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Progressive saturation NMR relaxation
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The NMR spin-lattice relaxation ratéﬁl‘l, can be measured precisely by progressive saturation. This
efficient technique is useful whéln, is long and the NMR signal is weak. We derive the quasiequilibrium spin
response to excitation in the case of a Zeeman spectrum in the presence of quadrupolar interactions. Exact
solutions for the recovery of magnetization under the influence of purely magnetic fluctuatimns%fpg, and
% are presented. This is the general solution to a problem that has been previously solved only f:oi} the
case. An important example for the application of this techniquE@NMR in cuprate superconductors (
= %). We show comparisons of the theory with the relaxation measured for high-temperature superconducting
materials and the NMR-rates measured by this technique across the vortex-broadened spectrum at low tem-
perature.
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[. INTRODUCTION The benefit in signal-to-noise from increasing the rate of data
accumulation more than makes up for loss of signal from
There are frequent situations when NMR signals are weakartial saturation. For spih=1/2 the magnetization recovery
and the relaxation times are so long that the spin-lattice reprofile for this progressive saturation experiment is easily
laxation experiment is arduous to perform with reasonabl@btained semiclassically. However, in order to mea3yref
precision. For example, in high-temperature superconductinguclei with >3, with this method, it is necessary to derive

materials the NMR spin-lattice relaxation rafg,, is small ~ Magnetization recovery profiles as we present here. Then the
ghin-lattice relaxation rate can be obtained from a fit of the

at low temperature owing to a decreasing number of normat ; X . ;
. . o : heoretical profile to the results of the progressive saturation
quasiparticles. This is particularly true f6fO and 8% nu- experimentpwith a significant gain in e?ficigncy

1
The magnetization recovery for quadrupolar nuclei, after

clei. For the case of nuclei with=5 it is well known that
the most efficient way to determine the spin-lattice relaxation o . Lo

irradiation of a single transition, involves a sum of exponen-
tials. Andrew and Tunstdllwere the first to treat full-

rate is by the method of progressive saturafidfiowever,
the corresponding prescription for interpretation of progres- L i
sive saturation experiments for quadrupolar nuclei under thé(?;:toevse?cl)rreslama'ﬂogn §|n ErhheeCa:ee?f(ﬂuggiggfﬁgiﬂgti; (;man
influence of purely magnetic fluctuations has not been devel® PN =32 pap . T

oped. In the case of purely quadrupolar relaxation progresr_eferences to calculations of these multiexponential recovery
sive saturation experiments were first performed ,and ana{?rOf'leS that are appropriate for w_hat we call fl_JII-re_qov_ery

lyzed by Alexander and Tzalmofdn our work we derive experiments. In our work we derive the quaS|eqU|I|br|_u.m

the quasistatic recovery profiles due to magnetic fluctuationt§pln [I?sponzethto S’r\;sxmttang? ?S a function .Of rept)etmon
for the quadrupolar-split Zeeman spectrum during progres-!me' R, @andthe h ra.e',l'l »fora prc;gresswrz Sa ura]: I
sive saturation making this technique a useful analytical toolt!ON €xperiment. In these circumstances the populations of a

Then we compare the theory with experiment. The efficienc§he spin states deviate from their Boltzman distribution. We

gained with our method over the standard relaxation mea@SSume that the nuclei interact with an electric-field gradient

surement technique is of the order of the number of differenf=FG): O that the Zeeman levels are unequally spaced to
delay times used in the experiment when more then three "M 2| distinct satellite transitions, see Fig. 1. We consider
four averages are used for the acquisition and can typicall{1€ Nigh-field limit so that Zeeman states are the system
be as high as a factor of 30. eigenstates, i.emis a g_ood quantum nl_meer. We describe
The heart of the progressive saturation method is that'® Progressive saturation experiment in Sec. Il. In Sec. Il
NMR spectra can be accumulated much faster and thus mol€ discuss basic principles and assumptions necessary to de-
accurately than the conventional measurement of the magn8Ye general recovery laws. Using this notation and these
tization profile. In progressive saturation the repetition time Principles, we derive the progressive saturation recovery pro-

Tg, between consecutive spectrum acquisitions is varied anffeS in Sec. IV. We compare these profiles with the relax-
the effect on the amplitude of the signal is determined. In 0N measured for high-temperature superconducting mate-
conventional relaxation experiment each data acquisitiofi@/S in Sec. V. Furthermore, we also show how this
consists of an excitation and detection of magnetization, anffchnique can be used to accurately measure the NMR rates
usually enough time is allowed between acquisitions, that th&¢r0ss the broad spectra in these materials at low tempera-
equilibrium spin temperature is fully restoretk=5T,. We tre.
refer to this in the following as the full-recovery method. In

the case of progressive saturation thermal equilibrium is not
established and the amplitude of the signal depends in gen- In a progressive saturation experiment one does not wait
eral in a complicated way on the spin-lattice relaxation ratefor the magnetization to fully recover before repeating the

1. PROGRESSIVE SATURATION EXPERIMENTS
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| =3/2 | = 5/2 N(©) N(T_) N(nT_) = N[(n+1)T ]
JN
m m
3R o 52 — R _Isl _ _
t=0 TR
w 5W
A2 —— 530 — FIG. 3. Steady state, quasi-equilibrium, condition holds for suf-
T 1 ficiently largen, whenN(nTg)=N[(n+1)Tg].
4w 8w
1/2 _A—3W Ry R S— conditions, at the instant of excitation, for the quasiequilib-
30 — 1 oW rium populations of the levels. With the progressive satura-
1o tion experiment we can measure the magnetization as a func-
1 ” tion of Tg and extract the ratel; *. This is a much faster
way of measuring the rate than the full-recovery experiment.
32 —J—— o D
EW For both methods the magnetization recovery profile is cal-
52— culated theoretically and fit to the experimental measurement

FIG. 1. Transitions between spin energy levels ffer3/2 and with three adjustable parameters: the equilibrium magnetiza-

5/2 caused by magnetic fluctuations. Only upward transitions ardOn for the transition being excited, the excitation-pulse tip
shown. angled, and the spin-lattice relaxation rate.

excitation and data-acquisition sequence. Consequently, the lll. MASTER EQUATION
initial conditions for the spin system at the instant of excita- The energy levels of a nucleus that possess spie split
tion are not the Boltzmann therma! distribution f_or the_levelinto (21+1) Zeeman energy levels in a magnetic fieth,
populations and the recovery profile as a functionrgfis

; ; each with energy—myHg%, proportional to its gyromag-
quite d|ﬁgrent from. that Of. the full-recovery method. The netic ratioy and spin quantum numbet. Zeeman levels for
progressive saturation profiles have been worked out for a

S g 5 . .
two-level systent;®i.e., | =1/2. For higher spins, determina- fuclei with total spinl = and; are schematically shown in

. L Fig. 1. In addition to the static Zeeman interaction whth,
tion of the correct profile is a more complex task. A block : . :
.we assume that there is a quadrupolar interaction between

gliggrazm ;r?(;2?g?g(;ﬁzs\'lvjuseagr?ﬁgr}:g;ig:)mnet?r;ﬁg S\?\?gvn "the nuclei ar!d an EFG tensor. The quadrupola_r ?nteraction
s _ i ) N ' unequally shifts the Zeeman energy levels, sufficiently that
introduce a spin-manipulation operatst that changes the they can be identified spectroscopically, but not so much that
level populations and also produces a detected signal such ggy significantly alter the levels, so that Bistinct transi-

an echo or free-induction decag. can be quite general in- tions are formed. This assumption is relevant only for the
cluding double resonance or multiple-pulse sequences. ldescription of initial conditions and its implications will be
many useful applications, such as we used to study highdiscussed later in Sec. IV. We also assume the high-field
temperature superconductors, the manipulation is a standarfimit where the Zeeman states are the system eigenstates, i.e.,
Hahn echo, ¢-7-7-acquire sequence, which is repeated mis a good quantum number. Let a vecpgr, represent the
many times with a delay of g and then signal averaged in equilibrium population of the levels given by the Boltzmann
order to improve the signal-to-noise. The excitation strengthiistribution, py > exp(yHgfi/ksT). We also define vectqn

is fixed by the tip angled. The process is repeated for a that represents the population of the leva®s, minus the
sufficient number of wait time3r<T; to establish the re- equilibrium population,p,, p=P—py. The population dif-
covery profile. We can assume that after the first-few pulseference between two adjacent levels is represented by a
in each such sequence a quasiequilibrium in the spin syste@i -dimensional vecton. The equilibrium population differ-

is established.When we changd@, we change the initial ence between two adjacent levelgis given by,

1
pulses T H %
R Np=nol;, 1=| 1|, nyx 7o

\ We also define the population differenggnus the equilib-

S R : e :
S L rium population differenceetween two adjacent levels Hs
a b ¢ N=n—n
0.

FIG. 2. Block diagram of our experiment. In the time interval ~ The relaxation of the disturbed populatipntowards its
between points andb the spin evolution is described by the matrix €quilibrium can be described by the master equation,
&. During the time interval  the spins relax according . The
deviation of the magnetization from its equilibrium value is £p=V~Vp )
sketched by curved lines. dt '
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where W is the (2 +1)-dimensional matrix whose ele- The vectorN(0) describes the initial conditions of the spin
ments,W,,,, are the transition probabilities from the state ~ System. Then Eq@8) can be rewritten in the form,
to the staten, Fig. 1.

If the transitions are induced by magnetic fluctuations 1
only Am=+1 transitions are allowed and the probabilities Nj(t):% (Ejie"")Ej "Ny (0). 9
are given by, ’

In an NMR experiment, one measures the time-deperzient
component of the magnetization for thgh transition,

In the high-temperature limityH % <kgT, which is almost (1), a quantity proportional to the difference of popula-
always satisfied in an NMR experiment, so that there is aptlon between two adjacent levels. Thus once the elements of

proximately equal probability for upward and downward N(t) are known, the normalized magnetization recovery pro-

wmad =W(IFxm)(l=m+1). (3)

m—n=m*1

transitions, i.e.W™29 . ~W™29 . Therefore, for mag- file M(t) can be obtained as,
netic fluctuations in the high-temperature limit, we can write
the change of the population of timeth level as, Mi(0) = M;(t) N;(t)
M;(t)= == , (10)
Mi(e) No
dpm

W —{W, _nt+W,
dt (ms 2)=mPm+ 1~ {Win (1) Wi m+ 1)} Prm where M(=) is the equilibrium value of magnetization and

W 4 the indexj denotes the transition, i.e. the NMR line, that is
(m-1)—mPm-1- (4) observed. Substituting the expressionlfg(t) from Eq.(9),
Since in an NMR experiment one detects a quantity propoer(t) can be rewritten as
tional to the difference of population between two adjacent
levels for thejth transition, one can rewrite the master Eq.

(2), in terms of the population differende, M;(t)= _Z cieM’,
d N=7RN (5)
—_N=RN, 1 i
dt C= % EqiEj"™N(0). (11)

whereR now is a 2-dimensional matrix. The change of the
population difference of th¢th transition, betweem—(m  This equation shows that after the initial preparation, de-

—1) levels, is given by, scribed byN,(0), the magnetization recovery is a linear
combination of exponentials of eigenvalues of the reduced

dN; :
i recovery matrix.
F:W(m+1)ﬁmN(j+1)_{2Wmﬁ(m—1)}Nj y
-I—W(m,l)%mN(j,l). (6) IV. PROGRESSIVE SATURATION PROFILE
The matrixR can then be obtained using E@) and Eq. In this section we derive the quasiequilibrium spin re-

~ . L : sponse as a function dfg and T,. We will represent the
@' The ful form of'R. for varl.ous SpINS 1S given in Appen- disturbance of spin populations during excitation and detec-
dix A. The eigenvalues and eigenvectorsifare\; andE; tion by a matrixS, P— P’ = SP. We assume thal ,<Tr,

respectively. The ma~tri>k~E,~ composed of the eigenvectors sq that all transverse coherence is lost duflhg Knowl-
E;, is defined so thaE " 'RE is a diagonal matrix whose edge of the detailed evolution of the magnetization-density

elements are the eigenvaluas, i.e. (’E*lffzﬁ)ij =\;&;.  Matrix during pulsing is unnecessary. We consider the
Equation(5) can then be rewritten as, change in population of each Zeeman level. For the particu-
lar case of an irradiation of thgh transition the fractional
d = =~ population changéthe depletion of the lower level and the
gt V=EMETN. (7)  enhancement of the upper-one normalized to their)stam
be described by a scalar, cadn the semiclassical theory,
Defining a diagonal matriA as, is the tip angle. Thus, we define, for convenience a quantity
A=—1(cos#—1) and writeS as,
et 0 0
K: 0 0 , Sjj:_2A+l,
0 0 et
. . Sjj+1=Sjx1j= A,
we can write the solution of Ed7),
N=EAE IN(0). (8) S,i,= 0, Und2#1),
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2 - 1

1 0 R

S ! A 12 £
0 A =
1 S
- - 50.01 - BRI
In the absence of an electric-field gradient, the Zeeman enx- : I
ergy levels are equally spaced so that a pulse affects all tran\zl, [ TR
sitions. In that cas& has no zero elements. I s
After pulsing, the system starts to relax towards its equi- 0.001

librium. This relaxation is described by the matfiR. It is ; ! ! I

I
0.0 0.5 1.0 1.5 2.0

important to note that the system left to evolve un@rcan

only evolve until the population di~fference reaches its equi- Time [WH]

librium value,ny. One can say thaR acts only onN space, _ _ )
affecting only the population difference in excessngf On FIG. 4. Comparison of recovery profiles for progressive satura-

tion (solid line) and full-recovery (dashed ling experiment

(=2 + 1) transition forl =5/2, 7/2 tip angle. The full-recovery
3 - 1 - 25 _— 25 _—

2Wt+ 2_86 6Wt+ 2_Oe 12Wt+ 2_86 20\Nt+ 2_86 30\Nt).

the other handS acts onn space, altering absolute popula-
tion differences. _ ,

After n-acquired spectra the condition for quasiequilib- Profile = (zse
rium is thatN(nTg) is equal toN[(n+1)Tg] as shown in

Fig. 3. Thus we can write, Knowing thatS is linear, we can easily solve E(.7) for N,
N[(n+1)Tr]=N(nTg). (13 N=(1-EAE18) EAE YS-1)n,. (18
Since& acts onn space andR on N, the steady-state con- From Eq.(18) the general matrix equation for recovery pro-
dition, Eq.(13), can be written as, files for all transitions for an arbitrary spin systdncan be
obtained,

N[(n+1)Tg]=EAE [ S{N(nTg) +no} — o],
e (A _FAF-1&\-1FAE-l &_7F
—N(nTR). (14) M(t) (1-EAE™"S) " "EAE"(S-1)1. (19
This relation is general to many types of NMR experiments
A 1=12 such as double resonance or multiple pulse sequences. For

Here we show that Eq14) has a simple solution for a the particular case of the Hahn-echo irradiation of jtie

two-level system enabling us to make a direct comparisof€Ve! the form ofSis given by Eq.(12).
with its semiclassical solution. Fdr=1/2, &= cos#, and

EAE '=e 2WTk=¢ Tr/T1, Substituting in Eq(14) we ob- V- DISCUSSIONS AND COMPARISON

WITH EXPERIMENT

tain,
T In Appendix B, we give recovery profiles for=3 and|
N=e""*"1[cosf(N+no) —no]. (19 =5 obtained from Eq(19). Comparison between the recov-
Solving for N we find, ery profiles for the progressive saturation and excitation full-
recovery experiment is shown in Fig. 4.
N e R'Tiycosh—1) We have compared the values ®f extracted from a

- T ) (16)  full-recovery experiment,7/2— 7,— w/2— 7—, and pro-
o (1—e '®1cosf) gressive saturation experiment for the < — % transition of
an expression identical to the one obtained from the semian!=3 system, plana’O in YBCO, at 100 K. The recov-
classical treatment of the problehiNote that Eq.(16) has  €ry data for these two experiments and their corresponding
the correct limits lim__..(N/ng)=0 and limy__o(N/ng)= fits are shown in Fig. 5. Fitting each to the appropriate profile
1 R R for T, and tip angle the same values were obtained within
the error bars oft3%. In general, in order to determifig
within a precision of a few percent the progressive saturation
experiment requires typically 30 times less time to run than
For a general spinl, Eq. (14) can be solved in the fol- the full recovery when substantial averaging is needed.

B. General |

lowing way, Due to the complexity of the progressive saturation pro-
o 3 files a nonlinear least-squares fit must be performed to ex-
N[(n+1)Tg]=N(nTg)=N=EAE 1SN+ Sny—ny). tract the three parametels, M(%), and the tip angle).

17 However errors inl; and ¢ are correlated such that a sys-
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13 quires less running time by a factor 6f3Ny. Similarly, if
r T, is shorter than the minimum spectrometer acquisition re-
= set time, the progressive saturation method does not offer a
| major savings in the running time. The method becomes
E A more favorable a$, increases and as the required number of
= averages increases.
£ o1lL “\ In order to measur&, within the error bars of- 3% the
E. o LN longestTg in the progressive saturation experiment should
£ 7 2 Q be between 0.5-0.7 df,, so that the curvature in the recov-
= 4 g ery profiles shown in Fig. 5 can be covered. The curvature in
T n the recovery profiles also depends on the tip angle. It is im-
2 ’ possible to know the exact tip angk priori and this is
particularly true in the case of broader lines, often encoun-
0.01; 3 0 5 29 25 s  teredin solids. Thus, it is important to take data To¢ as
Time [msec] long as 0.5-0.7, in order to measurd&, to a precision of

several percent.

FIG. 5. Comparison of recovery data for progressive saturation Very often, in solid state NMR, broad lines are encoun-
(open circley and full-recovery (open squargsexperiment for  tered that extend beyond the bandwidth of a typical NMR
(=3 =3) transition of O (1=3) in YBCO at 100 K. Fits are pulse. In this situation one can use a field-sweep technique to
shown for the corresponding recovery profiles, progressive saturgjetermine the accurate line ShaiLBé.l Combined with the
tion (solid ling), #=64°, T,=27.03 ms, and full recoveridashed ~ progressive saturation technique, field sweep enables one to
line), §="75°, T, =25.64 ms. Note that the recovery-Curves cross at a5 re precisely variations in the NMR rate across a broad
27 ms due to different. spectrum(provided there is no major spin-diffusion contri-
bution to the ratg In this experiment the external magnetic

sponding error of~+5% in T,. Typically the statistical field is changed while the probe is tuned and s.pectrometer
error in determining the tip angle is +0.5%. Nonunifor-  S€t 0 @ fixed frequency. At each value of the field, a pro-
mity of the rf excitation, i.e., théd, field, can also lead to 9ressive saturation experiment is carried out. Spectra, after
systematic error iff ;. Such inaccuracy can be independently Si9nal averaging, at each value of the field are added together
determined through direct comparison of at least one med® OPtain total composite spectra for a particular valug ©f

surement ofT, by progressive saturation with a measure- 1 N€ progressive saturation and field-sweep experiments

ment by full recovery under the same controlled conditionsSOMPIement each other giving us a powerful technique for

In many instances precision of the measurement is requiré@€asuring longT, for broad spectra. It enables faster-

in order to explore variations with magnetic field or tempera-€XPerimental execution, leading to high signal-to-noise,
ture. Then the tip angle is fixed at an optimal value thatWhile still assuring that the entire spectrum is covered. Fur-

minimizes y? and the variations off; can be determined tEermohre, thﬁ spectrometer gairr: anﬂ sensitivity stay constant
with a precision of better thar 1% throughout the experiment so that the rates at every point in

The ratio of the total time needed for a full-recovéRR) the spectrum are measured under the same conditions.

experiment relative to a progressive saturatiB® experi- Itis part[culgrly useful to use this combingd technique to
ment for the same signal-to-noise in extractingis approxi- measurél ; in high-temperature superconducting materials at
mately low temperatures where the rates become very slow due to

the decreasing number of normal quasiparticles. Study of the
Newrr 3 low-temperature rate enables one to probe the dynamics of
Rior~ - 5 Na- (200 low-energy quasiparticle excitations, which dictate the ther-
SwPS modynamic properties of the material. If one is to measure
Here, Ny is the number of different delay times betweenthese rates precisely, the problems of broad lines and slow
excitation and detection in the full-recovery experiment orrates have to be circumvented. Both®Cu and 27O lines
the number of differenT in the progressive saturation ex- broaden at low temperatures and high-magnetic field owing
periment and is typically 20 to 30,,,rr andNg,psare the to appearance of stationary vorticesThe broadening is be-
numbers of total averages per delay time. Only severajond the bandwidth of a typical NMR pulse. Thus, one can-
(~4) pulses are required to establish the quasiequilibriunmot use the Fourier transform of a Hahn echo to accurately
condition (see Fig. 3. We have compared the progressive measure the entire line shape. We have used the progressive
saturation profiles and extracted rates when the number afaturation technique combined with field sweep, as described
initial excitations(prior to acquisition was varied from 4 to  here, to determine both the accurate line shap€@fin the
16. The values of the extracted rates varied within the errovortex-lattice state and the rates across that spectrum as
bars. The progressive saturation method is not that favorablshown in Fig. 6. The NMR rate increases ¢ on moving
if T, can be measured in a single acquisition. In tRjs;  to the right in Fig. 6, i.e., approaching the vortex core. This
«(3/8)Ny4. On the other hand, if we need to perform moreincrease in the rate is expected from nuclear spin-flip scat-
than 100 averages the progressive saturation experiment reering by Doppler-shiftedl-wave quasiparticles 14

tematic error of=1% in the tip angle produces a corre-
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APPENDIX A: R, REDUCED RECOVERY MATRICES

R matrix for 1=}

Ri=-2W. (A1)
R matrix for | =3
-6 4 0
'f\’,gzw 3 -8 3. (A2)
0 4 -6
0.0 ! L ! l l R matrix for | =3
-0.01 0.00 0.01 0.02 0.03
—-10 8 0 0 0 7
(H-H 12,302.) [T]
5 -16 9 0
7 . . . . B
FIG. 6. Planart’0 spln-la_ttlce rele_lxatlon ratédata pointy ex- Fos =W 0 -18 0 . (A3)
tracted from a corresponding portion of the spectr@smooth 2
curve, inhomogeneously broadened by the vortex lattice in 0 0 9 —16 S
YBZCSO7 s at 11 K and 13 T. The spectrum represents the 0 0 0 8 —10
(=3 +1) transition. The tip angle was established to Be - -
=65.5°. Note that (17T,)=2W.

. =3 s
VI. CONCLUSIONS APPENDIX B: RECOVERY PROFILES FOR =35 AND 3

We have calculated progressive saturation magnetization . '€ following magnetization recovery profiles are ob-
recovery profiles for general spih for the spin system @inéd by using Eq(19) and taking into account only the
whose Zeeman states are unequally split by quadrupolar ifff@nsitions, me—m=1, induced by fluctuating magnetic
teractions. We have assumed that the relaxation of the mad/€!ds. We have assumed that the Zeeman levels are un-
netization is magnetic in origin so that—m=*1 are the quaIIy spaced, by the quadrupolar interaction, so that the
only allowed transitions. We argue that the progressive satunatrix S is defined as in Eq(12). In the absence of the
ration experiment is a powerful technique for measuring longyuadrupolar interactionS has no zero elements, since a
T, as is the case, for example, in high-temperature supercompulse affects all the transitions simultaneously, and more
ducting materials at low temperatures. It enables one to doomplicated recovery profiles, not included in this paper, are
the experiment much faster and obtain better signal-to-noisebtained.

ratio. Recovery profiles for spih=3/2
|
N 1 1 _Ae—ZWt(ch—lﬂNt+ e—8Wt_|_ e—GWt+ e—4Wt+ e—ZWt+ 1)
n_o EH E - 5(1—8712\/\“) +A- (1%712\/\“4— e IOWT o= BWI | o—6Wi o—4Wi 672Wt) : (B1)
N(.3 |1 —Ae” V(10 1M+ e B e Ot e Wit @AWt 1) B2
n_o —27 =7~ 5(1—e’12Wt)+A(lOe’12Wt+ g 1OWL o BWii g BWiy o~ 4Wii o~ 2Wi) - (B2)

Recovery profiles for spih=5/2

N 1 1
n_( _ E(_) E) — 2Ae_2Wt(3159_34Wt+ 9e—32\Nt+ ge—SO\Nt+ 3248—28\Nt+ 18e—26\Nt+ 18e—24Wt+ 748—22Wt

0
+18e 20Vt 180 18Vl 7497 10Wly 180~ 1WLy 18~ 1AWLY 749 10WLy 1 8o~ 8WEL 1 8o~ BWL g~ 4W!

+9e” 2+ 9)/[3151+ e *Wi—e3Wi—e73MWh 4 4(630e7 W'+ 18e7 W'+ 187 %Wt G4ge M
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+36e” 2+ 36020+ 148 2t 362Vt 36e 2N+ 14827 WL 360 1OV 360 1V

+148 12V 36e 1M+ 360 B+ 180 O+ 187 MWt 18 2WY). (B3)
N/ 3 1
| EyeEs]=—de 2WH(280e 4Wt_ 272n40WLy Dg(p~ 38WL} D3a = 38WI_ 7~ 34Wty 303~ 32WI_ D400~ 30WL} DEEe—28W
0
+53e 72 167 2Wit 141072V — 72672+ 14107 1OV 168 1O+ 53T MW 14e7 12V 38e T ION!
+ 236—8Wt_ 7e—6Wt+ 236_4Wt+ 8)/[14q1_ e—ZWt+ e—4Wt+ e 10Wt__ e 12\Nt+ e~ 14Wt__ e 30\Nt+ e—32\NI
_ e*34WI_ e740\Nt+ e742\NI_ e*44Wt) 4 A(28%744Wt_ 27%742VVI+ 28%740\Nt+ 23e738Wt_ 7e*36\/Vt
+303 3Wt_ 2420~ 3Vt GEe 3L 530~ 28WL . 1 G~ 26WL} 149~ 24t 70a=22WL 141p— 20Nt
+16e” 1914 5307 Wl 14e7 1MW 3ge™ WLt 23T 1OV 778l 230~ OWLL e~ 2WY) ] (B4)
N/ 5 3
N N ii — Ae— 2Wt(7%—42\NI_ 689_40Wt+ 7%—38\Nt+ 17e—3GWI_ 138_34Wt+ 87e—3Z\Nt_ 236—30\Nt+ 2%—28\Nt
ngl\ 2

+620 2Wl gem 2y 24~ 22Vt 40~ 20Ny D e 18Ny 4o~ 1OWLY g2p~ 1WL_41e~ 12WLY 470~ 1OV
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+ 620 1Wl_41e™ 1WWly 47~ 12Wty 7o~ 10WL_ 130~ 8WLy 170~ 6WLL D= 2Wh ] (B5)

All of the above recovery profiles have the right limits, im...(N/no) =0 and limy__o(N/ng) = —1.
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