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Nonequilibrium electron distribution in the presence of Kondo impurities

Georg Go¨ppert and Hermann Grabert
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~Received 23 March 2001; published 6 June 2001!

We study the energy relaxation of quasiparticles in voltage biased mesoscopic wires in the presence of
magnetic impurities. The renormalization of the exchange interaction of Kondo impurities coupled to conduc-
tion electrons is extended to the case of a nonequilibrium electron distribution, which is determined self-
consistently from a Boltzmann equation with a collision term due to Kondo impurity mediated electron-
electron scattering. The approach leads to predictions in quantitative agreement with recent experiments by
Pothieret al. @Phys. Rev. Lett.79, 3490~1997!#.
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In 1997 the mesoscopic physics community was puzz
by two experimental findings. On the one hand Mohan
Jariwala, and Webb1 extracted the electron dephasing tim
from weak localization measurements of one-dimensio
gold wires and found larger dephasing rates than predi
by the standard theory of Altshuler and Aronov~AA !.2 In the
same year, Pothieret al.3 published data on the nonequilib
rium electron distribution in mesoscopic copper wires in
presence of an applied voltage. The electron-electron sca
ing rate gained from these data was shown to exceed pre
tions based on the AA theory. It was intuitively clear th
these two observations are very likely due to a common
gin, and in the last three years a large body of work h
proposed all kinds of mechanisms ranging from interact
with two-level systems,4 heating by radiation,5 and 1/f
noise,6 to intrinsic dephasing at zero temperature.7 None of
these predictions could give a quantitative description of
experiments, or they were ruled out by subsequent exp
mental studies. Finally, a scenario based on the two-cha
Kondo effect of symmetrical two-level systems was recen
proposed by Kroha.8 For a rather complete discussion a
analysis of available experimental data on both the w
localization and nonequilibrium electron distribution me
surements in various metals we refer to the thesis by Pie9

Already Mohantyet al.1 have demonstrated that iron im
purities added to the gold wires can lead to similar effects
those observed in nominally pure wires. In fact, equating
pair breaking rate in superconductors containing magn
impurities10 with the magnetic contribution to the dephasi
rate in normal metals,11 one obtains a satisfactory explan
tion of the weak localization data near and above the Ko
temperature, where the theory is valid.9 On the other hand
the effect of Kondo impurities on electron-electron scatter
has been addressed only very recently. Kaminski
Glazman12 ~KG! have determined the two-particlet matrix
mediated by magnetic impurities for an equilibrium syste
The renormalization of the exchange coupling was stud
with poor man’s scaling using the applied voltageV as a
low-energy cutoff. While the theory can explain the order
magnitude of the observed electron-electron scattering r
it does not reproduce the correct voltage dependence
leads to more than an order of magnitude deviation from
data over the range of parameters investiga
experimentally.13 In this work we demonstrate that it is e
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sential to go beyond poor man’s scaling since deviatio
from AA predictions are pronounced only below the Kon
temperature. Most importantly, the renormalization flow h
to be determined in the presence of anonequilibriumelec-
tron distribution calculated self-consistently from the Bolt
mann equation. The collision term then depends on the
tribution function not only through the occupatio
probabilities of in- and outgoing electrons but also via t
renormalized interaction kernel.

We start by describing briefly the experimental situatio
A mesoscopic wire of lengthL with diffusion constantD is
attached to leads biased by a voltageV. ~For details see Refs
3 and 13.! The nonequilibrium electron distribution functio
f (e,x) in the presence of a steady state current can be de
mined from the Boltzmann equation for a diffusive meso
copic wire,14

1

tD

]2f ~e,x!

]x2
5I coll , ~1!

with the boundary conditionsf (e,0)5 f F(e2eV/2) and
f (e,1)5 f F(e1eV/2) imposed by the leads. Herex is the
position within the wire measured in units ofL, and tD
5L2/D. In the simple case of vanishing interactionI coll50
we obtain a double step function

f 0~e,x!5~12x! f F~e2eV/2!1x fF~e1eV/2!. ~2!

The interaction smears these steps, and in the limit of str
electron-electron interaction leads to a Fermi function w
an effective temperature of the electrons.15 The distribution
function f (e,x) is determined in the experiment at variou
locations by tunneling spectroscopy.

Assuming a local interaction, the collision integral read

I coll~x,e,$ f %!5E dvE de8K~v,e,e8!

3$ f ~e! f ~e8!@12 f ~e2v!#@12 f ~e81v!#

2@12 f ~e!#@12 f ~e8!# f ~e2v! f ~e81v!%

~3!

with an interaction kernelK(v,e,e8). Not to overload the
notation, we suppress here and in the following the spa
©2001 The American Physical Society01-1
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dependence of the kernel and the distribution function.
determine the kernelK(v,e,e8), we follow KG and start
from thes-d exchange Hamiltonian

H5H01HI , ~4!

where

H05(
ks

ekCks
† Cks ~5!

describes free quasiparticles with one-particle energiesek

and creation~annihilation! operatorsCks
† (Cks) of statesks.

We assume that the density of impurities is small enough
treat the interaction with each impurity independently. Th
for a single impurity

HI5J (
kk8ss8

S•sss8Cks
† Ck8s8 , ~6!

where S is the impurity spin operator ands the vector of
Pauli matrices. Further,J is the exchange interaction.

Let us first address the electron-electron interaction m
ated by Kondo impurities in an equilibrium metal. We r
write the most singular parts of the interaction in terms
single-particlet matrices and include renormalization effec
for lower temperatures by an approach due to Zittartz
Müller-Hartmann16,17 based on the Nagaoka equations18

This theory, though not able to describe the zero tempera
limit correctly, leads to meaningful results at higher tempe
tures down to temperatures well below the Kon
temperature.19

For an effective two-particle interaction, the kern
K(v,e,e8) is essentially given by the modulus squared
the on-shell two-particlet matrix. Further, one has to sum
over all final electron spinss f ,s f8 and the initial spins8 of
the second electron and average over the initial spins of the
first electron and the impurity spinS. For impurities with
densityCimp the kernel then takes the form

K~v,e,e8!5Cimpr
3

p

2\ (
ss fs8s f8S

3^SuuTks,k8s8→kfs f ,k
f8s

f8
u2uS&, ~7!

wherer is the electronic density of states at the Fermi lev
The two-particlet matrix is defined by

Tks,k8s8→kfs f ,k
f8s

f8
5^kfs f ,kf8s f8uTuks,k8s8& ~8!

and does not depend on the directions of the incoming
outgoing electrons. Hence, the wave numbersk,k8 andkf ,kf8
are characterized by the energiesek5e, ek85e8, and ekf

5e2v, ek
f8
5e81v, respectively~see Fig. 1!. Unlike an

effective potential mediated by the impurity spin,20 the t ma-
trix here is an operator in impurity spin space. As usual,
operatorT is defined by the series

T~e!5HI (
n50

` S 1

e2H0
HI D n

. ~9!
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Our interest is in the retardedt matrix where the energye
is determined by the outgoing electrons, i.e.,e5ekf

1ek
f8

1 id. Performing perturbation theory up to fifth order in th
couplingJ, we get for the inelastic processes

K~v,e,e8!5
1

v2

p

2\

Cimp

r
S~S11!~rJ!4

3$11rJ@g~e!1g~e8!1g* ~e2v!

1g* ~e81v!#%1 l.s.1O~rJ!6, ~10!

where l.s. means less singular terms in 1/v. To leading order
in J, this result agrees with the findings of KG. The le
singular terms omitted arise from energy denominators
include an intermediate electronic energy to be summ
over, leading at most to a logarithmic singularity forv→0.
Further, the auxiliary functiong(e) is given by

g~e!5E de8F f ~e8!2
1

2G r̃~e8!

e2e81 id
, ~11!

where r̃(e) is the normalized density of states of the ele
trons with r̃(0)51.

To go beyond perturbation theory we consider thet ma-
trix in operator form~9!. We are interested in the most d
vergent terms forv→0 and therefore search for energy d
nominators of the form 1/(e2H0)561/v. Since e5ekf

1ek
f8
5ek2v1ek81v5ek1ek8 , the intermediate energy

must include bothekf
andek8 or ek

f8
andek , i.e., two unper-

turbed electron lines must lead to this intermediate st
Therefore, in leading order in 1/v we may decompose th
two-particlet matrix into two single-particlet matrices, one
acting on thek quasiparticle and the other on thek8 quasi-
particle ~see Fig. 1!,

Tks,k8s8→kfs f ,k
f8s

f8
5Tks→kfs f

1

2v
Tk8s8→k

f8s
f8

1Tk8s8→k
f8s

f8
1

v
Tks→kfs f

1 l.s.

~12!

Here, the operator character of thet matrices in impurity spin
space plays an essential role since all commuting terms
cel.

To proceed we follow Zittartz17 and decompose the
single-particlet matrix into a non-spin-flip and a spin-flip
amplitude,

FIG. 1. Decomposition of the two-particlet matrix into two
single-particlet matrices.
1-2
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BRIEF REPORTS PHYSICAL REVIEW B 64 033301
Tks→kfs f
5tkkf

dss f
I S1tkkf

S•sss f
. ~13!

Here, I S means the identity in impurity spin space, andtkkf

andtkkf
are thet matrices in the non-spin-flip and spin-fli

channels, respectively. Since the identity commutes w
other spin matrices, it does not lead to a leading order c
tribution in 1/v. Inserting the two-particlet matrix ~12! with
~13! into Eq. ~7!, we get

K~v,e,e8!5
1

v2

p

2\
CimpS~S11!r3ut~e!t~e8!u21 l.s.

~14!

Comparing this expression with the perturbative result~10!,
we see that the bare couplingJ is replaced by the renorma
ized quantitytkkf

5t(ekf
). This result~14! is of central im-

portance for the analysis below. Note that the express
~14! displays an explicit 1/v2 dependence which is crucia
for the experimentally observed scaling behavior.3 The ker-
nel for the effective electron-electron scattering depends
the off-shell spin-flip part of thet matrix, which has a differ-
ent behavior from the on-shell non-spin-flip part of thet
matrix responsible for the temperature dependence of the
sistance. In our approach the 1/v2 algebraic factor emerge
analytically from this representation ofK(v,e,e8).22

Zittartz17 has shown that the Nagaoka equations lead
single-particlet matrix in the spin-flip channel of the form

t~e!5
J

f~e!
. ~15!

With Hamann’s solution21 of the Nagaoka equations, the d
nominator reads

f~e!5@X~e!21S~S11!~prJ!2#1/2. ~16!

Here

X~e!512S~S11!~prJ!2/42rJR~e! ~17!

is temperature dependent via the function

R~e!52 lnS v1 iT

iL D , ~18!

whereL is the electronic bandwidth.R(e) is an equilibrium
approximation of the auxiliary functiong(e) introduced in
Eq. ~11!. By inserting the solution~15!–~18! into the kernel
~14! and expanding inJ, we can indeed recover the pertu
bative result~10!.

Let us now turn to a nonequilibrium situation. Since
equilibrium and nonequilibrium thet-matrix expansions dif-
fer only in the occupation probabilities of intermediate stat
we can use the result for the equilibriumt matrix, replacing
the distribution of intermediate states by its~unknown! non-
equilibrium form. In the solution~15!–~17! occupation prob-
abilities affect only the functionR(e), which in a nonequi-
librium system is no longer of the form~18! but has to be
replaced byg(e). Of course, then the nonequilibrium singl
particlet matrix in the spin-flip channel depends viag(e) on
the nonequilibrium distribution functionf (e). The resulting
03330
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form of the collision kernel is fully consistent with perturba
tion theory up to fifth order inJ and it includes correctly the
leading logarithmic terms.

To proceed, thet matrix and the distribution function nee
to be determined self-consistently. Both quantities depend
the positionx within the wire. We start with the initial non-
equilibrium distribution function~2!, and determine thet ma-
trix from Eqs. ~15!–~17! and the collision kernel from Eq
~14!. An improved distribution function is then obtaine
from the Boltzmann equation~1!, which gives rise to an
improved kernel. This procedure converges after about
iterations.

First, we compared our results with recent experimen
data13 on the energy relaxation in Au wires in the presence
Fe impurities. In these experiments all parameters were
termined by independent measurements. For instance,
sample 2 measured atT533 mK the diffusion timetD
51.8 ns. The impurity density was determined from t
temperature dependence of the resistance asCimp'55 ppm.
We set the impurity spin toS51/2 and the Kondo tempera
ture to TK51 K which is a typical value for Fe in Au.19

Further, we used a density of states ofr50.25/site eV.23

Pothieret al.3 have noticed that the distribution function
f (e,V) exhibit scaling behavior so that as a function ofe/eV
all data at a given positionx fall on a single line. In Fig. 2 we
show our findings for the distribution function using the p
rameters of Pierre et al.13 for various voltages V
50.1–0.4 mV and two positionsx50.25,0.5. They are
compared with the experimental data points13 and we find
excellent agreement without adjustable parameters. We
phasize that the result is independent of the choice of
bandwidth and is insensitive to the Kondo temperature
long asT!TK . For other values ofx the curves coincide
likewise.

On the other hand, for higher temperaturesT.TK where
poor man’s scaling holds, the kernel varies logarithmica
with the applied voltageV,12 and the distribution function
cannot be written as a function ofe/eV only. We have also
analyzed the data by Pothieret al.3 on Cu wires and find
again good agreement assuming a densityCimp514 ppm of
S51/2 impurities with a Kondo temperature above 200 m
~see Fig. 2!. Small deviations between the theoretical a
experimental results are likely due to heating in this fi
experiment.24

FIG. 2. Nonequilibrium distribution function for various volt
agesV and positionsx compared with experimental data. Due to th
scaling behavior off (e,V), the results fall on a single line at eac
positionx.
1-3
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To see the effect of the nonequilibrium electronic dist
bution on the renormalization of the exchange interacti
we show in Fig. 3 for sample 2 of Pierreet al.13 the real part
of the single-particlet matrix in the spin-flip channelrt(E)
for V50.2 mV at x50.5 ~left panel! and x50.25 ~right
panel!. The solid line gives the self-consistent solution o
tained from the iteration explained above, while the dot
line depicts the result obtained for the distribution~2! in the
absence of energy relaxation. We see that the coup
changes significantly with the distribution function. Usin
only the initial t matrix does not suffice to explain the e
perimental data. Comparingt matrices for various voltages

FIG. 3. Real part of thet matrix in the spin-flip channel. The
solid line shows the self-consistent solution while the dotted l
gives the result using the initial distribution functionf 0.
et

tt

E

Re
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we find weak dependence between the Fermi pointse5
6eV/2. This gives rise to the scaling behavior of the dist
bution function, while poor man’s scaling12 implies a signifi-
cant voltage dependence of the scaled data, in conflict w
experiments.13

To complete our discussion we should have included s
dynamics which cuts off the 1/v2 divergence ofK(v,e,e8)
for small frequencies.12 This is crucial for effects that depen
strongly on the low-frequency limit, such as dephasin
However, the distribution functionf (e) determined from the
Boltzmann equation~1! is almost insensitive to this low
frequency cutoff since the collision integral remains fin
even in the absence of a cutoff. Hence, for the problem c
sidered here, one can disregard the impurity spin relaxat

In summary we have determined the effective electr
electron collision kernel mediated by magnetic impurities
nonequilibrium wires at temperatures below the Kondo te
perature. We found excellent agreement with recent exp
mental findings.3,13 In particular, we have demonstrated th
the distribution function displays scaling only in the regim
below the Kondo temperature.

The authors would like to thank the authors of Ref. 13
valuable discussions. Financial support was provided by
Deutsche Forschungsgemeinschaft~DFG! and the Deutsche
Akademischer Austauschdienst~DAAD !.
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