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Possibility of an electromechanical which-path interferometer
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We investigate the possibility of an electromechanical which-path interferometer, in which electrons trav-
eling through an Aharonov-Bohm ring incorporating a quantum dot in one of the arms are dephased by an
interaction with the fundamental flexural mode of a radio-frequency cantilever. The cantilever is positioned so
that its tip lies just above the dot and a bias is applied so that an electric field exists between the dot and the
tip. This electric field is modified when an additional electron hops onto the dot, coupling the flexural mode of
the cantilever and the microscopic electronic degrees of freedom. We analyze the transmission properties of
this system and the dependence of interference fringe visibility on the cantilever-dot coupling and on the
mechanical properties of the cantilever. The fringes are progressively destroyed as the interaction with the
cantilever is turned up, in part due to dephasing arising from the entanglement of the electron and cantilever
states and also due to the thermal smearing that results from fluctuations in the state of the cantilever. When the
dwell time of the electron on the dot is comparable to or longer than the cantilever period, we find coherent
features in the transmission amplitude. These features are washed out when the cantilever is decohered by its
coupling to the environment.

DOI: 10.1103/PhysRevB.64.035311 PACS number~s!: 85.35.Ds, 73.63.Kv, 73.23.Hk
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I. INTRODUCTION

Which-path devices, such as the canonical two-slit int
ference experiment where a measurement is made of the
a particle takes, have a long history going back as far as
early debates about complementarity.1,2 Recent interest in
their investigation has been stimulated partly by advance
experimental techniques, which have lead to the realiza
of several different varieties of which-path systems in
laboratory,3,4 and partly by accompanying developments
the theory of quantum measurement.5–7 However, it is the
realization that a which-path experiment provides a v
convenient model system for developing and testing fun
mental ideas about decoherence in mesoscopic syste8,9

that has increased the level of interest within the solid-s
physics community in particular.

Which-path experiments in solid-state systems were
cently pioneered by Bukset al.3 The solid-state analog of th
two-slit interference experiment is the measurement of
oscillations in the current passing through an Aharon
Bohm ~AB! ring as a function of the applied magnetic fiel
The path taken by an electron may be probed by placin
measuring device close to one of the arms. Bukset al. incor-
porated a quantum dot in one of the arms in order to slow
electrons down, with a neighboring quantum point cont
~QPC! serving as a which-path detector. An electron trav
ing around the arm of the ring containing the dot dwells
the dot for a finite amount of time before moving on. T
presence of the dot alone does not destroy the coheren
the electron transport through the ring, so long as the dw
time of the electrons is sufficiently short,10 but it does pro-
vide time for the electron to interact with an external me
suring device. A QPC adjacent to the dot functions a
measuring device since it can be biased so that its con
0163-1829/2001/64~3!/035311~17!/$20.00 64 0353
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tance is very sensitive to changes in the occupancy of
dot: the passage of an electron via the path including the
leaves behind which-path information in the QPC devi
although actual knowledge of which path an electron to
so-called ‘‘true which-path information,’’ can only be ob
tained via further measurement.11 In accord with theoretical
predictions,12–14 the experiment demonstrated that the int
ference fringes are degraded when the interaction betw
the electrons and the measuring device is sufficiently se
tive for information to be obtained that would help, even
principle, to determine which of the two possible paths
electron took.

The experiment of Bukset al. has close parallels with the
well-known thought experiment~see, e.g., Secs. 1–6 of Re
2!, in which a light source is used to detect through whi
slit an electron passes in a two-slit interference experim
In both cases dephasing is effected by scatterers, eac
which interacts once, and once only, with the interfering p
ticle, and whose interactions with each other may safely
ignored. For the electron–light-scattering scheme,2 the scat-
terers are photons that probe the electron’s state dire
whereas in the solid-state experiment the scatterers are
trons in the QPC which interact with the electron on the d
via electrostatic coupling. However, because the electron
a finite dwell time on the dot, it has time to interact wi
more than one scatterer in the QPC, so that in this c
dephasing can be achieved via a series of very weak inte
tions rather than a single strong event, as is the case in
photon thought experiment.

The present work is concerned with a variation on t
system considered by Bukset al., in which a radio-frequency
mechanical cantilever is used, rather than a QPC, to de
mine which path an electron takes. A coupling between e
trons residing on the dot~which is again on one of the AB
©2001 The American Physical Society11-1
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A. D. ARMOUR AND M. P. BLENCOWE PHYSICAL REVIEW B64 035311
interferometer arms! and the cantilever, whose tip is su
pended over the dot, can be set up by developing a unif
electric field between the tip of the cantilever and the bas
the dot. Electrons on the dot couple approximately linearly
the cantilever position, thus leading to a coupling betwe
the flexural phonon modes of the cantilever and the oc
pancy of the dot. Furthermore, because the coupling stre
decays rapidly with increasing frequency and also the fl
ural mode spectrum of a cantilever is quite sparse, it tu
out that for micron scale cantilevers only the fundamen
flexural mode is relevant. Therefore, at low temperatures
cantilever can be treated as a single quantum-mechanica
cillator.

As a consequence of the cantilever having effectiv
only one degree of freedom, the electromechanical wh
path interferometer exhibits qualitatively different behav
from the QPC which-path device. In particular, we find th
the dephasing behavior of the electron due to the cantile
depends on the relative magnitudes of the electron dw
time on the dot and the cantilever period. When the dw
time is short compared to the cantilever period, the deph
ing occurs in a way analogous to Einstein’s recoiling s
thought experiment.1,5 In contrast, when the dwell time o
the electron on the dot is comparable to or longer than
period of the cantilever, a description of the dephasing
terms of the entanglement of the cantilever and elect
states becomes more appropriate than a semiclassical pi
of momentum transfer. The effectively harmonic nature
the cantilever motion means that the degree of entanglem
between the cantilever and electronic states must be perio
so long as the cantilever interacts only with the electron
the dot. If the dwell time of the electrons on the dot could
tuned to the cantilever period, then we would be able to er
all which-path information held in the state of the cantilev
This would give us direct evidence that the coupled cant
ver and dot were behaving as a single coherent quan
system. However, in practice electron dwell times on a qu
tum dot have a distribution of values and so we can o
obtain indirect evidence for the quantum coherence of
cantilever-dot system, such as the coherent exchange o
ergy quanta between the electron and the cantilever w
give rise to side resonances in the elastic transmission
plitude of the device.

The environment of the cantilever influences its behav
in two important ways: over short time scales it destroys
cantilever’s phase coherence, whilst over longer time sc
it damps the cantilever’s motion. The electromechani
which-path system we propose acts as a probe of the c
lever’s decoherence due to it’s interaction with the enviro
ment. We show that the cantilever’s decoherence inhibits
coherent exchange of energy between the cantilever and
dot and hence manifests itself by washing out the side re
nances in the elastic transmission amplitude.

The outline of this paper is as follows. In Sec. II we gi
our basic model for the electromechanical which-path dev
and show that the interference properties of the AB ri
modified to include the dot and cantilever, can be obtain
by calculating the elastic transmission amplitude of the a
containing the dot. In Sec. III we describe a simple tig
03531
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binding model for an electron on a dot which is linear
coupled to the cantilever~treated as a quantum oscillato!
and to propagating states in the leads. We show that re
work on inelastic resonant tunneling can be adapted to ob
the elastic transmission amplitude.

We present results for our model in Sec. IV, where
examine dephasing as a function of the dot-cantilever c
pling in both the regime where the electron dwell time
short compared to the cantilever period and where they
comparable.

In Sec. V we examine the influence of the cantileve
environment on the dephasing produced by the cantile
when the dwell time is comparable to the period of the c
tilever. We obtain a modified expression for the transmiss
through the arm with the dot when the cantilever is coup
to an environment which consists of a bath of oscillators

In Sec. VI we outline the principal practical constraints
an electromechanical which-path device and discuss its
sibility using currently available technology. We draw o
conclusions in Sec. VII and discuss ways in which t
present work could be extended. Appendix A contains a
tailed, classical analysis of the cantilever-dot coupling a
the flexural mode spectrum of the cantilever which under
the simplified model employed in the main text. Finally, A
pendix B contains details of a general calculation of the
fect of the cantilever environment on the transmission am
tude of the dot.

II. THEORETICAL MODEL

The ultimate goal of our analysis of the electromechani
which-path device is to obtain an expression for how
magnetoresistance of the AB ring varies as a function of
coupling between the cantilever and an electron on the
In particular, we want to determine how the amplitude a
phase of the oscillation in the current through the device
the magnetic field is varied~i.e., the interference fringes!
depend on the voltage between the cantilever and the do
order to simplify the analysis, we will consider only the ca
where the magnetoresistance is measured as an average
a time much longer than any other time scale in the proble

Our model builds on the theoretical analysis of the Q
which-path experiment, carried out by a number
groups.12–14 However, there are also close parallels betwe
the system we consider and a quantum optical system
lyzed recently,15,16 in which radiation is used to drive a
oscillator-mounted mirror into nonclassical states.

Since we are interested in the behavior of the system
eraged over time, it is sufficient to work within the Landau
framework, so that our task of obtaining the average mag
toresistance is equivalent to calculating the transmiss
characteristics of the device.17 The simplest way of thinking
about the transmission probability through the AB ring is
terms of a two-slit experiment: the total transmission pro
ability T is given by the coherent sum of amplitudes f
transmission through the left and right arms,t l and t r ,

T5ut l1t r u2. ~1!
1-2
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POSSIBILITY OF AN ELECTROMECHANICAL WHICH- . . . PHYSICAL REVIEW B 64 035311
This approach was employed by Yacobyet al.10 in their
analysis of experiments on AB rings with a quantum d
included in one arm. However, in that case this simple f
malism proved inadequate as it neglects the contribution
electrons which have undergone multiple reflections. T
contribution to the transmission of multiply reflected ele
trons leads to the enforcement of the Onsager-type rela
for the conductance from source~S! to drain
(D): GDS(B)5GDS(2B), which must apply for a two-
terminal device.18–21 If the AB ring is modified to absorb
electrons which are scattered backwards in the device,
the Onsager-type condition is no longer satisfied and
simple-minded formula~1! is valid. Bukset al. incorporated
just such a modification in their AB ring and we shall lim
our analysis to this case. We writet̃ QD for the transmission
through the arm containing the dot andt0 for the other am-
plitude. The presence of a magnetic fluxF induces an addi-
tional relative phase shift between the two paths and so
transmission probability in the absence of the cantilever
be written as

T5ut01 t̃ QDei2pF/F0u25T (0)12 Re@ t0* t̃ QDei2pF/F0#,
~2!

whereF0 is the flux quantum andT (0) is the flux indepen-
dent term of the transmission probability. In practice, t
transmission through the arm with the dot is much less t
that through the arm without the dot,u t̃ QDu!ut0u, and soT0
'ut0u2.

When there is a nonzero interaction between the can
ver and the electron on the dot, we must explicitly inclu
the fact that the transmission depends on the initial stat
the cantilever. Since the cantilever contains a macrosc
number of atoms we assume that its initial state can alw
be described as a thermal mixture. Such a procedure
necessarily lead us to neglect short-time correlations betw
the cantilever states, but this will be unimportant if the ma
netoresistance is averaged over a time which is long c
pared with the characteristic time scale for the thermaliza
of the cantilever’s motion.22 With the initial state of the can
tilever assumed to be thermal, we have

T5(
i

(
f

r i@^ i ut01 t̂QDei2pF/F0u f &

3~^ i ut01 t̂QDei2pF/F0u f &!* #, ~3!

where t̂QD is an operator on cantilever states only,r i is the
usual thermal weight (r i5e2be i/( je

2be j , with b51/kBT
and e i the energy of the state!, and we have made no as
sumption about the final state of the cantilever mode.
cause only the dot arm interacts with the cantilever the in
ference term is diagonal in the cantilever modes,

2 ReF(
i

r i t0* ^ i u t̂QDu i &ei2pF/F0G52 Re@ t0* ^ t̃ QD&ei2pF/F0#,

~4!
03531
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where ^ t̃ QD& is averaged over the cantilever thermal sta
Thus, only elastic scattering processes contribute to the
terference term.

At finite temperatures we also have to average the tra
mission amplitude for transport through the arm contain
the dot over the Fermi distribution:17

^ t̃ QD&5E
0

`

deS 2
] f

]e D ^tQD~e!&. ~5!

The knowledge of the transmission amplitude allows us
obtain the amplitude of the periodic oscillations in the cu
rent, or in the language of a generic two-slit experiment,
visibility of the interference fringes. The visibilityv in a
two-slit experiment is defined in terms of the maximum a
minimum signal~in this case current!, measured at the peak
and valleys of the fringes, respectively,23

v5
max2min

max1min
. ~6!

In the case of the electromechanical which-path dev
considered here, the current is proportional to the transm
sion probabilityT, given in Eq.~3!. We can write the trans-
mission amplitudes through the two arms in modulu
argument form,̂ t̃ QD&5u^ t̃ QD&ueia and t0* 5ut0ue2 ib, so that
the interference part of the transmission probability takes
form

2 Re@ t0* ^ t̃ QD&ei2pF/F0#

52ut0uu^ t̃ QD&ucos~2pF/F01a2b!. ~7!

Hence in this case, the visibility of the fringes is

v5
2ut0uu^ t̃ QD&u

T (0)
.

2u^ t̃ QD&u
ut0u

. ~8!

The phase of the transmission amplitude determines
phase of the fringe pattern as a function of the magn
field. Any change in the phase of the transmission amplitu
should therefore be detectable as a change in the phase o
whole interference pattern.

In the absence of the dot, and for the ideal case of a r
in which both arms are identical, the transmission amplitu
for both arms are the same so thatT052ut0u2 and the visibil-
ity is unity. This demonstrates the utility ofv as a measure
it does not depend on the value of the total transmiss
probability through the device, but just on its interferomet
properties.

In practice, a fringe visibility close to unity cannot b
achieved. Apart from the obvious difficulty in constructing
ring in which both arms are identical, there are two furth
reasons why the ‘‘intrinsic’’ visibility is less than unity.10

Firstly, there is more than one conduction channel in e
arm and so the transport is never really a ‘‘one-electro
problem. Secondly, thermal smearing can play an impor
role, since the thermal smearing length is typically comp
rable to the size of the ring at temperatures of around
1-3
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mK.10 However, for our device the reduction in fringe vi
ibility arising from sources other than the cantilever is irr
evant: all we require is that there should be a measur
change in the visibility of the fringes as the electric fie
coupling the dot and cantilever is turned on.

III. TRANSMISSION AMPLITUDE

In order to obtain the transmission amplitude for the a
of the AB ring containing the dot, we employ a standa
tight-binding model for the dot and the leads to which it
coupled. In the Coulomb blockade regime, the quantum
is modeled by a single localized state, at energye0, which is
coupled to sets of noninteracting, propagating states in
leads. The cantilever is treated as a single quantum oscil
mode of frequencyv0, although the generalization to includ
a spectrum of modes is straightforward, as we discuss be
The total Hamiltonian of the interferometer arm can be w
ten as the sum of two parts

H5H01H1 , ~9!

with the noninteracting part

H05e0ĉ†ĉ1(
k

~ekLĉkL
† ĉkL1ekRĉkR

† ĉkR!1\v0â†â,

~10!

and the interacting part

H152l ĉ†ĉ~ â1â†!1(
k

VkL~ ĉkL
† ĉ1 ĉ†ĉkL!

1(
k

VkR~ ĉkR
† ĉ1 ĉ†ĉkR!, ~11!

whereĉ andâ operate on the states of the electron on the
and the cantilever, respectively. The states in the left-h
~right-hand! leads have energiesekL(ekR) and are operated
on by ĉkL( ĉkR), where the indexk runs over propagating
states in the leads. The matrix elements for hopping o
~off! the dot are given byVkL (VkR). The interaction be-
tween the electron on the dot and the cantilever is mode
as a linear coupling between the displacement of the flex
mode and the occupation of the dot, since when the elec
is not on the dot there is no displacement of the cantileve24

We analyze the interaction between the cantilever and
dot in some detail in Appendix A, where the form of th
interaction is derived in terms of the normal modes of
cantilever. We find that the coupling constantl is given by
the relationl5jeEA\/2mv0 @see Eq.~A12!#, wherej is a
geometrical factor of order one,E is the electric field expe-
rienced by the additional electron on the dot,m is the canti-
lever mass, ande(.0) the electronic charge.

The energy-dependent amplitudetQD(e) is calculated us-
ing the usualS-matrix formalism25 employed in transpor
theory. The amplitude for transmission from a state of
ergy e to one of energye8 is given by the element of the
S-matrix25 linking propagating states in the left- and righ
hand leads
03531
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^e8,RuSue,L&5tQD~e,e8!, ~12!

where^e8,Ru(ue,L&) is the state in the right-~left-! hand lead
with energye8(e). The total transmission amplitude at e
ergy e is then obtained by integrating over the final-sta
energies

tQD~e!5E
0

`

tQD~e,e8!de8. ~13!

TheS-matrix element for a single-electron tunneling fro
left to right through a single, localized, state which
coupled to a cantilever mode can be calculated using ei
the methods described by Wingreenet al.25 or those of
Glazman and Shekhter.26 For initial and final states of the
cantilever given bya i anda f , respectively, the relevant ma
trix element is

^e8,a f ,RuSue,a i ,L&52 i E E dt1dt2

\2
e2h(ut1u1ut2u)

3^e8,a f ,RueiH0t2 /\H1ĜR~ t22t1!

3H 1e2 iH0t1 /\ue,a i ,L&, ~14!

whereĜR(t)52 iQ(t)e2 iHt/\ andh is the usual small posi-
tive real number inserted to ensure convergence.

We want to calculate the visibility of the fringes and s
we need only calculate the coherent part of the transmis
probability, and hence the elastic transmission amplitude.
evaluate the elastic transmission amplitude we consider
cesses in which the state of the cantilever remains unchan
and so we writea i5a f5a and calculate an average over a
ensemble of states of the cantilever~see the discussion in
Sec. II above!. Thus

^S&52VR~e!VL~e8!E E dt1dt2

\2
e2h(ut1u1ut2u)

3ei (e8t22et1)/\Q~ t22t1!^0,auĉ~ t2!ĉ†~ t1!u0,a&

~15!

with uVL(R)(e)u25(kuVkL(R)u2d(e2ekL(kR)) and whereu0,a&
is the state with no electrons on the localized level and
cantilever in statea.

We assume that the coupling to the leads is independ
of energy over the range of interest and that it is symme
so that we can write

G5GL(R)52puVL(R)u2. ~16!

Since we are considering only the elastic part of the tra
mission amplitude the Green function will be invariant wi
respect to time. Hence, we change variables tot5t22t1 and
t05t1, so that the Green function takes the form

GR~t,t0!52 iQ~t!^ĉ~t1t0!ĉ†~ t0!& ~17!

and the invariance with respect to translations in time
equivalent to the statement that the value of the Green fu
1-4
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tion is independent of the choice oft0. Averaging overt0,
and taking the limith→01, the overall expression for th
S-matrix element is then

^e8,RuSue,L&52 i
G

2pE0

`dt

\
ei et/\GR~t!32pd~e2e8!.

~18!

Thus, the final expression for the transmission amplitu
of the dot is

^tQD~e!&52 iGE
0

`dt

\
ei et/\GR~t!, ~19!

where the transmission amplitude is understood to be ti
averaged in the sense described in Sec. II, and the rele
Green function is

GR~t!52 iQ~t!^ĉ~t!ĉ†~0!&, ~20!

where the expectation value is over a thermal distribut
state of the cantilever with no electrons present. This re
for the transmission amplitude is very similar to that stud
by Aleiner et al.,13 in their analysis of the QPC which-pat
device.

The Green function can be evaluated using either oper
algebra techniques26 or many-body perturbation theory,25

and one obtains

GR~t!5G0
R~t!e2f(t), ~21!

where

G0
R~t!52 iQ~t!e(2 i e02G/2)t/\, ~22!

and it has been assumed that the renormalization of the
energye0 due to coupling to the leads can be ignored. T
factor due to coupling to the cantileverf(t) can be obtained
by calculating the contribution for the cantilever beginni
and ending in a particular coherent stateun& and then carry-
ing out a thermal average over all coherent states with
propriate weightings,

e2f(t)5ei (l/\v0)2[v0t2sin(v0t)]e2(l/\v0)2[12cos(v0t)]

3E d2n

pn̄
e(l/\v0)(n* m2nm* )e2unu2/n̄, ~23!

wherem5eiv0t21. Evaluating the thermal average, we fin

f~t!5S l

\v0
D 2

$ i @sin~v0t!2v0t#

1@12cos~v0t!#~112n̄!%, ~24!

with n̄ the thermal occupation of the cantilever mode.
It is clear that the thermal average leads to a much m

rapidly decaying term, due to the extra factor of 2n̄. If the
cantilever remained in a coherent state throughout the
would be far less effective, compared to the thermal state
reducing the visibility of the fringes. This is because ea
coherent state affects the transmission amplitude in two
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ferent ways: the magnitude of the transmission is reduced
an amount which is independent of which state the cantile
is in and also a phase shift is induced whose size depe
sensitively on the cantilever state. When we carry out
thermal average we are in effect averaging over a rang
different phase shifts. Such a procedure effectively destr
the interference fringes whenever the thermal state inclu
contributions in which the phase differs by;2p, irrespec-
tive of the magnitude of the transmission amplitude for ea
of the coherent states that constitute the thermal mixture.
thermal averaging time scale is given by the damping time
the cantilever which will typically be much larger than th
dwell time of the electron on the dot. In this case, the loss
fringe visibility arising from thermal smearing is not due
which-path detection of individual electrons: a measurem
of the current averaged over times shorter than the dam
time but longer than the dwell time would resolve A
fringes with phase fluctuating in time. In contrast, the sta
independent reduction in the transmission amplitude wo
give rise to a reduction in the fringe visibility even for th
time-resolved measurement, signifying which-path detect
However, since we are working in a steady-state regime
which we consider measurements made over very long ti
we will not be able to make an explicit distinction betwe
which-path detection and thermal smearing in this work.

We can repeat this calculation for the more general c
of coupling to a whole series of noninteracting cantilev
modes. The result has the same basic structure as before
the cantilever factorf(t) is modified and now takes th
form of a sum of the contributions from each mode,25,26

f~t!5(
i

S l i

\v i
D 2

$ i @sin~v it!2v it#

1@12cos~v it!#~112n̄i !%, ~25!

wherel i , v i , andn̄i are the coupling constant, frequenc
and thermal occupation number of thei th cantilever mode,
respectively. However, we find that for the purposes of de
onstrating the electromechanical which-path device we n
only consider a single mode, as is discussed in Appendix

IV. RESULTS FOR AN ISOLATED CANTILEVER

The important question that we need to answer is the
lowing: When does the cantilever destroy the AB fringe
There are two very different regimes which we can explo
by varying the relative sizes of characteristic dwell time
the electron on the dot,td5\/G, and the fundamental fre
quency of the cantilever.

~1! v0td!1: in this case the periodic behavior of th
cantilever will not be relevant and the entanglement built
between the cantilever and electron states during the d
time will be irreversible, leading to dephasing.

~2! v0td;1: in this regime the periodicity of the cantile
ver means that the entanglement of the cantilever and
states caused by their interaction may be partially undone
erased, although the distribution of electron dwell times w
make the effect impossible to observe directly.
1-5
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The first regime is easier to analyze theoretically, as
calculations can be done analytically and invite direct co
parisons with the sliding-slit thought experiment. The ca
where the dwell time of the electron on the dot is compara
to the period of the cantilever has to be analyzed num
cally. It is also complicated by the presence of the cant
ver’s environment which makes the entanglement of the c
tilever and dot states irreversible by breaking the ove
periodicity in the expression~19! for the transmission ampli
tude. In this section we calculate the magnitude and phas
the transmission amplitude in both regimes, neglecting
effect of the environment which we address in detail in S
V. This approach enables a clear picture to be built up
exactly how the environment affects the behavior of
cantilever-dot system.

A. Regime wherev0td™1

Sincev0td!1, we can simplify Eq.~19! for the transmis-
sion amplitude through the arm with the dot by expand
the harmonic functions to quadratic order inv0td . We ob-
tain

^tQD~e!&.2GE
0

`dt

\
e[ i (e2e0)2G/2]t/\2(eEDxtht)2/2\2

,

~26!

where Dxth5A(2n̄11)(\/2mv0) is the thermal position
uncertainty of the cantilever and we have taken the geom
cal factor in the coupling constant~A12! to be unity for
simplicity. The integral on the right-hand side can now
evaluated to obtain

^tQD~e!&.2Ap

2 S G

eEDxth
DexpS @G/22 i ~e2e0!#2

2~eEDxth!
2 D

3ErfcS G/22 i ~e2e0!

A2eEDxth
D . ~27!

If we ignore, for the moment, the thermal width of th
electron-energy distribution in the leads, then we can ded
from this expression a rough criterion for dephasing in
region close to the electronic resonance:

eEDxth.G, ~28!

or written in another way,

eEtd.
\

Dxth
. ~29!

Practical considerations~see Sec. VI! restrict the dwell time
to be a few ns or less and place an upper bound on
electric field:E;105 V/m. Thus, the destruction of the in
terference fringes requiresDxth.1022 Å , a value which is
certainly achievable.

As previously discussed, the loss of fringe visibility is n
only associated with which-path detection, but with therm
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smearing as well. We can obtain the condition for whic
path detection by setting the cantilever temperature to zer
Eq. ~29!:

eEtd.
\

Dxzp
52Dpzp, ~30!

whereDxzp5A\/2mv0 denotes the zero-point position un
certainty. Because the reduction in the transmission am
tude due to each different coherent state is the same@cf., Eq.
~23!#, this condition holds independently of which cohere
state the cantilever is in. Thus, we find that for which-pa
detection to occur the classical impulse delivered to the c
tilever during the dwell time must exceed twice the ze
point momentum uncertainty of the cantilever.

Our result is equivalent to that obtained by Bohr in h
famous discussion of Einstein’s sliding-slitgedanken
experiment.1 In that case Bohr argued that in order to dete
the passage of an electron through a given slit, the mom
tum uncertainty in the slit must be less than the impu
transferred by the passing electron, thus necessitating a
responding latitude in position of the slits~via the uncer-
tainty principle! which in turn washes out the fringes b
causing large phase shifts~i.e., ;2p) for successive elec
trons. However, these phase shifts are not associated
any kind of thermal fluctuation; instead, they arise from t
position uncertainty of the quantum state of the slits.

At finite temperatures we must take into account not o
the thermal state of the cantilever, but also the fact that
electron energies are spread over a range;4kBT around the
Fermi energy. We must therefore average the transmis
amplitude over energy, weighted by the derivative of t
Fermi distribution function@see Eq.~5!#,

^ t̃ QD&5E
0

`

de
^tQD~e!&

4kBT
sech2S e2e0

2kBT D , ~31!

where we have assumed that the bias across the devi
small enough for a linear-response approach to be valid
that the average Fermi energy in the leads is tuned to
resonancee0. The effect of this procedure is to reduce bo
the coherent transmission amplitude itself and the influe
the cantilever has on it. The explanation for this unexpec
feature can be found by comparing the transmission am
tude ^tQD(e)& at and away from the resonance. Whilst t
transmission amplitude at, or close to, resonance decays
idly with increasing coupling to the cantilever, the situatio
is reversed when the electron energy is far from resona
where the transmission amplitude isenhancedby the inter-
action with the cantilever. The reduction in dephasing e
ciency due to the thermal averaging over the electron-ene
distribution makes an interesting contrast to the effect of
thermal average over cantilever states, which increases
dephasing rate substantially.

Figure 1 illustrates the effect of increasing the dimensio
less coupling constantk5l/\v0 on the magnitude of the
resonant transmission amplitudeu^tQD(e0)&u, with and with-
out averaging over the thermal width of the electron-ene
distribution in the leads. For this example, we have tak
1-6
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v05140 MHz andT520 mK ~giving a thermal occupation
n̄518), m58310220 kg, and assumedk to have a maxi-
mum value of about 3, consistent with the analysis of
cantilever-dot coupling in Appendix A. The effect of th
thermal broadening of electron energies in reducing the e
ciency of the cantilever to cause dephasing is clear.

It is important to note that our treatment is entirely r
stricted to a one-electron picture of transport. Such an
proach is valid so long as the electron gas in the leads
the dot itself is nondegenerate. When the electron temp
ture drops towards zero the interactions between elect
can no longer be ignored and so our model and the res
which follow from it become inapplicable. AtT50 and in
the weak-bias limit, inelastic transport through the dot wo
become impossible: with the absence of unoccupied st
below the Fermi level and the cantilever in the ground st
an electron is unable to exchange energy quanta with
cantilever.

B. Regime wherev0tdÈ1

In the regime where the dwell time of the electron on t
dot approaches the period of the cantilever, the system t
on a rather different character, as the dephasing interac

FIG. 1. Magnitude of the transmission amplitudeu^tQD&u at reso-
nance for a cantilever withG/\v0510 as a function of the dimen
sionless coupling constantk5l/\v0. The dashed curve is obtaine
without an average over incident electron energies, while the
curve includes the averaging. The amplitudes are normalized to
at k50.

FIG. 2. Magnitude of the resonant transmission amplitu
u^tQD&u as a function of coupling constantk for G/\v052 ~dotted
curve!, 1 ~dashed curve!, and 0.5~full curve!.
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between the cantilever and the electron on the dot is
longer a brief scattering event, but a sustained interaction
this regime we would expect to see evidence of the perio
behavior of the cantilever, such as side resonances in
elastic transmission amplitude, but in practice these wo
have to compete with thermal effects that tend to wash
fine structure in the transmission characteristics.

In order to calculate the transmission amplitude, it is co
venient to recast our earlier expression~19! in the form

^tQD~e!&52
G

\v0

e2(l/\v0)2(2n̄11)

12e2(2p/v0)„$ i [ e02(l2/\v0)2e]/\%1G/2\…

3E
0

2p

dt8 expH 2t8

v0
F i

\ S e02
l2

\v0
2e D1

G

2\G
2 i S l

\v0
D 2

sin~t8!1~2n̄11!S l

\v0
D 2

cos~t8!J ,

~32!

wheret85v0t. Of course, to model a practical experimen
we also need to average over the energye to take into ac-
count the effect of electron temperature. However, we lo
first at the dependence of the transmission amplitude on
incident energy. Although this would require ‘‘monochro
matic’’ electrons, important insight is gained into the beha
ior of the system which in practice may be obscured by th
mal effects.

In Fig. 2 the magnitude of the resonant transmission a
plitude is plotted against the couplingk for G/\v052, 1,

and 0.5, and withn̄518. The behavior is similar in all three
cases for smallk, with a rapid decay in the magnitude of th
transmission amplitude, due to dephasing caused by a c
bination of which-path detection and thermal fluctuations
the state of the cantilever. Notice, however, that forG/\v0

51, oscillations eventually develop in the transmission, a
that these become even more pronounced forG/\v050.5.

In order to clarify the origin of the oscillations in
u^tQD(e)&u, Fig. 3 plots the evolution of the amplitude an
phase of the transmission amplitude as functions of both
coupling constantk and the detuning energye2e0 for

G/\v050.5 andn̄518. It is now clear that there are sid
resonances ate2e01l2/\v056\v0 ,62\v0 , . . . , and
that these resonances drift in energy as the value ofk is
increased.25,27 It is this drift which is responsible for the os
cillations in u^tQD(e)&u as a function of the couplingk for
given fixede.

Note that if the cantilever temperature is set equal to ze
i.e., it is in its ground state,n̄50, then side resonances a
still observed, but only on one side of the main peak, ae
2e01l2/\v051\v0 ,12\v0 , . . . . This is because in its
ground state the cantilever can only absorb energy quan

Under the conditionskBT@\v0 , k;1, and near reso-
nance, Eq.~32! has the following asymptotic approximation

ll
ne

e
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^tQD~e!&;2
G

2l
Ap\v0

kBT

3H 11e2(2p/\v0)[ i (e02l2/\v02e)1G/2\]

12e2(2p/\v0)[ i (e02l2/\v02e)1G/2\]J .

~33!

The various above-discussed features in the transmission
plitude dependence on coupling and energy can be cle
seen in this simplifying approximation.

Side resonances are a familiar feature in tunneling pr
lems, but unlike those found here they are usually associ
with inelastic processes. However, as was first shown
Jauho and Wingreen,27 who considered the classica
oscillator version of the problem that we address, such re
nances can also occur in the elastic transmission amplit
Side resonances in the elastic transmission indicate cohe
or virtual exchange of energy quanta between the electro
the dot and the cantilever, with no net energy intercha
over the dwell time of the electron. In a fully quantum
mechanical system, these processes must rely on the cou
cantilever-electron system maintaining its phase cohere
and so we may expect that the influence on the cantileve
its environment should be detectable, at least in principle,
its effect on these resonances.

The side resonances have a separation in energy of\v0,
but for any practically realizable system the thermal ene

FIG. 3. ~a! Magnitude of the transmission amplitudeu^tQD&u and
~b! the phase for a cantilever withG/\v050.5 as a function of
coupling constantk and the energy detuninge2e0. The average
over the electron-energy distribution has not been performed.
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scale will be much larger, as we discuss in detail in Sec.
However, in the regime where\v0!kBT, averaging over
the thermal distribution of electron energies will wash o
the side resonances. This means that it would not be pos
to find any trace of the coherent exchange of energy qua
between the cantilever and the electron on the dot in
transmission characteristics. Only if the electron-ene
width could be lowered or the frequency raised to the po
where\v0;kBT would we then expect such features to
visible. Note, in the case of photon-assisted tunneling
photon energy can be made comparable withkBT without
difficulty.27

V. INFLUENCE OF ENVIRONMENT ON CANTILEVER

Thus far, we have treated the cantilever-dot system
isolated, thereby ignoring the effect of the environment
their degrees of freedom. This approximation is valid wh
the dwell time of the electron on the dot is short compared
the decoherence time of the cantilever, as will most certa
be the case forv0td!1. However, there is no reason t
assume that this will also be the case whenv0td;1. Indeed,
we would like to know how the environment of the cantil
ver affects the coherent oscillations which occur in the tra
mission amplitude as a function of the coupling strength~for
monochromatic electrons!. Intuitively, we expect that the de
coherence arising from the cantilever’s environment sho
wash out the side resonances in the transmission amplit
but a detailed calculation is required to determine the ca
lever quality~Q! factor range for this to occur.

In general, both the interaction between the dot elect
and its local environment~other electrons, phonons, photon
etc. in the dot region! and the interaction between the can
lever and its environment~the other collective vibrationa
modes, as well as internal electronic degrees of freed
external photons, gas molecules, etc.! will contribute to the
decoherence. However, since we can always measure
properties of the fringes with the dot-cantilever interacti
turned off for an arbitrary dwell time (td5\/G), we need
only consider the additional effect of the cantilever’s en
ronment, as the electron’s environment can be included v
renormalization of the zero-electric-field transmission amp
tude.

A. Estimate of cantilever decoherence time

We can obtain a rough estimate of the time scale o
which superpositions of cantilever states, resulting from
coupling to the dot electron, are likely to be decohered by
environment by using a simple, heuristic approach wh
models the environment as an infinite set of harmo
oscillators.28,16 This approach leads to the prediction that f
a system with a classical damping rategc , a linear superpo-
sition of two different coherent states whose centers ar
distanceDx apart, whereDx is greater than the thermal d
Broglie wavelength,l th5\/A2mkBT, will decohere at a rate
gd , given by

gd;
2mgckBT~Dx!2

\2
. ~34!
1-8
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POSSIBILITY OF AN ELECTROMECHANICAL WHICH- . . . PHYSICAL REVIEW B 64 035311
However, we cannot apply this heuristic rule directly
the coupled cantilever-dot system as the displacement o
cantilever is a continuously varying function. An estimate
the decoherence rate of the cantilever can only be obta
using this method if the further approximation of averagi
over the cantilever displacement is made.16 If the cantilever
starts in any given coherent state when the electron arr
on the dot, then the state of the cantilever at timet later will
be a different coherent state centered a distanceDx apart
from the point on which the initial state was centered, wh

Dx~ t !5A 2\

mv0
k@12cos~v0t !#. ~35!

Thus we can obtain an estimate for the decoherence ratgd
of the cantilever due to its environment for the case wh
tdv051 by averaging this displacement over the cantile
period16

gd;
1

~2p/v0!

4k2gckBT

\v0
E

0

2p/v0
dt@12cos~v0t !#2

56k2gc

kBT

\v0
. ~36!

For a nanotube cantilever of frequency;140 MHz~see Ap-
pendix A!, the Q factor29 can be of order 500 and so th
classical damping rategc will be of order 33105 s21. Thus,
at a temperature of 20 mK, our heuristic expression for
decoherence rate of the nanotube cantilever gives 1/gd;3
31029 s for k.3. This result signals that the decoheren
of the cantilever due to its environment has an effect wh
ever the dwell time approaches a magnitude of order 1 n

Whilst the heuristic model we have outlined is very use
for estimating whether or not the cantilever’s environmen
relevant for the calculation of the transmission amplitude
is not expected to be very accurate, as it is an approxima
even of the rule-of-thumb given by Eq.~34!. In order to
improve on this estimate, we must enlarge our simple mo
by adding to the system Hamiltonian~9! the cantilever’s en-
vironment, modeled as an infinite bath of harmonic osci
tors with linear coupling to the cantilever. Modeling the e
vironment in this way is of course itself a fairly seriou
approximation. However, this approximation is ubiquitous
one form or another throughout the theory of open quan
systems.30,28,31,32By extending our calculation to include th
model of the cantilever’s environment, we can obtain pred
tions for how the transmission properties of our which-p
device depend on the decoherence rate of the cantile
Thus, we can use our theory to predict how changing thQ
factor of the cantilever affects the interference fringes.

B. Transport properties with environmental coupling

The standard model of the environment that we use is
infinite bath of harmonic oscillators that interact linear
with the cantilever, but do not interact with each other. W
have to assume an infinite bath of oscillators in order to h
a reservoir which remains in thermal equilibrium desp
contact with the cantilever. The infinite oscillator-bath mod
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of the environment is also equivalent to a quantum Lange
formalism in which the cantilever operators have an equa
of motion containing a damping term and a thermal no
operator arising from the reservoir.

We begin by considering just the interaction between
cantilever and its environment, before going on to inclu
the effect of an electron on the dot and hence obtaining
transmission amplitude including the environment. T
cantilever-environment Hamiltonian can be written as33,34

H c5\v0â†â1(
v

\vÂ†~v!Â~v!1(
v

@g~v!â†Â~v!

1g* ~v!Â†~v!â#, ~37!

where the cantilever states are again operated on byâ, the
bath oscillator of frequencyv is operated on byÂ(v), and
the coupling constantsg(v) depend on the bath oscillato
frequency.

Using the HamiltonianH c, the equation of motion forâ
in the interaction picture is readily obtained,33

ȧ̂~ t !5~2 iv2g!â~ t !2F̂~ t !, ~38!

where

F̂~ t !5 i(
v

g~v!Â~v,0!e2 ivt ~39!

and the damping coefficientg is given by

g5phb~v0!ug~v0!u2, ~40!

where hb(v)dv is the number of bath oscillators in th
spectral rangedv. The coefficientg provides the bridge be
tween the model and experiment, as it is simply related to
rate at which the system loses energy after being exc
~i.e., the classical damping rate!,34 gc52g.

Integration of the equation of motion forâ(t), and a simi-
lar one forâ†(t), leads to explicit expressions forâ(t) and
â†(t),

â~ t !5â~0!e(2 iv02g)t2e(2 iv02g)tE
0

t

dt8F̂~ t8!e( iv01g)t8,

~41!

â†~ t !5â†~0!e( iv02g)t2e( iv02g)tE
0

t

dt8F̂†~ t8!e(2 iv01g)t8.

~42!

The timet50 holds a special place in the theory since
is the time at which the interactions between the cantile
and the bath are turned on and so the cantilever and the
are apparently quite independent at this instant. Howe
this need not be the case and certainly would not be ap
priate for the system we are considering. In order to spe
the model completely we need to give the expectation val
at t50 for both the cantilever and the bath. If we set t
initial expectation values of the cantilever to be those o
thermal state at the same temperature as the bath, the
1-9
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can describe the case in which the cantilever has been i
acting with the bath for a time much longer than the damp
time, 1/gc , before t50 and so is in equilibrium with the
bath. Our only assumption is that quantum correlations
tween the cantilever and the bath can be neglected att50,
the usual assumption made in calculating decoherence r

The expectation values are over products of cantilever
environment states. We eventually want to calculate
transmission amplitude for an electron interacting with
cantilever which is initially in a thermal state and so w
choose to define thet50 expectation values as

^•••&5
Tr@•••e2H 0

c/kBT#

Tr@e2H 0
c/kBT#

, ~43!

where the Hamiltonian without interactions is

H 0
c5\v0â†â1(

v
\vÂ†~v!Â~v!, ~44!

andT defines the fixed temperature of the environment. U
ing this definition we find

^Â~v,0!&50,

^Â~v,0!Â~v8,0!&50, ~45!

^Â†~v,0!Â~v8,0!&5dvv8N~v!,

with

N~v!5
1

e\v/kBT21
. ~46!

For the cantilever itself the values of the zero-time cor
lation functions represent the initial conditions of the pro
lem. In thermal equilibrium with the environment at tem
peratureT,

^â~0!&50,

^â~0!â~0!&50, ~47!

^â†~0!â~0!&5n̄,

with

n̄[N~v0!5
1

e\v0 /kBT21
. ~48!

The purpose of extending the analysis to include the
teractions between the cantilever and its environment is
see how they modify the interaction between the cantile
and the electronwhilst it is on the dot. Therefore we can
choose our origin of time, and hence the definition of t
initial cantilever state, to be the time when the electr
jumps onto the dot. There is no need to explicitly include
interaction with the bath before the electron hops onto
dot as it is already implicitly included by assuming the ca
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tilever is in a thermal state at temperatureT. However, when
the electron is on the dot it drives the cantilever away fro
equilibrium and we now need to include the interaction w
the environment explicitly to model the behavior of th
cantilever-dot system as accurately as possible.

We obtain the transmission amplitude for the dot, inclu
ing the effect of the cantilever’s environment by applying t
Smatrix we used in Sec. III to a generalization of the Ham
tonian ~9! which includes the coupling of the cantilever
the bath of oscillators,

H5e0ĉ†ĉ1H c1H11(
k

~ekLĉkL
† ĉkL1ekRĉkR

† ĉkR!,

~49!

where H1, given by Eq. ~11!, describes the electron
cantilever coupling and the cantilever-environment partH c

is given by Eq.~37!.
Using the methods of Glazman and Shekhter,26 we can

again separate out the electronic part of the transmission
plitude from the average over cantilever states, and so
find

^tQD~e!&52GE
0

`dt

\
e[ i (e2e0)2G/2]t/\^Tte

2 i *0
t WI (t8)dt8/\&.

~50!

The term in angled brackets on the right-hand side is kno
as the influence functional, Tt is the time-ordering operator
and WI(t) is the electron-cantilever coupling defined in th
interaction picture

WI~ t !52eiH ct/\l~ â†1â!e2 iH ct/\52l@ â†~ t !1â~ t !#,
~51!

whereâ(t) andâ†(t) are given by Eqs.~41! and~42! above.
Here, we shall carry out a much simpler, approxima

calculation of the influence functional which involves pe
forming a second-order expansion inl and then reexponen
tiating. In Appendix B it is shown that this approximate ca
culation in fact coincides with the exact result obtained fro
a full calculation.

The expansion to second order gives

^Tte
2 i *0

t WI (t8)dt8/\&512 i E
0

t dt8

\
^W~ t8!&1~2 i !2

3E
0

t dt8

\ E
0

t8 dt9

\
^W~ t8!W~ t9!&.

~52!

The next step is to evaluate the correlation functions wh
arise in the first- and second-order terms in the expansio
the influence functional. At first order

^W~ t8!&52l^@ â~ t8!1â†~ t8!#&, ~53!

and at second order
1-10



th

t

rr
-
at

POSSIBILITY OF AN ELECTROMECHANICAL WHICH- . . . PHYSICAL REVIEW B 64 035311
^W~ t8!W~ t9!&5l2$^â~ t8!â~ t9!&1^â~ t8!â†~ t9!&

1^â†~ t8!â~ t9!&1^â†~ t8!â†~ t9!&%,

~54!

wheret8>t9.
We can calculate all the correlation functions using

initial conditions defined above and the standard results
quantum Langevin theory.33,34 We start by observing tha
three of the five correlation functions are zero,

^â~ t8!â~ t9!&5^â†~ t8!â†~ t9!&50 ~55!

and

^@ â~ t8!1â†~ t8!#&50. ~56!

These results follow from the definitions above, since co
elators of the typêâ(0)F̂(t)& decouple into products of one
time correlation functions and the definitions imply th

^F̂(t)&5^F̂(t8)F̂(t9)&50. For the other two correlation
functions, we have

^â~ t8!â†~ t9!&5~ n̄11!e2 iv0(t82t9)e2g(t82t9), ~57!

^â†~ t8!â~ t9!&5n̄eiv0(t82t9)e2g(t82t9). ~58!
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Thus, we again find

^tQD~e!&52GE
0

` dt

\
e[ i (e2e0)2G/2]t/\e2f(t), ~59!

but now with

f~ t !5
l2

\2E0

t

dt8E
0

t8
dt9e2g(t82t9)

3@~ n̄11!e2 iv0(t82t9)1n̄eiv0(t82t9)#, ~60!

where we have reexponentiated the expansion inl.
Carrying out a change of variables tot5t82t9, the inte-

grals are readily evaluated to give

f~ t !5S l

\ D 2F ~ n̄11!

~g1 iv0! S t1
e2(g1 iv0)t21

g1 iv0
D

1
n̄

~g2 iv0! S t1
e2(g2 iv0)t21

g2 iv0
D G . ~61!

Settingg50, one may verify that Eq.~61! indeed reduces to
expression~24! in the absence of the environment.

Under the conditionsQ@1, kBT@\v0 , k;1, and near
resonance, the transmission amplitude~59! has the following
asymptotic approximation:
^tQD~e!&;2
G

2l
Ap\v0

kBT H 11e2(2p/\v0)[ i (e02l2/\v02e)1G/2\1(k2gckBT/\v0)]

12e2(2p/\v0)[ i (e02l2/\v02e)1G/2\1(k2gckBT/\v0)]J . ~62!
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Note that this approximation differs from the earlier-deriv
one for the transmission amplitude in the absence of the
vironment, Eq.~33!, merely by the replacement ofG/2\ with
G/2\1(k2gckBT/\v0). Thus, a decoherence rategd can be
identified as the termk2gckBT/\v0, which agrees with the
earlier-derived estimate~36! up to an overall numerical fac
tor. Approximation~62! clearly shows the washing out of th
coherent, oscillatory behavior by the environment when
decoherence time 1/gd is shorter than the cantilever perio
When the decoherence time exceeds the dwell time\/G,
then the former has a negligible effect on the transmiss
properties.

C. Results for the cantilever coupled to the environment

The expression for the transmission amplitude includ
the coupling to the cantilever’s environment@Eq. ~59!# can
be integrated numerically, thereby allowing us to explore
effect on the transmission characteristics of varying the c
tilever’s Q factor under more general conditions than tho
for which approximation~62! is justified. Figure 4 shows the
magnitude and phase of the transmission amplitude thro
the dot for G/\v050.5, n̄518, andQ5v0 /gc550. The
diagram should be compared with Fig. 3 showing the beh
ior of the same system without environmental coupling. F
n-

e

n

g

e
n-
e

gh

v-
-

ure 5 shows the behavior at resonance ofu^tQD(e)&u for Q
550 and 500, as well as thegc /v050 ~no environment!
case for comparison.

It is clear from the figures that the coupling to the en
ronment tends to destroy the side resonances in the trans
sion amplitude, as well as the associated features in
phase. This is because the environment acts to degrade
coherent superposition of cantilever states into which the
teraction with the electron tries to drive the cantilever. F
thermore, the figures show that these environmental eff
become increasingly important as the cantilever-elect
couplingk is increased. This is because the largerk is, the
greater is the difference between the states in the superp
tion into which the cantilever is driven, and consequently
faster is the rate at which the superposition decoheres.

VI. PRACTICAL CONSIDERATIONS

The model parameter ranges actually allowed in an
periment are limited by practical constraints. Up until no
we have only referred to these very loosely and have c
centrated instead on the range of behavior that can occu
the which-path system under fundamental constraints alo

Probably the most important practical constraint affe
1-11
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the upper range of the electric field which can be develo
between the cantilever and the dot. The maximum allowa
field is typically;105 V/m before a breakdown of the two
dimensional electron gas occurs due to deconfinement,35 and
so we must take this as the largest possible value in con
ering the practicality of the system.

The temperature of the system is limited by the difficu
of cooling conduction electrons to ultralow temperatures
becomes extremely difficult to reduce the electron tempe
ture below about 20 mK, because the electrons become p
tically decoupled from acoustic phonons. Therefore we t

FIG. 4. ~a! Magnitude of the transmission amplitudeu^tQD&u and
~b! the phase for a cantilever withG/\v050.5 as a function of the
coupling constant, including the effect of the cantilever’s enviro
ment withQ550 as a function ofk ande2e0.

FIG. 5. Magnitude of the resonant transmission amplitu
u^tQD&u, including the effect of the cantilever’s environment as
function of k for G/\v050.5 andQ550 ~dotted curve! and 500
~dashed curve!. The latter curve has been shifted upwards by
and the former shifted upwards by 1 for clarity. The case with
environmental coupling wheregc /v050 ~full curve! is included
for comparison.
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20 mK to be the temperature minimum.
The frequency range of the cantilever is crucial for o

serving quantum coherent behavior such as side resona
as well as their destruction due to decoherence. The lo
limit on the frequency range is set by the requirement t
the cantilever period should be comparable to the dwell ti
td5\/G of the electron on the quantum dot, while the upp
limit is set by the requirement that the interaction betwe
the cantilever and the electron on the dot be sufficien
strong, given the limits on the electric field, to lead to dec
herence, again on a time-scale comparable to the dwell t
The interaction between the electron on the dot and the c
tilever is discussed in more detail in Appendix A, along wi
the geometrical factors that arise in the calculation of
effect of the electric field on the flexural cantilever mode
The dwell time is limited by the rate at which processes ot
than the interaction with the cantilever cause decoherenc
well as how small a current can be measured through the
Of course, the decoherence rate of all the background
cesses is very difficult to estimate theoretically; in expe
ment it can be done by observing the visibility of the fring
as a function of dwell time with the cantilever interactio
switched off. This then provides a baseline with which
compare all later measurements where we are intereste
the effect of the cantilever. Previous experiments carried
at T50.1 K by Yacobyet al.,10 which were designed to
measure the phase of the transmission amplitude throu
dot in the absence of any external probe, show that dw
times as long 10 ns and currents as low as;10211 A lead to
fringes which are still detectable.

It turns out that the best compromise between the t
competing frequency limits is achieved by using, say, a c
bon nanotube cantilever with a frequency of 100–200 MH
giving a maximum couplingk5l/\v0;3 ~Appendix A!.
The problem is not so much in finding a cantilever with
high enough frequency, but rather in obtaining a lar
enough coupling from the electric field to cause a detecta
amount of dephasing.

In the light of these practical constraints it is clear th
only some of the theoretical results obtained in our analy
would be observable in an experiment using current tech
ogy. The overall destruction of the AB interference fringes
the coupling between the cantilever and the electron on
dot is increased should be detectable, both in the reg
whereG/\v0@1 andG/\v0;1. However, the restrictions
on the temperature and cantilever frequency imply that
experiment would have to be performed in the regime wh
kBT@\v0. This means that the thermal width of electro
energies will wash out the side resonances in the trans
sion which were found to occur whenG/\v0;1. Under
these circumstances, the effect of the cantilever’s envir
ment on the transmission characteristics would be obscu
However, we emphasize again that these limitations are
fundamental: if the width of the electron energies could
reduced or if the restriction on the maximum cantilever f
quency could be relaxed~by finding a way to increase th
coupling between the electron on the dot and the cantile
for example! then the coherent, quantum electromechani
features that our analysis predicts should be observa
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Whilst it is not clear how the coupling constant between
cantilever and the dot could be increased, it is possible
reduce the thermal width of electron energies by usin
double quantum dot system rather than a single one as
have considered here.36

It is also possible to conduct experiments in which an
bias is applied to the AB ring. Such an experiment wou
provide an alternative way of investigating the interacti
between the cantilever and its environment: if the ac f
quency is higher than the rategc at which the cantilever stat
changes due to thermal fluctuations then the thermally
duced fluctuations in the phase of the interference frin
should be detectable, and distinguishable from the dest
tion of the interference fringes due to which-path detecti
However, a detailed analysis of such an experiment requ
extending the theory developed here to include time dep
dence, and so goes well beyond the present analysis.

VII. CONCLUSIONS AND DISCUSSION

We have carried out a theoretical analysis of a poss
solid state which-path interferometer, in which electron
and mechanical degrees of freedom become coupled.
visibility and phase of the interference fringes in the syst
depend strongly on the coupling between the electron on
dot and the cantilever. The reduction in visibility with in
creasing coupling is due in part to the cantilever measu
the path taken by the electron and also due to thermal fl
tuations in the state of the cantilever.

When the dwell time of the electron on the dot is sh
compared to the period of the cantilever, the system beha
in a way which is analogous to Einstein’s celebrated rec
ing slit experiment. In contrast, when the dwell time is co
parable to the cantilever’s period, the cantilever and the e
tron on the dot show signs of behaving as a single cohe
quantum system, so long as the electrons incident on the
have a sufficiently narrow energy width. The coherency
the cantilever-dot system is inferred from the appearanc
side resonances in the transmission characteristics. Inclu
the cantilever’s environment in the analysis, we find that
side resonances are washed out for a small enough osci
Q factor, while the average decrease in the fringe visibi
with increasing coupling to the cantilever is not affected.

The basic feature of the reduction of fringe visibility as
function of the coupling between the electron on the dot a
the cantilever should be observable in an experiment u
currently available technology. However, the more delic
features, such as the side resonances in the transmission
plitude for long dwell times and the effect of the cantileve
environment on these resonances, will usually be obscu
by the energy thermal width of electrons incident on the d

There are two important ways in which our analysis co
be extended. Most straightforwardly, we could examine w
effect using a double dot, rather than a single one, wo
have on the behavior of the system. In particular, it would
interesting to see to what extent the electron energy w
could be reduced, whilst maintaining an overall, measura
current through the device. The second way our anal
could be extended would be to go beyond our steady-s
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treatment to obtain the time dependence of the transmis
amplitude. A time-dependent analysis would allow us
make predictions about the way in which the thermal flu
tuations in the state of the cantilever cause fluctuations in
phase of the interference fringes. Such fluctuations m
prove to be observable in ac experiments and may also
vide us with another way of inferring information about ho
the cantilever interacts with its environment.
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APPENDIX A: CANTILEVER

The cantilever in the which-path experiment we propo
must fulfill a number of quite stringent properties: it mu
have a fundamental frequency in the range 100–200 M
and it must also be a conductor. These requirements ca
satisfied conveniently by using a carbon nanotube as a
tilever rather than a device which has been fabricated
some kind of etching process from a much larger substra

Carbon nanotubes have a number of remarkable phys
properties which are beginning to exploited for practical p
poses. Recent experiments have seen them employe
hyper-sensitive tips in atomic force microscopy~AFM! ex-
periments, with the nanotube attached to the end of a c
ventional AFM tip to extend the effective range of resoluti
of the device.37 A similar apparatus could be used to bring
nanotube into position to act as the cantilever in our whi
path experiment, either in the geometrical configuration
plicitly considered above or some variation of it whic
would lead to slightly different geometrical factors, but n
change the underlying linear form of the cantilever-dot int
action.

In this appendix we carry out an analysis of the coupli
between the cantilever and the electron on the dot, and
normal modes of a nanotube cantilever. We verify the lin
dependence of the cantilever energy on the electric field
sumed in the text and derive the form of the coupling co
stant l. By examining the mode spectrum of a nanotu
cantilever, we confirm the possibility of obtaining a cantil
ver with a fundamental flexural mode of order 108 Hz, and
we justify our assumption that for any given cantilever it
sufficient to consider just the lowest mode.

1. Cantilever-dot coupling

We begin by determining the relation between the ma
mum electric field at the surface of the dot and the volta
applied to the conducting cantilever, before analyzing
details of the effect of the electron on the cantilever ener

We will consider a cantilever of lengthL;1 mm, posi-
tioned so that its tip lies over the center of the dot and a
heightd;0.1 mm.24 When an extra electron is added to th
1-13
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dot it will cause a~classical! vertical displacement of the tip
z!d. We treat the cantilever as a conducting needle, si
its length will be far greater than either of the other tw
dimensions. An applied voltage induces a line charge den
s on the cantilever, but because the cantilever is necess
finite in length, the charge density is not entirely uniform a
so for an exact treatment we should write the line cha
density ass(x) wherex runs along the length of the cant
lever from the tip (x50). However, for a cantilever with a
large enough aspect ratio, the charge density can be app
mated as constant with only a small error@the error is of
order d with d2152 ln(L/r), where r is the radius, for a
rod-shaped cantilever38#. For the cantilever we are conside
ing the radius may be as small as 1.5 nm, as we disc
below, and so the error in assuming a uniform charge den
will be less than 10%, which is acceptable as our aim is
obtain an order of magnitude estimate for the interact
strength.

The charge induced on the cantilever leads to an elec
field at the surface of the dot,

E5E
0

L s~2x î1dĵ !dx

4pe0~x21d2!3/2
, ~A1!

taking s5cV wherec is an unimportant constant andV is
the voltage applied to the cantilever. The unit vectors
defined so thatî runs along the cantilever away from its t
and ĵ points down from the tip towards the dot. SinceL@d,
we find

uEu.
21/2cV

4pe0d
. ~A2!

We also need to know how the potential energy of
cantilever varies for small vertical displacementsz about the
equilibrium positiond0, whered5d02z. For a section of
the cantilever of lengthDx centered atx, the potential energy
due to the displacement is

F~x!5
qcVDx

4pe0A~d02z!21x2
, ~A3!

whereq52e is the excess charge on the dot. Sinced0@z,
we obtain thez-dependent part of the potential energy as

Fz~x!5z
qcVd0Dx

4pe0~d0
21x2!3/2

. ~A4!

This is of course linear inz as we anticipated in our mode
However, in order to obtain the effective coupling betwe
the electric field and each of the cantilever modes we nee
rewrite thez-dependent part of the potential energy in ter
of the normal modes of the cantilever and so we turn now
the mode spectrum of the cantilever.

2. Cantilever modes

A single-walled nanotube cantilever can be obtained w
lengths;1 mm, diameters;3 nm, and a Young’s modu
03531
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lus ;1 TPa.39 Recent experiments29,40 have shown that the
flexural modes of such nanotubes have frequencies whic
in the MHz-GHz regime. We can treat a nanotube as a ri
hollow rod and so obtain the frequencies of the flexu
modes,41

v i5
b i

2

2L2
AY~a21b2!

r
, ~A5!

wherea andb are the outer and inner diameters,L the length,
Y the Young’s modulus, andr the density of the tube. The
factorsb i arise from geometrical considerations and are
solutions of the equation cos(bi)cosh(bi)521.

The energy of the cantilever can be written in terms of
classical normal modes as

H5(
i

S 1

2
mv i

2qi
21

pi
2

2mD I i , ~A6!

where

I i5
1

LE0

L

G i
2dx ~A7!

and

G i~L2x!5@cos~b i !1cosh~b i !#@sin~b ix/L !2sinh~b ix/L !#

2@sin~b i !1sinh~b i !#@cos~b ix/L !

2cosh~b ix/L !# ~A8!

are the vibrational mode eigenfunctions.41 If we modify the
definitions of the canonical variables slightly to defineqi8
5qiI i

1/2 andpi85pi I i
1/2, then the Hamiltonian takes the con

ventional form

H5(
i

S 1

2
mv i

2~qi8!21
~pi8!2

2m D . ~A9!

We can add in the additional potential energy due to sm
amplitude deflections in the electric field by expanding t
displacementz in terms of the normal modes,

V~z!52(
i

ecVd0

4pe0I i
1/2S E0

L G i~x!dx

@~x2L !21d0
2#3/2D qi8 ,

~A10!

where the origin ofx has been shifted.
We can quantize the full Hamiltonian for the cantilever

the usual way, and so we are able to associate a pos
operator of the form

q̂i85S \

2mv i
D 1/2

~ âi
†1âi ! ~A11!

with each mode. Thus, it follows that the interaction betwe
the electron on the dot and the cantilever can be written
the form proposed@Eq. ~11!# with a coupling constant be
tween the cantilever and the dot which depends on the m
we are considering

l i5eEj iA \

2mv i
, ~A12!
1-14
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wherej i is a dimensionless constant of order unity defin
by the relation

j i5
d0

2

~2I i !
1/2E0

L G i~x!dx

@~x2L !21d0
2#3/2

. ~A13!

We can see from Eqs.~19! and ~24! that the effect of a
particular cantilever mode on the electron interference in
which-path device depends on (l i /\v i)

2 rather than onl i
alone. Thus, the ratio of the coupling between the fundam
tal and thei th excited mode goes as (v0 /v i)

35(b0 /b i)
6.

Because the electric field is strongly limited, we will alwa
be working in the regime where the coupling constant is j
sufficient to cause detectable effects. Therefore, si
(b0 /b1)6;0.005, our assumption that only the fundamen
mode is relevant is justified.

As a concrete example, we consider a nanotube cantil
of length 1.4 mm and outer radius 3.3 nm.39 In this case, the
fundamental frequency is 140 MHz and the mass is of or
8310220 kg. If the tip-dot distance is set at;0.1 mm, then
j0;1.3 and for a maximum electric field of 105 V/m, the
corresponding maximum coupling constantk5l/\v0;3.

APPENDIX B: NONPERTURBATIVE CALCULATION OF
ENVIRONMENTAL COUPLING

In Sec. V we calculated the transmission amplitu
through the dot, including the effect of the cantilever’s en
ronment, by expanding to second order in the interact
between the cantilever and the electron on the dotl, and
then reexponentiating. In this appendix we justify this res
with a full calculation. The fact that a second-order expa
sion in l leads to the exact result is at first somewhat s
prising. However, the important step is the reexponentia
of the truncated series expansion~52!: we implicitly equate
the influence functional with not just the first few terms in
expansion, but with an infinite series of terms which a
themselves composed of products of the second-order te
we evaluated. This procedure is generally acceptable a
approximation in the limit of smalll, but in this particular
case the series generated in fact coincides with the e
form obtained from a linked cluster expansion.42

We begin by adopting the notation

Ô~ t !52e(2 iv02g)tE
0

t

dt8F̂~ t8!e( iv01g)t8,

Ô†~ t !52e( iv02g)tE
0

t

dt8F̂†~ t8!e(2 iv01g)t8,

so that

â~ t !5â~0!e(2 iv02g)t1Ô~ t !,

â†~ t !5â†~0!e(1 iv02g)t1Ô†~ t !.

The operatorsÔ(t) andÔ†(t) operate only on the variable
of the oscillator bath and they both commute withâ(0) and
â†(0) which operate on the states of the cantilever alone
03531
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The object that we wish to evaluate is the influence fu
tional

^Tte
2 i *0

t WI (t8)dt8/\&

5^Tte
il*0

t [ â(0)e(2 iv02g)t81â†(0)e(1 iv02g)t8]dt8/\&

3^Tte
il*0

t [ Ô(t8)1Ô†(t8)]dt8/\&, ~B1!

where we have exploited the commutation properties of
operators to factor the expression into two terms, which
can now write asC13C2.

The method we use to evaluateC1 andC2 is based on the
application of Wick’s theorem, as described in the books
Mahan42 and Louisell.34 We can write the first term as

C15^Tte
il[*0

t â(0)e(2 iv02g)t81â†(0)e(1 iv02g)t8]dt8/\&

5 (
n50

`

i nUn~ t !, ~B2!

where

Un~ t !5
~l/\!n

n! E
0

t

dt1•••E
0

t

dtn^Tt@ â~0!e(2 iv02g)t1

1â†~0!e(1 iv02g)t1#•••@ â~0!e(2 iv02g)tn

1â†~0!e(1 iv02g)tn#&.

An obvious simplification arises from the fact that the av
ages over odd numbers of operators will always vanish
so we can replacen by the even index 2m.

We now apply Wick’s theorem which allows us to writ
the average of products of pairs of operators as product
the averages of pairs of operators. Thus forU2m , we have

U2m5
~l/\!2mi 2m

~2m!! E
0

t

dt1•••E
0

t

dt2m

3(
C

$D0~ t12t i !•••D0~ t j2t2m!%, ~B3!

where the summation is over all possible pairing combi
tions of the 2m time labels and

iD 0~ t12t2!5^Tt@ â~0!e(2 iv02g)t11â†~0!e(1 iv02g)t1#

3@ â~0!e(2 iv02g)t21â†~0!e(1 iv02g)t2#&.
~B4!

The summation over all possible combinations for each te
allows us to reexponentiate so thatC15e2f0(t), where

f0~ t !5
i

2 S l

\ D 2E
0

t

dt1E
0

t

dt2D0~ t12t2!. ~B5!

It is important to notice that the exact form of the function
time and frequency multiplying the operatorsâ(0) and
â†(0) is unimportant. These functions give the operat
their individual time labels, but because they are just al
braic functions they do not affect the validity of Wick’s theo
rem.
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Now we must consider the second term,

C25^eil*0
t [ Ô(t)1Ô†(t)]dt8/\&. ~B6!

We can make progress by separating out the underlying
erators of the oscillators in the bath

Ô~ t !52e(2 iv02g)tE
0

t

dt8(
v

Â~v,0!g~v!e2 ivt8e( iv01g)t

~B7!

5(
v

Â~v,0!g~v!

3F2e(2 iv02g)tE
0

t

dt8e2 ivt8e( iv01g)t8G ~B8!

5(
v

Â~v,0!g~v! f ~v,v0 ,g,t ! ~B9!

and similarly,

Ô†~ t !5(
v

Â†~v,0!g* ~v! f * ~v,v0 ,g,t !. ~B10!

We do not need to calculatef explicitly since it is just an
algebraic function and so always commutes. Because the
cillators in the heat bath are all noninteracting, almost all
Â(v,0) and Â†(v,0) operators commute. The only exce
tions are annihilation and creation operators of the same
quency. This means that we can write the expectation va
as a product over all the frequencies,

C25)
v

^eil*0
t [ Â(v,0)g(v) f 1Â†(v,0)g* (v) f* ]dt8/\&. ~B11!

The advantage of decouplingC2 into a product of terms is
that each of these terms can be handled in the same wa
C1. BecauseÂ(v,0) and Â†(v,0) are boson operators
Wick’s theorem can again be applied so that eventually
obtain

C25)
v

e2fv(t), ~B12!

where

fv~ t !5
il2

2\2E0

t

dt1E
0

t

dt2Dv~ t12t2!, ~B13!

with

iD v~ t12t2!5^Tt@Â~v,0!g~v! f ~v,v0 ,g,t1!

1Â†~v,0!g* ~v! f * ~v,v0 ,g,t1!#

3@Â~v,0!g~v! f ~v,v0 ,g,t2!

1Â†~v,0!g* ~v! f * ~v,v0 ,g,t2!#&.
~B14!
03531
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The overall expression for the influence functional c
now be written in a simplified form

~Tte
2 i *0

t WI (t8)dt8/\&5e2[f0(t)1(vfv(t)]5e2f(t),
~B15!

where

f~ t !5
il2

\2 E0

t

dt1E
0

t1
dt2H D0~ t12t2!1(

v
Dv~ t12t2!J .

~B16!

However, because the operators in the bath are indepen
only the averages including pairs of operators from the sa
oscillator are nonzero. Thus, we can simplify the sum o
Dv(t) functions,

(
v

Dv~ t12t2!5(
v

^@Â~v,0!g~v! f ~v,v0 ,g,t1!

1Â†~v,0!g* ~v! f * ~v,v0 ,g,t1!#

3@Â~v,0!g~v! f ~v,v0 ,g,t2!

1Â†~v,0!g* ~v! f * ~v,v0 ,g,t2!#& ~B17!

5^@Ô~ t1!1Ô†~ t1!#@Ô~ t2!1Ô†~ t2!#&.
~B18!

Since theÔ(t) and Ô†(t) operators commute withâ(0)
and â†(0) we can complete the process of recombination
obtain

i H D0~ t12t2!1(
v

Dv~ t12t2!J
5^@ â~ t1!1â†~ t1!#@ â~ t2!1â†~ t2!#&. ~B19!

We can now use our previous results in Eqs.~55!, ~57!,
and ~58! to evaluate the averages in Eq.~B19!,

^@ â~ t1!1â†~ t1!#@ â~ t2!1â†~ t2!#&

5e2g(t12t2)@~ n̄11!e2 iv0(t12t2)1n̄eiv0(t12t2)#.

~B20!

Thus, our final expression for the influence functional is

^Tte
2 i *0

t WI (t8)dt8/\&5e2f(t), ~B21!

with

f~ t !5
l2

\2E0

t

dt1E
0

t1
dt2e2g(t12t2)@~ n̄11!e2 iv0(t12t2)

1n̄eiv0(t12t2)#. ~B22!

Comparing Eq.~B22! with Eq. ~60! it is clear that the ex-
pression we obtained for the influence functional in Sec. V
exact.
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