tinuum of unbound two-exciton states. Note that this a
proximation has allowed us to interpret the results of
frequency-domain FWM experiment in a strongly coupl
exciton-cavity system.28

In the spirit of the short-memory approximation, we n
glect the effects of the bound exciton states assuming

GAA~ t !5A~vA /vB!FAB~ t !

5~vA /vB!GBB~ t !5~W82 iW9!d~ t !,

where W8 and W9 describe the exciton-exciton interactio
and EID, respectively.34 In such a case, the analysis deve
oped in the Appendix givesSA

x11}(R82 iR913iCg)(W8
1 iW9) and, correspondingly, from Eq.~9! one can derive

fA
x115tan21

~3Cg2R9!W81R8W9

R8W82~3Cg2R8!W9
. ~14!

If one assumes that in ZnSe and GaN2W8.R8,R9 and
3gC.R8,R9 ~we have shown that these conditions are s
isfied for the GaAs system28!, Eq. ~14! reduces tofA

x11

'tan21@2W8/W9#. Correspondingly, the fact thatfA
x11

.0 in Table I supportsW8,0 for GaN and ZnSe~note, that
the EID parameterW9.0 by definition!. This implies that in
these crystalss1- and s2-polarized excitons of the sam
valence orbital attract one another, as well as two exciton
the same polarization and different valence orbitals. T
measured value of the phase shift in the (111) configura-
tion gives the relative amplitude of the anharmonicity of t
low-density exciton gas due to exciton-exciton interacti
and EID. Specifically, by using data from Table I, one c
estimateW9/(2W8)'0.7 for GaN andW9/(2W8)'3 for
ZnSe. That is despite the striking similarity of the signal
GaN and ZnSe of Figs. 2–5 the analysis of the beating ph
reveals an important difference in the mechanism of the
herent optical nonlinearity in these materials. Specifica
one may expect the contribution from EID to the exciton
nonlinearity to be several times stronger in GaN than
ZnSe. Importantly, however, in ZnSe the role of the bou
biexciton is known to be more pronounced in comparison
GaN. Correspondingly, one may expect that the biexci
states affects the ratioW9/(2W8) in ZnSe more strongly
than in GaN. This, however, should be confirmed by tim
resolved FWM measurements.

IV. CONCLUSION

We investigate the polarization dependence of the ph
of the quantum beats in TI FWM signal in ZnSe and Ga
We observe phases of 0 andp for co- and cross-linear po
larizations, respectively, at the resonance of theA ~heavy-
hole! andB- ~light-hole! exciton for GaN~ZnSe!. In co- and
counter-circular polarizations, the observed phases of
beating signals are 0.2p (0.1p) and20.2p (20.1p) at the
resonance of theA-exciton in GaN~heavy-hole exciton in
2-8
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TIME-INTEGRATED FOUR-WAVE MIXING IN GaN AND . . . PHYSICAL REVIEW B64 045212
ZnSe!, respectively. The phase of the signal changes s
when switching from theA to theB exciton in GaN~from the
heavy- to the light-hole exciton in ZnSe!. We describe the
quantum beat process in thex (3) regime by accounting for
memory effects in the nonlinear optical response at the f
damental band edge. It is shown that the interaction of e
tons with different valence orbitals~e.g.,hh andlh excitons!
may be described by the same memory functions as the
teraction of excitons with the same valence orbitals prov
ing that the spin of the electronic constituents in both case
the same. This implies that the excitonic anharmonicity c
be classified in terms of the spins of the electrons form
the excitons rather than in the spin of the holes. In particu
the repulsive interaction between excitons with the same
lence orbital and equal angular momentum implies a rep
sion between excitons with different valence orbitals and
posite angular momenta. Similarly, since excitons with
same valence orbital and opposite angular momenta at
one another, excitons with different valence orbitals and
same angular momentum will also attract one another, giv
rise to the formation of a mixed biexciton. Note that in co
trast to biexcitons, which are formed from a pair ofhh or lh
excitons with opposite angular momentum and can be
served only in the (xxx), (xyy), and (x12) configurations,
mixed biexcitons can be also observed in the (111) and
(x11) configurations.

It is necessary to emphasize that the striking similar
which we observe in the quantum beat signal from GaN
ZnSe, originates from the strong influece of the four-parti
correlation on the nonlinear optical response at the semic
ductor band edge. In particular, the interaction between
citons with different valence orbitals, which is mainly dete
mined by the spin of the electronic constituents, gives rise
the change of sign of the quantum beats phase when sw
ing from the co- to the cross-circular polarization configu
tion. This property does not depend on the particular ma
rial, however, the magnitude of the beating phase
apparently material dependent. We demonstrate, in par
lar, that the difference in quantum beat phases, which
observe in ZnSe and GaN at positive time delay in thex
11) and (x12) configurations, can be explained by th
difference in relative contributions to the TI FWM sign
from the exciton-exciton interaction and the EID effects
these semiconductors. This experimental finding, along w
the developed theoretical description of the third-order o
cal effects at the fundamental band edge, makes the be
phase measurements a promising technique for the quan
tive study of the four-particle correlation effects.
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APPENDIX: EVOLUTION EQUATION OF THE EXCITON
POLARIZATION IN THE x „3… REGIME: MEMORY

EFFECTS

In this Appendix, we introduce the major mechanisms
the coherent nonlinearity in a two-exciton system. We
sume that two exciton resonances, which are labeled by
scriptsA andB, are excited by an ultrashort laser pulse w
frequencyv. The optical response of the two-exciton syste
at the frequencyv can be described by the complex amp
tudes of the excitonic polarization associated with theA and
B excitons,PA,B6e2 ivt5MA,B^bA,B6&/V, wherebA,B6 are
the corresponding exciton annihilation operators~subscripts
6 denote circular polarizations!, MA,B are the exciton dipole
moments, andV is the crystal volume. The angular bracke
denote statistical averaging. The dipole moment of thr
dimensional excitons is determined by the well-known re
tion MA,B5mA,B(V/paA,B

3 )1/2 wheremA,B andaA,B are cor-
responding interband dipole moments and exciton B
radii, respectively. In order to make the analysis more tra
parent, we introduce the averaged interband dipole mom
m5AmA

21mB
2 and effective exciton volumes vA,B

5paA,B
3 (m/mA,B)2, which allows us to reduce the excito

dipole moments toMA,B5m(V/vA,B)1/2. In order to describe
the PSF effect we write the exciton-photon coupli
Hamiltonian36 for the case of the two-exciton system
Hint5HA1HB1h.c., where

HA52MAbA1
† S 12

vA

4V
CAbA1

† bA1

2
AvAvB

4V
C8bB2

† bB2D E12MAbA2
†

3S 12
vA

4V
CAbA2

† bA22
AvAvB

4V
C8bB1

† bB1D E21h.c.

~A1!

Here,E6 are the circular components of the electric field
the light wave, while the PSF parametersC andC8 describe
the reduction of the exciton-photon coupling due to the fin
excitation density. In terms of the few level models,C and
C8 are measures of the reduction of the dipole moment of
transitionsbA6

† 0&→bA6
† bA6

† u0& andbA6
† 0&→bA6

† bb7
† u0& in

comparison tou0&→bA6
† u0&, respectively. Since in the state

bA6
† bA6

† u0&, both electrons and holes have the same ang
momentum while in the statesbA6

† bB7
† u0&, only electrons

have the same angular momentum,C and C8 are generally
different from one another.HB can be obtained fromHA by
replacing subscriptA with B in Eq. ~A1!. By recalling that
the free energy, associated with the light-matter interactio
given by F5^Hint&52P1E12P2E2 , where P6 are the
circular components of the electric polarization in the m
dium, one can see from Eq.~A1! that when accounting for
the PSF effect, the amplitude of the macroscopic polariza
associated with theA exciton can be introduced as
2-9
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PA65MAK S 12
vA

4V
CAbA6

† bA6

2
AvAvB

4V
C8bB7

† bB7D bA6L /V. ~A2!

We describe the coherent interaction between exciton
extending the treatment developed in Ref. 34 to the tw
exciton case. The Hamiltonian, which describes the inte
tion between optically active excitons, can be written
Hxx5HAA1HBB1HAB , whereHAA and HBB describe the
contribution to the total Hamiltonian arising from two-bod
interactions within ensembles ofA and B excitons, while
HAB accounts for the interaction between them.HAA consists
of three terms:

HAA5 1
2 B AA

11bA1
† bA1

† 1 1
2 B AA

22bA2
† bA2

† 1B AA
12bA1

† bA2
†

1h.c., ~A3!

where the operatorsB AA
11 andB AA

22 describe the two-exciton
coherence due to the interaction ofA excitons with spins
561, respectively, whileB AA

12 represents the two-excito
coherence due to the interaction ofA excitons with opposite
spin. The expectation values^B AA

66& and^B AA
12& give ampli-

tudes for the 2v coherence, which are due to unbound a
bound two-exciton states with angular momentaJz562 and
Jz50, respectively. Since the 2v coherence arises from th
relevant circular components of the excitonic polarization
the frequencyv, these amplitudes can be written from th
causality principle as

^B AA
66&5S vA

m D 2E
0

`

FAA~t!PA6
2 ~ t2t!e22i (vA2v2 ig)tdt,

~A4!

^B AA
12&5S vA

m D 2E
0

`

GAA~t!PA1~ t2t!

3PA2~ t2t!e22i (vA2v2 ig)tdt,

wherevA andg are theA-exciton frequency and dephasin
rate, respectively, whileFAA(t) and GAA(t) are memory
functions, which are associated with the interaction betw
two A excitons with equal and opposite spin, respective
Similarly, the amplitude of the 2v coherence associated wit
the interaction betweenB excitons can be described by th
memory functionsFBB(t) andGBB(t).

The coherent interaction betweenA andB excitons can be
described by the following Hamiltonian:

HAB5B AB
11bA1

† bB1
† 1B AB

22bA2
† bB2

† 1B AB
12bA1

† bB2
†

1B BA
21bA2

† bB1
† 1h.c. , ~A5!

where operatorsB AB
66 and B AB

67 describe the two-exciton
coherence due to the interaction ofA and B excitons with
equal and opposite polarization, respectively. The expe
tion valueŝ B AB

66& and^B AB
67& give the amplitudes of the 2v

coherence, which are due to the relevant bound and unbo
04521
y
-

c-
s

d

t

n
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nd

two-exciton states with angular momentaJz562 and Jz
50, respectively. These amplitudes can be written as
following:

^B AB
66&5

vAvB

m2 E
0

`

FAB~t!PA6~ t2t!

3PB6~ t2t!e2 i (vA1vB22v22ig)tdt,
~A6!

^B AB
67&5

vAvB

m2 E
0

`

GAB~t!PA6~ t2t!

3PB7~ t2t!e2 i (vA1vB22v22ig)tdt.

Here, the memory functionsFAB(t) andGAB(t) describe the
amplitude of the 2v coherence associated with the intera
tion betweenA andB excitons with equal and different po
larization, respectively.

The temporal evolution of the annihilation operators a
given by the Heisenberg equation

2 i\
]bA,B6

]t
1\vA,BbA,B65@Hxx1Hint ,bA,B6#.

~A7!

By using Eqs.~A1!, ~A3!, and ~A5! one can find that the
evolution equation for the exciton annihilation operator
duces to

2 i\
]bA6

]t
1\vAbA652B AA

66bA1
† 2B AA

12bA7
†

2B AB
66bB6

† 2B AB
67bB7

†

1MAS 12
vA

2V
CAbA6

† bA6

2
AvAvB

4V
C8bB7

† bB7D E6

2MA

vA

4V
CAbA6bA6E6

2MB

AvAvB

4V
C8bB7

† bA6E7

2MB

AvAvB

4V
C8bB7bA6E7 .

~A8!

Statistical averaging and Eqs.~A2! and ~A4! allow us to
arrive at the following equation for the amplitude of the no
malized optical polarizationpA65PA6(vA /m) at the fre-
quencyv:
2-10
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2 i
]pA6

]t
1DApA65E62S CAupA6u21

1

2
AvA

vB
C8upB7u2DE62

1

2
AvA

vB
C8pB7* pA6E7

2pA6* E
0

`

FAA~t!pA6
2 ~ t2t!e22iDAtdt2pB6* AvA

vB
E

0

`

FAB~t!pA6~ t2t!

3pB6~ t2t!e2 i (DA1DB)tdt2pA7* E
0

`

GAA~t!pA6~ t2t!pA7~ t2t!e22iDAtdt

2pB7* AvA

vB
E

0

`

GAB~t!pA6~ t2t!pB7~ t2t!e2 i (DA1DB)tdt. ~A9!
th
he

q.
e
th

c

n

s

ce
t

e-

as-
Here,DA,B5vA,B2v2 ig, vA,B , andg are the exciton fre-
quencies and dephasing rate, respectively, andE6 are the
Rabi frequencies, which corresponds to the amplitudes of
right- and left-circular components of the electric field at t
frequencyv, E6e2 ivt1c.c.5mE6 /\ .

To clarify the meaning of the memory functions in E
~A9!, let us consider the mean-field approximation, wh
only instantaneous interaction between excitons with
same spin and the same energy is allowed,39 FAA,BB
5RA,Bd(t), FAB(t)5GAA(t)5GAB(t)50 and C850.
One can derive from Eq.~A9! that the evolution equation
reduces to

2 i
]pA6

]t
1DApA65~12CAupA6u2!E62RAupA6u2pA6 .

~A10!

However, since in the coherent regime^b6
† b6&5u^b6&u2,

the excitonic polarization determines the population of ex
tons:NA65upA6u2/vA . This allows us to reduce Eq.~A10!
to the standard modified semiconductor Bloch equation45 for
A excitons in terms of the normalized excitonic polarizatio
pA6 , and population,nA65NA6vA :

]pA6

]t
1@ i ~vA2v!1g#pA6

5 i S 12
2nA6

nA0
DE62S sA2 i

2eA

nA0
D upA6u2pA6 . ~A11!

Here we have introduced the exciton saturation densitynA0
52/CA , the Lorentz shift of the exciton frequencyeA
5Re$RA%/CA , and the EID correction to the exciton depha
ing rate,sA52Im$RA%.34

We assume that the incident light pulses of durationtp
with wave-vectorsk1,2 are shorter than the exciton coheren
time and use thed-function approximation for the inciden
electric field:

E65E16dS t2t1

tp
Dexp$ ik1r%1E26dS t2t2

tp
Dexp$ ik2r%.
04521
e

n
e

i-

,

-

In this paper, we will consider the case of positive time d
lay, T5t12t2.0, i.e., the pulse with wave-vectork2 ar-
rives first. The exciton polarizations linear inE1,26 can be
readily obtained as

pA(B)1,26
(1) 5 i tpE1,26 exp$2~ iVA(B)1g!

3~ t2t1,2!%Q~ t2t1,2!,

whereQ(x) is the Heviside function, andVA,B5vA,B2v.
The circular components of the nonlinear polarization

sociated with the wave propagating along the2k12k2 direc-
tion can be obtained from the evolution Eq.~A9! as follows:

pA6
(3) ~ t !52tp

3e2gTe2( iVA1g)(t2t1)Q~ t2t1!

3H F r AA~ t2t1!eiVAT1AvA

vB
r AB~ t2t1!eiVBTG

3E16
2 E26* 1FsAA~ t2t1!eiVAT

1AvA

vB
sAB~ t2t1!eiVBTGE11E12E27* J . ~A12!

HereT5t12t2 and

r AA~ t !5 iCA1E
0

t

e22gt8E
0

t8
FAA~ t9!dt9dt8,

r AB~ t !5E
0

t

e22gt8E
0

t8
FAB~ t9!dt9dt8,

sAB~ t !5 iC81E
0

t

e22gt8E
0

t8
GAB~ t9!dt9dt8,

sAA~ t !5E
0

t

e22gt8E
0

t8
GAA~ t9!dt9dt8.

pB6
(3) (t) can be obtained from Eq.~A12! by replacing sub-

script ‘‘A’’ with ‘‘ B.’’
2-11



pe

ar

te
s

a
-

pa-
n-

se

al

an-
ero.
he

AOKI, MOHS, SVIRKO, AND KUWATA-GONOKAMI PHYSICAL REVIEW B 64 045212
By using Eq.~A12!, one can obtain thex component of
the nonlinear polarization associated with theA exciton,
pA

(3)xst(t)5@pA1
(3) (t)1pA2

(3) (t)#/A2, for different polarizations
of the pump and test waves, which are abbreviated by su
scripts ‘‘p’’ and ‘‘ t,’’ respectively. Specifically, when the
pump and test wave are cocircularly polarized,pA

(3),x11(t)
can be obtained from Eq.~A12! at E125E2250. In the
(x12) configuration, i.e., when the pump and test wave
counter-circular polarized, pA

(3),x12(t)5@pA1
(3) (t)

1pA2
(3) (t)#/A2 atE125E2150. Similarly, by substituting in

Eq. ~A12! E125E115E1 /A2, E225E215E2 /A2, and
E1252E115E1 /A2, E2252E215E2 /A2 we arrive at
the third-order polarization for the (xxx) and (xyy) configu-
rations, respectively. Finally, in the~111! configuration
pA

(3)111(t)5pA1
(3) (t) from Eq. ~A12! at E125E2250. The

equations for the third-order polarization, which is associa
with theA exciton, in the various polarization configuration
can be represented as follows:

pA
(3),x11~ t !}F r AA~ t2t1!eiVAT1AvA

vB
r AB~ t2t1!eiVBTG

3e2gTe2( iVA1g)(t2t1)Q~ t2t1!, ~A13!

pA
(3),x12~ t !}FsAA~ t2t1!eiVAT1AvA

vB
sAB~ t2t1!eiVBTG

3e2gTe2( iVA1g)(t2t1)Q~ t2t1!, ~A14!

pA
(3),xxx~ t !5pA

(3),x11~ t !1pA
(3),x12~ t !, ~A15!

pA
(3),xyy~ t !5pA

(3),x11~ t !2pA
(3),x12~ t !, ~A16!

pA
(3),111~ t !52pA

(3),x11~ t !. ~A17!

The obtained equations for the third-order polarization
the frequencies of theA and B excitons give us the time
integrated FWM signal

I A,B
pts ~T!}E

2`

1`

upA,B
(3),pts~ t !u2dt

5@ I 0A,B
pts 1Re$SA,B

pts %cosDT

6Im$SA,B
pts %sinDT#e22gT. ~A18!

Here, I 0A,B
pts and SA,B

pts take the following form for different
polarization configurations:

I 0A,B
x115E

0

1`F ur AA,BB~ t !u21
vA,B

vB,A
ur AB~ t !u2Ge22gtdt,

~A19!

SA,B
x115AvA,B

vB,A
E

0

1`

2r AA,BB~ t !@r AB~ t !#* e22gtdt,

~A20!
04521
r-

e

d

t

I 0A,B
x125E

0

1`F usAA,BB~ t !u21
vA,B

vB,A
usAB~ t !u2Ge22gtdt,

~A21!

SA,B
x125AvA,B

vB,A
E

0

1`

2sAA,BB~ t !@sAB~ t !#* e22gtdt,

~A22!

I 0A,B
xxx,xyy5E

0

1`F ur AA,BB~ t !6sAA,BB~ t !u2

1
vA,B

vB,A
ur AB~ t !6sAB~ t !u2Ge22gtdt, ~A23!

SA,B
xxx,xyy5AvA,B

vB,A
E

0

1`

2@r AA,BB~ t !6sAA,BB~ t !#

3@r AB~ t !6sAB~ t !#* e22gtdt. ~A24!

One can readily find from the above equations that thex (3)

regime imposes the following relationships between the
rameters of the TI FWM signal in different polarization co
figurations~compare with Ref. 28!:

2~ I 0A,B
x111I 0A,B

x12!5I 0A,B
xxx 1I 0A,B

xyy ~A25!

2~SA,B
x111SA,B

x12!5SA,B
xxx1SA,B

xyy ~A26!

The observed phases of the quantum beats in the (xxx)
and (xyy) configuration allows us to conclude that in the
polarization configurations Im$SA,B

xxx%5Im$SA,B
xyy%50,

Re$SA,B
xxx%.0, and Re$SA,B

xyy%,0. Moreover, since Im$SA,B
xxx%

5Im$SA,B
xyy%50, Eq. ~A26! returns Im$SA,B

x11%52Im$SA,B
x12%.

The almost 100% modulation depth of the TI FWM sign
in the (xxx) and (xyy) configurations implies Re$SA,B

xxx%
5I 0A,B

xxx and Re$SA,B
xyy%52I 0A,B

xyy . By using expressions
~A19!–~A24! one can arrive at

E
0

1`Ur AA,BB~ t !1sAA,BB~ t !2AvA,B

vB,A

3@r AB~ t !1sAB~ t !#U2

e22gtdt50, ~A27!

E
0

1`Ur AA,BB~ t !2sAA,BB~ t !1AvA,B

vB,A

3@r AB~ t !2sAB~ t !#U2

e22gtdt50. ~A28!

Since the underintegral functions in the above equations c
not be negative, we have to conclude that they are z
Therefore, thep-phase shift of the quantum beats and t
2-12
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100%-modulation depth of the FWM signal in the (xxx) and
(xyy) configuration imply the following relationships:

r AA~ t !5AvA

vB
sAB~ t !, sAA~ t !5AvA

vB
r AB~ t !,

~A29!

r BB~ t !5AvB

vA
sAB~ t !, sBB~ t !5AvB

vA
r AB~ t !.

~A30!

Correspondingly, we arrive at the following constrains f
the memory functions and PSF parameters:
ys

.

,

.
B

P
nd

J
ys

-

.
K

nd

a-

. S

.
t.

de

04521
r

FAA,BB~ t !5AvA,B

vB,A
GAB~ t !,

~A31!

GAA,BB~ t !5AvA,B

vB,A
FAB~ t !, CA,B5AvA,B

vB,A
C8.

It is necessary to note that in contrast to the Eqs.~A25!–
~A26!, which reflect the third-order nature of the cohere
excitonic nonlinearity associated with the four-particle co
relation, restraints~A31! are essentially based on our expe
mental findings. Specifically, these are thep-phase differ-
ence and 100%-modulation depth of the beating signal in
(xxx) and (xyy) configuration, which hold well in our ex-
perimental condition. As it is shown in Sec. III of the pape
the obtained relationships between memory functions
PSF parameters imply that the electron spin influences
exciton-exciton interaction more than the hole spin.
ys.

bi-

i,

.

ki,

.
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