PHYSICAL REVIEW B, VOLUME 63, 235304

Magnetoroton scattering by phonons in fractional quantum Hall liquids
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Motivated by recent phonon-spectroscopy experiments in the fractional quantum Hall regime we consider
processes in which thermally excited magnetoroton excitations are scattered by low-energy phonons. We show
that such scattering processes can never give rise to dissociation of magnetorotons into unbound charged
quasiparticles as had been proposed previously. In addition, we show that scattering of magnetorotons to
longer wavelengths by phonon absorption is possible because of the shape of the magnetoroton-dispersion
curve and it is shown that there is a characteristic cross-over temperature above which the rate of energy
transfer to the electron gas changes from an expondntiivated to a power-law dependence on the effective
phonon temperature.

DOI: 10.1103/PhysRevB.63.235304 PACS nunider73.43—f, 73.20.Mf, 72.10.Di

[. INTRODUCTION wave vectors larger tham* the magnetorotons can be
viewed as excitons formed from Laughlin quasiparticles and
Phonon spectroscopy is a technique that has been usegiasihole$, the separation of the two quasiparticles in an
with much success in the study of semiconductor systemsexciton with wave vector beinglgq. Once an exciton has
and, in particular, the properties of two-dimensional electrorabsorbed sufficient low-energy phonons that the separation
systems(2DES formed at heterojunctions and quantum of its constituents exceeds some effective screening length,
wells. One of the most important recent applications of thethe fractionally charged quasiparticles are effectively un-
technique has been to the study of the incompressible quatvound and contribute directly to the two-terminal resistance.
tum liguid of electrons formed at a semiconductor hetero-A crude analysis presented in Ref. 7 indicated that this pro-
junction that gives rise to the fractional quantum Hall cess might not be particularly rapid. One purpose of this
effect>® The essential points of the experiments are that aaper is to analyze this idea more carefully and in fact to
pulse of phonons with an approximately black-body specshow that the process described will not actually happen at
trum of energies is injected into the substrate of a semiconall. The shape of the magnetoroton-dispersion curve is such
ductor device. The phonons propagate ballistically across thénat the processes in which magnetorotons absorb energy
substrate until they encounter the electrons at the heterojunérom the low-energy rump of the Planck distribution will
tion where some of them may be absorbed. In the fractionahlways reduce the wave vector of the magnetoroton. Hence
guantum Hall states the electrons have a true energy gap asm& conclude, as discussed in Ref. 5, that the energy absorbed
consequence of incompressibility, so that if the electrons arfom the phonon pulse by the electrons is shared among all
initially at zero temperature, only the phonons in the high-the electrons leading to an overall increase in the electron
energy part of the black-body distribution can be absorbed. itemperature, which then leads to an increased two-terminal
is a great virtue of the technique that these phonons may algesistance for the device. The processes described above in
have wave vectors comparable with the interesting structurezhich magnetorotons are heated with a corresponding de-
in the dispersion relation predicted for the low-lying collec- crease in wave vector will, of course, occur in real experi-
tive modes ormagnetorotorfs of the electron liquid. The ments and will provide the leading correction to the expres-
basic theoretical picture of what happens in these experisions described in Ref. 5 at finite electron temperature. These
ments has been outlined recentliffhis work concentrated corrections are of particular importance for recent
on processes in which the absorption of a high-energy phoexperiment$ in which the time dependence of the two-
non leads to the creation of a magnetoroton excitation closterminal resistance, and therefore the electron temperature,
to the minimum in the dispersion curve. In the experimentspver the duration of the phonon pulse is well resolved. The
the effect of the phonon absorption is detected by measuringyout of this paper is as follows. In Sec. Il a brief review of
changes in the two-terminal resistance of the device. It wathe properties of electrons in the fractional quantum Hall
speculatetithat in some way the elementary excitations cre-state and the phonons in the substrate is given, more details
ated by the absorption of phonons contributed more or lessan be found in Refs. 4 and 5. In Sec. Il expressions for the
directly to the increased dissipation observed in the two+fate of energy transfer between a phonon pulse and the elec-
terminal measurements. Dissipation due to mutual frictiortron system will be given and the forms of the relevant ma-
between the magnetoroton gas and the Laughlin liquid hagix elements discussed. In Sec. IV a simple analytical treat-
been discussed by Platzm&m more concrete mechanism ment of these rate expressions will be given that shows that
for dissipation due to magnetoroton creation was proposethagnetoroton dissociation due to heating by low-energy
by one of us’ The essential idea of this was that, once cre-phonons cannot occur. In Sec. V the contribution of the
ated by absorption of a high-energy phonon, a magnetorotomagnetoroton-scattering processes to the rate of energy
excitation would rapidly absorb many low-energy phononstransfer from the pulse to the 2DES will be considered and it
from the bulk of the Planck distribution in the pulse. For will be shown that there is ow) cross-over temperature at
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which the dependence of the transfer rate on heater temper:
ture changes from exponential to a power law. Section VI l
will contain a brief summary and discussion. 0.14

0.16

0.12

c

Il. ELECTRONS AND PHONONS IN FRACTIONAL

QUANTUM HALL SYSTEMS 0104

ergy, A(K)/E,

Our basic picture of the physics of electrons in the frac-§ %%

tional quantum Hall states emerges from the ideas o
Laughlirf and Girvin, MacDonald and PlatzmAn.aughlin
constructed the wave function for a state with exceptionally
low energy at the primary quantum Hall filling factor 002
=1/(2m+1). He also constructed low-energy quasiparticle .
excitations that carry fractional charge and have an energy %0 A Y A

gap even in the thermodynamic limit. Hence the description ’ Wa‘;evedor p | ’

of the quantum Hall state as an incompressible quantum lig- T

uid. Girvin, MacDonald and Platzm&r(GMP) proposed FIG. 1. A plot of form of the magnetoroton dispersiar(q)
wave functions for a branch of neutral collective excitationsyged here.

whose energy lies below that of the quasiparticle continuum.

This situation is analogous to the phonon-roton branch in o )

superfluid helium. GMP made this analogy more explicit by He¢=2 MS(Q)Z(qZ)pq(aS(QHa;r(—Q)), (2)
adapting the theoretical approach of Feyniarthe case of sQ - - -
magnetically quantized 2D electrons. They found a branch
low-energy excitations whose dispersion relatiofg) has a

En

0.06

0.04 4

0\gvherefaq is the Fourier transform of the locé2D) electron

deep minimum at a finite wave vectqt . By analogy with density,a¢(Q) is the second quantized operator for phonons

liquid helium they dubbed these magnetorotons. Unlike he®f Polarizations and (3D) wave vectorQ, Z(q;) is a form

lium, the fractional quantum Hall liquid does not have afactor to account for the finite thickness of the electron layer,

gapless-phonon mode at long wavelengths, the incompresdnd Ms(Q) is the matrix element for the coupling of

ibility of the underlying state causes the energy of the colphonons in the given mode to electrons close toltheoint

lective mode to increase for wavelengths longer than th®f the GaAs conduction band. This hamiltonian incorporates

magnetoroton minimum and to always be gapped. One exXpoth piezoelectric and deformation potential coupling that

pects the single-mode approximation of GMP to give a goodliffer in their anisotropy and in the index of the power-law

quantitative account of the physics of this collective modedependence on phonon energy.

for wavelengths close to and longer than the magnetoroton The trial wave function used by GMP for a magnetoroton

minimum. However, for shorter wavelengths one expects th@f wave vectorg is of the form

mode to be better described as an exciton composed of a pair _

of oppositely charged Laughlin quasiparticles. The separa- pq|‘l’|_>
\/<\I’L|Pfqpq|\PL>

tion of the pair in a state of wave vectqr‘oeinglgq/v. The |a)
where|W¥ ) is the Laughlin ground state an}jl is the pro-

form of the dispersion relation that we assume here is
Aswa(d)  9<0m jection of the electron-density operator onto the lowest Lan-

A(q)= A —E V_3 - (1) dau level:py=PopyP, (see Ref. 10 for details of the projec-

* 7Cq 4= m; tion). If we consider a pulse of phonons characterized by a
’ . distribution functionng(Q) in contact with a 2DES in the
whereE.=e/dme okl is the Coulomb energy scaldswa  fractional quantum Hall state at zero temperature, then the

is thg dispersion relation obtained from the single-mode appaie of energy transfer to the electrons should be, using Fer-
proximation of GMP Ref. 4 andj,, and A, are chosen so ;g golden rule

that A(q) and its first derivative are continuous for ajl
This is shown in Fig. 1 below. As can be seen the “exciton”

3

part of this dispersion relation is very flat: a fact that will P=2m Ek IMs(Q)Z(a,){dlpg| ¥ L)
have considerable significance for the proposed dissociation sQ -
mechanism. X 8(ws(Q)—A(K))ns(Q), 4

Phonons in a GaAs substrate travel ballistically for fre-
guencies up to about a terahertz. Hence a pulse of phonons

injected into a GaAs substrate will move across the substrate =27N 2 |MS(Q)Z(qZ)|2§(q)

of a heterostructure until it encounters the heterojunction $Qk -

where it will interact with the vertically confined electrons. X 8(wy(Q)— A(K))N(Q), (5)
The Hamiltonian for the electron-phonon interaction can be — —

written in the form where
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— 1 _ MacDonaldet al. used the convolution approximatitrde-
s(q)= N(WLlpfqpq|\PL> (6)  veloped for the study of corresponding processes in super-
fluid helium to estimate this latter quantity in terms of the
is the projected static structure factor of the electron liquidstatic structure factor and obtained an expression for
and we sefi=1.=1 from now on. The projected structure n®)(k,q) of the form

factor is related, as shown by GMP, to the full-structure fac- 3) )
n*(k,q) =N<8 08q,0t N oh(q) +N&g oh(k)

tor, s(q) by

— +N§ h(k)+h(k)h(q)+[h(k)+h

Sl e PP s(q) 1. o c+q (k) +h()h(a) +[h(k) +h(q)

- : +h(k)h(g)Ih([k+a), (14
GMP extracteds(q) from Laughlin’s wave function and
used it in the calculation of the magnetoroton dispersionvhere
A(q). The expression in equation 5 forms the basis for the _ .
work in Ref. 5. h(k)=s(k)=1=Ndyo. (19
Beyond this, very little is known about this function, al-
I1. MAGNETOROTON-PHONON SCATTERING though a useful sum rule for testing approximation schemes

for it was recently derived in Ref. 13. Although more de-
Let us now consider the probability per unit time that atajled knowledge of this quantity would be desirable for truly
magnetoroton of wave vectdr will absorb a phonon with  quantitative work on the phonon experiments, here we will
wave vectorQ=(q,q,) and be scattered into the state with restrict ourselves to the more modest objective of qualitative
wave vectork+q. Fermi’'s golden rule tells us that this will understanding.
be

7o =27 M(Q)Z(4,)|?[(k+alpglk)| 28(A (K) + w(Q) o N _ »
- - - We will begin by deriving a simple criterion for small

—A(lk+q))), (80 momentum transfer magnetoroton scattering processes. En-
ergy and momentum conservation require that a magnetoro-
ton with initial wave vectork can absorb a phonon with
in-plane momentung incident at angled to the normal to

IV. ANALYTIC ESTIMATES

which we can express, using the ansatz of GMP, as

IMs(Q)Z(q,)[? the 2DES only wh
2= [PO(k,q)|25(AK) + wy(Q) © only when
S(k)S(|k+C]|) - cq
A(lk+q))=Ak) + =——. 16
—A(lk+al)), 9 (Jk+al)=Adk) sing (16
where we define the projected three-point correlation funcFor smallq we set
tion q-k
. A(lk+ah~Ak)+ = —A" (k) (17)
PO(k,a) = (¥ Llp—k—gPqpil ¥1)- 0
The projected three-point correlation function has been dis- K c
cussed by MacDonalet al!in the context of magnetoroton ax_ 0Sp= 5 (18)
scattering by quenched impurities. As outlined there, this kq A’(k)sing
guantity can be related to its unprojected counterpart via This can only be satisfied when
P®)(k,q)=exp — 1qz— E(k Q) t{e Y24 5(k) -1} ' Cs
’ 21 2" A" (0> 555 (19

This result simply means that phonon absorption can only
occur when the slope of the magnetoroton dispersion is
12(q.K) 3) greater than the slope of the dispersion curve for phonons
+e 09[s(lk+a)) ~1]+n™(k,@), (1D yith an angle of incidence. By happy accident in our sys-

tem of units ¢ =1.=&.=1) the unit of velocity|.& /%, is

independent of magnetic field and, for GaAs, has the value
(K, @) =keq+ikAG= (Ky— iky) (et i) (12 1.68<10> m s 1. In these units the speeds of sound are

€1~0.0305 for LA phonons and,=c;~0.0196 for TA
and phonons. Hence we expect that these scattering processes
will be suppressed at large and sufficiently close to the
magnetoroton minimum where the magnetoroton dispersion
is very flat andA’ (k) small.

1
+exq’ - 5((k+q),k)][8(q)—1]

where

1
n®(k,q)= N<‘I’L|P—k—qpqpk|‘1’L>- (13
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Let us estimate where this suppression occurs for large 4
to assess the viability of the magnetoroton dissociation idea. SP= > w5(Q) T soNB(@s(Q)/Ty)Ng(A(K")/Te),
At large k we assume sQk" - -

(25
where T, is the characteristic temperature of the phonon
pulse andng(x)=(e*—1)"! is the Bose distribution func-
tion and we assume tha,<T,<A* so thatng(A(K)/Te)
so that <1VKk. In order to simplify matters we will neglect the finite

thickness of the 2D laydi.e., we seZ(qg,) =1] and neglect
3 the anisotropy in the electron-phonon interactigvhich at
A(k)=— (2)  long wavelengths will be dominated by the piezoelectric
K coupling and set

3

A(k)=Aw—? (20

and scattering will be cutoff beyond

Asg
— Mi(Q)= - (26)
sin =
k= \ 2 | e
Cs (Strictly this bare piezoelectric coupling will be screened by

h fop— | ko= | ko the equilibrium population of excitations but we will not
Hence we have, fow=1/3, Ick;=1.102, 1ck;=1.375, @S- jyempt to estimate such effects hgfinally we will use the

suming that phonons witl#= /2 (i.e., in-plane phonons  jsqionic Debye approximatiofand hence neglect phonon-
exist in the pulse. The latter cutoff is only just beyond thefocussing effectssetting

magnetoroton minimum while the former is so small that the
whole analysis is er_1tire|y meaningless. In fact, in the experi- 0 Q)=cO. (27)
ments, phonons withh= /2 are strongly focussed away -
from the device: only phonons with< /4 are likely to  In the regimeT.<T,<A* the transfer of energy will be
couple with the electrons ensuring that there will be no coudominated by absorption by magnetorotons initially at the
pling to very low energy phonons at all in the “exciton” Mminimum,k=qg*~1.341., hence we will have
regime. The corrections to this result arising from finite val-
ues of the phonon wave 'vecto_r only _strengthen it: the curva- SP~ 21 MTee—A*/TEE Ce A§
ture of the magneto-exciton dispersion curve makes it even s
harder for energy and momentum to be conserved.
Let us now consider processes in which magnetorotons f d°Q |P@)(g*n,q)|2

with wave vectors close to the minimum gap are scattered to
longer wavelengths by absorbing phonons. In this case we
have

87° s(q*)s(|q*n+q|)
X S(A(|g* n+q|)—A* —cQ)ng(cQ/T,), (28)

2 ~
(k—=g%) (23) wheren is an arbitrary vector in the plane. Following Ref. 5
2u we transform to new variables to integrate out &feinction

) _ ) and arrive at
whereu is an effective magnetoroton mass. In this case the

absorption of a small phonon with in-plane wave vedor uT
5P~ z—ee*A*’TeE A2
m s

A(K)~A* +

will be allowed provided

C -~
k=g [>o= (24 [ O, o (o ck—ail)

sing’ - =
47 ui—ck—ail?

this gives, forv=1/3 (assuming the ideal magnetoroton dis- . )
persion |k—q*|>0.191. for LA phonons and|k—q*| IP®(g*n,k—qg*n)|?
>0.12l for TA phonons. X

ne(w/Tg), (29

s(a*)s(k)
V. MAGNETOROTON SCATTERING CONTRIBUTION TO where the integration is now over all allowed transitions
PHONON ABSORPTION from the initial statgg* n) to a final statgk) and
The leading correction to the energy-transfer rate due to o =A(k)—A* (30)

magnetoroton creation at finite electron temperature will be ) ) -
due to the processes discussed above in which a magnetori§-the corresponding energy change. The effective transition
ton is scattered from one mode to another with the absorp2t€ is simply understood by using a polar representation for
tion of a phonon. This contribution to the energy-transferthe k plane, withn as the polar axis. The scatering rate is
rate will be given by then
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FIG. 3. Representative plots of the scattering rate into states
with wave numbek for a sample set of directiong;. The square-
FIG. 2. A plot of the contouk.(¢) in k space. Only magne- root singularities in each trace occur at the critical vatugp).
toroton states in the shaded region inside the contour are accessible

from the initial statgg* n) via a single phonon scattering process. propriate for GaAs Using the form of the magnetoroton
dispersion derived by GMP Ref. 4 gived*=0.075%,
Hwi—cA(k*+g*2—29*k cosg)) =1.14 meV that corresponds to a temperature of 13 K and
- JoZ— (K2t q* 2— 20" k cose) (k,¢), g*=1.3_'=1.8x10°m~1. Using this dispersion relation
ks 9 g 31) we find, for TA phononsk(0)=1.08/. that givesTx(0)
=A(k(0))—A*=0.005,=0.067A* corresponding to a
|P(3)(q*ﬁ k—g* ﬁ)|2 temperature of 870 mK. Given that the value of the gap
AL ) (32 extracted from the phonon experimergtghich is reduced
s(g*)s(k) from the ideal value by the combined effects of disorder,
finite thickness of the 2DES and Landau level mixing
more like 4 K we might expecly(0)<200 mK: well below
the heater temperature used in any of the experimemis
close to the base temperature of the dilution refrigeyator
Hence we deduce that there will always be a contribution to
the energy-transfer rate that is nonexponential in the heater
'?emperature(although its dependence of the electron tem-

270

-1
Tk

O (k, )=

Numerical study, using the form given above fd¢k) [Eqg.
(1)] and the speed of sourwd appropriate for TA phonons,
shows that the condition imposed by theunction is only
satisfied for final states within a contoldg(¢) (shown in
Fig. 2 in the k plane, confirming the simple analysis pre-
sented in the previous section. Only the states inside th

contour are accessible from th_e initial steg&n). Along any  perature s still of the forne2"/Te,

direction in thek plane, there is a square-root singularity as

k— k() that will dominate the rate of energy transfer. The

form of 7~ along ;eve_ral represe_ntative directions in khe VI. CONCLUSIONS

plane are shown in Fig. 3. In this case we have used the

simple ansatz foP®) proposed by MacDonaldt al!* In this paper we have considered processes in which mag-

netorotons existing at finite electron temperafligeare scat-

tered by absorbing phonons from a pulse characterized by a
' (33 phonon temperatur&,. We have shown that, contrary to

our earlier suppositioh,such processes will not heat the
although results obtained from the convolution approximamagnetorotons to sufficiently large wave vectors that they
tion [Eqgs.(11) and(14)] are qualitatively similar. In the Ap- dissociate into separate charged quasiparticles and so directly
pendix below, the behavior &P is considered further and it contribute to the longitudinal conductivity. This negative re-
is shown that for a givewp there is a characteristic tempera- sult is important in that the phonon-absorption experinténts
ture Ty(¢) =A(k(¢))—A* above which the dependence on measure the change in longitudinal conductivity as a ballistic
heater temperaturé, develops a nonactivated component. phonon pulse hits the 2DES. The absence of any direct dis-

Itis clear then, that a nonactivated component will appeagociation mechanisms means that the energy transferred to

in 6P whenT ,>inf,(Tx(¢$))=Tx(0). To give an idea of the 2DES is thermalized within the 2DES, raising its effec-
the physical orders of magnitude involved, consider a 2DESive temperature and hence leading to an increase in the ther-
with sheet densitys=10""m™~2. The v= 1/3 fractional quan- mal population of charged quasiparticles. Consequently, the
tum Hall state will occur at a fiel8=12.4 T. The cyclotron changes inr,, can be calibrated against equilibrium magne-
length is thenl .= A/eB=7.3nm and the Coulomb energy totransport experiments to give a direct measure of the non-
scale is€,=e’/4meykl ,=15.2 meV (assumingk=13 ap- equilibrium electron temperature.

P®)(k,q)~2i sin

! k
5 lkxa
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Although the processes discussed cannot dissociate thvehere
magnetorotons into charged quasiparticles, scattering to
longer wavelengths is possible and will give a contribution to ,
the energy-transfer rate that is exponential in the electron Q) =2{cd(k(¢)—q* cosd)—A’(k(¢))
temperature but will have a nonexponential form except at X[A(K(p))—A*T}. (A5)
the very lowest heater temperatures. Such a power-law de-
pendencéon T—Tx(0)] might well be observable in current
phonon-absorption experiments performed over a range
base electron temperatures. It has recently been stdhat
the lowest lying neutral excitation at long wavelengths is not a(d)=AK(p))—A*,
the smallq magnetoroton but a bound state of two magne-
torotons. It is then possible that the absorption of energy
from a higher temperature phonon pulse may involve a cas- b(p)=|A"(k(p))|,
cade process in which magnetorotons are scattered to long
wavelengths by absorption of low-energy phonons and then

ch"OW we define

decay into two roton bound states that are thermally dissoci- T=Tgla(e),
ated, leading to an enhanced population of magnetorotons at
the minimum. so that we need to consider the integral
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9y We will use the an interpolation formula for the Bose func-
APPENDIX: ANALYSIS OF ENERGY-TRANSFER RATE tion
We have the following form for the scattering contribu- 1/ 1
tion to the energy-transfer rate _Jxoxs
nB(X)_ —X
e x>1,
1 mTe * 2m
P~ — e /T Azf deY
A2 271' 2 #Y(4) and consider two cases. Firstly, in the case tafl we have
. that
k(¢)  Fw—Ccgk—ag*n|)
xf PG A| Na(w/Ty),
0 Vo —c2lk—g*nf? » dx = e dx \/; v (A7)
(A1) Uryrx—1(e*=1) Juryrx—1 T
where
In the other case, we have
[P®(g*nk(¢)—g*n)?
Y(¢)=k(P)ok(d)——=—= (A2)
s(q*)s(k(¢)) foc dx fl dx [ e *dx
and urrx—1(e*=1) Jumxyrx—1 J1 {rx—1
K($)=k($)(cospn+sing ) (A3)  parctan =)+ \[ "
so that
I
1 “Te _up 5 (1 erf( (A8)
oP~ 4—772 Ze 25 As \/;
Y(¢p) (k) dk Hence, forr>1 there is a contribution that is nonactivated in
¢> é "B the phonon temperature. The anguldy) (integration is non-
[Q(4)] k(4)—k trivial and its numerical evaluation is rather pointless given
AK())—A* +[K(p)—K]|A (K())] our neglect of anisotropy in phonon propagation and the
><< T ' electron-phonon coupling. It would however be expected, for
¢

T4,=Tx(0) to have a power-law dependence an,
(Ad)  —Tx(0).
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