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Planar and axial coherent bremsstrahlung of typeA from a 17-MeV
electron beam in a diamond crystal
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Making use of the many-beam~one- and two-dimensional quantum treatment! formalism for transversely
bound electrons moving through crystal lattices, we have computed planar and axial coherent bremsstrahlung
~type A! spectra for 17-MeV electrons passing through a 10-mm thick diamond~C! crystal. We found that in
the planar case the momentum transfer occurs in the direction perpendicular to the plane and results in a photon
emission in the forward direction~electron-beam direction!. In the axial case, the momentum transfer occurs in
the plane perpendicular to the axis of interest. Only momentum transfers along the scan direction~electron
transverse momentum direction! result in a photon emission in the forward direction. Two different scans have
shown that the energies of the coherent bremsstrahlung peaks depend strongly on the direction of the electron
transverse momentum but the intensities of the strongest peaks do not show any considerable change.
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I. INTRODUCTION

Coherent bremsstrahlung~CB! is somewhat related to
channeling radiation~CR! Ref. 1 since both radiations resu
from the correlated deflections of the incoming particle
atoms in crystalline rows or planes. However, they rem
two different processes. Apart from the fact that CR resu
from the periodic motion of the incident particle inside t
crystal lattice while CB is induced by the periodic crossi
of the atomic planes, one of the differences is the angle
incidence, i.e., the angle between the incoming particle an
crystal plane or axis. At small angles, comparable to
critical angleuc , it was shown2,3 that CB and CR are simul
taneously observed. As the angle is increased beyonduc , CR
transitions vanish and the x-ray spectrum is entirely do
nated by CB.4 In a quantum-mechanical treatment, CR a
CB result from the transition between bound-bound and fr
free states belonging to the continuum, respectively. And
senet al.2 have shown that a quantum treatment of CB~mo-
mentum transfer to the lattice! agrees very well with the
Born approximation method.

II. THEORETICAL CALCULATIONS

A quantum treatment of CR and CB is based on solv
the Dirac equation, which, neglecting the spin interact
when compared to the dipole matrix, reduces to the Sch¨-
dinger wave equation

F 2\2

2gme
¹'

2 1V~r'!Gc~r'!5E'c~r'!, ~1!

where\ is the Planck constant,me the electron mass,g the
ratio of the electron energy and the electron rest mass,E'
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the electron transverse energy, andr' the electron position
along the transverse direction~one-dimensional for the pla
nar case and two-dimensional for the axial case, resp
tively!. c(r') is the electron wave function and¹'

2 the
transverse Laplacian.V is the transverse crystal continuu
potential obtained by averaging the potential over the cr
talline longitudinal direction. The theoretical values of e
ergy lines and linewidths are derived from the ‘‘man
beam’’ formalism introduced by Andersenet al.2 The
continuum potential is expanded as a Fourier series and
wave functions become Bloch functions and are given by

V~r'!5(
gm

Vgm
exp~ igm•r'!,

cn~r'!5
1

AA
exp~ ik'•r'!(

gm

Cgm

n exp~ igm•r'!. ~2!

gm andk' are the reciprocal-lattice vectors and the electr
wave vector normal to the crystalline direction,A is a nor-
malizing constant, and the coefficientsCgm

n are determined

from Eq. ~1!. Vgm are the continuum potential coefficien
and are given by5

Vgm
522pa0e2r0 cos~gm•d!

3(
j

aj exp@20.25~bj /4p21r th
2 !ugmu2#. ~3!

aj andbj are the coefficients used in the fit to the electro
scattering form factor,a0 is the Bohr radius,e the electron
©2001 The American Physical Society04-1
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charge,r0 the atomic density, andr th the thermal displace-
ment.d takes into account the planar~axial! spacing for the
~111! plane~^110& axis!.

The transition rate per unit thickness, per electron, so
angle, and unit photon energy for a spontaneous transi
between the initial statec i and final statec f in the laboratory
frame is derived from the Fermi golden rule and is given

d4s i 2 f

dEgdedLdVg
5

a|2

p\c

Eg

2g2~12b cosue!
u^c f u“'uc i&u2

3Fsin2 f1S cosue2b

12b cosue
D 2

cos2 fG
3dS Eg2

« f2« i

12b cosue
D Pi~L !, ~4!

wherea is the fine-structure constant,c is the speed of light,
b is the electron velocity,| is the Compton wavelength,L is
the crystal thickness,ue is the angle between the photo
wave vector and the electron direction, andf is the azi-
muthal angle.Eg is the photon energy and« i and« f are the
initial and final energy-level solutions respectively, of E
~1!. Pi(L) is the population of the initial state as a functio
of the crystal thickness; in our calculation we have assum
that the population is equal to the initial population, i.e., t
population at the surface of the crystal is equal touCgm50

i u2.

The dipole matrix element̂c f u“'uc i&, which describes the
strength of the spontaneous transition, is given by

^c f u“'uc i&5(
gm

Cgm

f Cgm

i ~gm1k'!. ~5!

Several line-broadening mechanisms modify thed func-
tion to an approximate Lorentzian shape.6 In our calculations
the full width at half maximum of the CB peaks was o
tained as the quadrature summation of the widths due to
finite crystal thickness and incoherent scattering of electr
on phonons7 only. The incoherent scattering contribution

FIG. 1. Planar CB spectra in diamond crystal containing fir
and second-order CB foru54, 6, 8, 10, and 12 mrad.
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the linewidth for free-to-free transition was determined
fitting the widths for bound-to-bound states and extend
them to higher-energy lines. We have not included the eff
of the electron-beam divergence (udiv) and multiple scatter-
ing (ums) but it can readily be done by convoluting th
Lorentzian distributions with a Gaussian angu
distribution8 of width equal toAudiv

2 1ums
2 . We will only

show CB spectra on the~110! plane and thê100&, ^110&
axes for the diamond crystal but the formulas can be used
any orientation and diamond-structure-like targets.

III. RESULTS AND DISCUSSION

For 17-MeV electrons in a 10-mm diamond target, the
critical angle is between 1 and 4 mrad. In order to reac
linear dependence between CB energy lines and the tilt a
such that neither bound-to-bound nor free-to-bound tra
tions are possible, the tilt angle was taken greater than 4
6 mrad for planar and axial calculations, respectively. Go
to higher angles enables us to reduce the number of deca
states, and therefore allows a limited number of states
reach maximum population~one and two states for plana
and axial cases, respectively!. The number of beams, i.e
number of reciprocal-lattice vectors, depends on the cho
of orientation~axial or planar! and the choice of target~depth
of continuum potential!. For the planar case, in order t
achieve proper eigenvalue, dipole matrices, and eigenve
components convergence, 101 beams are required~up to 12
mrad!, while for the ^100& and ^110& axes more than 3281
beams are required for the same angle. It is helpful to kn
that the energy levels of the quantum states and dipole
trices @Eq. ~5!# of the transitions are periodic with periodgp
the smallest magnitudewise reciprocal vector parallel to
scan or transverse electron momentum direction. This
abled us to run the many-beam code at very small angles
it is still necessary to run the code at the angle of interes
order to find the energy and the population of the initial sta
Even though we have used the Born approximation~modi-

-
FIG. 2. CB energy dependence on the tilt angle for the resp

tive momentum transferg54&p/ap for the first order, andg
58&p/ap for the second order, together with Eq.~7!.
4-2
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PLANAR AND AXIAL COHERENT BREMSSTRAHLUNG OF . . . PHYSICAL REVIEW B 64 014304
FIG. 3. ~a! ~b! and~c! CB axial spectra for thê100& axis atu57.5, 8.5, and 9.5 mrad for a scan taken along the (011)̄ plane. For every
CB order, all CB peaks are located below the CB peak for which the allowed momentum transfer has the smallest magnitude as c
from Eq. ~7!. Therefore, second-order CB peaks can be found mixed with first-order CB peaks~see text for explanations!.
014304-3
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FIG. 4. ~a! Photon energy versus the tilt angle for the peaks labeled~1!, ~2!, and ~3!. The solid lines represent Eq.~7! for gn,n

52n(g0,1,01g0,0,1), with n equal to 1, 2, and 3 for first~1!, second~2!, and third~3! CB order, respectively.~b! Photon energies of first-orde
CB peaks versus the tilt angle. The solid lines are fits to the data points.~c! Photon energies of first-order CB peaks versus the tilt angle.
dash-dotted, dashed, dotted, and solid lines represent Eq.~7! with momentum transfer~6,22!, ~8,24!, ~10,26!, and~12,28!, respectively.
014304-4
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FIG. 5. CB momentum-transfer vector directions for the first three CB orders.
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fied formulas of Ref. 2 for the axial case! to identify the
momentum-transfer vectors, we will only present the cal
lations from the many-beam formalism. In the axial calcu
tions the electron-beam direction is parallel to the plane c
taining the axis of interest. We have used the conventio
picture of CB by considering the emission of a photon an
simultaneous momentum transfergn in the transverse plan
and axis in the case of axial and planar CB, respectiv
Using the energy- and momentum-conservation equation
photon energyEg is given by

Eg5
~\c!2@k•gn2gn

2/2#

E1\cug
i
•~gn2k!

1Eg
'

\cug
'
•~k2gn!

E1\cug
i
•~gn2k!

'
2g~\c!2

mec
2 @k•gn2gn

2/2#1
2g\c

mec
2 Eg

'ug
'
•~k2gn!.

~6!

In the equation above, we have assumed that the ph
transverse energyEg

' is small compared to its longitudina
one.k is the electron momentum;k•gn5k'•gn , wherek'

'ku is the electron transverse momentum andu the tilt
angle;ug

i andug
' are the photon longitudinal and transver

directions, respectively; andE is the electron total energy
For photons emitted in the forward direction, the energy
the photon is

Eg5
g~\c!2

mec
2 @2k'•gn2gn

2#. ~7!

Figures 1 and 2 show the CB spectra for the~110! plane
of the diamond crystal for five different angles and the e
ergy dependence with the tilt angle, respectively. The tra
verse direction is defined byu5(x1y)/2. For each angle
the CB fundamental~first order! and overtones correspond
a momentum transfermgu, respectively.g54&p/ap is the
smallest reciprocal-lattice vector~magnitudewise! for which
01430
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the structure factor is not equal to zero,m is a positive inte-
ger equal to 1 for the first order, 2 for the second,¯•, andap
is the lattice constant. All CB transitions result from a sing
initial state, which has the strongest population. The fi
state, the state for which the dipole matrix element@Eq. ~5!#
is large, is such that the difference of state numbersDn
52m. In terms of momentum transfer, this means that
difference of the values of the initial and final electron tran
verse momentum must be equal to an integer timesg in an
extended Brillouin zone.2

The axial case is somewhat similar to the planar o
since the momentum transfer occurs in the transverse d
tion, however the photon emission is not always confined
the forward direction. The axis direction was taken along
x direction, and the transverse direction is spanned byg0,1,0
52p/apy andg0,0,152p/apz. For a clear understanding, th
reader is invited to look at Figs. 3, 4, and 5 simultaneous
Figures 3~a!, ~b! and ~c! show CB spectra foru57.5, 8.5,
and 9.5 mrad, respectively, for an incident electron tra
verse momentum along the (011)̄ plane, i.e., parallel to
g0,1,01g0,0,1. The peaks labeled~1!, ~1a!, ~1b!, ~1c!, and~1d!
correspond to first-order CB transitions with momentu
transfers ~see explanation below! g2,252g0,1,012g0,0,1,
g6,22 , g8,24 , g10,26 , andg12,28 , respectively. The remaining
peaks located below peaks~2! (g4,4) and ~2a! (g8,0) are all
second-order CB transitions@~2! and ~2a! included#. Only a
single third-order CB peak is visible and is labeled~3! cor-
responding to a momentum transferg6,6. Figure 4~a! shows
the energy dependence on the tilt angle for the three pe
labeled~1!, ~2!, and~3! in Fig. 3. The solid lines correspon
to Eq. ~7! for a momentum transfergn52n(g0,1,01g0,0,1),
wheren is a positive integer equal to 1, 2, and 3 for firs
second, and third order, respectively. Figure 4~b! shows the
energy dependence on the tilt angle for the five major pe
shown in Fig. 3. All straight lines have the same slope as~1!;
this means that the termk'•gn /k' in Eq. ~7!, is a constant,
i.e., all allowed momentum-transfer vectors are reciproc
4-5
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FIG. 6. ~a! CB axial spectra
for the ^100& axis atu58.5 mrad
for a scan taken along the~001!
plane. In this scan direction no
first-order CB results in a photon
emission in the forward direction
~b! Photon energy of peaks la
beled~18!, ~28!, and~38! as a func-
tion of the tilt angle and determi-
nation of the constantsAgn,m for
each transition.
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lattice vectors whose tips lie on a straight line perpendicu
to the electron transverse momentum as shown in Fig. 5~a!.
In this example, a first-order transition results in the trans
of a vector gn,m5ng0,1,01mg0,0,1 such thatn1m54 and
Sgn,mÞ0, whereSgn,m is the structure factor. For second an
third order, the condition isn1m58 and 12, respectively. I
is worth mentioning that when the electron transverse m
mentum lies on the edge of a Brillouin zone~k' /gp50,
60.5,61,̄ , wheregp5g2,2!, all peaks, for which the mo
mentum transfer is not along the direction of the transve
electron momentum, correspond to CB transitions for wh
the energy level of the final state is doubly degenerate~6 l ,
where l is the orbital quantum number!, and each peak is
composed of two lines of equal energies and dipole matr
corresponding to the two allowed transfer vectors as sho
in Fig. 5~a!. However, in Figs. 3~a!, ~b!, and~c! the electron
transverse momentum lies away from the Brillouin-zo
01430
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edges, a splitting of the final levels occurs, and each
peak is composed of two very close-lying energy lin
but only one transition is dominant, in agreement w
the Born approximation method. In Fig. 4~c! Eq. ~7! though
parallel does not match exactly the data points from
many-beam calculation for the corresponding moment
transfer; it is shifted toward the lower-energy region. The
fore CB transitions for whichm5n.0 result in a photon
emission in the forward direction. The energy lines of the
transitions, which result in the transfer of the smalle
reciprocal-lattice vector allowed, act like cutoff energies f
the rest of the CB transitions of the same order. Equation~6!
and Fig. 4 enable us to determine the photon emiss
angles. From Fig. 4~c! it is clear that the second term in Eq
~6! is a constantAgn,m that can be determined from the da
points. The transverse energy is therefore for the t
momentum-transfer vectors
4-6
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FIG. 7. ~a! CB axial spectra
for ^110& axis atu58.5 mrad for a

scan taken along the (11̄1) plane.
In this scan direction only the
third-order CB corresponds to
photon emission in the forward di
rection. ~b! Photon energy as a
function of the tilt angle with the
corresponding constant@from Eq.
~6!#.
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2

2g\c

Agn,m

@k cos~ug
' ,k'!u2gn,m cos~ug

' ,gn,m!#
>0.

~8!

For cos(ug
' ,k').0, the transverse energy and therefo

the emission angle decrease with increasing tilt angle.
cos(ug

' ,k')50, the transverse energy is independent ou
and for each set of allowed momentum-transfer vectors
isfying the two conditionsn1m54,8,12... andnÞm, there
exists two transverse opposite photon directions. As an
ample, we took the first-order~1a! and second-order~2a!
peaks corresponding to the momentum-transfer vec
g6,2256g0,1,022g0,0,1 and g8,058g0,1,0, respectively. Using
Eq. ~6! and the data points from the many-beam formalis
it was found thatAg6,2253.06 andAg8,053.22 keV. For a
tilt angleu58 mrad, the emission angles are equal to67.44
and63.8 mrad, respectively.
01430
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Figure 6~a! shows a CB spectrum foru58.5 mrad. The
electron transverse momentum is alongg0,1,0. The selection
is n52,4,6,... andm is an integer, such that the structu
factor Sgn,m of gn,m is different from zero. This condition
leads to a shift of the CB peaks toward the low-energy reg
~in comparison with the previous scan direction!. In this dif-
ferent orientation, no first-order CB corresponds to a m
mentum transfer along the scan direction. The only mom
tum transfer~with a nonzero dipole matrix! that results in a
photon emission in the forward direction is the vect
4g0,1,05g4,05gp , which corresponds to a second-order C
@peak labeled~28!#, while in the previous case this vecto
corresponded to a first-order CB with, however, a very sm
dipole matrix. The peak labeled~18! corresponds to two
momentum-transfer vectorsg2,62 unlike the previous case
where only one vector was transferred to the crystal latt
Figure 6~b! shows the energy dependence on the tilt an
for the peaks labeled~18!, ~28!, and~38! ~third-order CB with
4-7
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a momentum transferg6,62! together with Eq.~6! and the
constantsAgn,m .

The potential of thê110& axis, which is deeper than tha
of the ^100& axis, is a double-well potential and is due to t
axial arrangement in the crystal lattice.9 Figure 7~a! shows a
CB spectrum foru58.5 mrad. The transverse direction w
spanned byg0,0,152p/apz and g1,21,052p/ap(x2y). The
electron transverse momentum was taken parallel to the

tor gp54g0,0,112g1,21,0 @scanned along the (1,̄1,1) plane#.
The selection that results in a momentum transfergn,m

5ng0,0,11mg1,21,0 is such that n1m52k, where k
51,2,3,4... for first, second, third, and fourth order, resp
tively, andSgn,mÞ0. The peaks labeled~a!, ~b!, ~c!, and~d!
are the highest peaks for each CB order and correspon
the momentag0,2, g4,0, g4,2, andg5,3. Only the transfer vec-
tor g4,2, which corresponds to a third-order transition, is p
allel to the electron transverse momentum. Figure 7~b! shows
the photon energy as a function of the tilt angle with t
corresponding constants Agn,m . The fourth-order
momentum-transfer direction (g5,3) is very close to that ofgp
01430
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and therefore the photon emission, for this order, can
approximated with the forward direction.

IV. CONCLUSION

We saw that while planar CB is emitted in the forwa
direction due to its one-dimensional character, axial CB
sults in the emission of photons in the forward direction o
when the momentum transfer is in the direction of the el
tron transverse momentum. We saw, in all previous ca
that the energy of the CB peaks varies linearly with the
angle. We also saw that in the^100& case, the energy of th
CB peaks depends strongly on the direction of the scan,
the electron transverse-momentum direction. The planar
axial CB intensities, for a specific tilt angle, are of the sa
order. However, the higher CB orders vanish more rapidly
the planar case.
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