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Critical depinning force and vortex lattice order in disordered superconductors
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We simulate the ordering of vortices and its effects on the critical current in superconductors with varied
vortex-vortex interaction strength and varied pinning strengths for a two-dimensional system. For strong
pinning the vortex lattice is always disordered and the critical depinning force only weakly increases with
decreasing vortex-vortex interactions. For weak pinning the vortex lattice is defect-free until the vortex-vortex
interactions have been reduced to a low value, when defects begin to appear with a simultaneous rapid increase
in the critical depinning force. In each case the depinning force shows a maximum for noninteracting vortices.
The relative height of the peak increases and the peak width decreases for decreasing pinning strength in
agreement with experimental trends associated with the peak effect. We show that scaling relations exist
between the distance between defects in the vortex lattice and the critical depinning force.
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I. INTRODUCTION

A large class of condensed matter systems can be re
sented as an elastic lattice interacting with a quenched
dom substrate. Vortices in type II superconductors, wh
can be pinned by random defect sites in the material, a
particularly ideal example of such a system since the s
strate and lattice interactions can be readily tuned experim
tally. In this case, a rich variety of static1–6 and dynamical
phases2,7,8 can occur due to the competition between the
pulsive vortex-vortex interactions, which tend to order t
vortex lattice, and the attractive vortex-pin interaction
which tend to disorder the vortex lattice. Unlike the ea
studies of collective pinning of a defect-free elastic lattic
recent experimental and theoretical work points to the imp
tance of topological defects in pinned vortex matter. If t
pinning in the sample is sufficiently strong, the vortex latti
will be highly defected; conversely, in a sample with we
pinning the vortex lattice can be relatively ordered and c
tain only a few defects. In contrast with the purely elas
model, however, the relationship between the critical fo
and the density of flux line defects is not known. Moreov
applications of superconducting materials require that
critical current be high, and so a key question is how
number of defects in the vortex lattice can affect the criti
current.

In a given sample, i.e., with a given realization
quenched disorder, the relative strength of the pinning ca
increased by lowering the vortex-vortex interaction streng
i.e., by softening the lattice. Vortex-vortex interactions b
come weak at low applied fields, when vortices are dilute
well as very nearHc2 and Tc , where the induction of the
vortices overlaps significantly. In the latter regime one e
counters the peak effect: a rapid increase in the critical c
rent before it collapses to zero at the superconducting-nor
phase boundary. At these two extreme field values, the
ning interaction dominates and the vortex lattice is expec
to be highly disordered. Indeed, direct evidence for vor
lattice disordering through the peak effect regime has b
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observed in neutron scattering measurements.9 A reentrant
disordering has been found in the low field regime where
vortex lattice again softens.4,10 Bitter decoration experiment
have also provided evidence for the disordering of the vor
lattice at low fields.11 In each of these cases the critical cu
rent Jc is high due to the dominance of pinning.

Experiments on superconducting samples with differ
amounts of pinning have revealed some systematic tre
The peak effect is much sharper and more pronounce
cleaner samples,6,5,12while in samples with stronger pinnin
the width of the peak region increases andthe relative valley-
to-peak height decreases, although the overall critical curren
is higher.6,12 In samples with the strongest pinning,Jc is high
through most of the applied field range, and the peak is co
pletely absent. A possible interpretation of this behavior c
nects vortex lattice defects with high critical currents. A d
tailed understanding of the observed effects as a poss
transition/crossover between regimes with low and high cr
cal currents, i.e., between, say, a Bragg-glass-like orde
phase with few defects and a vortex-glass/pinned-liquid-l
disordered vortex phase is still lacking. A key reason for t
uncertainty is the absence of a systematic connection
tween the number of defects in the vortex lattice, the softn
of the lattice, and the critical current.

In this work, we directly examine the effect of vorte
lattice softness on the critical current through a series
numerical simulations of samples with different pinnin
strengths. For strong pinning the vortex lattice is highly d
fective for the entire range of vortex-vortex interactions
vestigated. The critical depinning force, which is propo
tional to the critical current, only weakly increases wi
decreasing vortex-vortex interaction strength, reaching
maximum for noninteracting vortices. For the weakest p
ning strengths, on the other hand, the lattice is almost def
free over a large range of vortex-vortex interaction streng
When defects begin to appear in the softest vortex lattic
the critical depinning force increases sharply from its lo
value to a peak at zero vortex-vortex interaction. The beh
ior for intermediate pinning is intermediate between the
©2001 The American Physical Society18-1
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extremes. We find that the relative height of the critical c
rent peak increases for decreasing pinning while the width
the peak decreases. Thus, the most pronounced peaks
for the weakest pinning. These results are in agreement
the experimental trends described above. We discuss
these results can be connected to the behavior of the
effect in superconductors with varying pinning strength.

II. SIMULATION

We consider a two-dimensional~2D! slice of a system of
superconducting vortices interacting with a random pinn
background. The applied magnetic fieldH5H ẑ is perpen-
dicular to our sample, and we use periodic boundary con
tions in x andy. The T50 overdamped equation of motio
for a vortexi is

f i5h
dr i

dt
5f i

vv1f i
vp1fd5hvi , ~1!

wherevi is the velocity of vortexi andh51 is the damping
coefficient. The total force on vortexi from the other vortices
is f i

vv5( j 51
Nv Av f 0K1(ur i2r j u/l) r̂ i j , wherer i is the position

of vortex i, l is the penetration depth,f 05F0
2/8p2l3, the

prefactorAv is used to vary the vortex lattice softness, a
K1 is the modified Bessel function. The pinningf i

vp is mod-
eled as randomly placed attractive parabolic wells of rad
r p50.15l with f i

vp5( f p /r p)(ur i2r k
(p)u)Q(r p2ur i

2r k
(p)u) r̂ ik

(p) , where r k
(p) is the location of pink, f p is the

maximum pinning force, which is varied from 0.1f 0 to
3.0f 0 , Q is the Heavside step function, andr̂ ik

(p)5(r i

2r k
(p))/ur i2r k

(p)u. The pin density isnp53.0/l2 and the vor-
tex density isnv50.75/l2. We simulate a 36l336l system
containingNv5864 vortices andNp53887 pins. We initial-
ize the vortex positions by performing simulated anneali
starting from a high temperature and slowly cooling toT
50. This method of preparing the lattice is similar to fie
cooled experiments. To identify the depinning forcef c we
apply a slowly increasing uniform driving forcefd on the
vortices in thex direction, which would correspond to a Lo
entz force from an applied currentJ5Jŷ. We use a time step
of dt50.02 and spend 104 time steps at each current valu
For each drive increment we measure the average vo
velocity in the direction of drive,Vx5(1/Nv)(1

Nvvx . The f d

versusVx curve corresponds experimentally to aV(I ) curve.
The depinning forcef c is defined as the drive at whichVx
.0.03.

III. VORTEX ORDER AND PINNING FOR VARIED
VORTEX-VORTEX INTERACTION STRENGTH

We first consider the effect of the vortex lattice softne
on the stationary vortex lattice. In Fig. 1 we show the D
launay triangulation for a system withf p50.25f 0 for de-
creasing vortex-vortex interactionAv , after the lattice has
been annealed and with no driving force applied. Defect s
in the vortex lattice are indicated by circles. In Fig. 1~a! for
Av54.0, the vortex lattice contains no defects. In Fig. 1~b!
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for Av53.0 a small number of 5–7 defect pairs appear.
Fig. 1~c!, at Av52.0 the vortex lattice is considerably diso
dered but some domains of order are still present. For so
vortex lattices in Figs. 1~d!–1~f!, the vortex lattice become
progressively more disordered by the underlying rand
pinning. Since the simulation is for a two-dimensional sy
tem, we expect the system to be defective for any pinn
strength.13 The defect-free situation likely results from th
finite size of the sample.

By applying a transport current to the annealed lattic
we determine the critical depinning forcef c that must be
applied before the vortices begin to move. In Fig. 2~a! we
plot f c versusAv for a sample withf p50.25f 0. For compari-
son, we measure the amount of order in the lattice bef
depinning using the Delaunay triangulation, and in Fig. 2~b!
we plot P6, the fraction of sixfold coordinated vortices, ve

FIG. 1. The Delaunay triangulation of the vortex lattice for d
creasing vortex-vortex interaction strengthAv in a sample withf p

50.25f 0. Dark circles indicate fivefold coordinated vortices; op
circles indicate sevenfold coordinated vortices.Av5 ~a! 4.0,~b! 3.0,
~c! 2.0, ~d! 1.0, ~e! 0.75, and~f! 0.50. The vortex lattice is relatively
ordered in~a!. In ~b! more defects appear.~c! and~d! show different
domains of vortex orientation. In~e! and ~f! the vortex lattice is
highly disordered.
8-2
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susAv . Here P651.0 indicates a perfect triangular lattic
As Av is loweredf c increases and simultaneously the ord
in the lattice,P6, decreases. The maximum value off c oc-
curs atAv;0 which coincides with the minimum value o
P6. Thus the softer lattices with low values ofAv and large
amounts of disorder are more strongly pinned than stif
more ordered lattices.

IV. HEIGHT AND WIDTH OF CRITICAL DEPINNING
FORCE PEAK

The shape and magnitude of the critical current peak
Av50 are affected by the strength of the pinning in t
sample. To demonstrate this, in Fig. 3~a! we plot f c / f p ver-
susAv . Scaling the curves withf p in this way causes all o
the curves to approachf c / f p51 at Av50. We find that the
relative height of the peak increases as the pinning beco
weaker. For example, comparingf p50.25 ~bottom curve!
with f p53.0 ~top curve!, the critical currentf c increases by a
factor of 8 fromf c50.1 atAv56.0 to f c50.8 atAv50.01 in
the weakly pinned sample, whereas in the strongly pin
samplef c increases only by a factor of 2 fromf c50.38 at
Av56.0 to f c50.8 atAv50.01. The peak not only become
higher for weaker pinning, but also it becomes much n
rower as can be seen by comparing the widths of the peak
Fig. 3~a!. As shown in Fig. 3~b!, in the strongly pinned
samples such asf p53.0f 0 with broad low peaks,P6 is low
over the entire range ofAv , indicating that the vortex lattice
is always strongly disordered by the pinning. In contrast,
weakly pinned samples such asf p50.25f 0 , P6 drops a large
amount fromP6'1 at largeAv , indicating a nearly perfec
lattice, to P6'0.4 at the lowestAv , indicating a large
amount of disorder in the lattice.

In Fig. 4 we show explicitly how the relative peak heig

FIG. 2. ~a! The critical depinning forcef c versusAv for a
sample with f p50.25f 0. ~b! The fraction of sixfold coordinated
vorticesP6 versusAv . As the vortex-vortex interaction is lowere
f c increases whileP6 decreases.
02451
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H5 f c(Av50.01)/f c(Av56.0) and the width at half maxi-
mum dW vary with pinning strengthf p . Here we see tha
the relative strength and sharpness of the peak increase
weaker pinning. The widthdW depends linearly onf p ,
while the relative heightH shows a nonlinear increase th
cannot be fitted by a simple functional form.

FIG. 3. Scaled critical depinning force andP6 versusAv for
samples with different pinning strengths. Open circles,f p50.10f 0;
filled squares,f p50.25f 0; open diamonds,f p50.75f 0; filled tri-
angles,f p51.5f 0; plus signs,f p53.0f 0. ~a! The plot of f c / f p ver-
susAv shows that the peak at lowAv becomes sharper for weaken
ing pinning strengthf p . ~b! The correspondingP6 values show that
for large f p53.0 the vortex lattice is disordered over the ent
range ofAv .

FIG. 4. Squares: the relative heightH5 f c(Av50.01)/f c(Av
56.0) of the peak inf c for samples with different pinning strengt
f p . Circles: The width of the peakdW at half maximum as a
function of f p . The peak becomes sharper and more pronounced
weaker pinning.
8-3
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The results in Fig. 3 and Fig. 4 suggest that in cle
superconductors, where the vortex lattice softness ha
much more significant impact on the effectiveness of
pinning, the critical current enhancements should be b
sharper and of larger relative height than in strongly pinn
superconductors. This behavior agrees with the results o
cent experiments5,6 on the peak effect. Our results also su
gest that the peak can be made arbitrarily sharp simply
adjusting the disorder strength, and that such large peak
the critical current must be accompanied by the proliferat
of defects.

V. CRITICAL DEPINNING FORCE DEPENDENCE ON
DEFECT DENSITY

Using the data obtained by varyingAv , we can determine
the relationship between the critical current and the den
of defects. In Fig. 5~a! we plot f c / f p versusP6, showing that
the curves for samples with different pinning streng
roughly collapse. At lower values ofP6 when the vortex
lattice becomes defected, the critical current increases
idly with the onset of defects. In Fig. 5~b! we plot f c / f p
versus the distance between vortex lattice defects,dd

51/A1.02P6. In samples with weak pinning there is a ran
of high Av values that produce well ordered vortex lattice
In this regime, when there are very few defects in the vor
lattice which are far apart, we find that thef c / f p values do
not collapse, and that the rate at whichf c / f p changes with
dd is slow. Fordd,3.0, or when the lattice contains approx
mately 10% or more defects, all the curves collapse
02451
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f c / f p increases rapidly with decreasingdd . The behavior of
f c versusdd suggests that there is a critical distance betwe
defects below whichJc begins to rapidly increase.

We can compare the dependence of the critical depinn
force on the defect density with the collective pinning resu

FIG. 5. ~a! Scaled critical depinning forcef c / f p versusP6. ~b!
f c / f p versus the distance between defectsdd showing a collapse for
dd,3.0 coinciding with a rapid increase inf c .
FIG. 6. ~a! Shaded symbols:f c / f p as predicted by LO theory.~b! Open symbols:f c / f p measured in the simulations.~c! Filled symbols:
f c / f p computed from the distance between dislocations.~d! All three methods of obtainingf c are scaled by the value atAv50.01, and
plotted together. For all panels, circles,f p50.10f 0; squares,f p50.25f 0; diamonds,f p50.75f 0; triangle up, f p51.5f 0; triangle left, f p

53.0f 0.
8-4
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of the Larkin-Ovchinnikov~LO! theory.14 In Fig. 6~a! we
plot f c as predicted by LO, usingf c} f p

2/Av . Figure 6~b!
shows f c computed from the distance between dislocatio
using f c} f p /dd . The value off c measured in the simula
tions is shown in Fig. 6~c!. We comparef c obtained by the
LO and dislocation distance methods with the actualf c in
Fig. 6~d!. The agreement with the LO prediction is poor, b
that with the dislocation distance is good out to valu
Av / f p;5, beyond whichdd becomes of the order of th
system size.

VI. CONCLUSION

We have investigated the dependence of the critical
pinning force f c and vortex lattice topological orderP6 on
the vortex lattice rigidity for different values of pinnin
strength. The study is restricted to the two-dimensional c
which is appropriate for vortex lattices where the longitu
nal correlation length is large enough to be effectively giv
by the sample thickness. In all cases,f c increases with de-
creasing vortex-vortex interaction strength, reaching a m
mum for noninteracting vortices, as expected. Although
very weak pinning and strong vortex-vortex interaction t
lattice is relatively defect-free, for strong pinning the latti
is defective for the entire vortex interaction range inves
gated. These results are in accord with previous studies.
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have, in addition, studied the systematic variation off c with
varying pinning and intervortex interaction. The results sh
that the pinning force variation departs significantly from t
expectations of an elastic picture. The increase inf c toward
the maximum occurs very rapidly with decreasing interact
or increasing pinning. The relative height increases while
width decreases with decreasing pinning strength, stron
reminiscent of the peak effect phenomenon. Furthermor
pseudo-Larkin picture where a plastic length, the dista
between topological defects, replaces the elastic correla
length, provides a good account of the variation off c . We
also find evidence that there is a critical value of the plas
length, typically spanning 3–5 vortices on each side,
which the rapid crossover occurs. These results should
relevant to experiments in very weak pinning~quasi-2D! flux
lattices, as well as to general systems of two-dimensio
lattices with quenched disorder where the lattice interact
can be tuned.
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