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Critical current density from magnetization hysteresis data using the critical-state model
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We present an exact method to extract the critical current density (Jc) from the irreversible magnetization
data (M -H) using the Bean’s critical-state model. The weakly pinned superconducting samples are known to
display an anomalous peak inJc with the increase inH, which is referred to as the peak effect phenomenon and
it is in contemporary focus. We show that the shape of the hysteresis bubble identifying peak effect inJc(H)
in the M-H data is asymmetric.
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I. INTRODUCTION

The hysteresis in magnetization seen in hard type-II
perconductors was first related to the critical current den
(Jc) by Bean.1,2 His model designated as the critical-sta
model~CSM! predicts the response of a superconductor w
a critical current densityJc to an isothermal variation of the
external magnetic field. According to this model, any chan
in the magnetic induction, howsoever small, felt by any
gion of the sample, induces current with the critical curre
densityJc to flow locally. The direction of the current de
pends, through Lenz’s law, on the direction of the emf t
accompanied the last local change in the magnetic induct
In his original work, C. P. Bean had assumedJc to be inde-
pendent of the magnetic field.1 Later this model was gener
alized for the cases of arbitrary dependence ofJc on the
magnetic field~see, for example, Ref. 3!. Numerous studies
have employed the CSM to extractJc from the magnetiza-
tion hysteresis data using the relation

Jc~H !5@M↓~H !2M↑~H !#/kd, ~1!

whereM↓ andM↑ are the magnetization values in the fie
decreasing and increasing cases, respectively. 2d is the
sample dimension perpendicular to the field direction ank
is a numerical constant depending on the geometrical sh
of the sample. Values ofk are quoted for samples in th
shape of an infinite slab, an infinite cylinder and, also, fo
sphere.4,5 The use of above equation was justified by Fie
and Webb,6 who expanded theJc inside the sample in a
Taylor series around its value at the surface.

However, the above method to getJc is not self-consisten
and errors are inevitable. The higher-order corrections to
~1! contain the second derivative ofJc

2(H) with a pre-factor
that depends on the sample geometry.7 Thus at low fields,
where theJc is rapidly varying, the use of this equation lea
to a spurious inference of field-independentJc .8 Even at
high magnetic fields, ifJc(H) shows a sharp anomalous in
crease~as it may happen in the peak effect phenomeno9!,
the above equation will not be a good approximation. T
above equation can also give misleading results when
plied to the anomalous variation inJc(H) at low fields, i.e.,
the fishtail effect.10 An alternate procedure to Eq.~1! to get
Jc is to choose a particular functional formJc(B), from
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which one can compute the magnetization hysteresis l
and choose the model parameters to fit the experimental
in a consistent manner.11,12

We present in this paper an exact method to obtain theJc
from theM-H hysteresis loop. The sample is assumed to
an infinite slab with magnetic field applied parallel to th
infinite dimension~zero demagnetization factor geometry!.

II. CALCULATION OF THE MAGNETIZATION CURVES

The isothermal magnetization curves of a supercondu
are calculated following the procedure given by Bean.1 Mac-
roscopic shielding currents flow in the sample to shield
flux in the sample from the changes in the external field. T
direction and the magnitude of the shielding current, for a
change in the external field, is assumed to be such so a
minimize the change of the total flux contained in t
sample. These assumptions result in a field profile inside
sample which is governed by the equation

dB~x!

dx
56moJc@B~x!#. ~2!

Here, B(x) is the local field inside the sample, which
assumed to be an infinite slab with surfaces atx50 andx
52d. The negative sign in the above equation is for the fi
increasing case and the positive sign for the field decrea
case. This equation is to be solved with the boundary con
tion B(x50)5B(x52d)5moHa , where Ha is the exter-
nally applied magnetic field. Once the field profile inside t
sample is known, the magnetization is obtained by

moM5
1

dE0

d

B~x!dx2moHa . ~3!

Thus for a given functional form ofJc(B), the magnetization
hysteresis loop can be obtained from the above formalism
may be noted that the influence of the lower critical field a
surface effects are neglected2 in the present treatment.

III. OBTAINING Jc FROM MAGNETIZATION DATA

Figure 1 shows a typical field profile inside the slab wh
external magnetic fields ofHa andHa1dHa are applied in
the increasing field cycle.~The slab has a width of 2d with
©2001 The American Physical Society08-1
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A. A. TULAPURKAR PHYSICAL REVIEW B 64 014508
its surfaces atx50 andx52d. The field profile is symmetric
about thex5d plane and Fig. 1 shows the field profile on
in the first half.! At a given value ofB, both the profiles have
the same slope@2moJc(B)#. Hence it can be seen from Fig
1 that after a distancedx ~marked in the figure!, the field
profiles are related by a rigid shift, i.e., they satisfy the re
tion

B~x,Ha1dHa!5B~x2dx,Ha!. ~4!

The distancedx is given by

dx5
dHa

Jc~Ba!
, ~5!

whereBa5moHa is the magnetic field at the sample boun
ary. The difference in the value ofB for the two profiles is
given by

dB~x!5B~x,Ha1dHa!2B~x,Ha!

5B~x2dx,Ha!2B~x,Ha!

5
dB

dx
~2dx!. ~6!

The difference in the magnetization values for the two ca
can be obtained using Eqs.~3!, ~5!, and~6! as

FIG. 1. The solid line shows the magnetic-field profile inside
slab of thickness 2d when an external magnetic field ofHa is ap-
plied in the forward cycle. The field profile is symmetric about t
x5d plane and only one-half of the field profile is shown.Bcen

↑ is
the field at the center of the slab. The dashed line shows the
profile when the applied field isHa1dHa .
01450
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modM ~Ha!5mo@M ~Ha1dHa!2M ~Ha!#

5
1

dE0

d

dBdx2modHa

5
2dHa

d•Jc~Ba!
E

0

ddB

dx
•dx2modHa

5
2dHa

d•Jc~Ba!
~Bcen

↑ 2moHa!2modHa ,

whereBcen
↑ is the magnetic field at the center of the slab, i.

Bcen
↑ 5B(d,Ha). (↑ denotes that the magnetic field at th

center of the slab is obtained in the field increasing cyc!
The derivative of the magnetization in the field increasi
case can be obtained from the above equation as

dM↑
dHa

5
~moHa2Bcen

↑ !

d•mo•Jc~Ba!
21. ~7!

A similar equation can be written for the field decreasi
case:

dM↓
dHa

5
~Bcen

↓ 2moHa!

d.mo .Jc~Ba!
21. ~8!

Thus if the left-hand side of the above equations are
tained experimentally,Jc(Ba) can be determined if one
knows the magnetic fields at the center of the slab, for
applied magnetic field ofBa , in the field increasing and
decreasing cycles, i.e.,Bcen

↑ andBcen
↓ , respectively.

A. Obtaining Bcen
_ and Bcen

` from the M-H hysteresis loop

The solid line in Fig. 2 shows a typical field profile insid
the sample with an externally applied field ofHa ~in the
increasing cycle! and magnetic field at the centerBcen

↑ . The
dashed line in the same figure shows the field profile in
decreasing field cycle, when the external field isBcen

↑ /mo . At
a given value ofB, these two profiles have the opposite slo
@6moJc(B)#. Hence it can be seen from Fig. 2 that they a
related by the following equation:

B↑~x,Ha!5B↓~d2x,Bcen
↑ /mo!, ~9!

where ↑ and ↓ indicate increasing and decreasing fie
cycles, respectively. These two curves have the same
@*0

dB(x)dx# under them, i.e., both of them have the sam

value of magnetic induction (B̄). Thus the magnetic fields on
the forward and the reverse cycles, at which the sample
the same value of magnetic induction, correspond to the
of moHa and magnetic field at the center. Figure 3~a! shows
a part of a typicalM-H hysteresis loop. The bottom pan
shows the correspondingB̄-H curve, which can be obtaine
from Eq. ~3!. As indicated in the bottom panel,Jc(Ba) can
be obtained in two ways: using Eq.~7! with Bcen

↑ as the
magnetic field at the center of the sample or using Eq.~8!
with Bcen

↓ as the magnetic field at the center of the sample
the M-H loop can be produced by the CSM, the two valu
of Jc ought to match.
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CRITICAL CURRENT DENSITY FROM MAGNETIZATION . . . PHYSICAL REVIEW B64 014508
The magnetization hysteresis data are usually obtaine
a five quadrant loop, i.e., the zero-field-cooled sample is
subjected to an increasing magnetic field up to the up
critical field Hc2 ~the first leg!. Then the field is decrease
from Hc2 to 2Hc2 through zero field~i.e., the second and
third legs!. After that the field is again increased from
2Hc2 to Hc2 through zero field~i.e., the fourth and fifth
legs!. In the initial part of the first leg~virgin curve!, the
magnetic field does not penetrate the sample fully an
differs from the fifth leg of the magnetization. After the ma
netic field exceeds the field of full penetration (H* ), the
curves along the first leg and the fifth leg match. Equat
~7! is valid for the virgin curve withBcen

↑ 50 until the field of
full penetration (H* ) and it can be used to getJc . Alterna-
tively, the full five quadrant loop can be used to getJc in this
region.

The virgin curve cannot be used to get theJc(0), asEqs.
~7! and ~8! just predict thatdM/dH521, when Ha50.
However, there is a particularly simple way to getJc(0)
from the five quadrant loop. It is easy to see that the m
netic field at the center of the slab forHa50 in the field
decreasing cycle is the field of full penetration (H* ), which
corresponds to the point at which the virgin curve merg
with the fifth leg of the magnetization. Thus Eq.~8! with
Ha50 andBcen

↓ 5H* can be used to getJc(0). @This is the
same as using Eq.~7! with Ha50 andBcen

↑ 52H* to get
Jc(0) from the forward cycle.#

One more value of the magnetic field belowH* at which
it is easy to get the magnetic field at the center of the sam
is the point at whichB̄50, i.e.,M52Ha . It is easy to see
that at this pointBcen

↑ 52moHa . ~We are considering the
fifth leg of the five quadrant loop here.! Thus Eq.~7! can be

FIG. 2. The solid line shows the magnetic-field profile in t
increasing field cycle.Ha is the external magnetic field andBcen

↑ is
the magnetic field at the center of the slab. The dashed line sh
the field profile in the decreasing field cycle.
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used to getJc at this point or alternatively, as mentione
above, one can use the virgin curve withBcen

↑ 50 to get the
Jc at this point.

It should be noted that, since this method uses the der
tive of the magnetization, the experimental data points
small intervals are required to get the reliable value of
derivative.

B. Shape of the magnetization hysteresis bubble pertaining
to the peak effect

We have seen in the previous sections how Eqs.~7! and
~8! can be used to get the critical current density from
magnetization hysteresis data. These equations also pr
some interesting features about the locations of the max
and minima in the magnetization hysteresis loop~i.e., points
where dM/dH50) and the shape of the magnetizatio
around these points. This is particularly relevant to the c
of the peak effect phenomenon. The critical current den
is usually a monotonically decreasing function of the ma

ws

FIG. 3. The top panel shows a part of typicalM-H hysteresis

loop. The correspondingB̄-H curve is shown in the bottom pane
The construction by dotted lines shows the two methods to ob
the pairs ofmoHa andBcen. The pairmoHa andBcen

↑ is to be used
with Eq. ~7! and the pairmoHa andBcen

↑ is to be used with Eq.~8!.
8-3
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A. A. TULAPURKAR PHYSICAL REVIEW B 64 014508
netic field. However, in weakly pinned superconductors,Jc

shows an anomalous peak before reaching
superconducting-normal phase boundary, which is terme
the peak effect.9,13,14We will show below that whenever th
Jc shows a peak, the corresponding peaks in the magne
tion in the field increasing and decreasing cycles occu
different values of the external fields and, moreover,
shape of the magnetization loop around the peaks is as
metric.

Figure 4 shows three field profiles in the increasing fi
cycle with different functional forms ofJc(B). Jc(Ba) is the
same for all three cases, i.e., they have the same slo
2moJc(Ba), at x50. The dotted curve in the figure is
straight line drawn with slope2moJc(Ba). If the field profile
curve meets the dotted line at the center of the slab, the
term in Eq. ~7! is 1, which means thatdM/dH is 0. This
situation is shown in curve 2 which is an example of the fi
profile that is obtained whenJc(B) is an increasing function
of B over some part and a decreasing function over some
of B.

Curve 1 in Fig. 4 is a typical example of the field profi
obtained whenJc(B) is a monotonically decreasing functio
of B. Thus, as shown in the figure, the magnetic field at
center@Bcen

↑ (1)# is less than the value of the magnetic fie
at which the dotted line meets the center@Bcen

↑ (2)#. As a
result of this, the first term in Eq.~7! is greater than 1 and th
dM/dH is positive.

Curve 3 in Fig. 4 is a typical example of the field profi
obtained when theJc(B) is monotonically increasing func
tion of B. Thus as shown in the figure, the magnetic field

FIG. 4. Solid lines show the field profiles in the increasing fie
cycle for different functional forms ofJc(B). Jc(Ba) is the same for
all three curves, i.e., they have the same slope atx50. The dashed
curve is a straight line with slope2moJc(Ba).
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the center@Bcen
↑ (3)# is more thanBcen

↑ (2). As a result of
this, the first term in Eq.~7! is less than 1 and thedM/dH is
negative.

Figure 5 shows the qualitative nature of theM-H loop in
the case whereJc shows a symmetric peak. When the a
plied field in the increasing field cycle equals the field
which Jc shows a maximum, the field profile inside th
sample corresponds to the curve 3 of Fig. 4 (Jc is an increas-
ing function of B over the range ofB covered by the field
profile!, which implies thatdM/dH is negative. Thus the
peak in the magnetization in the forward cycle does not
incide with the peak inJc , but occurs at a higher value of th
applied field such that the field profile inside the sam
corresponds to curve 2 of Fig. 4. Since the magnetiza
drops to zero whenJc becomes zero, the peak in magnetiz
tion has an asymmetric shape as shown in Fig. 5. A sim
analysis can be applied to the magnetization in the reve
cycle, and the results are shown in the same figure. Thus
CSM predicts that the peaks in the magnetization in the
ward and reverse cycles and the peak inJc do not coincide
with each other. Moreover, the shape of the peak in mag
tization is asymmetric. The asymmetry of course depends
the sample thickness, such that the larger the thickness
more is the asymmetry. However, it should be noted that
the experimental hysteresis data on the peak effect, the s
of the magnetization in the reverse cycle before the pea
less~i.e., opposite to that shown in Fig. 5! due to the super-
cooling of the disordered vortex phase.15 The mismatch in

FIG. 5. The bottom panel shows an example ofJc with a peak.
The top panel shows the qualitative nature of theM-H hysteresis
loop obtained from Eqs.~7! and ~8!. Note that the positions of the
peaks in theM-H loop is different from the peak position inJc and
the M-H loop is asymmetric.
8-4
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the peak positions in the field increasing and decreas
cycles is also shown in Ref. 10. There the authors have
plicitly calculated the magnetization loop in the case of t
fishtail effect by representing it by term in the current dens
having Lorenzian form. The present work shows the quali
tive features of the peaks in magnetization without any e
plicit calculation.

IV. CONCLUSIONS

We have presented in this paper a method to extractJc
from theM-H hysteresis data using the critical-state mod
01450
g
x-

-
-

It is also shown that in the case of the peak effect pheno
enon, the shape of theM-H hysteresis loop is asymmetric
and the peak inJc and the peaks in magnetization in th
forward and reverse cycles occur at different values of t
applied magnetic fields.
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