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Light isotope separation in carbon nanotubes through quantum molecular sieving
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The theoretical basis for the phenomenon of quantum sieving is detailed for confined one-dimensional
systems. A simple theory is presented to calculate zero-pressure selectivities due to quantum sieving in nan-
opores. This simple theory is used to evaluate the ability of various carbon nanotubes and interstices of
nanotubes to separate mixtures of light-isotope species. Realistic and accurate potentials are used for the
interactions between adsorbates and nanotubes. Path integral molecular simulations are also used to determine
quantum sieving zero-pressure selectivities. Good agreement is found between the simple theory and detailed
path integral calculations. Systems of H2-T2, and 3He-4He are studied in this work, as well as CH4-CD4 and
H2-HD.
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I. INTRODUCTION

Molecular sieves are microporous materials that can se
rate components of a mixture based on either size, shap
differences in chemical affinity. For example, micropor
can effect a separation by excluding larger molecules fr
the pores or selectively adsorbing a molecule based on
polarity. An important property of molecular sieving is th
different isotopic species of the same molecule have ide
cal adsorption properties when a classical description of
sorption is used. In contrast to classical molecular siev
quantum sieving is a phenomenon that preferentially ads
heavier isotopes from an isotopic mixture. The separatio
not based on size, shape, or chemical affinity, but on dif
ences in the quantum levels of the heavier and lighter m
ecules confined in the pore. This phenomenon was first
dicted theoretically by Beenakkeret al.1 for adsorption of
hard spheres in a square-well cylindrical tube. High select
ties were predicted from this simple theory for He isotopes
low temperatures and pressures in pores about 4 Å in di
eter. We have previously used theoretical and simula
methods to examine quantum sieving in models of m
cropores that are not restricted to hard-body systems.2 In our
previous work we performed path integral Monte Ca
simulations with accurate potential models to predict t
carbon nanotubes can be used to separate isotopic mix
of molecular hydrogen using quantum sieving. We predic
low-pressure selectivities on the order of 10 000 for T2 over
H2 adsorbed in nanotubes around 6 Å in diameter at 20 K.
Our calculations also indicated that the selectivity would
crease with an increase in pressure.

In the present work we expand on previous efforts
examining quantum sieving in nanotubes and intersti
channels for several different isotopic mixtures, includi
HD-H2 , T2-H2 , 4He-3He, and CD4-CH4. We use a rigorous
analytical method to predict the zero-pressure selectivitie
these systems and compare results with detailed path inte
molecular simulations. Additionally, the effect of temper
ture, nanotube diameter, and the helicity of the nanotube
quantum sieving is explored.

The separation of hydrogen isotopes by surface ads
0163-1829/2001/63~24!/245419~9!/$20.00 63 2454
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tion has been observed in several experiments since
1960s.3–7 White and co-workers developed theories for is
tope separation based on the concept of hindered sur
rotation and the difference in total energies of the adsor
species.3,4 They estimated separation factors of HD-H2 and
D2-H2 adsorbed on alumina at 77.4 K by using a Mor
potential for interaction between hydrogen and the adsorb
surface, and found good agreement with experiments.
selectivity values are small, around 2. The parameters in
Morse potential were treated as adjustable parameters in
der to give reasonable agreement with experiment res
However, for adsorption over leached glass (SiO2), the ex-
perimental selectivities increased with decreasing temp
ture much more rapidly than the calculated values. King a
Benson present a similar theory for isotope separation
obtain good agreement between their calculations and
perimental results of chromatographic separation of hyd
gen isotopes over an alumina column at 77.4 K.5 Maien-
scheinet al. used zeolite 13X in an adsorption column
obtain pure DT and T2 from a mixture of D2-DT-T2 at 23.5
K.6 They compiled isotherms and separation factors for
drogen isotopes from literature for adsorption on alum
and several zeolite types and predicted adsorption isothe
and selectivities at lower temperatures by extrapolati
More recently, adsorption isotherms of pure H2, HD, and D2
in NaA zeolite from 77–120 K have been measured
gravimetric methods.7 The pore sizes are of nanoscale
these zeolites. However, the pores are not uniform and
some large pores surface adsorption is observed. In ag
ment with theoretical models of quantum sieving,1,2 the
heavier isotopes adsorb more strongly than the lighter
topes. The results in Ref. 7 show that the selectivity of2
over H2 in the low-pressure region, that is, the ratio of t
single component isotherms, is less than 2 at 77 K.

The experimental and theoretical studies of quantum s
ing reviewed above provide at best a partial description
how the effectiveness of quantum sieving depends on
adsorbent’s pore size. It is therefore interesting to cons
how quantum sieving may occur in a family of microporo
materials with variable pore sizes. The main aim of this p
per is to examine the selectivities of quantum sieving a
©2001 The American Physical Society19-1



id

a

.
er
s.
ug
y
s
f
ca
ie

tu

m

ula
is
es

ice

ve
H
ti
b
2

rp
iz
ed

si
a

ua

.
o

nt

ie
d

rib
rp
te
st
w
a

th

by
ed

e

ider

ars
in

ny
,
or-

l. At
ial
er,
pore
an-
in

n-
d

g
the

-

-

nd
se-
h

e
es-
n-
m-

e-

CHALLA, SHOLL, AND JOHNSON PHYSICAL REVIEW B63 245419
function of pore size and temperature for adsorption ins
single-walled carbon nanotubes~SWNTs! and in the intersti-
tial channels of SWNT bundles. Carbon nanotubes are m
of curved sheets of graphite. They can be synthesized
various methods such as carbon arc vaporization,8,9 laser
ablation,10 and catalytic decomposition of organic vapors11

They are usually produced as closed-end tubes, and eith
single-walled carbon nanotubes or multi-walled nanotube
is possible to open the caps at the ends of SWNTs thro
selective oxidation of the caps.10,12,13These nanotubes var
in size, from a few angstroms14,15 to a couple of nanometer
in diameter and up to 1mm in length. The curvature o
graphite sheets makes the inside of the tubes energeti
more attractive for adsorption than planar graphite. Stud
have been done to assess the potential of carbon nano
for storing hydrogen and have been reviewed elsewhere.16–21

Experiments show that nanotubes can indeed adsorb H2.22,23

In addition, experiments show the adsorption of other co
ponents as well, such as N2, Xe, and CH4.24–26Single-walled
nanotubes form clusters of bundles of tubes in a triang
lattice structure.10,27 Theoretical calculations show that it
possible to adsorb material inside the interstices in th
bundles.28,29 One experimental study has found4He ad-
sorbed in interstitial channels of nanotubes, the interst
providing a cylindrical clearance of 2.1-Å diameter.30 The
study does not mention the diameter of the tubes. Howe
another experimental study based on adsorption of Xe, C4,
and Ne argues that these gases do not adsorb on inters
channels.31 The nanotubes in this study were reported to
13.8 Å in diameter. The interstices were estimated to be
Å in diameter, which surprisingly do not show any adso
tion despite being larger than the ones employed by Te
et al.30 A number of simulation studies have investigat
classical models of adsorption in nanotubes.32,33 The strong
adsorption capability, high surface area, and narrow pore
distribution make nanotubes promising adsorbents and m
them excellent candidates for separation of isotopes by q
tum sieving.

In this paper, we focus on adsorption at low pressures
this limit, intermolecular interactions between adsorbed m
ecules can be neglected and convenient theories for qua
sieving selectivity are available.2 It is only reasonable to fo-
cus on the low-pressure limit, of course, if the selectivit
observed in this limit can be related to those observed un
more general conditions. In a forthcoming paper we desc
extensive simulations of single and multicomponent adso
tion of hydrogen isotopes in SWNTs under nondilu
conditions.34 While these simulations reveal several intere
ing features, one important conclusion that can be dra
from them is that the selectivity due to quantum sieving
low pressures is an excellent indicator of the selectivities
occur at higher pressures.

II. THEORY

A simple theory for quantum sieving can be derived
considering a binary mixture in equilibrium with an adsorb
phase composed of the same binary components.1,2 We con-
sider unidimensional pores, although the model could be
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tended to more complex pore structures. We also cons
adsorbates whose potential energy surface~PES! does not
exhibit strong corrugation along the pore axis. This appe
to be a reasonable description of molecular adsorption
SWNTs, although the topology and PES corrugation of ma
zeolites is more complex.2 In the materials we consider here
if the pore diameter is on the order of the size of the ads
bates then the adsorbed phase will be one dimensiona
low densities, motion of adsorbed particles along the ax
direction would be unhindered and classical. Howev
across the pore, adsorbates are strongly localized by the
wall. As a result, the transverse energy levels become qu
tized. At low temperatures, adsorbates will reside mostly
their ground states. IfEi is the transverse ground-state e
ergy of componenti, the chemical potential of this adsorbe
component is given by20,29

m i
ads5Ei1kT lnS r il i

qi
D , ~1!

wherer i is the number density of componenti in the pore,
l i5A2p\2/mikT is the de Broglie thermal wavelength,qi
is the internal molecular partition function,mi is the mass of
componenti and T is the absolute temperature. Assumin
that the bulk phase is an ideal gas at very low pressure,
chemical potential of the same component,m i

bulk , is

m i
bulk5kT lnS nil i

3

qi
D , ~2!

whereni is the bulk phase density of componenti. The ad-
sorbed phase is in equilibrium with the bulk phase, som i

ads

5m i
bulk . Thus, assumingqi is the same in the bulk and ad

sorbed phases,

r i5nil i
2e2Ei /kT. ~3!

If we now consider the coadsorption of two distinct com
ponents, the selectivity of componenti over j is defined as

S5
xi /xj

yi /yj
, ~4!

wherex andy refer to the mole fractions in the adsorbed a
bulk phases, respectively. The analysis above yields the
lectivity in the limit of low pressure and temperature, whic
we denote byS0. Combining Eqs.~3! and ~4!, we find

S05
mj

mi
expF2

Ei2Ej

kT G . ~5!

It is useful to note thatS0 is independent of the bulk phas
composition. To appreciate the significance of this expr
sion, it is helpful to consider the simple example of a cyli
drical pore where the adsorption potential is a radially sy
metric harmonic potential,V(r )5Kr 2/2. The ground-state
energy of a species of massm in this two-dimensional po-
tential is \AK/mi . Since two isotopes of the adsorbed sp
9-2
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LIGHT ISOTOPE SEPARATION IN CARBON . . . PHYSICAL REVIEW B63 245419
cies with massm1 andm2 are subject to the same potentia
the low-pressure selectivity of component 2 over compon
1 is given by

S05
m1

m2
expF2

\AK

kT S 1

Am2

2
1

Am1
D G . ~6!

Thus, if m1,m2, then S0.1 at low temperatures. That is
the pores selectively adsorb the heavier isotope over
lighter isotope. Although the zero-point energy of isotopes
more realistic PESs does not have the simple form availa
for the harmonic potential, the qualitative preference
heavy over light isotopes is a generic feature of quant
sieving.

Equation~5! is valid when the quantum confinement
the adsorbate is two dimensional. In very large pores,
species that adsorb close to the pore wall, quantum con
ment will occur radially but not angularly. In this case of o
dimensional confinement,S0 is given by

S05Amj

mi
expF2

Ei2Ej

kT G , ~7!

whereEi is the ground-state energy due to quantization
the direction normal to the pore wall. This expression is a
appropriate for adsorption on planar substrates.3

Two extensions of the results above are worth menti
ing. First, the simple theory can be improved by relaxing
assumption that at low temperatures only ground states
populated. IfEl is the l th energy level for the quantize
transverse motion, the chemical potential of the adsor
component is given by

m i
ads52kT lnS (

l
e2Ei

l /kTD 1kT lnS r il i

qi
D , ~8!

which reduces to Eq.~1! when only the ground state is popu
lated. Considering the population of excited states, Eq.~8! is
combined with Eq.~2! to give the selectivityS0 as,

S05
mj

mi F (
l

exp~2Ei
l /kT!

(
l

exp~2Ej
l /kT!

G . ~9!

Second, additional contributions to the selectivity arise wh
the rovibrational states of adsorbed molecular species
affected by confinement.3 In the calculations below dealin
with SWNTs we have only considered translational degr
of freedom. It is useful to note in this context that rece
experiments examining H2 adsorption on bundles of SWNT
at cryogenic temperatures have found no significant barr
to quantum rotation in these systems.35
24541
nt

e
n
le
r

r
e-

n
o

-
e
re

d

n
re

s
t

rs

III. COMPUTING S0 FROM PATH INTEGRAL
SIMULATIONS

The theory presented above gives exact results for
selectivity of quantum sieving in noncorrugated micropo
in the limit of low pressure, provided the energy levels of t
adsorbed species can be determined. Since it is difficul
extend this theory to nondilute pore loadings or to pores w
complex PESs, it is useful to consider numerical metho
that can be applied to these systems. In this section we s
how path integral Monte Carlo~PIMC! methods can be use
to computeS0. PIMC methods are not restricted to the dilu
adsorption limit.34

The formalism of PI technique establishes an isom
phism between quantum statistical mechanics and the p
erties of classical ring polymers.36 From this isomorphism,
the canonical partition function for a system ofN quantum
particles can be approximated as

Q5
1

N! S P

l2D 3/2NP

3VNE . . . E exp@2b~Uext1U int!#dsW1 . . . dsWN ,

~10!

whereP is the number of beads on a polymer-ring isomor
to a quantum particle with massm, l is the thermal de Bro-
glie wavelength,dsW5L21 drW dv dG, a set of scaled coordi
nates withL the simulation-box length,rW the center-of-mass
vector of the ring polymer,v representing the orientatio
Euler angles, andG, the internal conformation of the ring
polymer. The intermolecular~external! potential is given by

Uext5
1

P (
a51

P

(
i , j

N

f~r i j
a !1

1

P (
a51

P

(
i 51

N

fwall~r i
a ,u!,

~11!

where f(r i j
a ) is the adsorbate-adsorbate pair potential

tween beada on moleculei and beada on moleculej, r i j
a is

the scalar distance between the beads.fwall(r i
a ,u) is the

pore-adsorbate interaction potential. The intramolecular
tential is

U int5
mP

2b2\2 (
a51

P

(
i 51

N

urW i
a2rW i

a11u2, ~12!

whererW i
a is the position of beada on ring i. Whena5P,

a1151 as required for a ring polymer.
For a mixture composed ofN1 particles of component 1

andN2 particles of component 2, the partition function is
9-3
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QN1 ,N2
5

1

N1!N2! S P

l1
2D 3/2N1PS P

l2
2D 3/2N2P

VN11N2

3E exp@2b~Uext1U int!#dsWN11N2
. ~13!

Additionally,

m152kT lnS QN111,N2

QN1 ,N2

D
and a similar expression form2. The respective chemica
potentials can be written now as
, r

ur

as

p
n
ts

24541
m i5kT lnH ~Ni11!S l i
2

P D 3/2P

3

E exp@2b~Uext1U int!#dsWN11N2

E exp@2b~Uext1U int!#dsWN11N211i

J , ~14!

which applies for either component and in both the adsor
as well as the bulk phase. In the bulk phase, which is
sumed to be an ideal gas,Uext is equal to zero. In the ad
sorbed phase, we assume the absence of adsorbate-ads
interactions due to low coverage. So,Uext5fwall. Since
m i ,ads5m i ,bulk for each component, the selectivity,S0, can
now be rewritten as
S05
x1

y1

y2

x2
5

~N1!ads

~N1!bulk

~N2!bulk

~N2!ads
,

5

E dG1E dv1E
0

R

drE
0

2p

r du exp@2U1 /kT#Y E dG1 exp@2U1
int/kT#

E dG2E dv2E
0

R

drE
0

2p

r du exp@2U2 /kT#Y E dG2 exp@2U2
int/kT#

, ~15!
e
-
e

whereUi is the sum ofU int and fwall. In the last step we
have decomposeddrW5r dr du dz, with dz canceling from
the numerator and the denominator of each component
spectively.

One approach to evaluatingS0 is to directly determine the
numerator and the denominator of Eq.~15! numerically. We
have done this for a variety of pores by using quadrat
e-

e

integrals overr andu and using Monte Carlo sampling of th
ring configurations,G and v, at each quadrature point. Al
though this method is formally valid, we have found it to b
very inefficient, especially for systems whereS0@1 ~or
equivalently,S0!1).

An alternative approach to evaluatingS0 is to rewrite Eq.
~15! as
S05

E dGE dvE
0

2p

r duE
0

R

dr exp@2U2 /kT#exp@2DU12/kT#

E dGE dvE
0

2p

r duE
0

R

dr exp@2U2 /kT#

5^exp@2DU12/kT#&2 . ~16!
t 2
en-
t 1
en-

1
ich
ical
s

Here, C215*dG2exp@2U2
int/kT#/*dG1exp@2U1

int/kT#
5(m2/m1)3(12P)/2 is a constant derived from the ideal g
ring conformation distribution,45 DU125U12U2 , and
^ . . . &2 represents an ensemble average over the phase s
of component 2. This expression resembles the calculatio
free-energy differences between two species or state poin37

In the case of isotopic species,DU12 arises solely from the
mass dependence of the intramolecular potential of the
ring polymers@see Eq.~12!#. To evaluate Eq.~16! numeri-
ace
of
.

PI

cally, one would simulate a set of particles of componen
interacting with the adsorbent and the intramolecular pot
tial. Randomly transforming these particles into componen
and evaluating the change in the intramolecular potential
ergy would then giveDU12 for determiningS0. Instead of
transforming a particle of component 2 to component
abruptly, a gradual transformation can be performed, wh
is analogous to the method of evaluating residual chem
potentials using ‘‘Kirkwood ensemble integration.’’ Thi
9-4
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new method has been found to be very efficient and accu
for calculating free energy changes.38 Employing this
method, the mass of component 2 is changed linearly fr
m2 to m1 in intervals and the change in energy is calcula
as

DU125E
m2

m1S dUint

dm Ddm.

We describe the details of implementation of this method
calculateS0 in the following section.

IV. RESULTS AND DISCUSSION

A. Harmonic potential

In order to test the convergence of our PIMC method,
have applied it to the simple case of a pore whose po
adsorbate interactions are given by a two-dimensional~2D!
harmonic oscillator,f5 1

2 Kr 2. Two cases are considere
one with high selectivity (K510 000 K/Å2) and another
with low selectivity (K52500 K/Å 2). We consider here
the adsorption of particles with mass 2 amu and 6 amu,
ferred to below as H2 and T2, in this potential. For this
simple potential,S0 can be calculated exactly using Eq.~9!
and the energy levels of a quantized harmonic oscillator.
similarly straightforward to calculate the exact kinetic en
gies and adsorbate probability densities in the pore. Calc
tions were done for adsorption at 20 K and are shown in F
1. At 20 K, the predominant occupancy was in the grou
state. It is assumed that only two dimensions are quanti
and so there is still a contribution ofkT/2 towards the kinetic
energy from classical motion in the axial direction.

To compare these results for the H2 /T2 system from the
simple theory, we calculated the same properties,S0, kinetic

FIG. 1. Results for a 2-D harmonic potential.~a! Probability
distribution ~b! Kinetic energy. Circles are for the high-selectivi
harmonic potential (K510 000 K/Å2), and triangles for the low-
selectivity potential (K52500 K/Å 2). Solid and dotted symbols
represent H2 and T2, respectively. Symbols are from PIMC simula
tions and lines are from simple theory.S0 values from simple
theory ~solid lines! and Kirkwood integration~circles! for ~c! the
high selectivity potential and~d! the low selectivity potential.
24541
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energies, and probability densities using path integrals.
netic energies in path integral simulations are based on
Barker energy estimator.39 The simulation box consisted o
50 particles of T2 at 20 K, which interact only with the pore
We used about 40–90 beads per particle, with larger num
of beads being employed for highly selective systems.
each step, 25 particles were randomly chosen and tr
formed in gradual intervals from T2 to H2. After each inter-
val involving a step change in mass, all the particles
moved in a hybrid MC manner at constant temperature. I
not necessary to equilibriate the system in these hybrid
moves. The change in energy due to intramolecular poten
is collected in each move for each interval.S0 from each of
these 25 particles is averaged for one step to get a meanS0.
Such steps were repeated for 100 times to get a final ave
of S0 over 100 steps. At the end of each step, the transform
particles revert to their original states and the whole sys
is propagated by a single hybrid Monte Carlo step before
next step is performed. In this manner we sample the c
formation space of path integrals extensively.

The comparisons for the three properties are illustrated
Fig. 1. The agreement between path integral calculations
the rigorous analytical calculations of quantum sieving
very good. However, it can be seen that for the hig
selectivity case, one has to employ a large number of be
for accurate results. The number of beads required to c
verge the results increases as the system becomes
highly confined because quantum effects become more
portant. An insufficient number of beads leads to a low
selectivity from PI simulations compared to the selectiv
obtained from the analytical calculations. However, simu
tion of systems with large number of beads becomes v
expensive and time consuming. Additionally, as the num
of beads increases, the number of intervals over which a2
is transformed to H2 has to be increased to get a good es
mate of the change in energy. From our simulations
found that about 500–5000 transformation/integral interv
have to be employed in the Kirkwood ensemble integrat
for good convergence in the high-selectivity case.

B. Quantum Sieving in SWNTs

In the remainder of this paper, we examine the quant
sieving selectivities of small molecules adsorbed in sing
walled carbon nanotubes. Specifically, we consider isoto
of molecular hydrogen, helium, and methane. In each c
the interaction potentials for the various nanotubes were g
erated by summing pair-wise interaction between carbon
oms of the nanotube and species being adsorbed. For car
H2 interactions, we used the Crowell-Brown potential.40 This
interaction potential has been used to model adsorption
hydrogen on graphite, and in carbon slit pores a
nanotubes.16,41 This potential accurately reproduces the a
sorption isotherms for H2 on graphite.41 The interaction be-
tween carbon and methane molecules was modeled b
Lennard–Jones potential.42 An anisotropic pair potential was
used for interactions between He and C atoms.43 Examina-
tion of the axial and angular corrugation of the PESs defin
by our models indicates that these corrugations are ne
9-5



ls
A
es

va
2D
lu

c

es
-

e
th

e

d in
ur

cor-
Ts.

it

ge
am-
are
oint
ol-
n in
ne-
-
as
te
2D

n in
ter-

er
ent

th
.

een
es.
-
he
s.
ous

We
a
aals
t
red
ac-
ree
dial
in

ob-

a
and

of
he
the

es.
n-
ere
xed
en
en-

.
s
ap

ee

CHALLA, SHOLL, AND JOHNSON PHYSICAL REVIEW B63 245419
gible. For example, the PES for H2 in a ~3,6! nanotube shows
axial variations of only 0.01 K at the tube center and,1 K
at r 50.1 Å . Accordingly, we defined smoothed potentia
by performing axial and angular averaging for each tube.
results below for adsorption in SWNTs are based on th
smoothed potentials.

For each smoothed potentialf(r ) that exhibits a single
minimum atr 50, we have computedS0 using Eq.~9!. The
quantized energy levels of each adsorbed species were e
ated by expanding the species’ wave function with a
harmonic oscillator basis set and computing the eigenva
of the resulting Hamiltonian matrix.44 We have included 30
energy levels in Eq.~9! to determine the zero-pressure sele
tivities. This number of states was found sufficient to give
converged value ofS0. Since Eq.~9! is inappropriate when
f(r ) exhibits multiple minima, as is the case for wide por
we have also computedS0 using the PIMC methods de
scribed in Sec. III.

We first discuss quantum sieving of T2 and H2 in SWNTs.
The mass ratio of T2 to H2 is the largest of all the isotop
pairs we have considered, so it is not surprising that
system shows the strongest selectivities.S0 for T2-H2 ad-

FIG. 2. S0 at 20 K for T2-H2 as a function of tube diameter
Results from Eq.~9! ~diamonds! and path integral calculation
~circles! are shown. A few specific tubes are labeled on the gr
with their (n,m) indices.S0 in the ~10,10! interstice is shown as an
open square~PIMC! and an asterisk~simple theory!.

FIG. 3. Interaction potential inside carbon nanotubes betw
hydrogen isotopes and the nanotubes.
24541
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sorption at 20 K is shown in Fig. 2 for SWNTs with a rang
of pore sizes. We have reported similar calculations,2 but
subsequently discovered a small error in the potential use
our earlier study. Figure 2 replaces Fig. 1 of Ref. 2. O
qualitative conclusions remain unchanged, although the
rected potential gives a higher selectivity in some SWN
The agreement between our PIMC results and Eq.~9! is ex-
cellent except for tubes with very large selectivities, where
is difficult to completely converge the PIMC sampling~see
Sec. IV A!.

The most dramatic feature of Fig. 2 is the extremely lar
selectivities observed for small nanotubes. As the tube di
eter is reduced below about 7 Å the adsorbed molecules
highly confined and therefore possess substantial zero-p
energies. For tubes with diameters greater than 7 Å, m
ecules preferentially adsorb near the pore walls rather tha
the pore center, leading to the type of 1D quantum confi
ment discussed in Eq.~7!. For very large pores, the selectiv
ity for T2 over H2 approaches that of planar graphite,
shown in Fig. 2 by the dashed line. It is interesting to no
that the lowest selectivity occurs at the transition between
and 1D confinement, that is, in the~6,6! tube. In this tube,
the adsorbate wave functions are more delocalized tha
any other tube. The reason is, as shown in Fig. 3, the in
action potential inside the~6,6! nanotube is flatter and
broader at the well compared to either narrower or wid
tubes, which makes it an unlikely candidate for confinem
of small molecules.

One unfortunate feature of Fig. 2 is that SWNTs wi
diameters less than 7 Å appear to be difficult to synthesize
Although the synthesis of 5-Å nanotubes has recently b
reported,14,15most current syntheses yield much larger tub
As we have previously noted,2 high quantum sieving selec
tivities can also be achieved by allowing adsorption in t
interstitial regions formed by ordered bundles of SWNT
Nanotube bundles have been observed in numer
experiments.10,27 One example of T2-H2 quantum sieving in
the interstices of a nanotube bundle is shown in Fig. 2.
arranged~10,10! nanotubes in a 2-D triangular lattice with
gap between contact points equal to 3.2 Å, the van der W
gap as observed in experiments.10 Such an arrangemen
leaves an interstitial channel of 2.6 Å in diameter cente
9.676 Å from the center of each nanotube. The total inter
tion in the interstice is the sum of interactions due to th
tubes, and the interaction potential has a threefold ra
symmetry. It can be seen from Fig. 2 that the selectivity
this interstice is comparable to the highest selectivities
served inside the smallest SWNTs.

The predictions for the~10,10! interstices are based on
potential outside the nanotube that is averaged axially
angularly. We have calculated the corrugations in the PES
a fully atomistic model along the axis of the interstice at t
interstice center. The corrugations in the PES depend on
orientations and relative axial alignment of the nanotub
Calculations for various different orientations and alig
ments of the three nanotubes making up the interstice w
performed. In all cases the van der Waals gap was held fi
at 3.2 Å. The maximum interstitial corrugation occurs wh
lines from each of the nanotube centers to the interstice c

h

n
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ter pass through the center of a graphitic hexagon and
three of these lines lie in the same plane. The corrugatio
this case is about 306 K. However, the~10,10! nanotube has
a D10h ~tenfold! symmetry, therefore, if one interstice ha
maximal corrugation none of its three neighboring intersti
can have maximal corrugation. The probability of achievi
the maximum corrugation is quite small. Furthermore,
minimum corrugation we observed for a~10,10! interstice is
about 2 K. A random sampling of 10 000 orientations a
axial alignments gave an average corrugation of about
K. In addition, real nanotube bundles are composed of na
tubes of various diameters and helicities, both of wh
would decrease the probability of observing maximal cor
gations in the interstitial channels. The maximal corrugat
of 300 K would certainly lead to axial confinement. Th
effect of such confinement would be to further enhance
selectivity; this would not change the qualitative picture
quantum sieving. The enhancement in selectivity due to a
confinement would be small because the second gradien
axial corrugations are small compared to the radial sec
gradients. Hence, the averaged potential is a good app
mation to the atom explicit potential, but may slightly unde
estimate the selectivity due to neglect of axial confineme

FIG. 4. S0 at 20 K for HD-H2 as a function of tube diameter
Results from Eq.~9! ~diamonds! and path integral calculation
~circles! are shown.

FIG. 5. S0 at 90 K for CD4-CH4 as a function of tube diameter
Symbols are the same as in Fig. 4.
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Similar to the T2-H2 mixture, the selectivity of HD over
H2 decreases rapidly with tube size, as shown in Fig. 4. T
smaller mass ratio in the HD-H2 system gives rise to lowe
selectivities compared to T2-H2, although still very high
compared to selective adsorption on planar surfaces. The
lectivities for the CH4-CD4, and 3He-4He systems in differ-
ent nanotubes are shown in Figs. 5 and 6. Of the species
have examined, He has the smallest size, so to observe q
tum confinement one has to explore extremely narrow tub
For CH4-CD4, which is shown at 90 K, the selectivities a
close to unity due to small mass ratio and the increased t
perature relative to the results in Figs. 2, 4, and 6. The ef
of tube diameter as well as the helicity of the graphite str
ture forming the nanotube can be seen in the CH4-CD4 sys-
tem. Even though the~3,7! nanotube is smaller in diamete
than the~9,0! nanotube, we see a lower selectivity for CD4 in
the smaller tube. This can be explained by the observa
that in the narrower~3,7! nanotube, which is chiral, an ad
sorbed molecule is never directly on top of more than o
carbon atom at a time. In contrast, the~9,0! nanotube is
achiral ~zigzag! and an absorbed molecule may be direc
on top of 9 or 18 carbon atoms, depending on its axial lo

FIG. 6. S0 at 20 K for 4He-3He as a function of tube diamete
Symbols are the same as in Fig. 4.

FIG. 7. S0 at 90 K for CD4-CH4 as a function of curvature of the
potential well. The second derivative of the potential at the mi
mum is taken as a measure of the curvature and shown on
abscissa in units of K/Å2.
9-7
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tion in the nanotube. Hence, the~9,0! nanotube has a steepe
~stiffer! potential than the~3,7! nanotube, even after axia
and angular averaging of the potential has been carried
In the selected range of tube diameters, this was the sole c
where anomalous behavior due to helicity is observed. He
we see that the tube diameter alone does not carry all
information about the interaction potential. The steepness
the potential is an important factor that in some sense
counts for chirality. An approximate way to include th
steepness of the potential is by computing the second der
tive of the potential at the potential minimum. We have plo
ted the selectivity as a function of the second derivative
the potential minimum in Fig. 7. The quantum sieving effe
increases monotonically with curvature of the potential, u
like in Fig. 5 where the change in selectivity is not mono
tonic with tube diameter.

Quantum sieving effects decrease rapidly as the tempe
ture increases. Using Eq.~9! we calculated S0 for three dif-
ferent hydrogen isotope mixtures in the interstices of~10,10!
nanotubes at different temperatures. The contribution fro
excited states becomes more important; and we have use
energy states, ensuring convergence with respect to ene
states. The selectivity drops dramatically for H2-T2 mixture
upon increasing the temperature, as shown in Fig. 8. T
selectivity for T2 over H2 at 77 K is about 5.2, a mere 0.05%
of the corresponding value at 20 K. As can be seen from E
~9!, this strong temperature dependence of quantum siev
selectivity is a general property of adsorption of isotop
mixtures, not just a phenomenon that applies to carbon na

FIG. 8. S0 in the ~10,10! interstices as a function of temperatur
for T2-H2 ~circles!, HT-H2 ~triangles!, and T2-HT ~squares!.
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tubes. For example, the current observations suggest tha
selectivity for D2 over H2 adsorbed in NaA zeolite that ha
been observed experimentally7 at 77–120 K would be much
more dramatic at lower temperatures.

V. CONCLUSION

We have presented a simple theory explaining the p
nomenon of quantum sieving in narrow tubes and on
surfaces. This simple theory allows calculation of ze
pressure selectivity for mixtures, and the technique of qu
tum sieving is especially suited for separation of isoto
mixtures. Using the rigorous analytical calculations of qua
tum sieving, carbon nanotubes of various sizes and helic
have been assayed for their ability to separate light-isot
mixtures of H2-T2 , H2-HD, 3He-4He, and CH4-CD4. The
interactions between nanotubes and adsorbate particles
been modeled by realistic potentials. For each system c
sidered, the nanotubes suitable for separation fall in a sm
range of tube diameters about the size of the particles in
system. Exceptionally high selectivities are predicted for s
tems like H2-T2 in narrow pores of~3,6! nanotubes and the
interstitial regions of~10,10! nanotube bundles. Heavier sy
tems like CH4-CD4 exhibit little quantum sieving effect in
the nanotubes. The predictions from simple theory are
good agreement with detailed path integral calculations oS0
for the systems considered here.

In this paper we have only discussed adsorption in
limit of low pressure/coverage, where adsorbate-adsor
interactions can be neglected. To complement this work,
have used PIMC simulations to examine multicomponent
sorption of hydrogen isotopes in carbon nanotubes ove
broad range of bulk pressures. These simulations show
the quantum sieving selectivities observed in the lo
pressure limit are an excellent indicator of the equilibriu
selectivity under more general conditions. The details
these PIMC simulations will be reported in a subsequ
paper.34
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