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Collective versus single-particle effects in the optical spectra of finite electronic quantum system
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We study optical spectra of finite electronic quantum systems at frequencies smaller than the plasma fre-
quency using a quasiclassical approach. This approach includes collective effects and enables us to analyze
how the nature of the~single-particle! electron dynamics influences the optical spectra in finite electronic
quantum systems. We present an analytical expression for the low-frequency absorption coefficient of electro-
magnetic radiation in a finite quantum system with regular ballistic electron dynamics; a two-dimensional
electron gas confined to a strip of widtha with specular reflection at the boundaries~our approach is not
restricted to systems with regular electron dynamics; it applies equally in the case of diffusive or classically
chaotic electron motion!. By comparing with results of numerical computations using the random-phase ap-
proximation we show that our analytical approach provides a qualitative and quantitative understanding of the
optical spectrum.
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Optical spectra of finite metallic systems have been int
sively investigated for almost a century. Early approac
such as Mie’s1 are of classical nature. In Ref. 1 the abso
tion of electromagnetic radiation by conducting spheres
determined. It is shown that the absorption spectrum exhi
a resonance atvp /A3 ~where vp is the bulk plasma fre-
quency! due to collective motion of the charge carriers.

In the last decades there has been a substantial amou
work on the nature of such collective resonances in meta
clusters,2 nuclei,3 thin films,4–6 small metal particles,7 and
dimensionally reduced quantum systems8–10 investigating, in
particular, quantum-mechanical effects. In most of th
cases, the electron dynamics isballistic ~the mean free pathl
is larger than the system sizea). The majority of theoretical
papers on the Mie resonance of finite metallic systems
the so-called random-phase approximation~RPA!, a self-
consistent, quantum-mechanical approach incorporating
lective effects. The nature of the Mie resonance in fin
electronic quantum systems is well understood, both qua
tively and quantitatively~for a recent review see, for in
stance, Ref. 2!.

The emergence of the field of mesoscopic physics
fueled an increased interest in the electronic and opt
properties of finite, disordered quantum systems~with diffu-
siveelectron dynamics,l !a) in external fields. In this con-
text, attention has largely focused on static properties, i.e.
frequencies of the order of or smaller thanD/\, whereD is
the mean level spacing of the system in question;D/\ is
generally smaller thanvp by many orders of magnitude. Me
soscopic fluctuations of the static polarizability and the
pacitance, for instance, were characterized in Ref. 11,
the electron density itself in Ref. 12. In all of these cas
collective effects must be taken into account in order to
equately deal with the screening of the external field. In
static limit, a Thomas-Fermi~TF! ansatzis appropriate.11,12

This was pointed out in Refs. 13–15 discussing the result
Gorkov and Eliashberg16 on the polarizability of small me-
tallic particles with disordered walls.
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Much less is known about optical spectra in the frequen
domainD/\,v!vp , despite the fact that this regime is o
particular interest: One expects that the spectra strongly
pend on the nature of the~single-particle! electron dynamics:
In ballistic systems withregular dynamics, for example, it
was argued17 that optical spectra should exhibitresonances
near multiples ofvc5pvF /a ~see also Ref. 18!. Usually
D/\!vc!vp . Moreover, according to Ref. 17, these res
nances should overlap to give alinear frequency dependenc
of the absorption coefficient forv@vc in two-dimensional
systems~classical and local electromagnetic theories pred
a quadratic dependence independent of dimension!. These
are striking and unexpected results. They were, however,
tained within a TF approximation which is valid in thestatic
limit. It must be examined to which extentdynamicscreen-
ing effects may modify the results. Finally, many experime
tally relevant systems exhibit chaotic electron dynamics. I
thus necessary to quantify how optical spectra differ from
above predictions when the electron dynamics is classic
chaotic.19

Numerical calculations~based, for instance on the RPA!
are ill-suited to answer these questions: They provide li
qualitative insight in the low-frequency region and, more im
portantly, it is necessary to consider small systems or
make use of symmetries in order to make the numerical c
putations feasible. Disordered and~asymmetric! chaotic sys-
tems are very difficult to deal with. In order to understa
how the classical single-particle dynamics is reflected in
tical spectra of finite quantum systems, it is thus greatly
sirable to have an analytical theory incorporating collect
effects.

The main result of this paper is an analytical express
for the absorption coefficient for a two-dimensional electr
gas confined to a strip of widtha @Eqs.~14! and ~15!#. This
is a simple example of a two-dimensional finite electron
quantum system. It should exhibit all features discussed
Ref. 17. At the same time numerical RPA calculations
feasible and allow us to discuss the accuracy of our ana
cal approach.

In the following it is assumed thatD/\,v!vp ,EF /\
©2001 The American Physical Society03-1
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whereEF is the Fermi energy. It is furthermore assumed t
l,ls@a@lF where l is the wave length of the externa
radiation,ls is the skin depth andlF is the Fermi wave-
length.

We consider a closed metallic quantum system place
an external electric fieldEext @with a time dependence
}exp(ivt)]. If the wavelength is much larger than the sy
tem size a, the external field is approximately consta
throughout the system and~neglecting retardation effects!
can be written as the gradient of an electric poten
wext(r)5E0xêx @r5(x,y,z) is a three-dimensional coordina
vector#. As is well known, within the RPA, the electroni
response of the system toEext is calculated by solving a se
of self-consistent equations for the effective electrical pot
tial w(r)5wext(r)1dw(r) @dw(r) is the potential due to the
induced charge densityd%(r)]

dw~r!5E dr8G~r,r8!d%~r8!, ~1!

d%~r!52E dr8P0~r,r8;v!w~r!

with the boundary condition thatdw(r) vanishes asuru
→`. G(r,r8) is the Green function of the Laplace equati
DG(r,r8)52e0

21d(r2r8), e0 is the dielectric constant
P0(r,r8;v) is the nonlocal polarizability

P0~r,r8;v!522e2(
a,b

f ~«a!2 f ~«b!

«a2«b2\v1 ig
ca* ~r8!cb~r8!

3cb* ~r!ca~r!, ~2!

e is the electron charge,«a andca(r) are the single-particle
eigenvalues and eigenfunctions of the undisturbed sys
they are usually calculated with in a Hartree-Fock or a loc
density approximation. f («)5Q(EF2«), and g.0 is
smaller thanD. Within the RPA, the absorption coefficien
~proportional to the energy dissipation per unit time! may be
written as3

a~v!5
\v

2E0
2
Im d~v!, ~3!

where

d~v!5E dr dr8d%* ~r!P0~r,r8;v!w~r8! ~4!

is the ~complex! dipole moment and the asterisk denot
complex conjugation.

In the following we derive an explicit analytical expre
sion for the absorption coefficienta(v) of a finite electronic
quantum system in an external electric field, valid in t
frequency rangeD/\,v!vp . We make use of the approx
mations suggested in Ref. 20. First, according to Ferm
golden rule, the absorption coefficient is
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a~v!.
p\2e2v2

2D2E0
2 U ^cauwucb&U

«a2«b.v

«a.EF

. ~5!

Second, the matrix elements ofw are evaluated within a
semiclassical approximation.18,21–24. Third, w itself is deter-
mined within a quasiclassical approximation: According
Eq. ~1!, the effective electric potential is given by~in sym-
bolic notation!

w52P0
21d%. ~6!

In order to determined%, Eqs. ~1! are usually solved nu-
merically, using a real-space discretization25 or by expanding
in a suitable basis set. An approximate analytical solut
may be obtained by noting that forv!vp , uuGP0uu@1. In
other words,d% is well approximated by the classical charg
densityd%cl of the metallic system subjected to an extern
potentialwext,

Dwcl52d%cl /e0 ~7!

with wcl(r)→wext(r) asuru→` andwcl50 within the system
~in the classical limit, the external field is thus screened
completely!. Equation~7! may be solved ford%cl using stan-
dard methods.26 Fourth,P0 is determined within a quasiclas
sical approximation27,20

P0~r,r8;v!5e2nd@d~r2r8!1 ivP(d)~r,r8;v!#, ~8!

wherend is the density of states per unit volume ind dimen-
sions andP(d)(r,r8;v) is the Fourier transform of the clas
sical propagatorP(d)(r,r8;t). In ballistic systems it is written
as a sum over classical pathsp from r to r8

P(d)~r,r8;v!5 (
cl. pathsp

UdetF ]~r8!

]~tp ,np!GU
21

exp~ ivtp!.

~9!

Heretp is the time taken fromr to r8 along the pathp, and
np is a unit vector describing the direction of the initi
velocity. The case of diffusive dynamics was discussed
Ref. 28.

We emphasize that the assumptions and approximat
outlined above applyindependently of the nature of the ele
tron dynamics. In the following we show by comparison
with quantum-mechanical RPA calculations that our a
proach provides a qualitative and quantitative description
the absorption spectrum in the frequency rangeD/\,v
!vp .

Two-dimensional strip. We consider a two-dimensiona
electron gas confined to a strip in thex-y plane surrounded
by vacuum,29 subject to a time-dependent electric fieldEext
directed along the negativex axis @compare Fig. 1~a!#. The
width of the strip~along thex axis! is a, its lengthL ~along
the y axis!, with L@a. Within the system, the electron
move ballistically, and they are specularly reflected at
boundaries atx56a/2.

We write d%(r)5ds(x,y)d(z). For L@a, the surface-
charge densityds depends onx only and the resolventG is
written as

G5
1

e0
E dq

2p

1

2uqu
eiq(x2x8)e2uquuz2z8u. ~10!
3-2
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With

1

LE dydy8P0~r;r8;v!5L0~x,x8;v!d~z!d~z8!, ~11!

the RPA equations~1! are reduced to a set of one
dimensional equations forw(x,z50) with the kernel
L0(x,x8;v). We model the confinement in thex direction by
introducing hard-wall boundary conditions. This is adequ
in the range of parameters considered below and simpl
the quasiclassical analysis. We solve the resulting s
consistent equations numerically using a real-space disc
zation and obtain the absorption coefficient from Eq.~3!.

The corresponding quasiclassical approximation fora(v)
is obtained as described above: The classical surface-ch
density is determined by solving Eq.~7! in elliptic cylinder
coordinates: dscl(x)52e0E0(a2/42x2)21/2Q(uxu2a/2).
The corresponding classical field lines are shown in F
1~a!. According to Eqs.~8!,~9! the one-dimensional kerne
L0(x,x8;v) is given by a sum over classical paths as sho
in Fig. 1~b! which may be summed by Poisson summatio
Using Eq.~6! one obtains for the effective electric potenti

w~x!5 (
m.0

wm cos@mp~x/a11/2!#, ~12!

wm5
2pe0E0

e2n2

Av22vc
2m2

v2Av22vc
2m2

sinS mp

2 D J1S mp

2 D .

In the limit of v→0, w(x) tends to the linearized TF poten
tial wstat(x,z50)5(e0qs)

21ds(x) where qS5e2n2 /e0 is
the two-dimensional TF screening vector. In the limit
large frequencies (v@vc), w(x) tends towdyn in the bulk of
the sample, a dynamical contribution corresponding to a c
rent building up the screening charges. It obeys]2wdyn/]x2

52(mev
2/e2)ds/s0 whereme is the electron mass ands0

is the areal charge density of the electrons. One may a
that

w.wstat1wdyn. ~13!

FIG. 1. ~a! Electric field lines~in thex-z plane! for an infinitely
long metallic strip of widtha ~in thex-y plane, oriented along they

axis! placed in a constant external electric fieldEext52E0êx . ~b!
Classical paths fromx to x8 contributing toL0(x,x8;v).
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The intuitive ansatz~13! is justified by observing that the
difference between Eqs.~13! and~12! is small except forx in
a boundary layer of widthdx}vF /v. This difference is thus
termed boundary contribution,wbdy.

Figure 2~a! showsw(x) according to Eqs.~12! and ~13!
compared with the results of a numerical RPA calculatio
One observes excellent agreement~andwbdy is small except
at the boundary!. Our results show that for larger frequenci
(v.vc), the dynamical potentialwdyn makes a significant
contribution tow and dynamical screening effects cannot
neglected. For the absorption coefficient we obtain us
Eqs.~5! and ~12!

a~v!.
p2\e0

2a

e2n2

v2

vc
2 (

m.[v/vc]

odd Am2vc
22v2

m2
J1

2~mp/2!

~14!

with limiting forms

a~v!5H p2C\e0
2av2/~e2n2vc! for v!vc ,

p\e0
2av/~4e2n2! for v@vc

~15!

FIG. 3. Showsw(x) for a thin film of width a550 @a.u.# with
r s51: RPA results(•), analytical results according to Eq.~6! ~—!
and usingw.wstat1wdyn (222).

FIG. 2. Left: w(x) for a strip of width a5103 @a.u.# with r s

51: quantum-mechanical results(•), analytical results according
to Eq.~12! ~—! and Eq.~13! (222). The inset shows the correc
tion term wbdy(x). Right: Shows Imd(v) ~for a5104 @a.u.#
and r s51) as a function ofv: RPA result ~—! and Eq. ~14!
(222). The inset showsa(v) as a function ofv: RPA result
~—! and Eq.~15! (222). As usualr s5r 0 /a0 where a0 is the
Bohr radius andr 0 is the length scale defined in terms of area p
electron.
3-3
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and C.0.12. In Fig. 2~b!, we show quantum-mechanica
RPA results in comparison with Eqs.~14! and ~15! and ob-
serve excellent agreement. We observe prominent r
nances in the absorption coefficient near odd multiples
vc , due to single-particle cyclotron orbits~electrons moving
in phase with the external field!. This establishes that th
single-particle resonances conjectured in Ref. 17 exist wi
the RPA. Their positions, strengths and shapes are very
described by Eq.~14!. Equation~15! and the inset of Fig.
2~b! show that in the limit of large frequencies (v@vc), the
absorption coefficient is linear inv. In the opposite limit
(v!vc) where the TF approach is adequate, it is quadra
We conclude that the quasiclassical approximation descr
above, for the parameters considered here, provides a q
titative description of the optical properties.

Three-dimensional thin film. To conclude we discussw
for a thin film30 of width a in the y-z plane subject to an
external potentialwext(r)5E0xêx . The classical charge den
sity is concentrated at the boundary,d%cl(x)56dsd(x
6a/2). The corresponding static and dynamical contrib
24140
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tions to w(x) are singular; we thus use the TF char
density6 instead ofd%cl ~appropriate in the limit of smallks

corresponding to high electron densities!: d%TF(x)
5kse0E0 sinh(ksx)/cosh(ksa/2). Here ks

25e2n3 /e0 is the
three-dimensional TF screening vector. The RPA equati
are easily solved within a real-space discretization. Our
sults forw(x) are shown in Fig. 3, and compared to results
the analytical approach using Eqs.~5!–~9!.

We have also calculated the absorption coefficient
D/\,v!vp within the RPA. The analytical approach mu
be used with caution in the case of the film since it requi
that w be smooth on the scale oflF . It turns out thata(v)
is, to a good approximation, quadratic inv as opposed to the
two-dimensional case. As ind52 dimensions we observ
resonances near odd multiples ofvc ~not shown!.

We thank M. Milkinson for communicating unpublishe
results on the absorption of energy at metallic surfaces, ba
on Ref. 20.
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