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Planar and axial coherent bremsstrahlung of typeA from a 17-MeV
electron beam in a diamond crystal
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Making use of the many-beafone- and two-dimensional quantum treatmdntmalism for transversely
bound electrons moving through crystal lattices, we have computed planar and axial coherent bremsstrahlung
(type A) spectra for 17-MeV electrons passing through gub@-thick diamond(C) crystal. We found that in
the planar case the momentum transfer occurs in the direction perpendicular to the plane and results in a photon
emission in the forward directiof@lectron-beam directignin the axial case, the momentum transfer occurs in
the plane perpendicular to the axis of interest. Only momentum transfers along the scan digdetiton
transverse momentum directjoresult in a photon emission in the forward direction. Two different scans have
shown that the energies of the coherent bremsstrahlung peaks depend strongly on the direction of the electron
transverse momentum but the intensities of the strongest peaks do not show any considerable change.
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. INTRODUCTION the electron transverse energy, andthe electron position
along the transverse directignne-dimensional for the pla-
Coherent bremsstrahlungCB) is somewhat related to nar case and two-dimensional for the axial case, respec-
channeling radiatiofCR) Ref. 1 since both radiations result tively). y(r,) is the electron wave function anﬂf the
from the correlated deflections of the incoming particle bytransverse LaplaciarV is the transverse crystal continuum
atoms in crystalline rows or planes. However, they remaimotential obtained by averaging the potential over the crys-
two different processes. Apart from the fact that CR resultga|line longitudinal direction. The theoretical values of en-
from the periOdiC motion of the incident partiCle inside the ergy lines and linewidths are derived from the “many-
crystal lattice while CB is induced by the periodic crossingpeam™ formalism introduced by Anderseetal? The
of the atomic planes, one of the differences is the angle o¢ontinuum potential is expanded as a Fourier series and the

incidence, i.e., the qngle between the incoming partiCIe and Wave functions become Bloch functions and are given by
crystal plane or axis. At small angles, comparable to the

critical angled,, it was showA?that CB and CR are simul-

taneously observed. As the angle is increased begon€R V(r,)= 2 Vg exp(ignry),

transitions vanish and the x-ray spectrum is entirely domi- 9n

nated by CB' In a quantum-mechanical treatment, CR and

CB result from the transition between bound-bound and free- 1

free states belonging to the continuum, respectively. Ander- go(r,)= ——explik, -r,) > C? explignr,). (2
senet al? have shown that a quantum treatment of @B- VA o om

mentum transfer to the lattiteagrees very well with the

Born approximation method. Om andk, are the reciprocal-lattice vectors and the electron
wave vector normal to the crystalline directiof,is a nor-
Il. THEORETICAL CALCULATIONS malizing constant, and the coefficierﬁ%m are determined
A quantum treatment of CR and CB is based on solving:gcrjn aIrEeq. (i\ll)énV%/n are the continuum potential coefficients
the Dirac equation, which, neglecting the spin interaction 9
when compared to the dipole matrix, reduces to the Schro )
dinger wave equation Vg, = —2mage"po CO{ G- d)
—h* x> a exd —0.25b/4m2+ p2)gnf?]. (3
ZymeVL_'—V(ri) Pp(ri)=E g(ry), () T ) ! th71m

wheref: is the Planck constanty, the electron massy the  a; andb; are the coefficients used in the fit to the electron-
ratio of the electron energy and the electron rest miss, scattering form factora, is the Bohr radiuse the electron
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FIG. 1. Planar CB spectra in diamond crystal containing first- FIG. 2. CB d d he til le for th
and second-order CB fat=4, 6, 8, 10, and 12 mrad. . - energy dependence on the tlt.ang e for the respec-
tive momentum transfeg=4v2x/a, for the first order, andy

. . . =8v2m/a, for the second order, together with .
charge,pq the atomic density, angdy, the thermal displace- e g HQ)

ment.d takes into account the planaxial) spacing for the  {he |inewidth for free-to-free transition was determined by

(11D plane((110 axis). o _fitting the widths for bound-to-bound states and extending
The transition rate per unit thickness, per electron, solidhem to higher-energy lines. We have not included the effect

angle, and unit photon energy for a spontaneous transitiogt ihe electron-beam divergencé,(,) and multiple scatter-

betwegn the_initial statg; and fin_al statey; in the Ial_)ora_tory ing (6,9 but it can readily be done by convoluting the
frame is derived from the Fermi golden rule and is given by| grentzian  distributions with a Gaussian angular

distributior? of width equal to /63, + & We will only
show CB spectra on th€l10) plane and thg100), (110
axes for the diamond crystal but the formulas can be used for

d40'i_f . aKZ Ey V )
dE,dedLdy,  mhc 21— Bcosdy V1V

_p\2 any orientation and diamond-structure-like targets.
. cosf.— B
X | sir? b+ ].—,BTS@ 0032¢
€ Ill. RESULTS AND DISCUSSION
X 8| E,— &)pi(u, (4 For 17-MeV electrons in a 1@gm diamond target, the
1-pcosbe critical angle is between 1 and 4 mrad. In order to reach a

wherea is the fine-structure constantjs the speed of light, linear dependence between CB energy lines and the tilt ang_le
Bis the electron velocityX is the Compton wavelength, is such that neither bound-to-bound nor free-to-bound transi-

the crystal thicknessg, is the angle between the photon tions are possible, the tilt. angle was taken greatgr than 4_and
wave vector and the electron direction, addis the azi- 6 mrad for planar and axial calculations, respectively. Going

muthal angleE , is the photon energy anéj ands; are the to higher angles enables us to redupe the number of decaying
initial and final energy-level solutions respectively, of Eq‘statehs, and therefore IF:lll_OWS a IImollted number fOf stlates to
(). P;(L) is the population of the initial state as a function reach maximum populatiotone and two states for planar

of the crystal thickness; in our calculation we have assume@nd smalfcasgs, reslr?etct_tw)elyTh? nun(;ber %f beartr;]s, "ﬁ".
that the population is equal to the initial population, i.e., thelUMber of reciprocal-iatlice vectors, depends on the choice

population at the surface of the crystal is equall%m:olz- of orientation(axial or planar and the choice of targétiepth

i _ ) ) of continuum potential For the planar case, in order to
The dipole matrix elemertty¢|V, |¢;), which describes the achieve proper eigenvalue, dipole matrices, and eigenvector

mrad, while for the(100 and (110> axes more than 3281
v.lw=> cf ¢ YK, 5 beams are required for the same angle. It is helpful to know
(ol V. lgn) gEm Gm gm(gm 1) © that the energy levels of the quantum states and dipole ma-

trices[Eq. (5)] of the transitions are periodic with periag
Several line-broadening mechanisms modify thunc-  the smallest magnitudewise reciprocal vector parallel to the
tion to an approximate Lorentzian shapie. our calculations scan or transverse electron momentum direction. This en-
the full width at half maximum of the CB peaks was ob- abled us to run the many-beam code at very small angles but
tained as the quadrature summation of the widths due to thi¢is still necessary to run the code at the angle of interest in
finite crystal thickness and incoherent scattering of electronsrder to find the energy and the population of the initial state.
on phonon&only. The incoherent scattering contribution to Even though we have used the Born approximatiodi-
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FIG. 3. (a) (b) and(c) CB axial spectra for th€l00) axis até=7.5, 8.5, and 9.5 mrad for a scan taken along the_anlane. For every
CB order, all CB peaks are located below the CB peak for which the allowed momentum transfer has the smallest magnitude as can be seen
from Eq. (7). Therefore, second-order CB peaks can be found mixed with first-order CB fmsk¢ext for explanations
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FIG. 4. (a) Photon energy versus the tilt angle for the peaks labéled(2), and (3). The solid lines represent Eq7) for g,
=2n(0o,1,0t 90,00, With nequal to 1, 2, and 3 for firgtl), second2), and third(3) CB order, respectivelyb) Photon energies of first-order
CB peaks versus the tilt angle. The solid lines are fits to the data p@hfhoton energies of first-order CB peaks versus the tilt angle. The
dash-dotted, dashed, dotted, and solid lines represen@Egith momentum transfe,—2), (8,—4), (10,—6), and(12,—8), respectively.
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FIG. 5. CB momentum-transfer vector directions for the first three CB orders.

fied formulas of Ref. 2 for the axial caséo identify the  the structure factor is not equal to zem,is a positive inte-
momentum-transfer vectors, we will only present the calcuger equal to 1 for the first order, 2 for the second, anda,
lations from the many-beam formalism. In the axial calcula-is the lattice constant. All CB transitions result from a single
tions the electron-beam direction is parallel to the plane coniitial state, which has the strongest population. The final
taining the axis of interest. We have used the conventionadtate, the state for which the dipole matrix elemldty. (5)]
picture of CB by considering the emission of a photon and as large, is such that the difference of state numhers
simultaneous momentum transfgy in the transverse plane =2m. In terms of momentum transfer, this means that the
and axis in the case of axial and planar CB, respectivelydifference of the values of the initial and final electron trans-
Using the energy- and momentum-conservation equation, theerse momentum must be equal to an integer tig@s an

photon energyE,, is given by extended Brillouin zoné.
) ) B The axial case is somewhat similar to the planar one,
() Tk-ga—gy/2] | hcu-(K—gp) since the momentum transfer occurs in the transverse direc-
Y E+hcul-(g,—k) YE+fcu - (g,—Kk) tion, however the photon emission is not always confined to
Y n Y n . . . . .
the forward direction. The axis direction was taken along the

_ 2y(fic)? K- — g2/ + 2vyhe ELut . (k— x direction, and the transverse direction is spanneddyo

= Tmec? [K-gn—9n/2] MeC? Uy (K= gn). =2m/apy andgg o 1= 2/ a,z. For a clear understanding, the

reader is invited to look at Figs. 3, 4, and 5 simultaneously.
(6) Figures 3a), (b) and (c) show CB spectra fop=7.5, 8.5,
In the equation above, we have assumed that the photaind 9.5 mrad, respectively, for an incident electron trans-
transverse energE# is small compared to its longitudinal verse momentum along the (Olllane, i.e., parallel to
one.k is the electron momentunk-g,=k, -g,, wherek, 001,01t Jo,0,1- The peaks labeled), (1a), (1b), (1c), and(1d)
~Kk@ is the electron transverse momentum afdhe tilt  correspond to first-order CB transitions with momentum
angle;u”y and ui are the photon longitudinal and transversetransfers (see explanation below g, ,=20o 1 0t 290,01
directions, respectively; anH is the electron total energy. Os—2, Og—4, O10-6, @aNdg;,»_g, respectively. The remaining
For photons emitted in the forward direction, the energy ofpeaks located below peak®) (g,,) and(2a) (ggo) are all
the photon is second-order CB transitiorj$2) and (2a) included. Only a
5 single third-order CB peak is visible and is label@ cor-
E _ y(he) (2K, - g g?] @ responding to a momentum transfgys. Figure 4a) shows
Y meC? +"9 7 Onl- the energy dependence on the tilt angle for the three peaks
labeled(1), (2), and(3) in Fig. 3. The solid lines correspond
Figures 1 and 2 show the CB spectra for th&0 plane to Eq. (7) for a momentum transfeg,=2n(go 1 0+ Y00,
of the diamond crystal for five different angles and the enwheren is a positive integer equal to 1, 2, and 3 for first,
ergy dependence with the tilt angle, respectively. The transsecond, and third order, respectively. Figufb)dshows the
verse direction is defined by=(x+y)/2. For each angle, energy dependence on the tilt angle for the five major peaks
the CB fundamentd(ffirst ordey and overtones correspond to shown in Fig. 3. All straight lines have the same slopélas
a momentum transfengu, respectivelyg=4v2m/a, is the  this means that the terk, - g,/k, in Eq.(7), is a constant,
smallest reciprocal-lattice vect@magnitudewisgfor which i.e., all allowed momentum-transfer vectors are reciprocal-
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lattice vectors whose tips lie on a straight line perpendiculaedges, a splitting of the final levels occurs, and each CB
to the electron transverse momentum as shown in K&. 5 peak is composed of two very close-lying energy lines
In this example, a first-order transition results in the transfebut only one transition is dominant, in agreement with
of a vectorg, n=ngp 10t MYy 1 Such thatn+m=4 and the Born approximation method. In Fig(c} Eq. (7) though
Sgn,m# 0, whereSy, , is the structure factor. For second and parallel does not match exactly the data points from the
third order, the condition is+m=8 and 12, respectively. It many-beam calculation for the corresponding momentum
is worth mentioning that when the electron transverse motransfer; it is shifted toward the lower-energy region. There-
mentum lies on the edge of a Brillouin zorik, /g,=0, fore CB transitions for whichm=n>0 result in a photon
*0.5*1,;--, whereg,=g, ), all peaks, for which the mo- emission in the forward direction. The energy lines of these
mentum transfer is not along the direction of the transverséransitions, which result in the transfer of the smallest
electron momentum, correspond to CB transitions for whictreciprocal-lattice vector allowed, act like cutoff energies for
the energy level of the final state is doubly degenefatk the rest of the CB transitions of the same order. Equa®on
wherel is the orbital quantum numberand each peak is and Fig. 4 enable us to determine the photon emission
composed of two lines of equal energies and dipole matriceangles. From Fig. &) it is clear that the second term in Eq.
corresponding to the two allowed transfer vectors as show(6) is a constanf, ., that can be determined from the data
in Fig. 5(a@). However, in Figs. @), (b), and(c) the electron points. The transverse energy is therefore for the two
transverse momentum lies away from the Brillouin-zonemomentum-transfer vectors
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m.c2 Aq Figure 8a) shows a CB spectrum fof=8.5mrad. The
Et=—= - =0. electron transverse momentum is alagg o. The selection
7 2yhc [kcoguy K, ) 0= nmCOLUy ,Gnm)] is Nn=2,4,6,... andm is an integer, such that the structure

®  factor Sgn,m Of Gn m is different from zero. This condition
leads to a shift of the CB peaks toward the low-energy region
For cos(, ,k,)>0, the transverse energy and therefore(in comparison with the previous scan directiom this dif-
the emission angle decrease with increasing tilt angle. Foferent orientation, no first-order CB corresponds to a mo-
cos@y k. )=0, the transverse energy is independentfof mentum transfer along the scan direction. The only momen-
and for each set of allowed momentum-transfer vectors satum transfer(with a nonzero dipole matrjxthat results in a
isfying the two conditionsi+m=4,8,12... anch#m, there  photon emission in the forward direction is the vector
exists two transverse opposite photon directions. As an ex4g, ; ¢=d40=0,, Which corresponds to a second-order CB
ample, we took the first-ordefla) and second-ordef2a)  [peak labeled?2’)], while in the previous case this vector
peaks corresponding to the momentum-transfer vectorsorresponded to a first-order CB with, however, a very small
O6-2=600,1,0— 20o,0,1 and gg o=800,1,0, respectively. Using dipole matrix. The peak labeledl’) corresponds to two
Eg. (6) and the data points from the many-beam formalismmomentum-transfer vectorg, ., unlike the previous case
it was found thatAg ,=3.06 andAg o=3.22keV. For a  where only one vector was transferred to the crystal lattice.
tilt angle 6=8 mrad, the emission angles are equattt.44  Figure Gb) shows the energy dependence on the tilt angle
and =3.8 mrad, respectively. for the peaks labeled’), (2'), and(3’) (third-order CB with
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a momentum transfegs - ,) together with Eq.(6) and the and therefore the photon emission, for this order, can be

constantAg, - approximated with the forward direction.
The potential of thé110) axis, which is deeper than that
of the (100 axis, is a double-well potential and is due to the IV. CONCLUSION
axial arrangement in the crystal lattit€&igure 7a) shows a We saw that while planar CB is emitted in the forward

CB spectrum ford=8.5mrad. The transverse direction was direction due to its one-dimensional character, axial CB re-
spanned bygy o 1=2m/ayz and g, 1 g=2m/a,(x—Yy). The sults in the emission of photons in the forward direction only
electron transverse momentum was taken parallel to the vegvhen the momentum transfer is in the direction of the elec-
tor g, =40 0.1+ 201 1,0 [Scanned along the (1,1) plang.  tron transverse momentum. We saw, in all previous cases,
The selection that results in a momentum transger, that the energy of the CB peaks varies linearly with the tilt
—NGy01+My; 10 iS such that n+m=2k, where 'k angle. We also saw that in tH&00) case, t_he energy of the_
=1,2,3,4... for first, second, third, and fourth order, respecCB Peaks depends strongly on the direction of the scan, i.e.,
tively, andSy, »#0. The peaks labele@), (b), (c), and(d) thg eIectrpn transverse-momentum direction. The planar and
are the highest peaks for each CB order and correspond fial CB intensities, for a specific tilt angle, are of the same
the momentay, », Ga o, O 2, aNdgs 5. Only the transfer vec- order. However, the higher CB orders vanish more rapidly in
tor g, ,, which corresponds to a third-order transition, is par-t€ Planar case.
allel to the electron transverse momentum. Figui® ghows

the photon energy as a function of the tilt angle with the

corresponding  constants Ay, ,.  The  fourth-order A part of this work was carried out under the contract
momentum-transfer directior{ 5 is very close to that of,  with the Japan Atomic Energy Research Institute.
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