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Progressive saturation NMR relaxation
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The NMR spin-lattice relaxation rate,T1
21, can be measured precisely by progressive saturation. This

efficient technique is useful whenT1 is long and the NMR signal is weak. We derive the quasiequilibrium spin
response to excitation in the case of a Zeeman spectrum in the presence of quadrupolar interactions. Exact
solutions for the recovery of magnetization under the influence of purely magnetic fluctuations forI 5

1
2 , 3

2, and
5
2 are presented. This is the general solution to a problem that has been previously solved only for theI 5

1
2

case. An important example for the application of this technique is17O NMR in cuprate superconductors (I
5

5
2 ). We show comparisons of the theory with the relaxation measured for high-temperature superconducting

materials and the NMR-rates measured by this technique across the vortex-broadened spectrum at low tem-
perature.

DOI: 10.1103/PhysRevB.64.024520 PACS number~s!: 76.20.1q, 76.60.Es, 74.60.Ec
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I. INTRODUCTION

There are frequent situations when NMR signals are w
and the relaxation times are so long that the spin-lattice
laxation experiment is arduous to perform with reasona
precision. For example, in high-temperature superconduc
materials the NMR spin-lattice relaxation rate,T1

21, is small
at low temperature owing to a decreasing number of nor
quasiparticles. This is particularly true for17O and 89Y nu-
clei. For the case of nuclei withI 5 1

2 it is well known that
the most efficient way to determine the spin-lattice relaxat
rate is by the method of progressive saturation.1 However,
the corresponding prescription for interpretation of progr
sive saturation experiments for quadrupolar nuclei under
influence of purely magnetic fluctuations has not been de
oped. In the case of purely quadrupolar relaxation, prog
sive saturation experiments were first performed and a
lyzed by Alexander and Tzalmona.2 In our work we derive
the quasistatic recovery profiles due to magnetic fluctuati
for the quadrupolar-split Zeeman spectrum during progr
sive saturation making this technique a useful analytical to
Then we compare the theory with experiment. The efficien
gained with our method over the standard relaxation m
surement technique is of the order of the number of differ
delay times used in the experiment when more then thre
four averages are used for the acquisition and can typic
be as high as a factor of 30.

The heart of the progressive saturation method is
NMR spectra can be accumulated much faster and thus m
accurately than the conventional measurement of the ma
tization profile. In progressive saturation the repetition tim
TR , between consecutive spectrum acquisitions is varied
the effect on the amplitude of the signal is determined. I
conventional relaxation experiment each data acquisi
consists of an excitation and detection of magnetization,
usually enough time is allowed between acquisitions, that
equilibrium spin temperature is fully restored,TR>5T1. We
refer to this in the following as the full-recovery method.
the case of progressive saturation thermal equilibrium is
established and the amplitude of the signal depends in
eral in a complicated way on the spin-lattice relaxation ra
0163-1829/2001/64~2!/024520~7!/$20.00 64 0245
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The benefit in signal-to-noise from increasing the rate of d
accumulation more than makes up for loss of signal fr
partial saturation. For spinI 51/2 the magnetization recover
profile for this progressive saturation experiment is eas
obtained semiclassically. However, in order to measureT1 of
nuclei with I . 1

2 , with this method, it is necessary to deriv
magnetization recovery profiles as we present here. Then
spin-lattice relaxation rate can be obtained from a fit of
theoretical profile to the results of the progressive satura
experiment with a significant gain in efficiency.

The magnetization recovery for quadrupolar nuclei, af
irradiation of a single transition, involves a sum of expone
tials. Andrew and Tunstall4 were the first to treat full-
recovery relaxation in the case of quadrupolar-split Zeem
states for spinI 5 3

2 , 5
2 . The paper of Suteret al.3 contains

references to calculations of these multiexponential recov
profiles that are appropriate for what we call full-recove
experiments. In our work we derive the quasiequilibriu
spin response to an excitation as a function of repetit
time, TR , and the NMR rate,T1

21, for a progressive satura
tion experiment. In these circumstances the populations o
the spin states deviate from their Boltzman distribution. W
assume that the nuclei interact with an electric-field gradi
~EFG!, so that the Zeeman levels are unequally spaced
form 2I distinct satellite transitions, see Fig. 1. We consid
the high-field limit so that Zeeman states are the sys
eigenstates, i.e.,m is a good quantum number. We descri
the progressive saturation experiment in Sec. II. In Sec.
we discuss basic principles and assumptions necessary t
rive general recovery laws. Using this notation and the
principles, we derive the progressive saturation recovery p
files in Sec. IV. We compare these profiles with the rela
ation measured for high-temperature superconducting m
rials in Sec. V. Furthermore, we also show how th
technique can be used to accurately measure the NMR r
across the broad spectra in these materials at low temp
ture.

II. PROGRESSIVE SATURATION EXPERIMENTS

In a progressive saturation experiment one does not w
for the magnetization to fully recover before repeating t
©2001 The American Physical Society20-1
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excitation and data-acquisition sequence. Consequently
initial conditions for the spin system at the instant of exci
tion are not the Boltzmann thermal distribution for the lev
populations and the recovery profile as a function ofTR is
quite different from that of the full-recovery method. Th
progressive saturation profiles have been worked out fo
two-level system,1,5 i.e., I 51/2. For higher spins, determina
tion of the correct profile is a more complex task. A blo
diagram for a progressive saturation experiment is show
Figs. 2 and 3 for one value of the repetition timeTR . We
introduce a spin-manipulation operatorS̃ that changes the
level populations and also produces a detected signal suc
an echo or free-induction decay.S̃ can be quite general in
cluding double resonance or multiple-pulse sequences
many useful applications, such as we used to study h
temperature superconductors, the manipulation is a stand
Hahn echo,u-t-p-acquire sequence, which is repeate
many times with a delay ofTR and then signal averaged i
order to improve the signal-to-noise. The excitation stren
is fixed by the tip angleu. The process is repeated for
sufficient number of wait timesTR<T1 to establish the re-
covery profile. We can assume that after the first-few pul
in each such sequence a quasiequilibrium in the spin sys
is established.6 When we changeTR , we change the initial

FIG. 1. Transitions between spin energy levels forI 53/2 and
5/2 caused by magnetic fluctuations. Only upward transitions
shown.

FIG. 2. Block diagram of our experiment. In the time interv
between pointsa andb the spin evolution is described by the matr

S̃. During the time intervalTR the spins relax according toR̃. The
deviation of the magnetization from its equilibrium value
sketched by curved lines.
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conditions, at the instant of excitation, for the quasiequil
rium populations of the levels. With the progressive satu
tion experiment we can measure the magnetization as a f
tion of TR and extract the rate,T1

21. This is a much faster
way of measuring the rate than the full-recovery experime
For both methods the magnetization recovery profile is c
culated theoretically and fit to the experimental measurem
with three adjustable parameters: the equilibrium magnet
tion for the transition being excited, the excitation-pulse
angleu, and the spin-lattice relaxation rate.

III. MASTER EQUATION

The energy levels of a nucleus that possess spinI are split
into (2I 11) Zeeman energy levels in a magnetic field,H0,
each with energy2mgH0\, proportional to its gyromag-
netic ratiog and spin quantum numberm. Zeeman levels for
nuclei with total spinI 5 3

2 and 5
2 are schematically shown in

Fig. 1. In addition to the static Zeeman interaction withH0,
we assume that there is a quadrupolar interaction betw
the nuclei and an EFG tensor. The quadrupolar interac
unequally shifts the Zeeman energy levels, sufficiently t
they can be identified spectroscopically, but not so much
they significantly alter the levels, so that 2I distinct transi-
tions are formed. This assumption is relevant only for t
description of initial conditions and its implications will b
discussed later in Sec. IV. We also assume the high-fi
limit where the Zeeman states are the system eigenstates
m is a good quantum number. Let a vectorp0,m represent the
equilibrium population of the levels given by the Boltzman
distribution,p0,m}exp(mgH0\/kBT). We also define vectorp
that represents the population of the levels,P, minus the
equilibrium population,p0 , p5P2p0. The population dif-
ference between two adjacent levels is represented b
2I -dimensional vectorn. The equilibrium population differ-
ence between two adjacent levelsn0 is given by,

n05n01; 15S 1

1

A
D , n0}

gH0\

kBT
. ~1!

We also define the population differenceminus the equilib-
rium population differencebetween two adjacent levels asN,
N5n2n0.

The relaxation of the disturbed populationp towards its
equilibrium can be described by the master equation,7

d

dt
p5W̃p, ~2!

re

FIG. 3. Steady state, quasi-equilibrium, condition holds for s
ficiently largen, whenN(nTR)5N@(n11)TR#.
0-2
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PROGRESSIVE SATURATION NMR RELAXATION PHYSICAL REVIEW B64 024520
where W̃ is the (2I 11)-dimensional matrix whose ele
ments,Wmn , are the transition probabilities from the statem
to the staten, Fig. 1.

If the transitions are induced by magnetic fluctuatio
only Dm561 transitions are allowed and the probabiliti
are given by,

Wm→n5m61
mag 5W~ I 7m!~ I 6m11!. ~3!

In the high-temperature limit,gH0\!kBT, which is almost
always satisfied in an NMR experiment, so that there is
proximately equal probability for upward and downwa
transitions, i.e.Wm→m61

mag 'Wm61→m
mag . Therefore, for mag-

netic fluctuations in the high-temperature limit, we can wr
the change of the population of themth level as,

dpm

dt
5W(m11)→mpm112$Wm→(m21)1Wm→(m11)%pm

1W(m21)→mpm21 . ~4!

Since in an NMR experiment one detects a quantity prop
tional to the difference of population between two adjac
levels for thej th transition, one can rewrite the master E
~2!, in terms of the population differenceN,

d

dt
N5R̃N, ~5!

whereR̃ now is a 2I -dimensional matrix. The change of th
population difference of thej th transition, betweenm→(m
21) levels, is given by,

dNj

dt
5W(m11)→mN( j 11)2$2Wm→(m21)%Nj

1W(m21)→mN( j 21) . ~6!

The matrixR̃ can then be obtained using Eq.~3! and Eq.
~6!. The full form ofR̃ for various spins is given in Appen
dix A. The eigenvalues and eigenvectors ofR̃ arel i andEi

respectively. The matrixẼ, composed of the eigenvecto
Ei , is defined so thatẼ21R̃Ẽ is a diagonal matrix whose
elements are the eigenvaluesl i , i.e. (Ẽ21R̃Ẽ) i j 5l id i j .
Equation~5! can then be rewritten as,

d

dt
N5ẼlẼ21N. ~7!

Defining a diagonal matrixL̃ as,

L̃5F el1t 0 0

0 � 0

0 0 el2I t
G ,

we can write the solution of Eq.~7!,

N5ẼL̃Ẽ21N~0!. ~8!
02452
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The vectorN(0) describes the initial conditions of the sp
system. Then Eq.~8! can be rewritten in the form,

Nj~ t !5(
i ,k

~Eji e
l i t!Eik

21Nk~0!. ~9!

In an NMR experiment, one measures the time-dependez
component of the magnetization for thej th transition,
Mj (t), a quantity proportional to the difference of popul
tion between two adjacent levels. Thus once the element
N(t) are known, the normalized magnetization recovery p
file M (t) can be obtained as,

M j~ t !5
Mj~`!2Mj~ t !

Mj~`!
52

Nj~ t !

n0
, ~10!

whereM(`) is the equilibrium value of magnetization an
the indexj denotes the transition, i.e. the NMR line, that
observed. Substituting the expression forNj (t) from Eq.~9!,
M j (t) can be rewritten as

M j~ t !52(
i

cie
l i t,

ci52
1

n0
(
j ,k

Ei j Ejk
21Nk~0!. ~11!

This equation shows that after the initial preparation, d
scribed byNk(0), the magnetization recovery is a linea
combination of exponentials of eigenvalues of the redu
recovery matrix.

IV. PROGRESSIVE SATURATION PROFILE

In this section we derive the quasiequilibrium spin r
sponse as a function ofTR and T1. We will represent the
disturbance of spin populations during excitation and det
tion by a matrixS̃, P→P85S̃P. We assume thatT2!TR ,
so that all transverse coherence is lost duringTR . Knowl-
edge of the detailed evolution of the magnetization-den
matrix during pulsing is unnecessary. We consider
change in population of each Zeeman level. For the part
lar case of an irradiation of thej th transition the fractional
population change~the depletion of the lower level and th
enhancement of the upper-one normalized to their sum! can
be described by a scalar, cosu. In the semiclassical theory,u
is the tip angle. Thus, we define, for convenience a quan
A52 1

2 (cosu21) and writeS̃ as,

Sj j 522A11,

Sj j 615Sj 61 j5A,

Sj 1 j 2
5d j 1 j 2

~ j 1 , j 2Þ j !,
0-3



e
ra

u

u

a-

ib-

-

so

m

o-

nts
. For

-
ull-

ing
file
hin

tion
an

ro-
ex-

s-

ra-
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S̃[3
1

1 0

1 A
22A11

0 A �

1

4 . ~12!

In the absence of an electric-field gradient, the Zeeman
ergy levels are equally spaced so that a pulse affects all t
sitions. In that caseS̃ has no zero elements.

After pulsing, the system starts to relax towards its eq
librium. This relaxation is described by the matrixR̃. It is
important to note that the system left to evolve underR̃ can
only evolve until the population difference reaches its eq
librium value,n0. One can say thatR̃ acts only onN space,
affecting only the population difference in excess ofn0. On
the other hand,S̃ acts onn space, altering absolute popul
tion differences.

After n-acquired spectra the condition for quasiequil
rium is thatN(nTR) is equal toN@(n11)TR# as shown in
Fig. 3. Thus we can write,

N@~n11!TR#5N~nTR!. ~13!

SinceS̃ acts onn space andR̃ on N, the steady-state con
dition, Eq. ~13!, can be written as,

N@~n11!TR#5ẼL̃Ẽ21@S̃$N~nTR!1n0%2n0#,

5N~nTR!. ~14!

A. IÄ1Õ2

Here we show that Eq.~14! has a simple solution for a
two-level system enabling us to make a direct compari
with its semiclassical solution. ForI 51/2, S̃5cosu, and
ẼL̃Ẽ215e22WTR5e2TR /T1. Substituting in Eq.~14! we ob-
tain,

N5e2TR /T1@cosu~N1n0!2n0#. ~15!

Solving for N we find,

N

n0
5

e2TR /T1~cosu21!

~12e2TR /T1 cosu!
, ~16!

an expression identical to the one obtained from the se
classical treatment of the problem.1 Note that Eq.~16! has
the correct limits limTR→`(N/n0)50 and limTR→0(N/n0)5

21.

B. General I

For a general spin,I, Eq. ~14! can be solved in the fol-
lowing way,

N@~n11!TR#5N~nTR!5N5ẼL̃Ẽ21~S̃N1S̃n02n0!.
~17!
02452
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Knowing thatS̃ is linear, we can easily solve Eq.~17! for N,

N5~ 1̃2ẼL̃Ẽ21S̃!21ẼL̃Ẽ21~S̃21̃!n0 . ~18!

From Eq.~18! the general matrix equation for recovery pr
files for all transitions for an arbitrary spin systemI can be
obtained,

M ~ t !52~ 1̃2ẼL̃Ẽ21S̃!21ẼL̃Ẽ21~S̃21̃!1. ~19!

This relation is general to many types of NMR experime
such as double resonance or multiple pulse sequences
the particular case of the Hahn-echo irradiation of thej th
level the form ofS̃ is given by Eq.~12!.

V. DISCUSSIONS AND COMPARISON
WITH EXPERIMENT

In Appendix B, we give recovery profiles forI 5 3
2 and I

5 5
2 obtained from Eq.~19!. Comparison between the recov

ery profiles for the progressive saturation and excitation f
recovery experiment is shown in Fig. 4.

We have compared the values ofT1 extracted from a
full-recovery experiment,p/22t12p/22t2p, and pro-
gressive saturation experiment for the2 3

2 ↔2 1
2 transition of

an I 5 5
2 system, planar17O in YBCO, at 100 K. The recov-

ery data for these two experiments and their correspond
fits are shown in Fig. 5. Fitting each to the appropriate pro
for T1 and tip angle the same values were obtained wit
the error bars of63%. In general, in order to determineT1
within a precision of a few percent the progressive satura
experiment requires typically 30 times less time to run th
the full recovery when substantial averaging is needed.

Due to the complexity of the progressive saturation p
files a nonlinear least-squares fit must be performed to
tract the three parametersT1 , M(`), and the tip angleu.
However errors inT1 and u are correlated such that a sy

FIG. 4. Comparison of recovery profiles for progressive satu
tion ~solid line! and full-recovery ~dashed line! experiment
(6

3
2 ↔6

1
2 ) transition forI 55/2, p/2 tip angle. The full-recovery

profile } ( 2
35e22Wt1

3
28e26Wt1

1
20e212Wt1

25
28e220Wt1

25
28e230Wt).
0-4
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tematic error of61% in the tip angle produces a corr
sponding error of;65% in T1. Typically the statistical
error in determining the tip angle is;60.5%. Nonunifor-
mity of the rf excitation, i.e., theH1 field, can also lead to
systematic error inT1. Such inaccuracy can be independen
determined through direct comparison of at least one m
surement ofT1 by progressive saturation with a measu
ment by full recovery under the same controlled conditio
In many instances precision of the measurement is requ
in order to explore variations with magnetic field or tempe
ture. Then the tip angle is fixed at an optimal value th
minimizes x2 and the variations ofT1 can be determined
with a precision of better than61%.

The ratio of the total time needed for a full-recovery~FR!
experiment relative to a progressive saturation~PS! experi-
ment for the same signal-to-noise in extractingT1 is approxi-
mately,

Rtot'
NswFR

NswPS
*

3

2
Nd . ~20!

Here, Nd is the number of different delay times betwe
excitation and detection in the full-recovery experiment
the number of differentTR in the progressive saturation ex
periment and is typically 20 to 30;NswFR andNswPSare the
numbers of total averages per delay time. Only seve
(;4) pulses are required to establish the quasiequilibr
condition ~see Fig. 3!. We have compared the progressi
saturation profiles and extracted rates when the numbe
initial excitations~prior to acquisition! was varied from 4 to
16. The values of the extracted rates varied within the e
bars. The progressive saturation method is not that favor
if T1 can be measured in a single acquisition. In thisRtot
}(3/8)Nd . On the other hand, if we need to perform mo
than 100 averages the progressive saturation experimen

FIG. 5. Comparison of recovery data for progressive satura
~open circles! and full-recovery ~open squares! experiment for
(6

3
2 ↔6

1
2 ) transition of 17O (I 5

5
2 ) in YBCO at 100 K. Fits are

shown for the corresponding recovery profiles, progressive sat
tion ~solid line!, u564°, T1527.03 ms, and full recovery~dashed
line!, u575°, T1525.64 ms. Note that the recovery-curves cross
;27 ms due to differentu.
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quires less running time by a factor of; 3
2 Nd . Similarly, if

T1 is shorter than the minimum spectrometer acquisition
set time, the progressive saturation method does not off
major savings in the running time. The method becom
more favorable asT1 increases and as the required number
averages increases.

In order to measureT1 within the error bars of63% the
longestTR in the progressive saturation experiment sho
be between 0.5–0.7 ofT1, so that the curvature in the recov
ery profiles shown in Fig. 5 can be covered. The curvature
the recovery profiles also depends on the tip angle. It is
possible to know the exact tip anglea priori and this is
particularly true in the case of broader lines, often enco
tered in solids. Thus, it is important to take data forTR as
long as 0.5–0.7T1 in order to measureT1 to a precision of
several percent.

Very often, in solid state NMR, broad lines are encou
tered that extend beyond the bandwidth of a typical NM
pulse. In this situation one can use a field-sweep techniqu
determine the accurate line shape.10,11 Combined with the
progressive saturation technique, field sweep enables on
measure precisely variations in the NMR rate across a br
spectrum~provided there is no major spin-diffusion contr
bution to the rate!. In this experiment the external magnet
field is changed while the probe is tuned and spectrom
set to a fixed frequency. At each value of the field, a p
gressive saturation experiment is carried out. Spectra, a
signal averaging, at each value of the field are added toge
to obtain total composite spectra for a particular value ofTR .
The progressive saturation and field-sweep experime
complement each other giving us a powerful technique
measuring longT1 for broad spectra. It enables faste
experimental execution, leading to high signal-to-noi
while still assuring that the entire spectrum is covered. F
thermore, the spectrometer gain and sensitivity stay cons
throughout the experiment so that the rates at every poin
the spectrum are measured under the same conditions.

It is particularly useful to use this combined technique
measureT1 in high-temperature superconducting materials
low temperatures where the rates become very slow du
the decreasing number of normal quasiparticles. Study of
low-temperature rate enables one to probe the dynamic
low-energy quasiparticle excitations, which dictate the th
modynamic properties of the material. If one is to meas
these rates precisely, the problems of broad lines and s
rates have to be circumvented. Both63,65Cu and 17O lines
broaden at low temperatures and high-magnetic field ow
to appearance of stationary vortices.8,9 The broadening is be
yond the bandwidth of a typical NMR pulse. Thus, one ca
not use the Fourier transform of a Hahn echo to accura
measure the entire line shape. We have used the progre
saturation technique combined with field sweep, as descr
here, to determine both the accurate line shape of17O in the
vortex-lattice state and the rates across that spectrum
shown in Fig. 6. The NMR rate increases by;4 on moving
to the right in Fig. 6, i.e., approaching the vortex core. T
increase in the rate is expected from nuclear spin-flip s
tering by Doppler-shiftedd-wave quasiparticles.12–14
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VI. CONCLUSIONS

We have calculated progressive saturation magnetiza
recovery profiles for general spinI, for the spin system
whose Zeeman states are unequally split by quadrupola
teractions. We have assumed that the relaxation of the m
netization is magnetic in origin so thatm↔m61 are the
only allowed transitions. We argue that the progressive s
ration experiment is a powerful technique for measuring lo
T1 as is the case, for example, in high-temperature super
ducting materials at low temperatures. It enables one to
the experiment much faster and obtain better signal-to-n
ratio.

FIG. 6. Planar17O spin-lattice relaxation rate~data points!, ex-
tracted from a corresponding portion of the spectrum~smooth
curve!, inhomogeneously broadened by the vortex lattice
YB2C3O72d at 11 K and 13 T. The spectrum represents
(6

3
2 ↔6

1
2 ) transition. The tip angle was established to beu

565.5°.
02452
n

n-
g-

u-
g
n-
o

se

ACKNOWLEDGMENT

We are grateful to M. Eschrig for useful discussions. T
work was supported by the National Science Foundati
Grant No. DMR 91-20000, through the Science and Te
nology Center for Superconductivity.

APPENDIX A: R̃, REDUCED RECOVERY MATRICES

R̃ matrix for I 5 1
2

R̃1
2
522W. ~A1!

R̃ matrix for I 5 3
2

R̃3
2
5WF 26 4 0

3 28 3

0 4 26
G . ~A2!

R̃ matrix for I 5 5
2

R̃5
2
5WF 210 8 0 0 0

5 216 9 0 0

0 8 218 8 0

0 0 9 216 5

0 0 0 8 210

G . ~A3!

Note that (1/T1)[2W.

APPENDIX B: RECOVERY PROFILES FOR IÄ 3
2 AND 5

2

The following magnetization recovery profiles are o
tained by using Eq.~19! and taking into account only the
transitions, m↔m61, induced by fluctuating magneti
fields. We have assumed that the Zeeman levels are
equally spaced, by the quadrupolar interaction, so that
matrix S̃ is defined as in Eq.~12!. In the absence of the
quadrupolar interaction,S̃ has no zero elements, since
pulse affects all the transitions simultaneously, and m
complicated recovery profiles, not included in this paper,
obtained.

Recovery profiles for spinI 53/2
N

n0
S 2

1

2
↔ 1

2D5
2Ae22Wt~10e210Wt1e28Wt1e26Wt1e24Wt1e22Wt11!

5~12e212Wt!1A•~10e212Wt1e210Wt1e28Wt1e26Wt1e24Wt1e22Wt!
. ~B1!

N

n0
S 6

3

2
↔6

1

2D5
2Ae22Wt~10e210Wt1e28Wt1e26Wt16e24Wt1e22Wt11!

5~12e212Wt!1A~10e212Wt1e210Wt1e28Wt16e26Wt1e24Wt1e22Wt!
. ~B2!

Recovery profiles for spinI 55/2

N

n0
S 2

1

2
↔ 1

2D522Ae22Wt~315e234Wt19e232Wt19e230Wt1324e228Wt118e226Wt118e224Wt174e222Wt

118e220Wt118e218Wt174e216Wt118e214Wt118e212Wt174e210Wt118e28Wt118e26Wt19e24Wt

19e22Wt19!/@315~11e26Wt2e236Wt2e230Wt!1A~630e236Wt118e234Wt118e232Wt1648e230Wt
0-6
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136e228Wt136e226Wt1148e224Wt136e222Wt136e220Wt1148e218Wt136e216Wt136e214Wt

1148e212Wt136e210Wt136e28Wt118e26Wt118e24Wt118e22Wt!. ~B3!

N

n0
S 6

3

2
↔6

1

2D52Ae22Wt~280e242Wt2272e240Wt1280e238Wt123e236Wt27e234Wt1303e232Wt2242e230Wt1266e228Wt

153e226Wt116e224Wt1141e222Wt272e220Wt1141e218Wt116e216Wt153e214Wt214e212Wt138e210Wt

123e28Wt27e26Wt123e24Wt18!/@140~12e22Wt1e24Wt1e210Wt2e212Wt1e214Wt2e230Wt1e232Wt

2e234Wt2e240Wt1e242Wt2e244Wt!1A~280e244Wt2272e242Wt1280e240Wt123e238Wt27e236Wt

1303e234Wt2242e232Wt1266e230Wt153e228Wt116e226Wt1141e224Wt272e222Wt1141e220Wt

116e218Wt153e216Wt214e214Wt138e212Wt123e210Wt27e28Wt123e26Wt18e22Wt!#. ~B4!

N

n0
S 6

5

2
↔6

3

2D52Ae22Wt~70e242Wt268e240Wt170e238Wt117e236Wt213e234Wt187e232Wt223e230Wt129e228Wt

162e226Wt14e224Wt124e222Wt142e220Wt124e218Wt14e216Wt162e214Wt241e212Wt147e210Wt

117e28Wt213e26Wt117e24Wt12!/@35~12e22Wt1e24Wt1e210Wt2e212Wt1e214Wt2e230Wt1e232Wt

2e234Wt2e240Wt1e242Wt2e244Wt!1A~70e244Wt268e242Wt170e240Wt117e238Wt213e236Wt

187e234Wt223e232Wt129e230Wt162e228Wt14e226Wt124e224Wt142e222Wt124e220Wt14e218Wt

162e216Wt241e214Wt147e212Wt117e210Wt213e28Wt117e26Wt12e22Wt!#. ~B5!

All of the above recovery profiles have the right limits, limTR→`(N/n0)50 and limTR→0(N/n0)521.
,
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