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Critical current density from magnetization hysteresis data using the critical-state model
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We present an exact method to extract the critical current denkijyfiom the irreversible magnetization
data M-H) using the Bean’s critical-state model. The weakly pinned superconducting samples are known to
display an anomalous peakJdg with the increase i, which is referred to as the peak effect phenomenon and
it is in contemporary focus. We show that the shape of the hysteresis bubble identifying peak eff¢Et)in
in the M-H data is asymmetric.
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I. INTRODUCTION which one can compute the magnetization hysteresis loop
and choose the model parameters to fit the experimental data
The hysteresis in magnetization seen in hard type-Il suin a consistent mannét:*?

perconductors was first related to the critical current density We present in this paper an exact method to obtainthe
(J.) by Bean'? His model designated as the critical-state from theM-H hysteresis loop. The sample is assumed to be
model(CSM) predicts the response of a superconductor withan infinite slab with magnetic field applied parallel to the
a critical current density.. to an isothermal variation of the infinite dimension(zero demagnetization factor geometry
external magnetic field. According to this model, any change
in the magnetic induction, howsoever small, felt by any re-||. CALCULATION OF THE MAGNETIZATION CURVES

gion of the sample, induces current with the critical current ) o

densityJ to flow locally. The direction of the current de- The isothermal mggnetlzatlon curves_of a superconductor
pends, through Lenz’s law, on the direction of the emf tha@re calculated following the procedure given by Béam_ac-
accompanied the last local change in the magnetic inductiofScopic shielding currents flow in the sample to shield the
In his original work, C. P. Bean had assumkgdto be inde- flux in the sample from the changes in the external field. The
pendent of the magnetic fieldLater this model was gener- direction and the magnitude of the shielding current, for any
alized for the cases of arbitrary dependencelofon the change in the external field, is assumed to be such so as to
magnetic field(see, for example, Ref.)3Numerous studies Minimize the change of the total flux contained in the

have employed the CSM to extradf from the magnetiza- sample. These assumptions result in a field profile inside the
tion hysteresis data using the relation sample which is governed by the equation

dB(x)

Je(H)=[M](H)=MT(H)]/kd, (o T~ Hodd B 2

whereM | andM 1 are the magnetization values in the field
decreasing and increasing cases, respectivety.i® the
sample dimension perpendicular to the field direction knd

Here, B(x) is the local field inside the sample, which is

assumed to be an infinite slab with surfacexat0 andx

is a humerical constant depending on the geometrical sha e 20 T_he negative sign in th'e. aboye equation_is for the fie!d
P 9 9 Ffﬁcreasmg case and the positive sign for the field decreasing

of the sampl_e._\(alues ok are .ql.JOted _for samples in the case. This equation is to be solved with the boundary condi-
shape of an infinite slab, an infinite cylinder and, also, for ation B(x=0)=B(x=2d)= uoH,, whereH, is the exter
— V)= - — Mo'las a -

spheré’® The use of above equation was justified by F'etznally applied magnetic field. Once the field profile inside the

and WeblP, who expanded thd. inside the sample in a . o :
: . sample is known, the magnetization is obtained by
Taylor series around its value at the surface.

However, the above method to gktis not self-consistent 1
and errors are inevitable. The higher-order corrections to Eq. moM = af
(1) contain the second derivative di(H) with a pre-factor

that depends on the sample geométihus at low fields, Thys for a given functional form of.(B), the magnetization
where thel, is rapidly varying, the use of this equation leads hysteresis loop can be obtained from the above formalism. It
to a spurious inference of field-independelt® Even at  may be noted that the influence of the lower critical field and
high magnetic fields, ifl;(H) shows a sharp anomalous in- syrface effects are neglected the present treatment.
crease(as it may happen in the peak effect phenomépon

the above equation will not be a good approximation. The |, SorAINING  J. FROM MAGNETIZATION DATA

above equation can also give misleading results when ap- ¢

plied to the anomalous variation ih(H) at low fields, i.e., Figure 1 shows a typical field profile inside the slab when
the fishtail effect® An alternate procedure to E¢l) to get  external magnetic fields dfi, andH_+ SH, are applied in

J. is to choose a particular functional fordy(B), from the increasing field cycld.The slab has a width of@with

dB(x)dx— MmoH g 3
0
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MoOM(Hy) = uo[M(Hy+ 6Hy) —M(Hy) ]

1 rd
=—f oBdX—uy6H,
dJo

. OX —
u, (H+3H) __“©oHa [dB dx— o oH
u H [ d-Jo(Ba) Jodx 1 Feia
—oHa
:m(Bcen_MoHa)_Mo‘sHav

whereB/,, is the magnetic field at the center of the slab, i.e.,
Bgen= B(d,H,). (T denotes that the magnetic field at the
center of the slab is obtained in the field increasing cycle.
The derivative of the magnetization in the field increasing
case can be obtained from the above equation as

dMT _ (soHa=Blen)
dHa  d-po-Je(Ba) .

A similar equation can be written for the field decreasing
case:

)

X—

FIG. 1. The solid line shows the magnetic-field profile inside a
slab of thickness @ when an external magnetic field bf, is ap-
plied in the forward cycle. The field profile is symmetric about the

x=d plane and only one-half of the field profile is shovBl., is Thus if the left-hand side of the above equations are ob-
the field at the center of the slab. The dashed line shows the fielg,; o experimentallyJ.(B,) can be determined if one

. . . . C a
profile when the applied field isl,+ 6H, . knows the magnetic fields at the center of the slab, for an

applied magnetic field oB,, in the field increasing and

about thex=d plane and Fig. 1 shows the field profile only
in the first half) At a given value oB, both the profiles have
the same slopp— ©,J.(B)]. Hence it can be seen from Fig.
1 that after a distancéx (marked in the figurg the field The solid line in Fig. 2 shows a typical field profile inside
profiles are related by a rigid shift, i.e., they satisfy the relathe sample with an externally applied field bf, (in the
tion increasing cycleand magnetic field at the centBf,,,. The
dashed line in the same figure shows the field profile in the
decreasing field cycle, when the external fiel®js {u, . At

a given value o8B, these two profiles have the opposite slope
[ £ uodc(B)]. Hence it can be seen from Fig. 2 that they are
related by the following equation:

oM, B1(X,Ha)=BL(d=X,Ble/ 1to), ©)
OX= (5)

dM| _ (B(l:en_luoHa) _
dH, d.po.de(Ba)

1. (8

A. Obtaining B!, and B}, from the M-H hysteresis loop

B(x,H,+ 6H,)=B(x—6x,H,). (4

The distancedx is given by

where 7 and | indicate increasing and decreasing field
cycles, respectively. These two curves have the same area
d_[ng(x)dx] under them, i.e., both of them have the same

value of magnetic inductiorf). Thus the magnetic fields on
the forward and the reverse cycles, at which the sample has
the same value of magnetic induction, correspond to the pair
of uo,H, and magnetic field at the center. Figur@3hows

whereB,= u,H, is the magnetic field at the sample boun
ary. The difference in the value & for the two profiles is
given by

oB(x)=B(x,H,+ 6H,) —B(x,H,)
=B(X— 6x,H,) —B(x,H,)

_dB
=5 (). ©®)

a part of a typicalM-H hysteresis loop. The bottom panel
shows the correspondir8-H curve, which can be obtained
from Eq. (3). As indicated in the bottom panel.(B,) can

be obtained in two ways: using E7) with Bl,, as the
magnetic field at the center of the sample or using @By.
with B, as the magnetic field at the center of the sample. If

The difference in the magnetization values for the two casethe M-H loop can be produced by the CSM, the two values

can be obtained using Eg®), (5), and(6) as

of J. ought to match.
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FIG. 2. The solid line shows the magnetic-field profile in the Q //" _B-for
increasing field cycleH, is the external magnetic field amg}.,, is § 0129 at
the magnetic field at the center of the slab. The dashed line show: g el
the field profile in the decreasing field cycle. 8 g
I; 0.10
The magnetization hysteresis data are usually obtained a
a five quadrant loop, i.e., the zero-field-cooled sample is first - }
subjected to an increasing magnetic field up to the upper 0.08+ uH. ! Ben (b)
critical field H, (the first leg. Then the field is decreased /
from H,, to —H, through zero fieldi.e., the second and 08 09 16 11 12z 13 14 15
third legg. After that the field is again increased from H (arb. units )
—Hc, to He, through zero field(i.e., the fourth and fifth
legs. In the initial part of the first legvirgin curve, the FIG. 3. The top panel shows a part of typiddtH hysteresis

magnetic field does not penetrate the sample fully and ifoop. The corresponding-H curve is shown in the bottom panel.
differs from the fifth leg of the magnetization. After the mag- The construction by dotted lines shows the two methods to obtain
netic field exceeds the field of full penetratioki(), the the pairs ofu,H, andBce,. The pairu,H, andBl,, is to be used
curves along the first leg and the fifth leg match. Equatiorwith Eq. (7) and the paitu,H, andBl,, is to be used with Eq8).

(7) is valid for the virgin curve wittB,,= 0 until the field of

full penetration H*) and it can be used to gét. Alterna-  used to getl; at this point or alternatively, as mentioned
tively, the full five quadrant loop can be used to gein this ~ above, one can use the virgin curve wif, =0 to get the
region. J. at this point.

The virgin curve cannot be used to get th¢0), asEgs. It should be noted that, since this method uses the deriva-
(7) and (8) just predict thatdM/dH=—1, whenH,=0. tive of the magnetization, the experimental data points at
However, there is a particularly simple way to gk{0) small intervals are required to get the reliable value of the
from the five quadrant loop. It is easy to see that the magderivative.
netic field at the center of the slab fét,=0 in the field
decreasing cycle is the field of full penetratiddX), which B. Shape of the magnetization hysteresis bubble pertaining
corresponds to the point at which the virgin curve merges to the peak effect

with the fifth leg of the magnetization. Thus E@) with . . ;
H,=0 andB., —H* can be used to gek(0). [This is the We have seen in the previous sections how Ed@sand

cen . > o . (8) can be used to get the critical current density from the
same as using Eq7) with H;=0 andBg.,=—H™ to get  magnetization hysteresis data. These equations also predict
J¢(0) from the forward cycld. . some interesting features about the locations of the maxima
_One more value of the magnetic field belé¥ at which  and minima in the magnetization hysteresis I¢dg., points
it is easy to get the magnetic field at the center of the samplgere dM/dH=0) and the shape of the magnetization
is the point at whictB=0, i.e., M=—H,. Itis easy to see around these points. This is particularly relevant to the case
that at this pointBien= —uoH,. (We are considering the of the peak effect phenomenon. The critical current density
fifth leg of the five quadrant loop hejelhus Eq.(7) can be is usually a monotonically decreasing function of the mag-
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FIG. 4. Solid lines show the field profiles in the increasing field H/H
cycle for different functional forms aof.(B). J.(B,) is the same for 4
all thre_e curves, i.e._, the)_/ have the same slope=ad. The dashed FIG. 5. The bottom panel shows an examplelgfuith a peak.
curve is a straight line with slope xoJe(Ba)- The top panel shows the qualitative nature of MeH hysteresis

loop obtained from Eq<.7) and(8). Note that the positions of the

netic field. However, in weakly pinned superconductdis, Peaks in thevl-H loop is different from the peak position i and

shows an anomalous peak before reaching théeM-H loop is asymmetric.

superconducting-normal phase boundary, which is termed as

the peak effect:">!*We will show below that whenever the the centerB[,(3)] is more thanBl,(2). As aresult of

J. shows a peak, the corresponding peaks in the magnetizghis, the first term in Eq(7) is less than 1 and th&M/dH is

tion in the field increasing and decreasing cycles occur ategative.

different values of the external fields and, moreover, the Figure 5 shows the qualitative nature of tkleH loop in

shape of the magnetization loop around the peaks is asynthe case wherd, shows a symmetric peak. When the ap-

metric. plied field in the increasing field cycle equals the field at
Figure 4 shows three field profiles in the increasing fieldwhich J. shows a maximum, the field profile inside the

cycle with different functional forms ai.(B). J.(B,) is the  sample corresponds to the curve 3 of FigJ4i§ an increas-

same for all three cases, i.e., they have the same slopeing function of B over the range oB covered by the field

—ode(B,), at x=0. The dotted curve in the figure is a profile), which implies thatdM/dH is negative. Thus the

straight line drawn with slope- x,J<(B,). If the field profile ~ Peak in the magnetization in the forward cycle does not co-

curve meets the dotted line at the center of the slab, the firéfcide with the peak i, but occurs at a higher value of the

term in Eq.(7) is 1, which means thadM/dH is 0. This applied field such that the f!eld pro_flle inside the sgmple

situation is shown in curve 2 which is an example of the fieldCorresponds to curve 2 of Fig. 4. Since the magnetization

profile that is obtained whed,(B) is an increasing function droPs to zero whed, becomes zero, the peak in magnetiza-

of B over some part and a decreasing function over some papton hqs an asymmetric shape as show_n n F'g.' S. A similar
of B. analysis can be applied to the magnetization in the reverse

Curve 1 in Fig. 4 is a typical example of the field profile cycle, and the results are shown in the same figure. Thus the

btained whed.(B) i tonically d ing functi CSM predicts that the peaks in the magnetization in the for-
obtained wherl(B) is a monotonically decreasing function ward and reverse cycles and the pealdirdo not coincide

of B. Thus, as shown in the figure, the magnetic field at th€ i, each other. Moreover, the shape of the peak in magne-
center[ Bl.,(1)] is less than the value of the magnetic field tization is asymmetric. The asymmetry of course depends on
at which the dotted line meets the cenf@..,(2)]. As @  the sample thickness, such that the larger the thickness, the
result of this, the first term in Eq7) is greater than 1 and the more is the asymmetry. However, it should be noted that, in
dM/dH is positive. the experimental hysteresis data on the peak effect, the slope

Curve 3 in Fig. 4 is a typical example of the field profile of the magnetization in the reverse cycle before the peak is
obtained when thd (B) is monotonically increasing func- less(i.e., opposite to that shown in Fig) Bue to the super-
tion of B. Thus as shown in the figure, the magnetic field atcooling of the disordered vortex phaSeThe mismatch in
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the peak positions in the field increasing and decreasingf is also shown that in the case of the peak effect phenom-
cycles is also shown in Ref. 10. There the authors have exenon, the shape of thil-H hysteresis loop is asymmetric
plicitly calculated the magnetization loop in the case of theand the peak inJ, and the peaks in magnetization in the
fishtail effect by representing it by term in the current densityforward and reverse cycles occur at different values of the
having Lorenzian form. The present work shows the qualitaapplied magnetic fields.

tive features of the peaks in magnetization without any ex-

plicit calculation.
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