PHYSICAL REVIEW B, VOLUME 64, 035311

Possibility of an electromechanical which-path interferometer
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We investigate the possibility of an electromechanical which-path interferometer, in which electrons trav-
eling through an Aharonov-Bohm ring incorporating a quantum dot in one of the arms are dephased by an
interaction with the fundamental flexural mode of a radio-frequency cantilever. The cantilever is positioned so
that its tip lies just above the dot and a bias is applied so that an electric field exists between the dot and the
tip. This electric field is modified when an additional electron hops onto the dot, coupling the flexural mode of
the cantilever and the microscopic electronic degrees of freedom. We analyze the transmission properties of
this system and the dependence of interference fringe visibility on the cantilever-dot coupling and on the
mechanical properties of the cantilever. The fringes are progressively destroyed as the interaction with the
cantilever is turned up, in part due to dephasing arising from the entanglement of the electron and cantilever
states and also due to the thermal smearing that results from fluctuations in the state of the cantilever. When the
dwell time of the electron on the dot is comparable to or longer than the cantilever period, we find coherent
features in the transmission amplitude. These features are washed out when the cantilever is decohered by its
coupling to the environment.
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[. INTRODUCTION tance is very sensitive to changes in the occupancy of the
dot: the passage of an electron via the path including the dot
Which-path devices, such as the canonical two-slit interleaves behind which-path information in the QPC device,
ference experiment where a measurement is made of the pagtthough actual knowledge of which path an electron took,
a particle takes, have a long history going back as far as theo-called “true which-path information,” can only be ob-
early debates about complementafityRecent interest in tained via further measuremelitin accord with theoretical
their investigation has been stimulated partly by advances ipredictionst?~**the experiment demonstrated that the inter-
experimental techniques, which have lead to the realizatioference fringes are degraded when the interaction between
of several different varieties of which-path systems in thethe electrons and the measuring device is sufficiently sensi-
laboratory>* and partly by accompanying developments intive for information to be obtained that would help, even in
the theory of quantum measuremént.However, it is the principle, to determine which of the two possible paths an
realization that a which-path experiment provides a veryelectron took.
convenient model system for developing and testing funda- The experiment of Bukst al. has close parallels with the
mental ideas about decoherence in mesoscopic sy$temswell-known thought experimerisee, e.g., Secs. 1-6 of Ref.
that has increased the level of interest within the solid-stat@), in which a light source is used to detect through which
physics community in particular. slit an electron passes in a two-slit interference experiment.
Which-path experiments in solid-state systems were reln both cases dephasing is effected by scatterers, each of
cently pioneered by Buket al2 The solid-state analog of the which interacts once, and once only, with the interfering par-
two-slit interference experiment is the measurement of theicle, and whose interactions with each other may safely be
oscillations in the current passing through an Aharonovignored. For the electron—light-scattering schentlee scat-
Bohm (AB) ring as a function of the applied magnetic field. terers are photons that probe the electron’s state directly,
The path taken by an electron may be probed by placing avhereas in the solid-state experiment the scatterers are elec-
measuring device close to one of the arms. Betkal.incor-  trons in the QPC which interact with the electron on the dot
porated a quantum dot in one of the arms in order to slow theia electrostatic coupling. However, because the electron has
electrons down, with a neighboring quantum point contact finite dwell time on the dot, it has time to interact with
(QPO serving as a which-path detector. An electron travel-more than one scatterer in the QPC, so that in this case
ing around the arm of the ring containing the dot dwells ondephasing can be achieved via a series of very weak interac-
the dot for a finite amount of time before moving on. Thetions rather than a single strong event, as is the case in the
presence of the dot alone does not destroy the coherence plioton thought experiment.
the electron transport through the ring, so long as the dwell The present work is concerned with a variation on the
time of the electrons is sufficiently shdftput it does pro-  system considered by Bulks al, in which a radio-frequency
vide time for the electron to interact with an external mea-mechanical cantilever is used, rather than a QPC, to deter-
suring device. A QPC adjacent to the dot functions as amine which path an electron takes. A coupling between elec-
measuring device since it can be biased so that its condud¢rons residing on the ddiwhich is again on one of the AB
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interferometer armsand the cantilever, whose tip is sus- binding model for an electron on a dot which is linearly
pended over the dot, can be set up by developing a uniformoupled to the cantileveftreated as a quantum oscillator
electric field between the tip of the cantilever and the base ofind to propagating states in the leads. We show that recent
the dot. Electrons on the dot couple approximately linearly tovork on inelastic resonant tunneling can be adapted to obtain
the cantilever position, thus leading to a coupling betweerthe elastic transmission amplitude.

the flexural phonon modes of the cantilever and the occu- We present results for our model in Sec. IV, where we
pancy of the dot. Furthermore, because the coupling strengamine dephasing as a function of the dot-cantilever cou-
decays rapidly with increasing frequency and also the flexPling in both the regime where the electron dwell time is
ural mode spectrum of a cantilever is quite sparse, it turnSnOrt compared to the cantilever period and where they are
out that for micron scale cantilevers only the fundamentafomparable. _ _ o
flexural mode is relevant. Therefore, at low temperatures the M S€C. V we examine the influence of the cantilevers

cantilever can be treated as a single quantum-mechanical ogfvironment on the dephasing produced by the cantilever
cillator. when the dwell time is comparable to the period of the can-

As a consequence of the cantilever having effectivelyt”ever' We obtain a modified expression for the transmission
only one degree of freedom, the electromechanical whichthrough the arm with the dot when the cantilever is coupled
path interferometer exhibits qualitatively different behavior{© @1 €nvironment which consists of a bath of oscillators.
from the QPC which-path device. In particular, we find that "N Sec. VI we outline the principal practical constraints on
the dephasing behavior of the electron due to the cantilevéd? €l€ctromechanical which-path device and discuss its fea-
depends on the relative magnitudes of the electron dweffiPility using currently available technology. We draw our
time on the dot and the cantilever period. When the dwelfonclusions in Sec. VIl and discuss ways in which the
time is short compared to the cantilever period, the dephad2f€Sent work could be extended. Appendix A contains a de-
ing occurs in a way analogous to Einstein’s recoiling glittailed, classical analysis of the canule_ver-dot c_ouplmg an_d
thought experimenrit® In contrast, when the dwell time of the flexural mode spectrum of the cantilever which underpin
the electron on the dot is comparable to or longer than th&1€ simplified model employed in the main text. Finally, Ap-
period of the cantilever, a description of the dephasing ifP€Ndix B contains details of a general calculation of the ef-
terms of the entanglement of the cantilever and electrof€ct of the cantilever environment on the transmission ampli-

states becomes more appropriate than a semiclassical picttge of the dot.
of momentum transfer. The effectively harmonic nature of
the cantilever motion means that the degree of entanglement
between the cantilever and electronic states must be periodic,
so long as the cantilever interacts only with the electron on  The ultimate goal of our analysis of the electromechanical
the dot. If the dwell time of the electrons on the dot could be\Nhich-path device is to obtain an expression for how the
tuned to the cantilever period, then we would be able to erasgiagnetoresistance of the AB ring varies as a function of the
all Which-path information held in the state of the Cant”ever.coup”ng between the cantilever and an electron on the dot.
This would give us direct evidence that the Coupled cantileqn par[icu|ar, we want to determine how the amp]itude and
ver and dot were behaving as a single coherent quantufhase of the oscillation in the current through the device as
system. However, in practice electron dwell times on a quanthe magnetic field is variedi.e., the interference fringes
tum dot have a distribution of values and so we can onlydepend on the voltage between the cantilever and the dot. In
obtain indirect evidence for the quantum coherence of therder to simplify the analysis, we will consider only the case
cantilever-dot system, such as the coherent exchange of ejyhere the magnetoresistance is measured as an average over
ergy quanta between the electron and the cantilever which time much longer than any other time scale in the problem.
give rise to side resonances in the elastic transmission am- Our model builds on the theoretical analysis of the QPC
plitude of the device. which-path experiment, carried out by a number of
The environment of the cantilever influences its bEhaViOI'groupS:!-Z_lA'However' there are also close para||e|s between
in two important ways: over short time scales it destroys thehe system we consider and a quantum optical system ana-
cantilever’s phase coherence, whilst over longer time scalelyzed recently:>® in which radiation is used to drive an
it damps the cantilever's motion. The electromechanicabscillator-mounted mirror into nonclassical states.
which-path system we propose acts as a probe of the canti- Since we are interested in the behavior of the system av-
lever’s decoherence due to it's interaction with the environ-eraged over time, it is sufficient to work within the Landauer
ment. We show that the cantilever's decoherence inhibits thelamework, so that our task of obtaining the average magne-
coherent exchange of energy between the cantilever and theresistance is equivalent to calculating the transmission
dot and hence manifests itself by washing out the side res@haracteristics of the devi¢é.The simplest way of thinking
nances in the elastic transmission amplitude. about the transmission probability through the AB ring is in
The outline of this paper is as follows. In Sec. Il we give terms of a two-slit experiment: the total transmission prob-
our basic model for the electromechanical Wh|Ch-path deVlC%bmty Tis given by the coherent sum of amp"tudes for

and show that the interference properties of the AB ringtransmission through the left and right arrhsandt, ,
modified to include the dot and cantilever, can be obtained

by calculating the elastic transmission amplitude of the arm
containing the dot. In Sec. Ill we describe a simple tight- T=|t,+1t,|2 (eh]

IIl. THEORETICAL MODEL
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B 10 ; P re . .
This approach was employed by Yacokyal™ in their  where (i) is averaged over the cantilever thermal state.
analysis of experiments on AB rings with a quantum dotThys, only elastic scattering processes contribute to the in-
included in one arm. However, in that case this simple forterference term.
malism proved inadequate as it neglects the contribution of At finite temperatures we also have to average the trans-

electrons which have undergone multiple reflections. Thenission amplitude for transport through the arm containing
contribution to the transmission of multiply reflected elec-the dot over the Eermi distributiol:

trons leads to the enforcement of the Onsager-type relation

for the conductance from source(S to drain _ o
(D):  Gps(B)=Gps(—B), which must apply for a two- <tQD>:J' de
terminal devicé® 2! If the AB ring is modified to absorb °
electrons which are scattered backwards in the device, then Tphe knowledge of the transmission amplitude allows us to

the Onsager-type condition is no longer satisfied and thgptain the amplitude of the periodic oscillations in the cur-
simple-minded formuldl) is valid. Bukset al.incorporated  rent, or in the language of a generic two-slit experiment, the
just such a modification in their AB ring and we shall limit yisipility of the interference fringes. The visibility in a

our analysis to this case. We writgy, for the transmission  two-slit experiment is defined in terms of the maximum and
through the arm containing the dot atgfor the other am-  minimum signal(in this case curreitmeasured at the peaks
plitude. The presence of a magnetic flixinduces an addi- and valleys of the fringes, respectivéfy,

tional relative phase shift between the two paths and so the

of
- g) (tan(®))- ©)

transmission probability in the absence of the cantilever can ~ max—min "
be written as Y~ max+min’ ©
T:|t0+'fQDei27r<D/<Do|2:7(O)+2 RE{tioc'fQDeiZmbchO], In the case of the electromechanical which-path device

2 considered here, the current is proportional to the transmis-
sion probabilityZ, given in Eq.(3). We can write the trans-

where®, is the flux quantum and® is the flux indepen- mission amplitudes through the two arms in modulus-

dent term of the transmission probability. In practice, theargument form(top) = [(Top)le™ andtg =|tole™'”, so that
transmission through the arm with the dot is much less thaithe interference part of the transmission probability takes the

that through the arm without the ddtop|<|to|, and soZ, oM

~[tol* * T\ 27D/ D
When there is a nonzero interaction between the cantile- 2 Retg (top)e'™™0]

ver and the electron on the dot, we must explicitly include B ~

the fact that the transmission depends on the initial state of =2ltol[(tqp)|cod 2P/ Do+ a—B). @)

the cantilever. Since the cantileve_r cpqtgins a macroscopigence in this case, the visibility of the fringes is

number of atoms we assume that its initial state can always

be described as a thermal mixture. Such a procedure will 2[tol|(Tap)| 2| (T o)
necessarily lead us to neglect short-time correlations between v= T ol (©)]
the cantilever states, but this will be unimportant if the mag- 7t 0

netoresistance Is averageq over a time which is Iong COMrhe phase of the transmission amplitude determines the
pared with the characteristic time scale for the thermahzatlorbr1ase of the fringe pattern as a function of the magnetic
of the cantilever's motioR? With the initial state of the can- ¢4 Any change in the phase of the transmission amplitude
tilever assumed to be thermal, we have should therefore be detectable as a change in the phase of the
whole interference pattern.
In the absence of the dot, and for the ideal case of a ring

-~ i 3 i2md/P
7= EI Z pil (ilto+tgpe o/f) in which both arms are identical, the transmission amplitudes
A for both arms are the same so tHgt= 2|t,|2 and the visibil-
X ({i]to+tope 2™ ®o|F))* ], (3) ity is unity. This demonstrates the utility of as a measure:

it does not depend on the value of the total transmission
WherefQD is an operator on cantilever states onjy,is the probability through the device, but just on its interferometric
usual thermal weight fj=e #</S e #<, with B=1/kgT  PrOPerties. . —_— :
and ¢ the energy of the stateand we have made no as- In practice, a fringe visibility close to unity cannot be
sumpltion about the final state of the cantilever mode. Be&chieved. Apart from the obvious difficulty in constructing a

cause only the dot arm interacts with the cantilever the inter!N9 IN which bOth“‘?rmS z_ars 'O.Ie.m'f:al’. there are two f_urther
ference term is diagonal in the cantilever modes, reasons why .the intrinsic™ visibility is .Iess than un.|f39.
Firstly, there is more than one conduction channel in each

arm and so the transport is never really a “one-electron”

2R (i [Ton]i Y270 | = 2 Rt (T o) ei27/P0]. problem. Secondly, thermal smearing can play an important
E{Eu pitg (iftooli) €5 (ton) ] role, since the thermal smearing length is typically compa-
(4 rable to the size of the ring at temperatures of around 100
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mK.1° However, for our device the reduction in fringe vis- (€',R|Sle,L)=top(e,€), (12)
ibility arising from sources other than the cantilever is irrel- ) ) _

evant: all we require is that there should be a measurabl&here(e’,R|(|¢,L)) is the state in the rightieft-) hand lead
change in the visibility of the fringes as the electric field With energye’(e). The total transmission amplitude at en-

coupling the dot and cantilever is turned on. ergy € is then obtained by integrating over the final-state
energies
IIl. TRANSMISSION AMPLITUDE w
— ! !
In order to obtain the transmission amplitude for the arm teole)= JO too(e,€’)de". 13

of the AB ring containing the dot, we employ a standard

tight-binding model for the dot and the leads to which it is  The Smatrix element for a single-electron tunneling from
coupled. In the Coulomb blockade regime, the quantum doleft to right through a single, localized, state which is
is modeled by a single localized state, at enesgywhich is  coupled to a cantilever mode can be calculated using either
coupled to sets of noninteracting, propagating states in ththe methods described by Wingreet al® or those of
leads. The cantilever is treated as a single quantum oscillat@lazman and Shekhté$.For initial and final states of the
mode of frequencyw,, although the generalization to include cantilever given byy; anda;, respectively, the relevant ma-

a spectrum of modes is straightforward, as we discuss belowrix element is

The total Hamiltonian of the interferometer arm can be writ-

ten as the sum of two parts dt,dt,

<6,,af,R|S|E,ai,L>:_ij f e777(|t1‘+|t2‘)
— ﬁZ
H=Ho+ M, ©)
with the noninteracting part X (€', ar,R|eM02M 1 Gr(ty—ty)
o o L o X H e Mol /e ay L), (14)
Ho=€oCTC+ D (€ Cly Cu + €rCirCkR) + Fiwoa'a, R _ s _ _
k whereGg(t)=—i0(t)e” """ and 5 is the usual small posi-
(10 tive real number inserted to ensure convergence.

and the interacting part We want to calculate the visibility of the fringes and so

we need only calculate the coherent part of the transmission
e~ A e n man probability, and hence the elastic transmission amplitude. To
H,=—\c'c(a+al)+ Zk Viw(ckc+cle) evaluate the elastic transmission amplitude we consider pro-
cesses in which the state of the cantilever remains unchanged
Ap oA mgn and so we writay;= as= « and calculate an average over an
+§k: VR(CrC+C CkR), (1) ensemble of states of the cantilevesee the discussion in
Sec. Il above Thus

wherec anda operate on the states of the electron on the dot

and the cantilever, respectively. The states in the left-hand (S)=—Vg(e)V (f')f f dt,dt, o (It +ltz)

(right-hand leads have energies, (exg) and are operated R L %2

on by ¢, (ckr), Where the index runs over propagating o o

states in the leads. The matrix elements for hopping onto x e(¢27 W@ (t,—11)(0,a|c(tp)cT(t1)]0,)

(off) the dot are given byw,, (Vir). The ir)teract?on be- (15)
tween the electron on the dot and the cantilever is modeled

as a linear coupling between the displacement of the flexura¥ith [V (r)(€)|°= 2| Vi (r)|*8(e— e ) and wherd0,a)
mode and the occupation of the dot, since when the electroi the state with no electrons on the localized level and the
is not on the dot there is no displacement of the cantiléber. cantilever in stater.

We analyze the interaction between the cantilever and the We assume that the coupling to the leads is independent
dot in some detail in Appendix A, where the form of the of energy over the range of interest and that it is symmetric
interaction is derived in terms of the normal modes of theso that we can write

cantilever. We find that the coupling constants given by )

the relation\ = éeEVA/2mw, [see Eq(A12)], where is a =0 g=27V w)|" (16)
geometrical factor of order ong, is the electric field expe-  gince we are considering only the elastic part of the trans-
rienced by the additional electron on the dutjs the canti-  mjssion amplitude the Green function will be invariant with
lever mass, ane(>0) the electronic charge. respect to time. Hence, we change variables+d,—t, and

The energy-dependent amplitutig(e) is calculated us- { — = so that the Green function takes the form
ing the usualSmatrix formalisn?® employed in transport

theory. The amplitude fo,r _tran.smlssmn from a state of en- GR(7ty) = —i®(7)<6(7+t0)6T(t0)) (17)
ergy € to one of energye’ is given by the element of the

Smatrix®® linking propagating states in the left- and right- and the invariance with respect to translations in time is
hand leads equivalent to the statement that the value of the Green func-
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tion is independent of the choice &f. Averaging overt,,  ferent ways: the magnitude of the transmission is reduced by
and taking the limity—0*, the overall expression for the an amount which is independent of which state the cantilever
Smatrix element is then is in and also a phase shift is induced whose size depends
- sensitively on the cantilever state. When we carry out the

, . “OT i h~R , thermal average we are in effect averaging over a range of
(¢".RISjeL)=—i Zfo % ° C(7)x2md(e=e’). different phasg shifts. Such a procedureg ef?ectively desgt]roys
(18 the interference fringes whenever the thermal state includes

contributions in which the phase differs by2, irrespec-
Thus, the final expression for the transmission amplitudgjye of the magnitude of the transmission amplitude for each

of the dot is of the coherent states that constitute the thermal mixture. The
d thermal averaging time scale is given by the damping time of
(top(€))= _irf _Teier/hGR(T)’ (190  the cantilever which will typically be much larger than the
o fi dwell time of the electron on the dot. In this case, the loss of

where the transmission amplitude is understood to be time{icni?:ﬁ-w;'lglI(Ith:(';lt?(l)%goE‘r?r:gi;[/ri]del:g]aellZ::T]c?(?r:?galfnggggrueemtgnt
averaged in the sense described in Sec. Il, and the relevan P . : .
A of the current averaged over times shorter than the damping
Green function is . .
time but longer than the dwell time would resolve AB
o ~n fringes with phase fluctuating in time. In contrast, the state-
GR(r)=—i0(7)(c(7)c'(0)), 20 . g o .’

(7) (7)(e(n)c(0)) 20 independent reduction in the transmission amplitude would
where the expectation value is over a thermal distributiorgive rise to a reduction in the fringe visibility even for the
state of the cantilever with no electrons present. This resulime-resolved measurement, signifying which-path detection.
for the transmission amplitude is very similar to that studiedHowever, since we are working in a steady-state regime in

by Aleiner et al,'? in their analysis of the QPC which-path which we consider measurements made over very long times

device. we will not be able to make an explicit distinction between
The Green function can be evaluated using either operatawhich-path detection and thermal smearing in this work.
algebra techniqué® or many-body perturbation theofy, We can repeat this calculation for the more general case
and one obtains of coupling to a whole series of noninteracting cantilever
R\ — AR( o (D) modes. The result has the same basic structure as before, but
GT(1)=Gg(1)e , 21 the cantilever factorp(7) is modified and now takes the
where form of a sum of the contributions from each mgdé®
Gg(T)z _i(,_)(T)e(fieOfF/Z)f/h, (22)

N |2
| o ¢(r)=2 (ﬁ—) {ilsin(w;7) = ;7]
and it has been assumed that the renormalization of the dot i wi

energye, due to coupling to the leads can be ignored. The —

factor due to coupling to the cantileve( 7) can be obtained +[1-codw;7)](1+2n)}, (25)
by calculating the contribution for the cantilever beginning
and ending in a particular coherent stht¢ and then carry-
ing out a thermal average over all coherent states with a

propriate weightings,

where\;, w;, andn; are the coupling constant, frequency,
and thermal occupation number of thiéa cantilever mode,
respectively. However, we find that for the purposes of dem-
onstrating the electromechanical which-path device we need

e (b(r):ei(A/ﬁwo)z[wo‘rfsin(wor)]ef()\/ﬁwo)z[lfcos(wor)] only consider a single mode, as is discussed in Appendix A.
2 _
y f d_ie(x,ﬁwo)(y*ﬂ,W*)e,‘y‘z,n1 23 IV. RESULTS FOR AN ISOLATED CANTILEVER
mn

The important question that we need to answer is the fol-

whereu =e'“o'— 1. Evaluating the thermal average, we find lowing: When does the cantilev_er destr(_)y the AB fringes?
There are two very different regimes which we can explore

2 by varying the relative sizes of characteristic dwell time of
$(7)= ﬁ_wo) {i[sin(wo7) = wo7] the electron on the dotu=#%/T", and the fundamental fre-
- quency of the cantilever.
+[1—-cogwor)](1+2n)}, (29 (1) wg7g<1: in this case the periodic behavior of the
_ cantilever will not be relevant and the entanglement built up
with n the thermal occupation of the cantilever mode. between the cantilever and electron states during the dwell
It is clear that the thermal average leads to a much mor@me will be irreversible, leading to dephasing.
rapidly decaying term, due to the extra factor of. 2f the (2) wgTg~1: in this regime the periodicity of the cantile-

cantilever remained in a coherent state throughout then iter means that the entanglement of the cantilever and dot
would be far less effective, compared to the thermal state, atates caused by their interaction may be partially undone, or
reducing the visibility of the fringes. This is because eacherased, although the distribution of electron dwell times will
coherent state affects the transmission amplitude in two difmake the effect impossible to observe directly.
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The first regime is easier to analyze theoretically, as thesmearing as well. We can obtain the condition for which-
calculations can be done analytically and invite direct comath detection by setting the cantilever temperature to zero in
parisons with the sliding-slit thought experiment. The caseEq. (29):
where the dwell time of the electron on the dot is comparable
to the period of the cantilever has to be analyzed numeri-
cally. It is also complicated by the presence of the cantile-
ver's environment which makes the entanglement of the can-
tilever and dot states irreversible by breaking the overalwhere Ax,,= JA/2mw, denotes the zero-point position un-
periodicity in the expressiofi9) for the transmission ampli- certainty. Because the reduction in the transmission ampli-
tude. In this section we calculate the magnitude and phase ¢fide due to each different coherent state is the JameEq.
the transmission amplitude in both regimes, neglecting th€23)], this condition holds independently of which coherent
effect of the environment which we address in detail in Secstate the cantilever is in. Thus, we find that for which-path
V. This approach enables a clear picture to be built up ofletection to occur the classical impulse delivered to the can-
exactly how the environment affects the behavior of thetilever during the dwell time must exceed twice the zero-

h
eETd>FZp:2Apr' (30)

cantilever-dot system. point momentum uncertainty of the cantilever.
Our result is equivalent to that obtained by Bohr in his
A. Regime wherew,ry<1 famous discussion of Einstein’s sliding-sligedanken

) o . experiment. In that case Bohr argued that in order to detect
_ Sincewg7g<1, we can simplify Eq(19) for the transmis-  the passage of an electron through a given slit, the momen-
sion amplitude through the arm with the dot by expandingym uncertainty in the slit must be less than the impulse
the harmonic functions to quadratic orderd7y. We ob-  ransferred by the passing electron, thus necessitating a cor-
tain responding latitude in position of the slitsia the uncer-
tainty principle which in turn washes out the fringes by
(t D(E)>2_Ff°°d_7'e[i(eéo)F,Z]T,ﬁ(eEAXmT)z,zﬁz, causing large phase shiftse., ~2.77) for successive_ elec- _
Q o h trons. However, these phase shifts are not associated with
(26)  any kind of thermal fluctuation; instead, they arise from the
position uncertainty of the quantum state of the slits.
where Axy,= \/(2F+ 1)(h/2mw,) is the thermal position At finite temperatures we must take into account not only
uncertainty of the cantilever and we have taken the geometrihe thermal state of the cantilever, but also the fact that the
cal factor in the coupling constarfA12) to be unity for  electron energies are spread over a rangégT around the
simplicity. The integral on the right-hand side can now beFermi energy. We must therefore average the transmission

evaluated to obtain amplitude over energy, weighted by the derivative of the
Fermi distribution functiorisee Eq.{5)],
mf T [T2—i(e—e€g)]?
(tople))=— \/:( )eXp< ~ F (tople)) €~ €
2\ eEAX 2 _ s
th 2(eEAXy,) (top) . de kT echt KT )" (31
I'2—i(e—€p) . L
X Erfe| ———— 7| (27)  Where we have assumed that the bias across the device is
\/Eelﬂxth small enough for a linear-response approach to be valid and

that the average Fermi energy in the leads is tuned to the

If we ignore, for the moment, the thermal width of the resonances,. The effect of this procedure is to reduce both
electron-energy distribution in the leads, then we can deducthe coherent transmission amplitude itself and the influence
from this expression a rough criterion for dephasing in thethe cantilever has on it. The explanation for this unexpected

region close to the electronic resonance: feature can be found by comparing the transmission ampli-
tude (top(e)) at and away from the resonance. Whilst the
eEAXy>T, (28  transmission amplitude at, or close to, resonance decays rap-
idly with increasing coupling to the cantilever, the situation
or written in another way, is reversed when the electron energy is far from resonance,

where the transmission amplitudedahancedoy the inter-
action with the cantilever. The reduction in dephasing effi-
ciency due to the thermal averaging over the electron-energy
distribution makes an interesting contrast to the effect of the
Practical considerationsee Sec. Vlrestrict the dwell time thermal average over cantilever states, which increases the
to be a few ns or less and place an upper bound on thdephasing rate substantially.

h
EETd>A—Xth. (29)

electric field:E~10° V/m. Thus, the destruction of the in- Figure 1 illustrates the effect of increasing the dimension-
terference fringes requiresx,,>10 2 A, a value which is less coupling constant=\/%w, on the magnitude of the
certainly achievable. resonant transmission amplitufiéop(€o))|, with and with-

As previously discussed, the loss of fringe visibility is not out averaging over the thermal width of the electron-energy
only associated with which-path detection, but with thermaldistribution in the leads. For this example, we have taken
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1F T T T e between the cantilever and the electron on the dot is no
\ longer a brief scattering event, but a sustained interaction. In
osk 4 this regime we would expect to see evidence of the periodic
\ behavior of the cantilever, such as side resonances in the
elastic transmission amplitude, but in practice these would
AN have to compete with thermal effects that tend to wash out
~ fine structure in the transmission characteristics.
~ In order to calculate the transmission amplitude, it is con-

S~ venient to recast our earlier expressid®) in the form

H

Afhwg o

e—(x/ﬁ,wo)z(zm 1)

FIG. 1. Magnitude of the transmission amplitUdg,p)| at reso- (top(€))=—
nance for a cantilever with'/% wy= 10 as a function of the dimen-
sionless coupling constart=\/% w,. The dashed curve is obtained

hwy 1— e (@mlwg)({ileg— (\hwg)— e/} +T/2h)

; 2
without an average over incident electron energies, while the full o -7 r _ A _ L
) . ; ) X d7r’ ex € €|+
curve includes the averaging. The amplitudes are normalized to one 0 wg | h fhwg 2h
at k=0.
A\ — A \2

L . —i|{3—] sin(7")+(2n+1)| -—| cog7')¢,

wo=140 MHz andT=20 mK/(giving a thermal occupation (ﬁwo) n(r')+( )(hwo) 7 )]

n=18), m=8x10 ?° kg, and assumed to have a maxi- (32)
mum value of about 3, consistent with the analysis of the

cantilever-dot coupling in Appendix A. The effect of the

thermal broadening of electron energies in reducing the effiwherer’ = wy7. Of course, to model a practical experiment,
ciency of the cantilever to cause dephasing is clear. we also need to average over the eneegp take into ac-

It is important to note that our treatment is entirely re-count the effect of electron temperature. However, we look
stricted to a one-electron picture of transport. Such an apfirst at the dependence of the transmission amplitude on the
proach is valid so long as the electron gas in the leads an@cident energy. Although this would require “monochro-
the dot itself is nondegenerate. When the electron tempergnatic” electrons, important insight is gained into the behav-

ture drops towards zero the interactions between electrong, of the system which in practice may be obscured by ther-
can no longer be ignored and so our model and the resuli$ | effects.

which follow from it become inapplicable. AT=0 and in In Fig. 2 the magnitude of the resonant transmission am-
the weak-bias limit, inelastic transport through the dot would litude is plotted against the coupling for T/ wo=2, 1
become impossible: with the absence of unoccupied state% L — e e
below the Fermi level and the cantilever in the ground staté@nd 0.5, and witm=18. The behavior is similar in all three

an electron is unable to exchange energy quanta with theases for smalk, with a rapid decay in the magnitude of the
cantilever. transmission amplitude, due to dephasing caused by a com-

bination of which-path detection and thermal fluctuations in
the state of the cantilever. Notice, however, thatféfi v,
=1, oscillations eventually develop in the transmission, and

In the regime where the dwell time of the electron on theyat these become even more pronounced fdrwy=0.5.
dot approaches the period of the cantilever, the system takes |, order to clarify the origin of the oscillations in

on a rather different character, as the dephasing interacttitQD(Em

B. Regime wherewy7q~1

Fig. 3 plots the evolution of the amplitude and
phase of the transmission amplitude as functions of both the
coupling constant« and the detuning energy—e¢, for

I''hwy=0.5 andn=18. It is now clear that there are side
resonances ak—eg+\2/fhwo=*hwy,*2hwg, ..., and
that these resonances drift in energy as the valua
increased®?’ It is this drift which is responsible for the os-
cillations in [(top(€))| as a function of the coupling for
given fixede.

Note that if the cantilever temperature is set equal to zero,
i.e., it is in its ground statep=0, then side resonances are
still observed, but only on one side of the main peake at
—€p+ N hwyg=+hwy,+2hwg, ... . This is because in its

FIG. 2. Magnitude of the resonant transmission amplitudeground state the cantilever can only absorb energy quanta.
[{top)| as a function of coupling constartfor I'/%w,=2 (dotted Under the conditionkgT>%w,, «~1, and near reso-
curve), 1 (dashed curve and 0.5(full curve). nance, Eq(32) has the following asymptotic approximation:

2 F T T T =

Itaol

Afhawg
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scale will be much larger, as we discuss in detail in Sec. VI.
However, in the regime wherkwo<kgT, averaging over
the thermal distribution of electron energies will wash out
the side resonances. This means that it would not be possible
to find any trace of the coherent exchange of energy quanta
between the cantilever and the electron on the dot in the
transmission characteristics. Only if the electron-energy
width could be lowered or the frequency raised to the point
wheref wy~kgT would we then expect such features to be
visible. Note, in the case of photon-assisted tunneling the
photon energy can be made comparable witfi without
difficulty.?”

V. INFLUENCE OF ENVIRONMENT ON CANTILEVER

Thus far, we have treated the cantilever-dot system as
isolated, thereby ignoring the effect of the environment on
their degrees of freedom. This approximation is valid when
the dwell time of the electron on the dot is short compared to
the decoherence time of the cantilever, as will most certainly
be the case fowyry<<1. However, there is no reason to
assume that this will also be the case whgry~1. Indeed,
we would like to know how the environment of the cantile-
ver affects the coherent oscillations which occur in the trans-
mission amplitude as a function of the coupling strengbin
monochromatic electronsintuitively, we expect that the de-
coherence arising from the cantilever’s environment should

FIG. 3. (a) Magnitude of the transmission amplituf{éqp)| and wash out the side resonances in the transmission amplitude,
(b) the phase for a cantilever with/%w,=0.5 as a function of but a detailed calculation is required to determine the canti-
coupling constank and the energy detuning—e,. The average lever quality(Q) factor range for this to occur.

over the electron-energy distribution has not been performed. In general, both the interaction between the dot electron
and its local environmen(bther electrons, phonons, photons,
I [rhog etc. in the dot regionand the interaction between the canti-
(top(e)~— aw VT lever and its environmenithe other collective vibrational

modes, as well as internal electronic degrees of freedom,
{1+e(2ﬂ'/ﬁw0)[i(eo)\2/ﬁwoE)+F/2ﬁ] external photons, gas molecules, ewill contribute to the
X

decoherence. However, since we can always measure the
properties of the fringes with the dot-cantilever interaction
(33 turned off for an arbitrary dwell time+{;=#/T"), we need

) ) i o only consider the additional effect of the cantilever's envi-
The various above-discussed features in the transmission a%nment. as the electron’s environment can be included via a

plitude dependence on coupling and energy can be clearhynormajization of the zero-electric-field transmission ampli-
seen in this simplifying approximation. tude.

Side resonances are a familiar feature in tunneling prob-
lems, but unlike those found here they are usually associated

with inelastic processes. However, as was first shown by . ) )
Jauho and WingreeH, who considered the classical- We can obtain a rough estimate of the time scale over

oscillator version of the problem that we address, such resg¥hich superpositions of cantilever states, resulting from the
nances can also occur in the elastic transmission amplitud§0UPling to the dot electron, are likely to be decohered by the
Side resonances in the elastic transmission indicate coherefvironment by using a simple, heuristic approach which
or virtual exchange of energy quanta between the electron ofidels the environment as an infinite set of harmonic
the dot and the cantilever, with no net energy interchang@sc'"atorsz- ' This approach Ie:?\ds to the p_redlctlon that for
over the dwell time of the electron. In a fully quantum- & System with a classical damping ratg, a linear superpo-
mechanical system, these processes must rely on the coupléffon of two different coherent states whose centers are a
cantilever-electron system maintaining its phase coherenc§iStanceAx apart, whereAx is greater than the thermal de
and so we may expect that the influence on the cantilever dsroglie wavelengthky,=#/y2mkgT, will decohere at a rate
its environment should be detectable, at least in principle, vi&d, given by
its effect on these resonances.

The side resonances have a separation in energyvgf
but for any practically realizable system the thermal energy

1— e—(ZW/th)[i(eo—)\Z/hwo— e+In] |

A. Estimate of cantilever decoherence time

2mykgT(AX)?

= (34)

Vd
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However, we cannot apply this heuristic rule directly to of the environment is also equivalent to a quantum Langevin
the coupled cantilever-dot system as the displacement of tHermalism in which the cantilever operators have an equation
cantilever is a continuously varying function. An estimate forof motion containing a damping term and a thermal noise
the decoherence rate of the cantilever can only be obtaineaberator arising from the reservoir.
using this method if the further approximation of averaging We begin by considering just the interaction between the
over the cantilever displacement is ma@éf the cantilever cantilever and its environment, before going on to include
starts in any given coherent state when the electron arrivethe effect of an electron on the dot and hence obtaining the
on the dot, then the state of the cantilever at tinfeger will ~ transmission amplitude including the environment. The
be a different coherent state centered a distahgeapart ~ cantilever-environment Hamiltonian can be writteri®&é
from the point on which the initial state was centered, where

57 He=hwoala+ D hwAl(w)A(w)+ D, [g(w)atA(w)
Ax(t)= \/m—wok[l—cos(wot)]. (35) ¢ ¢

+g* (w)Al(0)al, (37
Thus we can obtain an estimate for the decoherenceyate
of the cantilever due to its environment for the case wherévhere the cantilever states are again operated o, lijze
Tqwo=1 by averaging this displacement over the cantileveibath oscillator of frequency is operated on byA(w), and

period® the coupling constantg(w) depend on the bath oscillator
. AP kT (2e0 frequt'ancy. o . . i
. YcKp j Odt[l—cos(wot)]z _ U5|r_lg the I—_Iamﬂ_tomaﬂ_—[c, the_ equation of motion foa
(2mlwg)  hog  Jo in the interaction picture is readily obtain&t,
kBT A e ~ 2
=6y (36) a(t)=(~io—yat)—F(), (38)
where

For a nanotube cantilever of frequeneyi40 MHz(see Ap-

pendix A), the Q facto® can be of order 500 and so the

classical damping ratg, will be of order 3x 10° s 1. Thus,

at a temperature of 20 mK, our heuristic expression for the

decohgerence rate of the nanotube cantilever giveg~18  and the damping coefficient is given by

X107 s for k=3. This result signals that the decoherence _ 2

of the cantilever due to its environment has an effect when- ¥= (o) |g(@o)|% (40

ever the dwell time approaches a magnitude of order 1 ns.where 7,(w)Jdw is the number of bath oscillators in the
Whilst the heuristic model we have outlined is very usefulspectral rangéw. The coefficienty provides the bridge be-

for estimating whether or not the cantilever’'s environment istween the model and experiment, as it is simply related to the

relevant for the calculation of the transmission amplitude, itrate at which the system loses energy after being excited

is not expected to be very accurate, as it is an approximatiofi.e., the classical damping rafé y.=21y.

even of the rule-of-thumb given by E¢34). In order to Integration of the equation of motion fa(t), and a simi-

improve on this estimate, we must enlarge our simple modqlar one fora'(t). leads to explicit expressions faft) and
by adding to the system Hamiltoni&8) the cantilever's en-  ~ . P P a(t)

vironment, modeled as an infinite bath of harmonic oscilla-2 OF

tors with linear coupling to the cantilever. Modeling the en- ¢

vironment in this way is of course itself a fairly serious é(t)=é(O)e(*i“’O*V)t—e(*“”O*V)‘J dt'F(t")elwot Nt
approximation. However, this approximation is ubiquitous in 0

one form or another throughout the theory of open quantum (41)
systems?28:3132By extending our calculation to include this .

model of the cantilever's environment, we can obtain predic- 3t(t)=3%(0)e(iwo~ "t —gliwo- y)tf dt'Ef(t")el"iwot Nt
tions for how the transmission properties of our which-path

device depend on the decoherence rate of the cantilever. (42
Thus, we can use our theory to predict how changingQhe
factor of the cantilever affects the interference fringes.

F(t)=i> g(w)A(w,0)e ! (39)

The timet=0 holds a special place in the theory since it
is the time at which the interactions between the cantilever
and the bath are turned on and so the cantilever and the bath
are apparently quite independent at this instant. However,
The standard model of the environment that we use is athis need not be the case and certainly would not be appro-
infinite bath of harmonic oscillators that interact linearly priate for the system we are considering. In order to specify
with the cantilever, but do not interact with each other. Wethe model completely we need to give the expectation values
have to assume an infinite bath of oscillators in order to havat t=0 for both the cantilever and the bath. If we set the
a reservoir which remains in thermal equilibrium despiteinitial expectation values of the cantilever to be those of a
contact with the cantilever. The infinite oscillator-bath modelthermal state at the same temperature as the bath, then we

B. Transport properties with environmental coupling
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can describe the case in which the cantilever has been intetitever is in a thermal state at temperatdreHowever, when
acting with the bath for a time much longer than the dampinghe electron is on the dot it drives the cantilever away from
time, 1/y., before =0 and so is in equilibrium with the equilibrium and we now need to include the interaction with
bath. Our only assumption is that quantum correlations bethe environment explicitly to model the behavior of the
tween the cantilever and the bath can be neglectae-=8t  cantilever-dot system as accurately as possible.
the usual assumption made in calculating decoherence rates. We obtain the transmission amplitude for the dot, includ-
The expectation values are over products of cantilever anthg the effect of the cantilever’s environment by applying the
environment states. We eventually want to calculate théSmatrix we used in Sec. lll to a generalization of the Hamil-
transmission amplitude for an electron interacting with atonian (9) which includes the coupling of the cantilever to
cantilever which is initially in a thermal state and so we the bath of oscillators,
choose to define the=0 expectation values as

Tr[ . e*HglkBT] H: 606T6+ H C+ H1+ Ek (ekLelLékL-F fkRelRekR) y
.« .. = —, 43
(o Tr{e " o/keT] “3 (49)
where the Hamiltonian without interactions is where H;, given by Eg. (11), describes the electron-

cantilever coupling and the cantilever-environment fft
is given by EQq.(37).
Using the methods of Glazman and ShekRfewe can

] ] . again separate out the electronic part of the transmission am-

Hé=hwoa'a+ Y, hoAT(w)A(w), (44)

ing this definition we find find
(A(0,0))=0, =dt e
X X <tQD(E)>: _Ffo ge[|(e— eo)—F/Z]t/h<Tte—|f0W|(t )dt /ﬁ>.
(A(0,0A(w',0)=0, (45) (50
(AT(0,00A(0',0))=38,,N(0), The term in angled brackets on the right-hand side is known

with as the influence functional,; Ts the time-ordering operator,
and W, (t) is the electron-cantilever coupling defined in the
interaction picture

Wi (t)=—e" Vi (@a+a)e " Vi= —\[al(t)+a(t)],

For the cantilever itself the values of the zero-time corre- (5D)

lation functions represent the initial conditions of the prob-

- ~t )
lem. In thermal equilibrium with the environment at tem- wherea(t) anda (t) are given by Eqsi41) and(42) above.

Here, we shall carry out a much simpler, approximate

peratureT, calculation of the influence functional which involves per-
(é(o»—o forming a second-order expansionNnand then reexponen-
o tiating. In Appendix B it is shown that this approximate cal-
A culation in fact coincides with the exact result obtained from
(a(0)a(0))=0, (47 4 full calculation.
R R _ The expansion to second order gives
(a'(0)a(0))=n,
. H ’ ! t dt,
with <Tte—|f})w,(t )dt /ﬁ>:1_if —(W(t))+(—i)?
o h
il _ tdt’ (v dt”
n=N(wo)= s 48 <SS wen),
o hJo h
The purpose of extending the analysis to include the in- (52)

teractions between the cantilever and its environment is to

see how they modify the interaction between the cantilevelhe next step is to evaluate the correlation functions which
and the electrorwhilst it is on the dat Therefore we can arise in the first- and second-order terms in the expansion of
choose our origin of time, and hence the definition of thethe influence functional. At first order

initial cantilever state, to be the time when the electron

jumps onto the dot. There is no need to explicitly include the (W(t"))= —)\<[5(t')+é‘f(t’)]>, (53
interaction with the bath before the electron hops onto the

dot as it is already implicitly included by assuming the can-and at second order
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<W(t/)W(t//)>:)\2{<é(t/)é(tu)>+<é(t/)é1‘(t//)> Thus, we again find
R - - ~ ©dt
+(@'(ta(tn)+@'tHa'n)h, (top(€)=—T f Seli(em TRvie 0, (59)
0
(54) .
but now with
wheret’ =t".
We can calculate all the correlation functions using the A2 [t B A
initial conditions defined above and the standard results of ()= 2 Odt fo dt’e””
quantum Langevin theori?** We start by observing that
three of the five correlation functions are zero, X[(n+1)e 1w 1) peloo® 1] (80
(a(thHa(t")=(a'(t"a'(t"))=0 (550  where we have reexponentiated the expansion.in
Carrying out a change of variables te=t’' —t”, the inte-
and grals are readily evaluated to give
([at)+a'(t")])=0. (56) : (x)z (n+1) e—<v+iwo>t—1)
These results follow from the definitions above, since corr- ®= f) [(y+iwg) y+iwg
glators of the.typéé(O)f:(t)} decouple intq p(oduc_ts of one- v o (vt _q
time correlation functions and the definitions imply that + : (t : ) (62)
(F(t))=(F(t")E(t"))=0. For the other two correlation (7= Two) Y~ lwo
functions, we have Settingy=0, one may verify that Eq61) indeed reduces to
A _ o ey expression24) in the absence of the environment.
(a(t"Ha'(t"))=(n+1)e '@l ~De 1=t (57) Under the condition®>1, kgT>%w,, «~1, and near
R R o o resonance, the transmission amplit@8) has the following
(a'(t")a(t"))=ne' ot ~g 7" ~11 (58)  asymptotic approximation:
|
r \/m[ 1+e—(2w/ﬁwo)[i(eo—x2/hwo—e)+F/2ﬁ+(K2yckBT/hwo)]
(top(€))~~— N kgT l 1_e—(2w/ﬁw0)[i(eo—>\2/ﬁwo—e)+r/2h+(x27CkBT/hwo)] : (62)

Note that this approximation differs from the earlier-derivedyre 5 shows the behavior at resonance(ofp(€))| for Q

one for the transmission amplitude in the absence of the en=50 and 500, as well as the./wy=0 (no environment
vironment, Eq(33), merely by the replacement %24 with case for comparison.

[/2fi+ (k*yckgT/fwo). Thus, a decoherence ragg can be It is clear from the figures that the coupling to the envi-
identified as the ternx?y.kgT/fwo, which agrees with the ronment tends to destroy the side resonances in the transmis-
earlier-derived estimate86) up to an overall numerical fac- sjon amplitude, as well as the associated features in the
tor. Approximation(62) clearly shows the washing out of the phase. This is because the environment acts to degrade the
coherent, oscillatory behavior by the environment when theoherent superposition of cantilever states into which the in-
decoherence time %/ is shorter than the cantilever period. teraction with the electron tries to drive the cantilever. Fur-
When the decoherence time exceeds the dwell timE, thermore, the figures show that these environmental effects
then the former has a negligible effect on the transmissiobecome increasingly important as the cantilever-electron

properties. coupling  is increased. This is because the largeis, the
greater is the difference between the states in the superposi-
C. Results for the cantilever coupled to the environment tion into which the cantilever is driven, and consequently the

The expression for the transmission amplitude includingfaSter is the rate at which the superposition decoheres.

the coupling to the cantilever’s environmdiitg. (59)] can

be integrated numerically, thereby allowing us to explore the
effect on the transmission characteristics of varying the can-
tilever's Q factor under more general conditions than those The model parameter ranges actually allowed in an ex-
for which approximatior(62) is justified. Figure 4 shows the periment are limited by practical constraints. Up until now
magnitude and phase of the transmission amplitude througiye have only referred to these very loosely and have con-
the dot forI'/Awy=0.5, n=18, andQ=wy/y.=50. The centrated instead on the range of behavior that can occur in
diagram should be compared with Fig. 3 showing the behavthe which-path system under fundamental constraints alone.
ior of the same system without environmental coupling. Fig- Probably the most important practical constraint affects

VI. PRACTICAL CONSIDERATIONS
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20 mK to be the temperature minimum.

The frequency range of the cantilever is crucial for ob-
serving quantum coherent behavior such as side resonances,
as well as their destruction due to decoherence. The lower
limit on the frequency range is set by the requirement that
the cantilever period should be comparable to the dwell time
Tq=n/T" of the electron on the quantum dot, while the upper
limit is set by the requirement that the interaction between
the cantilever and the electron on the dot be sufficiently
strong, given the limits on the electric field, to lead to deco-
herence, again on a time-scale comparable to the dwell time.
The interaction between the electron on the dot and the can-
tilever is discussed in more detail in Appendix A, along with
the geometrical factors that arise in the calculation of the
effect of the electric field on the flexural cantilever modes.
The dwell time is limited by the rate at which processes other
than the interaction with the cantilever cause decoherence, as
well as how small a current can be measured through the dot.
Of course, the decoherence rate of all the background pro-
cesses is very difficult to estimate theoretically; in experi-
ment it can be done by observing the visibility of the fringes
as a function of dwell time with the cantilever interaction
switched off. This then provides a baseline with which to

FIG. 4. (8) Magnitude of the transmission amplitufi¢qp)| and ~ compare all later measurements where we are interested in
(b) the phase for a cantilever wil/% w,=0.5 as a function of the the effect of the cantilever. Previous experiments carried out
coupling constant, including the effect of the cantilever's environ-at T=0.1 K by Yacobyet al,'° which were designed to
ment withQ=50 as a function of and e— ¢, measure the phase of the transmission amplitude through a

dot in the absence of any external probe, show that dwell
the upper range of the electric field which can be developetimes as long 10 ns and currents as low-ak0™ ' A lead to
between the cantilever and the dot. The maximum allowablé&inges which are still detectable.
field is typically ~10° V/m before a breakdown of the two- It turns out that the best compromise between the two
dimensional electron gas occurs due to deconfinefemid  competing frequency limits is achieved by using, say, a car-
so we must take this as the largest possible value in considdon nanotube cantilever with a frequency of 100-200 MHz,
ering the practicality of the system. giving a maximum couplingc=\/Awy~3 (Appendix A.

The temperature of the system is limited by the difficulty The problem is not so much in finding a cantilever with a
of cooling conduction electrons to ultralow temperatures. Ithigh enough frequency, but rather in obtaining a large
becomes extremely difficult to reduce the electron temperaenough coupling from the electric field to cause a detectable
ture below about 20 mK, because the electrons become praamount of dephasing.
tically decoupled from acoustic phonons. Therefore we take In the light of these practical constraints it is clear that

only some of the theoretical results obtained in our analysis

T T - = would be observable in an experiment using current technol-

E ogy. The overall destruction of the AB interference fringes as
the coupling between the cantilever and the electron on the
dot is increased should be detectable, both in the regime
wherel'/Awy>1 andIl'/hwy~1. However, the restrictions
on the temperature and cantilever frequency imply that an
experiment would have to be performed in the regime where
kgT>hwy. This means that the thermal width of electron
energies will wash out the side resonances in the transmis-
sion which were found to occur wheh/%wy~1. Under
these circumstances, the effect of the cantilever's environ-
ment on the transmission characteristics would be obscured.

FIG. 5. Magnitude of the resonant transmission amplitudeHowever’ we _emphas_ize again that these Iimita_ltions are not
(top)|, including the effect of the cantilever's environment as afundamental: if the width of the electron energies could be
function of « for T/ wy=0.5 andQ="50 (dotted curvg and 500  reduced or if the restriction on the maximum cantilever fre-
(dashed curve The latter curve has been shifted upwards by 0.5quency could be relaxetby finding a way to increase the
and the former shifted upwards by 1 for clarity. The case withoutcoupling between the electron on the dot and the cantilever,
environmental coupling wherg,/wo,=0 (full curve) is included  for exampl@ then the coherent, quantum electromechanical
for comparison. features that our analysis predicts should be observable.

M
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Whilst it is not clear how the coupling constant between thetreatment to obtain the time dependence of the transmission

cantilever and the dot could be increased, it is possible tamplitude. A time-dependent analysis would allow us to

reduce the thermal width of electron energies by using anake predictions about the way in which the thermal fluc-

double quantum dot system rather than a single one as weations in the state of the cantilever cause fluctuations in the

have considered heré. phase of the interference fringes. Such fluctuations may
It is also possible to conduct experiments in which an agrove to be observable in ac experiments and may also pro-

bias is applied to the AB ring. Such an experiment wouldvide us with another way of inferring information about how

provide an alternative way of investigating the interactionthe cantilever interacts with its environment.

between the cantilever and its environment: if the ac fre-

guency is higher than the raig at which the cantilever state ACKNOWLEDGMENTS
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APPENDIX A: CANTILEVER
VIlI. CONCLUSIONS AND DISCUSSION

] ] . . The cantilever in the which-path experiment we propose

We have carried out a theoretical analysis of a possiblenst fulfill a number of quite stringent properties: it must
solid state which-path interferometer, in which electronicpayve a fundamental frequency in the range 100—200 MHz
and mechanical degrees of freedom become coupled. Thg,q it must also be a conductor. These requirements can be
visibility and phase of the mtgrference fringes in the systemyaiisfied conveniently by using a carbon nanotube as a can-
depend strongly on the coupling between the electron on th@ieyer rather than a device which has been fabricated via
dot and the cantilever. The reduction in visibility with in- some kind of etching process from a much larger substrate.
creasing coupling is due in part to the cantilever measuring carbon nanotubes have a number of remarkable physical
the path taken by the electron and also due to thermal flugsrgperties which are beginning to exploited for practical pur-
tuations in the state of the cantilever. , poses. Recent experiments have seen them employed as

When the dwell time of the electron on the dot is Shorthyper—sensitive tips in atomic force microscoyFM) ex-
compared to the period of the cantilever, the system behavessriments, with the nanotube attached to the end of a con-
in a way which is analogous to Einstein’s celebrated recoilyentional AFM tip to extend the effective range of resolution
ing slit experlment._ In contras_t, when the (_jwell time is COM- ¢ the device” A similar apparatus could be used to bring a
parable to the cantilever's period, the cantilever and the eleG;anotube into position to act as the cantilever in our which-
tron on the dot show signs of behaving as a single coherenfaih experiment, either in the geometrical configuration ex-
quantum system, so long as the electrons incident on the dgficitly considered above or some variation of it which
have a sufficiently narrow energy width. The coherency ofyoyqd lead to slightly different geometrical factors, but not

the cantilever-dot system is inferred from the appearance fhange the underlying linear form of the cantilever-dot inter-
side resonances in the transmission characteristics. Includingtion.

the cantilever’s environment in the analysis, we find that the |, this appendix we carry out an analysis of the coupling
side resonances are washed out for a small enough oscillatggtween the cantilever and the electron on the dot. and the
Q factor, while the average decrease in the fringe visibilitynorma| modes of a nanotube cantilever. We verify the linear
with increasing coupling to the cantilever is not affected. gependence of the cantilever energy on the electric field as-
The basic feature of the reduction of fringe visibility as a gymed in the text and derive the form of the coupling con-
function of the coupling between the electron on the dot and;5nt ) . By examining the mode spectrum of a nanotube
the cantilever should be observable in an experiment usingangilever, we confirm the possibility of obtaining a cantile-
currently available technology. However, the more delicate g with a fundamental flexural mode of order®1biz, and

features, such as the side resonances in the transmission ags jystify our assumption that for any given cantilever it is
plitude for long dwell times and the effect of the cantilever's g tficient to consider just the lowest mode.

environment on these resonances, will usually be obscured
by the energy thermal width of electrons incident on the dot.
There are two important ways in which our analysis could
be extended. Most straightforwardly, we could examine what We begin by determining the relation between the maxi-
effect using a double dot, rather than a single one, wouldnum electric field at the surface of the dot and the voltage
have on the behavior of the system. In particular, it would beapplied to the conducting cantilever, before analyzing the
interesting to see to what extent the electron energy widtldetails of the effect of the electron on the cantilever energy.
could be reduced, whilst maintaining an overall, measurable We will consider a cantilever of length~1 um, posi-
current through the device. The second way our analysifoned so that its tip lies over the center of the dot and at a
could be extended would be to go beyond our steady-stateeightd~0.1 xm.>* When an extra electron is added to the

1. Cantilever-dot coupling
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dot it will cause a(classical vertical displacement of the tip |us ~1 TPa3® Recent experimert$*® have shown that the
z<d. We treat the cantilever as a conducting needle, sincélexural modes of such nanotubes have frequencies which lie
its length will be far greater than either of the other twoin the MHz-GHz regime. We can treat a nanotube as a rigid
dimensions. An applied voltage induces a line charge densitiiollow rod and so obtain the frequencies of the flexural
o on the cantilever, but because the cantilever is necessanl}nodes4

finite in length, the charge density is not entirely uniform and )

so for an exact treatment we should write the line charge ._B_i Y(a™+b?) (A5)
density aso(x) wherex runs along the length of the canti- w'_2|_2 p '

lever from the tip k=0). However, for a cantilever with a . .
: ; /herea andb are the outer and inner diametetshe length,
large enough aspect ratio, the charge density can be appro the Young’s modulus, angd the density of the tube. The

mated as constant with only a small erfone error is of 7 . i .
order 8 with & 1=2 In(L/r), wherer is the radius, for a facto_rs/s’i arise from ggometrlcal considerations and are the
’ ' solutions of the equation cqgjcoshB)=—1.

rod-shaped cantilevél. For the cantilever we are consider- The energy of the cantilever can be written in terms of its
ing the radius may be as small as 1.5 nm, as we d'scu%assical normal modes as

below, and so the error in assuming a uniform charge density
will be less than 10%, which is acceptable as our aim is to i
obtain an order of magnitude estimate for the interaction H= Z ( Mow; Q. +—
strength.

The charge induced on the cantilever leads to an electrihere
field at the surface of the dot,

2

li, (AB)

.. I-:EJLdex (A7)
ZJL o(—xi+dj)dx (A1) LJo '

0 471'60(X2+ d2)3/2, and

taking o=cV wherec is an unimportant constant andis 1 _ N 2. o ’
the voltage applied to the cantilever. The unit vectors areF'(L x)=[cod ) +cosh i) JLsin(Bix/L) = sinf( Bix/L)]

defined so that runs along the cantilever away from its tip —[sin(B;) +sinh(B;)][coq Bix/L)
andf points down from the tip towards the dot. Sinlce-d, —cosh{ Bix/L)] (A8)
we find
are the vibrational mode eigenfunctichslf we modify the
2Y%cy definitions of the canonical variables slightly to defige
|E|= Amed’ (A2)  =q1"2 andp; =p;! 2, then the Hamiltonian takes the con-

ventional form
We also need to know how the potential energy of the
cantilever varies for small vertical displacemenisbout the
equilibrium positiond,, whered=d,—z. For a section of H= Z
the cantilever of lengtihx centered ax, the potential energy
due to the displacement is

(p/)?
2
Fa?+ 5 |- (A9)
We can add in the additional potential energy due to small
amplitude deflections in the electric field by expanding the
displacement in terms of the normal modes,

® qcVAX (A3)
9 Aeq\(dg—2)%+ X2 ecVdy [ (L Ti(x)dx ,
) ) V(Z):_z 12 f 2, 232 i
whereg= —e is the excess charge on the dot. Singe-z, 4meol; 0 [(x=L)"+dg]
we obtain thez-dependent part of the potential energy as (A10)
where the origin ok has been shifted.
gqcVdyAx We can quantize the full Hamiltonian for the cantilever in
Qy(X)=Z . (A4)  the usual way, and so we are able to associate a position
4meo(dy+x7) operator of the form
This is of course linear iz as we anticipated in our model. . no\¥2
However, in order to obtain the effective coupling between of (W (aiT+ai) (A11)
the electric field and each of the cantilever modes we need to @i

rewrite thez-dependent part of the potential energy in termswith each mode. Thus, it follows that the interaction between
of the normal modes of the cantilever and so we turn now tghe electron on the dot and the cantilever can be written in

the mode spectrum of the cantilever. the form proposedEq. (11)] with a coupling constant be-
tween the cantilever and the dot which depends on the mode

2. Cantilever modes we are considering

A single-walled nanotube cantilever can be obtained with —eEf [ h
1 H

lengths~1 wm, diameters~3 nm, and a Young’s modu- Ni=eE 2Mo; (A12)
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where¢; is a dimensionless constant of order unity defined The object that we wish to evaluate is the influence func-

by the relation tional
di (L Ti(x)dx T.e-iIowi(t)dt' /A
&= 1/2f o (AL3) T . : . o
(21)"Jo [(x=L)*+dg] :<Ttei}\f5[a(0)e("‘”0’7)t +at(0)eltiwo— Mt Jat iy,
We can see from Eq$19) and (24) that the effect of a X<Ttewg[é(t,)+6f(t,)]dt,/h>, 81)

particular cantilever mode on the electron interference in the
which-path device depends on;(% w;)? rather than on; where we have exploited the commutation properties of the
alone. Thus, the ratio of the coupling between the fundameneperators to factor the expression into two terms, which we
tal and theith excited mode goes asof/w;)3=(Bo/B3;)®.  can now write aLC; X C,.

Because the electric field is strongly limited, we will always  The method we use to evaludig andC, is based on the

be working in the regime where the coupling constant is justpplication of Wick's theorem, as described in the books by
sufficient to cause detectable effects. Therefore, sinc&laharf? and Louisel®* We can write the first term as
(Bo!B1)®~0.005, our assumption that only the fundamental

mode is relevant is justified. Cy=(T N a@e oo™t al(opel oo™ N at 1ny

As a concrete example, we consider a nanotube cantilever w0
of length 1.4 xm and outer radius 3.3 nii.In this case, the _ E iU, () (B2)
fundamental frequency is 140 MHz and the mass is of order n=0 mee

8x10 20 kg. If the tip-dot distance is set at0.1 um, then

é,~1.3 and for a maximum electric field of 10v/m, the where
corresponding maximum coupling constadi N /A wg~ 3. (MR [t ¢ A '
Un(t)=— f dty- - f dt,(T[a(0)e( 1w Mk
APPENDIX B: NONPERTURBATIVE CALCULATION OF ' 0 0
ENVIRONMENTAL COUPLING +éT(0)e(+iwo*~/)t1]. . .[é(o)e(*iwo*y)tn
In Sec. V we calculated the transmission amplitude +a’r(o)e(+iwo—~/)tn]>_

through the dot, including the effect of the cantilever’'s envi-

ronment, by expanding to second order in the interactiort\N obvious simplification arises from the fact that the aver-
between the cantilever and the electron on the oand  29€S Over odd numbers of operators will always vanish and

then reexponentiating. In this appendix we justify this resultSC W€ can replace by t,he even index_m. .
with a full calculation. The fact that a second-order expan- We now apply Wick's theor_em which allows us to write
sion in \ leads to the exact result is at first somewhat surN€ average of proc_iucts of pairs of operators as products of
prising. However, the important step is the reexponentiatiori® averages of pairs of operators. ThusUor,, we have
of the truncated series expansi®): we implicitly equate (Mﬁ)zmisz,t

dt,- - f

t
dton,
0

the influence functional with not just the first few terms in an U,,=

: : S : . 2m (2m)!
expansion, but with an infinite series of terms which are : 0

themselves composed of products of the second-order terms
we evaluated. This procedure is generally acceptable as an X2 {Do(ti—t)- - Do(tj—tom)}, (B3
approximation in the limit of smalk, but in this particular ¢
case the series generated in fact coincides with the exatthere the summation is over all possible pairing combina-
form obtained from a linked cluster expansftn. tions of the 2n time labels and
We begin by adopting the notation
iDo(t;—t)=(T[a(0)el"'@o~ M+ at(0)eltiwo= M)

) t ~ . ' N ) ~ .
O(t): _e(f'wofy)tf dt’F(t’)e('wo+y)t , X[a(o)e(—lwo—y)t2+aT(O)e(+Iwo—7)tz]>_
0
(B4)

The summation over all possible combinations for each term

t
AT — _ aliog=yt ety al(—iog+yt’
Om=-e Jodt Fithe ’ allows us to reexponentiate so th@t=e~ %", where

so that i (N2t t
do()=35|+ fdtlf dtaDo(t1—t2). (BS)
- - o A 2\a) Jo 0
a(t)=a(0)el" '@~ MNt+ O(t),

It is important to notice that the exact form of the function of
af(t)=a'(0)elwo= Mty T (t). time and frequency multiplying the operatoef0) and

~t _ ) . .
- At : a'(0) is unimportant. These functions give the operators
The operator$)(t) andQ'(t) operate only on the variables their individual time labels, but because they are just alge-

of the oscillator bath and they both commute waif0) and  prajc functions they do not affect the validity of Wick’s theo-
a’(0) which operate on the states of the cantilever alone. rem.
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Now we must consider the second term,

sz<ei>\fg[6(t)+6’f(t)]dt’/ﬁ>_ (B6)

We can make progress by separating out the underlying op-

erators of the oscillators in the bath

~ . t ~ g
O(t): —e(—lwo—’y)tf dt/z A(wlo)g(w)e—lwt e(lw0+’y)t
0 ®

(B7)
=2 A(w,09(w)
X _e(—iwo—7)tjtdt/e—iwt'e(iwo+y)t/ (B8)
0
=2 A(0,00(0)f(0,00,7.1) (B9)
and similarly,

Of(t)=2 Al(0,00g* (0)f*(w,0g,7,t). (B10)

We do not need to calculateexplicitly since it is just an
algebraic function and so always commutes. Because the os-

PHYSICAL REVIEW B64 035311

The overall expression for the influence functional can
now be written in a simplified form

(Tte—if})wl(t’)dt'/h> =g [P0V +Zuu(D] = g~ ()
(B15)

where

iN2 [t ty
d(t)= ﬁfodtlfo dtz{ Do(tl_tz)‘F; D,(t;—t2);.
(B16)

However, because the operators in the bath are independent,
only the averages including pairs of operators from the same
oscillator are nonzero. Thus, we can simplify the sum over
D,(t) functions,

> Dw<t1—tz>=§ ([A(0,009(w) (0,00, 7:t1)

+AT(,0)g* (0) f* (0,00, 7,t1)]
X[A(w,0)g()f(w,w0,7,t,)
+AT(0,0)9* (0) f* (w,00,7,12)])  (B17)

=([O(t1)+O(t)][O(t,) + O (1) ).

cillators in the heat bath are all noninteracting, almost all the (B1y)

A(w,0) andAT(w,0) operators commute. The only excep-
tions are annihilation and creation operators of the same fre-

Since theO(t) and O'(t) operators commute wita(0)

quency. This means that we can write the expectation valugnda'(0) we can complete the process of recombination to

as a product over all the frequencies,

C,= H <ei)\fB[A(w,O)g(m)f+AT(m,O)g* (m)f*]dt’/ﬁ>. (B11)
w

The advantage of decouplirg}, into a product of terms is

obtain
i1 Do(ty—to)+ > Dy(ti—ty)

=([a(t)+al(tyllalt)+a'(t)]). (B19

that each of these terms can be handled in the same way as

C,. BecauseA(w,0) and A'(w,0) are boson operators,
Wick’s theorem can again be applied so that eventually w

obtain
Co=I1 e %0, (B12)
where
i)\ZJt t
W()=— dtfdtDwt—t, B13
bu(0= 2] dt | dbDy(ti—t),  (BLY)
with

iD ,(t;—t2) =(T{A(0,009(w)f(w,w0, 1)
+AT(0,0)g* (o) f* (w,w0,%,t1)]
X[A(0,09(0)f(w,0q, ¥,t2)

+AT(0,0)g* (0)f* (w00, 7,t2)]).
(B14)

e

We can now use our previous results in E(5), (57),
and(58) to evaluate the averages in H§19),

([aty +a'(ty][a(ty) +a'(ty)])
=e M [ (n+1)e"wolti~t2) 4 pelwolti=t2)],
(B20)
Thus, our final expression for the influence functional is

(Te™ oMt Imy — g 0(0) (B21)

A2 [t
d()=—

t — .
= dtlf 1dt2e‘ Y-t (n41)e 1 @oltL~t2)
h<Jo 0

+nelwoti=t2)], (B22)

Comparing Eq.(B22) with Eq. (60) it is clear that the ex-
pression we obtained for the influence functional in Sec. V is
exact.
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