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Critical currents in Josephson junctions with unconventional pairing symmetry:
dx2Ày2¿ is versusdx2Ày2¿ idxy

N. Stefanakis and N. Flytzanis
Department of Physics, University of Crete, P.O. Box 2208, GR-71003, Heraklion, Crete, Greece
~Received 19 January 2000; revised manuscript received 2 October 2000; published 22 June 2001!

Phenomenological Ginzburg-Landau theory is used to calculate the possible spontaneous vortex states that
may exist at corner junctions ofdx22y21 ix-wave ~wherex5s or x5dxy) and s-wave superconductors. We
study the magnetic flux and the critical current modulation with the junction orientation angleu, the magnitude
of the order parameter, and the magnetic fieldH. It is seen that the critical currentI c versus the magnetic flux
F relation is symmetric/asymmetric forx5dxy /s when the orientation is exactly such that the lobes of the
dominantdx22y2-wave order parameter points towards the two junctions, which are at right angles for the
corner junction. The conclusion is that a measurement of theI c(F) relation may distinguish which symmetry
(dx22y21 is or dx22y21 idxy) the order parameter has.

DOI: 10.1103/PhysRevB.64.024527 PACS number~s!: 74.60.Jg, 74.80.2g, 74.60.Ge, 74.62.Dh
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I. INTRODUCTION

One of the main questions in the research activity
high-Tc superconductors nowadays is the identification
the order parameter symmetry and its underly
mechanism.1,2 The most possible scenario is that the bu
pairing state has adx22y2-wave character. Theoretical calcu
lations, suggest that an imaginarys-wave component which
breaks the time reversal symmetry is induced in some ca
wherever thedx22y2-wave order parameter varies spatia
such as near a vortex, or near the surface.3 Also the obser-
vation of fractional vortices on a triangular grain boundary
YBa2Cu3O7 by Kirtley et al.,4 may indicate a possible vio
lation of the time-reversal symmetry near grain bounda
Theoretical explanation of this experiment is given by Bai
et al. in Ref. 5 where they study a triangular grain bounda
in d-wave superconductors. They conclude that under
assumption ofd-wave symmetry, the flux at the edges of th
triangle can take the values6F0/2, which does not agree
with the experiment. However under the assumption
dx22y21 is-wave symmetry an intrinsic phase shiftfc(x)
exists in each triangle edge. In turn the phasef(x) must
change in order to connect the different values offc in each
segment. This arrangement leads to fractional vortices or
tivortices at each three corners, in agreement with the exp
ment.

Another pairing state which breaks the time reversal sy
metry is thedx22y21 idxy wave. Patches of complexdxy
components are induced around magnetic impurities at
temperatures in adx22y2-wave superconductor forming
phase coherent state as a result of tunneling between d
ent patches.6 Violation of parity and time reversal symmetr
occurs in this state. Also on the high field region,H<Hc2
the dx22y2-wave state can be perturbed by the external fil
producing adx22y21 idxy state in the bulk.7

The observation of the splitting of the zero energy peak
the conductance spectra at low temperatures indicates t
secondary component is induced which violates locally
time reversal symmetry.8 Theoretical explanation based o
surface-induced Andreev states, has been proposed.9 Re-
0163-1829/2001/64~2!/024527~10!/$20.00 64 0245
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cently the field dependence of this splitting has been
served in the tunneling spectra of YBCO.10,11 This observa-
tion is consistent with adx22y21 is surface order paramete
as well as adx22y21 idxy bulk order parameter. Anothe
question which can be asked is to what extend, the obse
tion of a symmetric magnetic interference pattern in the c
ner junction experiments2 is an identification ofdx22y2-wave
symmetry, or could also imply adx22y21 idxy pairing state
also? In this work we propose a phase sensitive experim
based on the Josephson effect, which may be used to di
guish which symmetry (dx22y21 is or dx22y21 idxy) the or-
der parameter has near the surface. We study the static p
erties of a frustrated junction which is made of two on
dimensional junctions, ofdx22y21 ix-wave~wherex5dxy or
x5s) ands-wave superconductors. By introducing an ex
relative phase in one part of this junction, the above junct
can be mapped into the corner junctions experiments.2,12 We
examine the spontaneous flux and the critical current mo
lation of the vortex states with the junction orientation ang
u, the magnitude of the secondary componentns , and the
magnetic fieldH. In each case we derive simple argumen
which are useful to discriminate between the time rever
symmetry broken states. For example, when the orienta
is exactly such that the lobes of the dominantdx22y2-wave
order parameter points towards the junction interface
magnetic interference pattern is symmetric~asymmetric!
when the secondary order parameter isx5dxy(s). This is
verified for small junctions as well as in the long junctio
limit, and can be used to distinguish between broken ti
reversal symmetry states.

The rest of the paper is organized as follows. In Sec. II
discuss the Josephson effect between a superconductor
broken time reversal symmetry and ans-wave supercon-
ductor. In Sec. III the geometry of the corner junction
discussed. In Sec. IV we present the results for the magn
flux of the spontaneous vortex states in corner junctions w
some intrinsic magnetic flux. In Sec. V the parameters wh
can modulate the spontaneous flux and the critical curre
are considered. In Sec. VI a connection with the experim
is made. Finally, a summary and discussion are presente
the last section.
©2001 The American Physical Society27-1
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II. JOSEPHSON EFFECT BETWEEN TWO
SUPERCONDUCTORS WITH MIXED WAVE SYMMETRY

We consider the junction shown in Fig. 1~a!, where two
superconductors (A in the regionz.t and B in the region
z,0), are separated by an intermediate layer. We ass
that each superconductor has a two component order pa
eter. The order parameter for each componentk(k51,2) in
the superconductors, can be written as

nk5H ñk
Aeifk

A
, z.t,

ñk
Beifk

B
, z,0.

~1!

Herefk
A(B) is the phase of the order parameternk in super-

conductorA(B). Then phenomenological Ginzburg-Landa
theory is used to calculate the supercurrent density gi
by13

J5 (
k,l 51

2

Jcklsin~fk
B2f l

A!, ~2!

where

FIG. 1. ~a! A single Josephson junction between supercondu
ors A and B with a two component order parameter. The an
between the crystallinea axis of A and the junction interface isu.
~b! The geometry of the corner junction between a mixed symm
superconductor, and ans-wave superconductor.
02452
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Jc115~2e\/ma* d!ñ1
Añ1

B ,

Jc215~2e\/mn* d!ñ1
Añ2

B ,

Jc125~2e\/mn* d!ñ2
Añ1

B , ~3!

Jc225~2e\/mb* d!ñ2
Añ2

B .

ma* ,mn* ,mb* are the effective masses that enter into t
Ginzburg-Landau equations. In the following these mas
are taken equal to an effective massm* .

We restrict to the case whereB is ans wave. In this case
ñ1

B50, andñ2
B5const. We definef5f2

B2f1
A , as the rela-

tive phase difference between the two superconductors.
consider the case where the intrinsic phase difference wi
superconductorA is f2

A2f1
A5p/2. Then the order param

eter inA is complex and breaks the time reversal symme
The supercurrent density can be written as

J~f!5 J̃csin~f1fc!, ~4!

with

J̃c5AJ1
21J2

2, ~5!

fc5H tan21
J2

J1
, J1.0,

p1tan21
J2

J1
, J1,0,

~6!

whereJ15Jc21, J252Jc22. The Josephson critical curren
density J̃c is scaled in units ofJc05e\/m* d. Two special
cases are the following:

~i! For dx22y21 is-wave case the magnitude of th
dx22y2-wave component in Eq.~1! is ñ1

A5n10cos(2u), where
u is the angle of the crystallinea axis of superconductorA
with the junction interface. The magnitude of the second
order parameter in superconductorA is ñ2

A5n2050.1n10.
~ii ! For dx22y21 idxy-wave case, the magnitude of th

dx22y2-wave component in Eq.~1! is given by ñ1
A

5n10cos(2u), while the dxy wave component is ñ2
A

5n20sin(2u), wheren2050.1n10. This order parameter ca
occur in the following way: The order parameter magnitu
for the d-wave stateD0(u)5D0cos(2u) is an equal admix-
ture of pairs with orbital momentLz562, and can be writ-
ten asD0(u)5(D0/2)@exp(2iu)1exp(22iu)#. In the presence
of perturbation such as~ferromagnetically! ordered impurity
spins Sz the coefficients ofLz562 components will shift
linearly in Sz with opposite signs. The final state will b
D0(u)→D0(u)1 iSzD1(u), where D1(u)5sin(2u). The
strength of the secondary component is proportional to
perturbationSz .

III. THE CORNER JUNCTION GEOMETRY

We consider the corner junction shown in Fig. 1~b!, be-
tween a superconductor with broken time reversal symm

t-

y
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CRITICAL CURRENTS IN JOSEPHSON JUNCTIONS . . . PHYSICAL REVIEW B 64 024527
at the surface and an s-wave superconductor. If the ang
the a axis with the interface in thex direction isu, then the
corresponding angle in thez direction will be p/22u. We
map the two segments each of lengthL/2 whereL510lJ of
this junction into a one-dimensional axis. In this case
two-dimensional junction can be considered as being m
of two one dimensional junctions described in Sec. II co
nected in parallel. Their characteristic phasesfc1 and fc2
depend upon the angleu. We call this junction frustrated
since the two segments have different characteristic ph
fc1 ,fc2. The fabrication details of corner junctions or s
perconducting quantum interference device~SQUID!, be-
tween sample faces at different angles can be found in R
2,12.

The superconducting phase differencef across the junc-
tion is then the solution of the sine-Gordon~sG! equation

d2f~x!

dx2
5 J̃csin@f~x!1fc~x!#2I ov, ~7!

with the boundary conditions

df

dx U
x50,L

5H. ~8!

The lengthx is scaled in units of the the Josephson pene
tion depth given by

lJ5A \c2

8pedJc0
,

where d is the sum of thes wave, and mixed wavelab
penetration depths plus the thickness of the insulator la
The relative phasefc(x) is fc1(fc2) in the left ~right! part
of the junction. The external magnetic fieldH, scaled in units
of Hc5\c/2edlJ is applied in they direction, which is con-
sidered small compared tolJ . The bias current per uni
length I ov in the overlap geometry is scaled in units
(c/4p)Hc , and is uniformly distributed along the entirex
axis of the junction. We can classify the different solutio
obtained from Eq.~7! with their magnetic flux content

F5
1

2p
~fR2fL!, ~9!

wherefR(L) is the value off at the right~left! edge of the
junction, in units of the flux quantumF05hc/2e.

IV. SPONTANEOUS VORTEX STATES

First let us consider the case where the two o
dimensional junctions ofdx22y21 ix wave wherex5s or x
5dxy , ands-wave supeconductors, each of lengthL/2, de-
scribed in Sec. II are uncoupled. Then for 0,x,L/2 the
stable solutions for the sG equation aref(x)52fc1
12n1p, wheren150,61,62, . . . ,while for L/2,x,L the
stable solutions for the sG equation aref(x)52fc2
12n2p, wheren250,61,62, . . . ,wherefc1 , fc2, are the
relative phases in each part of the junction due to differ
orientations. These solutions are plotted in Fig. 2, forni
02452
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50,21, i 51,2 as a function of the orientation angleu.
When the frustrated junction is formed, and we consider
above junctions in parallel, the phasef is forced to change
aroundx5L/2, to connect these stable solutions. This var
tion of the phasef, along the junction describes the Josep
son vortices. The flux content of these states~in units ofF0)
is14

F5@f~L !2f~0!#/2p5~2fc21fc112np!/2p,
~10!

where the n value (n5n12n250,61,62, . . . ) distin-
guishes between solutions with different flux content. W
will concentrate to solutions called modes with the minimu
flux content i.e.,n50,1,21. Their magnetic flux in terms o
fc1 ,fc2 is shown in Table I. Generally the flux content
fractional, i.e., is neither integer nor half-integer, as a con
quence of the broken time reversal symmetry of the proble

In the actual numerical simulations, the stable solutions
the sine-Gordon equation in the left~right! part of the junc-

FIG. 2. The stable solutionsf52fc112n1p (f52fc2

12n2p), for ni50,21, i 51,2, that exist in the left~right! junc-
tion, of dx22y21 is-wave ands-wave superconductors, when con
sidered uncoupled, at zero current, versus the orientation angu.
Each junction has lengthL/2, whereL510lJ , and fc1 ,(fc2) is
the extra phase difference in the left~right! junction due to the
different orientations. The arrows denote the variation of the ph
f in order to connect these stable solutions in the frustrated ju
tion geometry. We present three possible solutions, i.e.,n50,
21,1, and down~up! arrow denotes negative~positive! magnetic
flux.

TABLE I. The magnetic flux (F) in terms offc1 , fc2 for the
spontaneous solutions that exist in the corner junction geom
between a superconductor with time reversal broken symmetry
ans-wave superconductor (fc1 ,fc2 is the extra phase difference i
the two edges of the corner junction due to the different orien
tions, of thea axis of the dominantdx22y2-wave superconductor!.
We present only the minimum flux statesn50,21,1.

Vortex staten Magnetic flux (F)

0 (2fc21fc1)/2p
1 (2fc21fc112p)/2p
21 (2fc21fc122p)/2p
7-3
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N. STEFANAKIS AND N. FLYTZANIS PHYSICAL REVIEW B 64 024527
tion are taken as the initial conditions for the iteration p
cedure. For example for then50 solution the phasef(x) is
taken f(x)52fc1 (2fc2) in the left ~right! part of the
junction, as an initial condition and then is iterated until co
vergence. In addition, if we take as initial condition ,f(x)
52fc1, in the left side, andf(x)522p2fc2 in the right
side, the final state of the system, after the iteration pro
dure, is the solution which we calln521, with negative
magnetic flux, and not exactly opposite ton50. We com-
ment here that the solutions after the iteration procedure h
smooth variation as a function of the position, as oppose
the step function variation of the initial conditions.

For the 020 junctionfc15fc250, and the flux become
F5n, so we say that the flux is quantized in integer units
F0. In this case, there exist solutions with fluxF5•••,
21,0,1,•••.15 These solutions, whennÞ0 are stabilized by
the application of an external magnetic field. In the case o
junction with some spontaneous flux, at least for the mo
with lower flux content, the external field is not necessa
since the spontaneous magnetization state is stable.

In the case of 02p junction, where the intrinsic phase i
the right ~left! part of the junction isfc252p (fc150),
the stable solutions of the sG equation aref(x)52np for
the left part, whilef(x)5p(2n11) for the right part of the
junction. In this case a 02p junction is formed. The corre
sponding flux becomesF5(n11/2)p, and the particular
values ofn50, n521 give the half vortex and antivorte
solutions, with opposite fluxon content,F50.5 and F5
20.5, respectively.

V. MAGNETIC FLUX AND CRITICAL CURRENT
MODULATION

In the following we will describe three parameters whi
can alter the spontaneous flux and the critical currents of
vortex states described in the previous section, in a co
junction between a superconductor with time reversal bro
symmetry and ans-wave superconductor. These include t
orientation angleu, the magnitude of the secondary ord
parameterns , and the magnetic fieldH. In each paramete
separately we will point out the differences between
dx22y21 is, anddx22y21 idxy waves.

A. Junction orientation

For thedx22y21 is-wave case, we consider first the sit
ation whereu is varied from 0 top/2. In Fig. 3 we plot the
spontaneous magnetic flux versus the angle (u) for the dif-
ferent modesn50,21,1 in the corner junction geometry. A
we can see the magnetic flux changes with orientation.
angleu close to 0 orp/2 the spontaneous modes existing
H50 are separated by an integer value of the magnetic fl
This is also the case in the pures-wave superconductor junc
tion problem. The difference is that the modes are fou
displaced to fractional values of magnetic flux, contrary
the s-wave case where the magnetic flux takes on inte
values atH50. In particular the vortex solution in then
50 mode~solid line! contains less than half a fluxon foru
50, and as we increase the angleu towardsp/4 it continu-
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ously reduces its flux, i.e., it becomes flat exactly atu
5p/4 and then it reverses its sign and becomes an antivo
with exactly opposite flux content atu5p/2 from that atu
50. In addition we have plotted in Fig. 4~a! the phase dis-

FIG. 3. The magnetic fluxF as a function of the angleu, for the
various vortex states,n50,21,1, that exist spontaneously in a co
ner junction between adx22y21 is-wave and ans-wave supercon-
ductor, with lengthL510lJ . The flux foru50 is fractional.

FIG. 4. The phase distribution of the vortex solutions~a! n50,
at u50, p/4, p/2; ~b! n521, at u50, 0.242p, where the insta-
bility sets in, andp/2; ~c! n51, at u50, 0.258p, at the point
where the instability occurs, andp/2, for a corner junction of
dx22y21 is-wave and s-wave superconductors, with lengthL
510lJ , and zero overlap external currentI ov50.
7-4
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CRITICAL CURRENTS IN JOSEPHSON JUNCTIONS . . . PHYSICAL REVIEW B 64 024527
tributions for the moden50 in different orientationsu
50,p/4,p/2. The transition form the vortex to the antivorte
mode as the orientation changes is clearly seen in this fig
Note that the solutions in this mode remain stable for
junction orientations. This is seen in Fig. 5 where we plot
lowest eigenvalue (l1) of the linearized eigenvalue problem
as a function of the angleu.15 We see thatl1.0, denoting
stability for all values of the angleu in this mode.

Let as now examine the solution in then521 mode
~dotted line in Fig. 3!. We see that atu50 it has negative
flux, which in absolute value is more thanF0/2 and as we
increase the angleu it decreases its flux to a full antifluxo
when the orientation is slightly greater thanp/4 and than to
flux greater thanF0 whenu reachesp/2. As seen in Fig. 5
this solution becomes unstable at a point to the left ou
5p/4 ~point i) due to the abrupt change of flux at this ang
More strictly the instability sets in due to the competitio
between the slope of the phase at the edges of the junc
and at the junction center as the angleu approaches the valu
p/4. At this point the slope competition makes the antivor
unstable. This is seen in Fig. 4~b! ~dotted line! where the
phase distribution for then521 mode solution is plotted a
the point where the instability starts, i.e.,u50.242p.

Finally the solution in then51 mode contains more tha
one fluxon atu50 and is clearly unstable. It becomes stab
at an angle slightly on the right ofu5p/4 ~point n in Fig. 5!
where the flux varies more smoothly, seeu50.258p in Fig.
4~c!. At u5p/2 it contains more thanF0/2 in flux. We ex-
pect a time reversal broken symmetry state such asdx22y2

1 is to be characterized by either the solution in the fra
tional vortex or antivortex mode, because due to the differ
character of these solutions a change from one variant to
other would demand the application of an external curren
magnetic field and in this sense it would cost additional
ergy. So since these states are stable in external pertu
tions, once the system is prepared in one of these it
remain to that state.

In general we see that for each value ofu there exist in
the junction a pair of stable solutions which when applyi
an external bias current will lead to observable critical c
rents. In Fig. 6 we plot the overlap critical current per u

FIG. 5. The lowest eigenvaluel1 of the linearized eigenvalue
problem as a function of angleu, for the n50,21,1 solutions. In
the range whereu is close to zero, the eigenvalues for bothn50,
and21 are positive and correspond to stable solutions.
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ov as a function of u, at H50, for the

n50,21,1-mode solutions, in thedx22y21 is-wave case. In
the overlap geometry the current is distributed in the entirx
axis. In the calculations we have taken into account that

Josephson critical current densityJ̃c has a characteristic
variation with the orientation. We find that for a given or
entation it is possible for the junction current density to va
in the way that several modes with different critical curren
can exist. In Fig. 7 we plot the current density when the to
current is maximum, for different modes, and orientatio
which will give us information about the actual shapes of t
vortices. Let us consider the situation where the junct
contains a solution in the moden50, atu50, when the net
current is maximum. The spatial variation off is described
by a fractional vortex which is displaced around the va
f5p, from the corresponding distribution at zero curre
which is aroundp/2 @see Fig. 4~a!#. The current density dis-
tribution as seen in Fig. 7~a! ~solid line! at the maximum
current is flat above unit with a small variation around t
junction center giving rise to the large value on the net c
rent, seen in Fig. 6. Also atu5p/4 the flat phase distribution
corresponding to then50 solution at zero current is dis
placed towards the valuef5p when applying an externa
current. The corresponding current distribution seen in F
7~a! ~dotted line! is straight line and the net current is sma
for this orientation. For then521 solution at the point
where the instability sets in, i.e.,u50.242p, the current den-
sity distribution is symmetric around zero as seen in Fig. 7~b!
~dotted line! and carries zero net current at this point. Th
the instability occurs just before the angle where a full an
fluxon enters the junction. A slightly different situation o
curs in the magnetic interference pattern of a pures-wave
superconductor junction16 where, the net current is zero a
the magnetic field where a full fluxon or antiluxon enters t
junction, in the no flux 0 mode. At the pointu5p/2, of the
n521 mode the junction contains more than one flux
causing the characteristic oscillations in the current den
around the junction center as seen in Fig. 7~b! ~dashed line!.
This reduces the critical current for this orientation.

FIG. 6. Overlap critical currentI c
ov per unit length versus the

angleu for a corner junction ofdx22y21 is-wave ands-wave super-
conductors, with lengthL510lJ , for the vortex solutionsn50,
21,1 that exist spontaneously in the junction.
7-5
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For thedx22y21 idxy pairing symmetry state, we plot in
Fig. 8~a! the flux content for then50,21,1, versus the angle
u. Note the half integer or multiplies value ofF at u close to
0 or p/2. For this grain orientation the magnetic flux is on
sensitive to the real part of the order parameter, which h
sign change but does not break time-reversal symmetry
thedx22y21 is-wave state the order parameter is complex
all junction orientations and breaks the time-reversal sym
try. Close to 0 orp/2 the flux is fractional. The flux quanti
zation atu50 can be used to discriminate between the
states.

In Fig. 8~b! we plot the critical current per unit lengt
evolution with the grain angleu in the dx22y21 idxy-wave
state. Close tou50 we see that theI c

ov for the n50,21
solutions, coincide. This happens also atu5p/2 for the n
50,1 solutions. In these orientations the order parameter
comes pure real and does not break the time-reversal s
metry. As a result the critical current at these angles is
same as in a junction with pured-wave symmetry. Atu
5p/4 the order parameter is pure imaginary and has
same magnitude for both pairing states. As a conseque

FIG. 7. The current density distributionJ(x) of the vortex so-
lutions ~a! n50, atu50, p/4, p/2; ~b! n521, atu50, 0.242p,
where the instability sets in, andp/2; ~c! n51, atu50, 0.258p, at
the point where the instability occurs, andp/2, for a corner junction
of dx22y21 is-wave ands-wave superconductors, with lengthL
510lJ , and maximum external overlap currentI c

ov .
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for u5p/4, the critical currents for both junctions coincid
Also the unstable part of then51 branch, in theI c vs u is
almost the same for the two symmetry states, due to
small difference in the flux, compared with the large flu
content of the solutions in this region.

B. Magnitude of the secondary order parameter

In the above calculations the magnitude of the second
order parameter is small compared to the dominant~i.e.,
n2050.1n10). However, the maximum fraction of the se
ondary component that has been observed in phase coh
experiments employing different materials, geometries,
techniques is up to 25% of the dominant.2 This triggered our
interest to study the magnetic flux and also the critical c
rents as a function of the strength (ns) of the secondary orde
parameter, where the magnitude of the dominant order
rameternd is also varied in a way thatns1nd51. When
ns50 only the dx22y2-wave order parameter is presen
while whenns51 only thes-wave order parameter appear
This situation can be realized, for example, near the surf
where thedx22y2-wave order parameter is suppressed and
s-wave order parameter is enhanced. The result is prese
in Fig. 9~a! and 9~b! for the dx22y21 is-wave case atu50.
We see that when the secondary component is absent~i.e.,

FIG. 8. ~a! The spontaneous magnetic fluxF as a function of
the angleu, for the various vortex states,n50,21,1, for a corner
junction between adx22y21 idxy-wave and ans-wave supercon-
ductor, with lengthL510lJ . The flux foru50 is integer multiply
of F0/2. ~b! The corresponding critical currentI c

ov per unit length.
7-6



.

ry
e

ith

-
lu
r-

lu
in

am

t
nt

on
et
r

nt
etic

the
the

m-
m
so

he
son
the
the

s

um
f the
the
n-

nd-
sta-
m
riti-
r.
in-

for
ver-

Fig.

g
a-

e

the

CRITICAL CURRENTS IN JOSEPHSON JUNCTIONS . . . PHYSICAL REVIEW B 64 024527
ns50) the picture of thedx22y2-wave state is reproduced
The same picture also holds for thedx22y21 idxy-wave state
at u50, since the order parameter for thedx22y21 idxy-wave
state atu50 is real not breaking the time-reversal symmet
So foru50 the magnetic flux and the critical current for th
dx22y21 idxy-wave state would not show any change w
the variation of the secondary order parameterdxy . As ns is
increasing the modesn50 andn521 are no more degen
erate, in the sense that their flux deviates from the va
F0/2 and 2F0/2, respectively, and also their critical cu
rents are no longer equal. The moden50 has larger critical
current because it has smaller flux content in absolute va
For values ofns close to unity, the different modes conta
integer magnetic flux, as in the junction betweens-wave su-
perconductors, and also their critical currents have the s
values as in the perfect junction problem. The conclusion
that the larger the secondary component is in a sample
easier is to be detected in a flux measurement experime

C. Magnetic field

We now examine the influence of the magnetic field
the spontaneous vortices for broken time reversal symm
pairing states. In Fig. 10 we plot the magnetic flux at ze

FIG. 9. ~a! The spontaneous magnetic fluxF and~b! the critical
currentI c

ov per unit length versus the strengthns of the secondary
s-wave component for a corner junction ofdx22y21 is-wave and
s-wave superconductors, with lengthL510lJ , for the vortex solu-
tionsn50,21,1 that exist spontaneously in the junction. The ma
nitudend of the dx22y2-wave order parameter is given by the rel
tion ns1nd51.
02452
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current versus the magnetic fieldH for the
dx22y21 idxy-wave state atu50. In the pures-wave super-
conductor junction there is no overlap between differe
modes in the magnetic flux, and each mode has magn
flux which is more thannF0 and less than (n11)F0. In this
problem due to spontaneous magnetization the range of
modes is different and in some cases overlapping, and
labeling is with a single indexn, corresponding to the pure
s-wave superconductor junction~n,n11! mode.16 Moreover
the range in magnetic flux of each mode is displaced co
pared to the pures-wave superconductor junction proble
by an amount which corresponds to the intrinsic flux. Al
we have the existence of stable vortex states, i.e.,n50,21,
together with the unstable ones, i.e.,n51, 22 in a large
interval of the magnetic field, which is almost the same. T
n522 mode extends to zero magnetic field, and the rea
we did not examined this mode in Sec. IV is because
stability analysis shows negative eigenvalues for all
range of junction orientations, atH50. In the longs-wave
junction the extremum of the mode~0,1! in H is the critical
field for one fluxon~antifluxon! penetration from the edge
@denoted byHcr (Hcl), for the right~left! edge#, and is equal
to 2(22). The solution for the phase at these extrem
values of the field becomes unstable because the value o
phase at the junction edges reaches a critical value. In
problem of a junction with some spontaneous flux, we co
sider here, the range of the corresponding mode 0 inH is
significantly broadened and also the instability at the bou
aries sets in due to different reasons. In particular the in
bility occurs due to the interaction of the flux entering fro
the junction edges, when the magnetic field reaches the c
cal valueHcr(Hcl), with the spontaneous flux at the cente
Similar features are encountered in the problem of flux p
ning from a macroscopic defect in a conventionals-wave
junction.17

We now examine the magnetic-interference pattern
the two symmetries where the bias current enters in the o
lap geometry. In thedx22y21 idxy-wave case, whereu50,
this pattern has a symmetric form as we can see from

-

FIG. 10. Magnetic fluxF/F0 at zero external current versus th
magnetic fieldH for a corner junction ofdx22y21 idxy-wave and
s-wave superconductors, with lengthL510lJ , for angle u50°.
Hcl(Hcr) denotes the critical values of the magnetic field where
moden50, terminates.
7-7



N. STEFANAKIS AND N. FLYTZANIS PHYSICAL REVIEW B 64 024527
FIG. 11. ~a! Overlap critical
current I c

ov per unit length versus
the magnetic fluxF in units of
F0, for a corner junction of
dx22y21 idxy-wave and s-wave
superconductors, with lengthL
510lJ , for angleu50°. ~b! The
same as in~a! but for u50.5. ~c!
The same as in~a! but for dx22y2

1 is-wave ands-wave supercon-
ductors for angleu50°. ~d! The
same as in~c! but for u50.5.
ea
do

an
m
ly
t

-
ca

ym

n

on

he

n
ex
re

of
is
t

te

-
t-

.
this
-
-

at-

he

ed
en

on
t
the
here
r pa-

on
y a
11~a!. This is because this result is only sensitive to the r
part of the order parameter, which has a sign change but
not break time-reversal symmetry. For the angleu50.5
where the order parameter has a finite imaginary part
breaks the time-reversal symmetry this pattern beco
asymmetric and the ‘‘dip’’ appears to a value of flux slight
different than zero. Note that the asymmetry refers mainly
the modesn50, andn521. The other modes are not influ
enced much due to their higher flux content. Also the criti
current is suppressed compared to the case whereu50 as
can be seen in Fig. 11~b!, due to a drop inJc .

In the dx22y21 is-wave symmetry, in the limit whereu
→0, the order parameter is complex and the pattern is as
metric as can be seen in Fig. 11~c!, for the angleu50. This
is in agreement with our previous work for the inline curre
input for a junction withdx22y21 is symmetry.18 There it
was found that the pattern is asymmetric for lengths as l
asL510lJ . For angles close top/4, the magnetic interfer-
ence pattern is similar with thedx22y21 idxy state. This is
because the sin(2u) dependence of thedxy component is al-
most unity. This is seen in Fig. 11~d! where we present the
variation of the critical current per unit length versus t
enclosed flux foru50.5, and the symmetry state isdx22y2

1 is.
In the short junction limitL,lJ the same argument ca

be applied without any explicit reference to fractional vort
and antivortex solutions. However, as we found in our p
vious work,18 both n50 and n521 ~there f va , f a) exist,
with reduced flux content, in this limit as a continuation
the corresponding solutions in the large junction limit. In th
case the external applied magnetic field becomes equal to
self-field, and the maximum current can be calcula
analytically,13
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I m~F!

I m0
5Usin~pF/2F0!cos@pF/2F01~fc22fc1!/2#

pF/2F0
U.
~11!

As we see atu50 for thedx22y21 idxy-wave case, the rela
tion fc22fc15np holds, and the magnetic interference pa
tern becomes symmetric, while for thedx22y21 is, this dif-
ference is a fraction ofp and the pattern is asymmetric
However, as we increase the junction length, we expect
symmetric pattern for thed-wave order parameter to be con
tinued. This symmetry in the large junction limit, is de
scribed more effectively by the assumption of then50,21
solutions which give a symmetric magnetic interference p
tern as we presented. Also then521 solution extends to
values for the magnetic flux, where then50 solution is ab-
sent. Eliminating one of them will break the symmetry of t
diagram.

VI. EXPERIMENTAL RELEVANCE

The symmetric pattern with a minimum at zero appli
field observed in corner junction experiments betwe
YBCO and Pb atu50 has been interpreted as an indicati
of dx22y2-wave symmetry.19,20 This result refers to shor
junctions where the junction size is much smaller than
Josephson penetration depth. However, as we found
these experimental data are also consistent with an orde
rameter withdx22y21 idxy pairing symmetry atu50.

Also the critical currentI c versus the magnetic fluxF of
a SQUID, consisting of two planar Josephson junctions
the faces of YBCO superconducting crystal, connected b
loop of a second superconductor, foru50 or u5p/2 is
7-8
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found shifted byF50.5F0 and has a minimum atF50
~instead of a maximum as in a SQUID involving conve
tional s-wave superconductors or the edge SQUID in wh
both junctions are on the same crystal face! but is still sym-
metric. This result has been attributed to an order param
with dx22y2-wave symmetry. However the theoretical ana
sis done by Beasleyet al.21 shows that it is also consisten
with an order parameter withdx22y21 idxy pairing symmetry
at u50 ~u50 corresponds tou5p/2 in the geometry of Ref.
21!.

In both cases of SQUID and corner junction the symm
ric pattern observed atu50 rules out thedx22y21 is-wave
pairing state where the order parameter is complex ev
where resulting in an asymmetricI c versusF pattern for all
anglesu. However, the small asymmetry~less than 2%! ob-
served atu50 in some experiments can be attributed
various complicating factors, e.g., fluxon trapping as will
discussed latter in this section.

The experiment proposed here to resolve ambiguity
tween dx22y21 idxy and dx22y2 at u50, is to execute the
same experiments using SQUID or corner junction at
angle between sample facesu between 0 andp/2. Our cal-
culation predicts symmetric~asymmetric! pattern for the
dx22y2-wave (dx22y21 idxy-wave! pairing state for the cor-
ner junction case. This kind of experiment has already b
done in the case of SQUID geometry.12 The tunneling direc-
tions are defined lithographically and patterned by ion m
ing of a c-axis oriented film. A YBCO thin film is patterned
into a circle with a series of Nb-Au-YBCO edge junctions
orientations spaced every 7.5°. The measurement of theI c vs
u, which probes mainly the magnitude of the order parame
has an angular anisotropy, indicating an anisotropic or
parameter. Also the execution of these experiments is
easy due to the difficulty in cleaning, polishing a crystal
angleu, between 0 andp/2.

Also in an experiment analogous to the corner junct
Miller et al.22 used frustrated thin-film tricrystal samples
probe the pairing symmetry of YBCO. They found a min
mum in theI c vs the externally applied fluxFe diagram at
Fe50 in the short junction limit and a maximum atFe50
for a wide junction where the junction length is much larg
than thelJ . However for a wide junction the correct qua
tity to be compared should be the total fluxF which in-
volves contribution both from the externally applied flux a
the intrinsic flux. In addition, the tricrystal magnetomet
experiments can only observe spontaneous magnetiza
only for the wide junction limit in the frustrated geometry.23

There are a number of complicating factors in the int
pretation of the experiments involving corner junctions th
could lead to an asymmetric (I c vs F) pattern even foru
50. These are the asymmetry of the junction~meaning that
the critical current of the two junction faces are not equa!.
This will only cause the dip to be shallower and will mai
tain the symmetry of theI c vs F diagram. Also these experi
ments are influenced by the sample geometry and the e
of flux trapping, i.e., there can be vortices trapped betw
the planes of the cuprate superconductors that could a
the I c vs F diagram. In the corner junction case, it creates
asymmetry in the flux modulation curves. However the
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flux trapping effects are not sufficiently large to change
qualitative interpretation of these experiments.

VII. CONCLUSIONS

We studied numerically the possible spontaneous vo
states that may exist in a corner junction between a su
conductor with time reversal symmetry broken~i.e., dx22y2

1 idxy or dx22y21 is) and ans-wave superconductor, in th
long junction limit. We studied separately three paramet
which can be used to modulate the spontaneous flux. Th
are the magnetic fieldH, the interface orientationu, and the
magnitude of the subdominant order parameterns . We
pointed out the differences between time reversal bro
states under these modulation parameters.

We found that in flux modulation experiments involvin
superconductors with some spontaneous flux the rang
magnetic flux of each mode is displaced compared to
case of a pures-wave superconductor junction by an amou
which corresponds to the intrinsic flux. In particular whe
the magnetic fieldH is considered as the modulation param
eter, the range inH of the lower fluxon modes is significantl
broadened compared to thes-wave case, and the instability a
the boundary values of the field sets in due to the interac
of the flux entering from the junction edges with the intrins
flux. In any case, for each value of the parameter wh
changes the flux, the modes are separated by a single
quantum.

We also derived some simple arguments to discrimin
between the different pairing states that break the time re
sal symmetry. For thedx22y21 idxy-wave pairing state, the
junction orientation whereu50, i.e., the lobes of the domi
nantdx22y2-wave order parameter are at right angles for
corner junction, give flux quantization conditionF5nF0/2
as in thedx22y2-wave state, which is different from the co
responding flux quantization for thedx22y21 is-wave pairing
state, atu50, which isF5(n/21 f )F0, wheref is a small
quantity. These different conditions provide a way expe
mentally to distinguish between time reversal broken sy
metry states. Note that since the magnitude of the secon
order parameter is small compared to the dominant, the
tection of time reversal broken states requires a very pre
measurement of the spontaneous magnetic flux.

Also we showed that the magnetic interference pattern
u50 is symmetric ~asymmetric! for the dx22y2

1 idxy (dx22y21 is), and this also can be used to prob
which symmetry the order parameter has, at least where
junctions are formed. We expect our findings, for the ma
netic field dependence of the critical current, to hold even
the short junction limit, where the most experiments on c
ner junctions have been performed.2,12
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