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Joint refinement of a local wave-function model from Compton and Bragg scattering data
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The first joint refinement of a local wave-function model from diffraction and Compton scattering data is
reported. The proposed method suits particularly well the case of insulators. Crystalline magnesium oxide, for
which both accurate directional Compton profiles and low-order structure factors are available, is chosen as a
test case. In particular, it is shown that Compton scattering provides a wealth of additional information to the
structure factors in the case of a chemical bond investigation.
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[. INTRODUCTION One of the challenges is thus to build a unique model to
account for both observables since:

In the last few decades, structure factdfgh,k,l), ob-
tained from x-ray or electron diffraction experiments, have p(r)=2>, nilei(N)|2, (33
been intensively used to study the electron density behavior [
in crystalline solids. In particular, diffraction data have
proved to be very successful at describing the local symme- n(5)=2 ni|<~Pi(5)|2, (3b)
try around a given nucleus, through the “multipoles on at- i
oms” model! On the other hand, it is also established that - . . ~ >
the most delocalized part of the electron density, such as th‘e{here""!(r) Is a natural orbital, of occupatiam , ande;(p)
bonding features, are not fully described by this apprdach. 'tS Fourier transform. o

Directional Compton profile$DCP’s) originate from the . Magnesium oxyde crystalllzgs na rpcksalt structure and
incoherent inelastic scattering of x rays and therefore provig® ©ften used as an example of ionic solid. As a consequence,
a quasicontinuous set of data in momentum space. Moreovefiodels based on a charge transfer of wo electrons from
it is well recognized that Compton experiments are particu_magnesmm to .the.valence orbitals of the oxygen have_ often
larly sensitive to the delocalized features of the electroni@een_ used. This kind of.modgl was paft'y successful in ex-
wave functior® The principal disadvantage of Compton dataplalnlng the res“'FS of d|ffrac%t|0'n experimeht,although a
is that they usually suffer from a rather poor statistics origi-Charge transfer slightly smalfegives the closest agreement

nating from the incoherent nature of the scattering proces _'th experimental data. On the_other hand, owing to the
Since the advent of new x-ray sources such as thirdgilffuseness of the valence functions, the large overlap be-

generation synchrotron sources, a dramatic improvement iff'¢€n neighboring anionnostly in the[110] direction is
the quality of Compton data has been achieved. It has thu pected to yield a partial redistribution of the charge toward

become possible to treat almost on the same level of acc ._irections' with weaker ovgrla(mostly in the[100) direc-'
on). This last hypothesis was supported by previous

racy both Bragg and Compton scattering data and possibl : ; : S . .
y 99 b ng POSSI gtud|e§ showing that a linear combination of atomic orbital

make use of their complementarftylt is the aim of this L CAO ; ion based SR q
article to explain a possible joint use of these two different( ) wave function base on a pure ionic picture does
not fully reproduce Compton anisotropies.

sets of data to refine a model of the electronic wave function. .
A few years ago, we successfully addressed a similar

problem for crystalline LiH. It was then demonstrated that a
small amount of covalency~10%) was necessary to repro-

The structure factors and the Compton profiles are nogluce quantitatively the observed anisotrofiuch an ap-
related in a straightforward manner. On one hand, the strudroach is expected to be adequate also in the case of magne-

ture factors are Fourier transforms of the thermally average§ium oxide and is described in the following. At first,
electron densitXp(F)): deviating from a totally ionic model, one allows the valence

electrons to be shared between the oxygen and the six mag-
nesium neighbors, through the following local orbitals:

Po(1)=Nol do( k0, 1)+ Nexol kg, )], (48

II. LOCAL IONOCOVALENT MODEL FOR MgO

F(O)= [ (p(Pe® dr. @

On the other hand, within the impulse approximatidh, . . R
n(p) is the momentum densitiquite insensitive to thermal %N =Njl¢;(xo, )+ Apxj(xmg, )] for j=xy,z,
effectg, the DCP measured in the direction is (4b)
whereN, and N; are normalization constants. Thes are

VR - scaling factors and thi’s refer to the amount of covalent
JG(Q)ZJ n(p)s(u-p=q)dp. @) charagter in the bond.
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Orbitals of the oxygen anion ofs2type and 2; type are,

respectively,$o(r) and ¢;(r). The so-called “cage func-
tions” are symmetry-adapted linear combinations sft@gpe
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et al.® where results of very accurate measurements by a
convergent electron beam technique are reported.
In this article, comparisons between theoretical and ex-

atomic functions centered on the six closest magnesium caRerimental quantities will be done via difference functions

ions:

N -~ a- -~ ad—
XO(r)OCj=x,y,Z (p(l' ZeJ e\r Zej ' (53)
- . a_- . a_
Xi(D<e|r=—5€ | —¢| 1+ 56, (5b)

wherea is the lattice parameter of the fcc structue216
A). Constructing Bloch orbitals from those four local func-

tions, the valence momentum density is then readily

obtained®1°
Nmocel P) =2 [0~ (P) ], ¥ (P)d(P).  (6)
nv
o is the overlap matrix in momentum space:
7,,(P)=2 s, @)
|

where the sum runs over all the lattice vectors and the
local orbital overlap integral:

SwD= [ i(F-du,F-d,-Daf, @®

Directional Compton profiles can then be computed usinq:h

double integrations of expressidf), as stated in Eq(2).
Such a local approach is also well adapted to a description
diffraction data. Taking advantage of similar Debye-Waller
factors for both the oxygen and the magnesfirand as-

suming the usual separation between the pseudoatoms, o

obtains the following expression for the structure factors:
Fmode(é) = 4[focore((j) + f mix

+ 4( o 1)(h+k+|)fMgcore((§)e_ BMg(éMﬂ—)zv (9)

(Q_))]97 Bo(é/4ﬂ')2

valence

with

o (Q)=2 fw;ﬁwnﬁédfa?, (10)
j=0x,y,z

valence(

and whereQ is a reciprocal lattice vector with the coordi-
nates {,k,1).

I1l. DATA AND CHOICE OF BASIS FUNCTIONS
A set of eight high-resolution DCP’s8(~0.12 a.u.),

f
°1P3,

that are known to be more sensitive to the accuracy of the
model than the pure dat&®We will use the structure factor
distortion

AF(Q)= (=DM IUF(Q)— 4 fiyge+(Q)

—(—1)" Q)14

wheref 5 refers to the calculated oxygen free atom, and the
Compton anisotropies are

6d3(4)=J35(q) — Jiso(Q)-

The “isotropic” profile, Jiso(Q), iS not meant to give a
real isotropic quantity(as a powder profile woujdbut is
used as a mere reference for comparison. It will be either
noted Ji,o 3 When calculated from a weighted average over
the three main direction§100], [110], [111]) or J;so g When
computed using the whole set of eight profiles.

In our case, we need basis functions that are able to si-
multaneously reproduce the two sets of data. In other words,
it is important that, for example, an improvement of the
model parameters using Compton profiles alone not only
gives good Compton anisotropies but also induces a better
agreement between the calculated and the observed structure
factors orAf.

Since Watson’s approathto the calculation of doubly
arged oxygen, many basis atomic functions were proposed

11

(12

r crystalline magnesium oxydsee, for example, Refs. 8,
14, and 15 and references theyedimong all the func-
tions available from the literature, we selected the following
three basis sets that have in common to be based on a local
Hgscription of MgO:

(1) For historical reasons, and because they were pointed
out by Aikala et al® as the most appropriate to reproduce
Compton data, oxygen Hartree-Fock based functi@hB)
computed by Pantalidest all* were tested.

(2) More recently, Luana and co-workétsproposed an
original procedure, the perturbed i¢RI) method, for esti-
mating within the Hartree-Fock scheme, the local wave func-
tion of the oxygen embedded in a lattice. According to the
authors, this function is expected to give a particularly good
estimate of the change in kinetic energy upon crystal forma-
tion. It is an interesting feature because the kinetic energy is
proportional to the second moment of the isotropic Compton
profile.

(3) Finally, localized wave functions for the ions in the
crystal can be obtained in the framework of the density-
functional theory by the scheme proposed by Cortria.

corresponding to crystallographic non-equivalent directionshis scheme, the crystal is partitioned in subsystéiorss in

([100], [110], [111], [210], [211], [221], [310], [320])), was
collected at the ID15B high-enerd29 keV) inelastic scat-

the present cageand the wave functions of the latter are
determined by solving a system of coupled equations similar

tering beam line of the European Synchrotron Radiation Fato the Kohn and Sham equations. All the interactions be-

cility. For each direction, about 3010° million counts were
collected under the Compton pedkThe low-order experi-

tween a subsystem and its environment are taken into ac-
count by means of terms entering in the effective potential,

mental structure factors were taken from a paper by Zuderms that are determined self-consistently in the calculation.
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FIG. 1. Comparison of the effect of three different atomic func-
tions on the calculated structure factors after refinement of the local
model from three directional Compton profiles. Experiments,
squares; HF functions, stars; Pl functions, diamond; DFT functions,
Crosses.

6J110 (4)

This kind of approach has been successfully applied for

studying the standard cohesive properties, the relative stabil-

ity of the phases and the phase transitions under pressure of 0.1

ionic solids(for the alkali-earth-metal oxides see Ref).17
In order to test for the adequacy of these three sets of 0.05

basis functions to a joint refinement,& fit of the model

( Xﬁ) to the three first profiles was first carried out. The only

refined parameters were the scaliadactors for the 2 and

2p oxygen functionsKoZS and Ko, and the mixing factors,

As and\,. Figures 1 and 2 summarize the results of a re-
finement of the local moddEq. (4)] using the three pro- q(a.u.)

posed basis functions from a set of three Compton profiles g 2. comparison of the effect of three different atomic func-
([100], [110], [111]). Although the three functions seem 10 tions on the Compton anisotropiéssingJi, 9 after refinement of
yield correct Compton anisotropies, it appears clearly thaihe local model from three directional Compton profiles. Experi-
the density-functional-theory(DFT)-based functions are ments, filled circles with error bars; HF functions, dashed lines; Pl
most suitable when turning to the structure factor distortiorfunctions, dotted lines: DFT functions, solid lines.

Af. In addition, these DFT functions also yield a better “iso-
tropic” profile: the mean deviations from experimental val- bound to b tationally tedi . terat
ues give 0.011DFT), 0.019(PI), and 0.016HF) (Fig. 3. In ound to be computationally tedious since evety Teration
the remainder of this paper, only DFT-based atomic funcyeauires, for every data point, a double numerical integration

tions will be used. of Eq. (6). . . .
To overcome this last technical obstacle, it was then de-

cided to test two different approaches. The first one made
IV. METHODS FOR THE JOINT REFINEMENTS use of only three chemically important DCP’s

Since the local model is expected to describe only thé[lOO],[llO],[lllJ) and the six. structure factors relevant to
valence electrons, it seemed reasonable to concentrate dif¢ above-mentioned sphere in reciprocal space. The second
attention in the region of reciprocal space where those eledtrategy attempted to concentrate as much as possible of the
trons give the strongest contributions. In that respect, wé&ompton data information@ight profileg in a reconstructed
decided to limit all data within a sphere of 4 a.u. However, itelectron momentum densifREMD), which was then con-
is clear that in such a limited region, for a small cell crystalsidered as an observed quantity, with its associated error.
such as MgO, the structure factors are very sparse. On the The general problem is then, in both cases, to combine
other hand, DCP’s data points can be as numerous as theo very different sets of datén this section, the structure
scanning steor resolution allow and the number of direc- factors,{F} and the DCP’s{J}) in the refinement of our
tions that are probed. We are then facing the following dif-model, or, equivalently, find the best parameters for the
ficulties: model given two sets of data with undefined relative weights.

First, the relative weight of structure factors compared toln words of Bayesian statisti¢§,we are then to maximize,
DCP’s can be so weak that no information is gained from awith respect to the parametefa}, the probability distribu-
joint refinement using a globa}? approach. Second, a re- tion function (Frpp) of {a}, given the sets of datgE} and
finement procedure using all the Compton directions is{J}) and their associated errorso(-} and{o}):

q)

6J111 (
(=]

-0.05
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TABLE I. Numerical values for the parameters of the model
0.075 /'\\ obtained from the least squares minimization using the DFT-based
P .," \ functions. All values are dimensionless.
] \
0.05
Rwe (Re) Rw; (Ry)
Strategy KO,y Koy, Ns Np (%) (%)
0.025
" % 0.86 1.08 —0.19 0.19 0.60.5 4.6(1.7
%»f . Xt 3 0.84 1.09 —-0.17 017 0.20.4  4.8(1.9
L Xaewps 0.90 107 -0.14 0.17 0.170.36 4.5(1.6°
ﬁ.f -0.025 aThese values were calculated using the eight Compton profiles.
function, referred thereafter to aé’J, the product of they?
-0.05 functions relative to the two sets of data:
-0.075 Xt = XE a1V x5 ({ah 1™
Eob . — peal ~12\ NF
; : : : : =(E [FQ) = F (e Q)]
q(a.u.) i aH(Q)
FIG. 3. Difference of%%— 2 for each set of basis functions [JObS(G,qj)_Jcam({a},l],qj)]z Ny
after refinement of the local model from three directional Compton X 2 >
profiles. HF functions, dashed line; Pl functions, dotted line; u.j UJ(qi)
CRYSTAL92, dotted-dashed lindsee Sec. IVA DFT functions: (15)
solid line.
where Ng and N;j are, respectively, the numbers of data
ints from each set. Such a choice will ensure that only the
F Fh{oeh {3}, poim e loice w .
ror{ e} [{F} {oet {3} 4u)) relative variations of the? functions will be of importance
o Fop{at{oe}{o3}) in finding a minimum. The use qté,J can then be consid-
ered as a reasonable way to counterbalance the weight of the
XJ Fool IFH A3 al, St {0, Sy {osh) Compton data. It should, however, be noted that assuming
total ignorance of the scale factors prevents any direct evalu-
X Fopd Se Syl {ad {oe ), {oyh)d S dS, 13) ation of uncertainties on the refined parameters.

A. Joint refinement from directional profiles

where we have assumed an improper knowledge of absolute
and structure factors

errors for each set of data by overall scale factors, respec-
tively, Sg and S;. On the right-hand side of Eq13), the Refinement of the local wave function, using the DFT-
forms of the threeFppe's had to be postulated. For the first based functions, gives the parameters reported in Table | and
one, a uniform prior form was chosen, assuming that knowyields very good agreement aff's without deteriorating the

ing only the errors on the data do not favor any particularprevious results on the Compton anisotropies. The results of
values for the parameters. The secdfge, likelihood func-  the fit are summarized in Figs. 4 and 5, which should be
tion, is taken as a normal law with uncorrelated data:

*
0.4
Feod{F} {3t e}, St {oe}, S {osh) &
A exp[_(<F°b5(<§i>—F°a"{{a},<§i>]2>] S
iUj SFU'|2=(Qi) 0.2} ]
<
J°0%u,q)) — 3°4{a},u,q;)1? T 5 > T >
Xepo[ )~ 3o da) ) | I 2 75 3
S;05(q))
0 * R
This expression is, of course, acceptable only in the limit x o & *
where the Compton data points are at least separated by or _q.1} o %
resolution interval. The lasEppg for the unknown scale fac- 1.5 1.75 2 2.25 2.5 2.75 3
tors is assumed to follow Jeffrey’s prior forme(/S).2° It 4 faus
was checked that other prior formsormalized did not FIG. 4. The Af function after joint refinement of the local

change significantly the results. Integration over the unmodel from a set of six structure factors and three directional
known scale factors, as stated in expressi8), shows that  Compton profilequsing thex¢ , estimato. Experiments, squares;
maximizing theFppr of {a} is equivalent to minimizing a crvsTAL92 (with Debye-Walle), stars; DFT functions, crosses.
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FIG. 5. Compton anisotropie@ising Jiso3) after joint refine- FIG. 6. Compton anisotropidasingJis, o after joint refinement

ment of the local model from a set of 6 structure factors and 3of the local model from a set of six structure factors and the recon-

directional Compton profiles. Experiments, filled circles with error structed momentum density from the eight DCP’s. Experiments,

bars;crysTAL92, dashed line; DFT functions, solid line. filled circles with error bars; DFT functions, solid line; refinement
with A =0, dashed line.

compared with Figs. 1 and 2. Given the weakness of the B. Joint refinement from reconstructed electron momentum
mixing factors,\’s (line X,‘lw-, in Table ), no x refinement density and structure factors
could be done on thes3type atomic orbital of magnesium.

A global scal_e _adju_stment of the structure fa_ctors turned OUhcp's instead of the eight directions that were actually mea-
tf) be oflnegllglbltledlgfluencgng1.00f2). A Mrl]JIhken.p(r)]puI?]- sured; the refinement procedure requires a large number of
tion i”ag’s's Cﬁu M e carru(aj OOUt or eﬁc atom; t ?AC A"9Gumerical integrations at every iteration. This is due to the
transfer from the Mg towards O was then estimated\tp ¢, that our model is directly related to the momentum den-

~1.88, which is in very good agreement with the values i ) but what i wall dis. f h ai
previously reported.Given the crudeness of the local model, sity n(p), but what is actually measured is, for each given

it is surprising that the simultaneous agreement with twodirection, a different projection af(p). In the general case
very different sets of data can be so good. It should, howof systems more complicated than MgO, where more param-
ever, be pointed out that no refinement with a simple scalingters(and orbital are needed, it is likely that even a refine-
of atomiclike functions and mixing factors could reproduceMent on a limited number of DCP’s will be impossible. With
the 5J,;, in a satisfactory manneAb initio Hartree-Fock that goal in mind, we figured that the best was to use a
calculations, using therysTAL92 cod€® with an extended reconstructed momentum density. Since the pioneer works
basis set, have been carrieddutnd show an almost perfect by Mijnarens® and Hanseri; many efforts have been put in
agreement with experimental anisotropies though, as dig2foposing reconstruction methods, especially during the last
played in Fig. 5, features for directidd11] also tend to be five years:>~?° As a result, the quality of the reconstructed
shifted. However, it can be seen in Fig. 3 tle@ysTAL92  n(p) has increased to the point where it could actually be
results exhibit one of the worst agreements when consideringonsidered as an observed quantity. Thanks to the simplicity
isotropic profiles(mean deviatior=0.017. This point could of the system, such an approach could be used in the case of
be interpreted on the basis of electron-electron correlafionsLiH using the Hansen reconstruction metiothe analytical

We already emphasized the reason for using only three
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reconstruction methdd has the virtue of providing a simple most anisotropies were of better quality with the noticeable

mathematical expression far(p) as well aso,,. It is ~ exception of directior{111]. The mean deviation 005

therefore possible to introduce an integral approach tthe  with J5Ps has now improved to 0.009.
associated with the momentum density and redefine a new
estimator for the joint refinement:

V. CONCLUSION

4 _ .2 2
X remp= XF(1e}) xremo({a}) A joint refinement of a simple local orbital model for an
obs A \ _ cal A 12 ionic crystal from two different sets of data such as x-ray
:2 [F1Q) —F*{a}.Q)] Compton and Bragg scattering was successful. In particular,

i aﬁ(Qi) it was demonstrated that very few parameters, each with
straightforward physical interpretation, such as atomic effec-

J [n{p)— ncalc({a} IO)]2 1g five screenings and ionocovalency, are able to account for
p) d’. (16 most of the fine experimental features such as Compton

anisotropies. It should be pointed out that these last quanti-
Technlcally, the mtegratlon was carried out, in the |rreduc-t|es represent at most, 3% of the total S|gna| on which the
ible part of momentum space, using 300 “special poiMt5.” refinement is done. A recurrent result, whatever the strategy,
Minimization of x¢. REMD | has proved to be difficult. In par- s a covalent character of about 3#stimated with\?). The
ticular, contrarily to th@(H, all the parameters would yield significance of such a small value could be questionable.
unphysical results when refined simultaneously. HoweverHowever, Fig. 6 shows that a refinement, freezingkteto
when thex’s were refined separately from thés a mini-  zero, cannot reproduce the Compton anisotropies correctly.
mum could be reached with acceptable values. Results are Although more complicated to put into practice, joint re-
reported in Table I. Mulliken charge transfer was estimatedinement from a set of structure factors and reconstructed
to 1.83 andAf values did not show any significant difference momentum density is a technique that should be useful for
with the one obtained in the previous section. Comptormore complicated systems. However, for future develop-
anisotropies are plotted in Fig. 6. Although the referencements, a step further would be to use an estimator including
“isotropic” profile were calculated from the eight DCP’s, correlations due to reconstruction in an expression similar to

obs A\ _ cal a N )12 re cal a re cal a
4 [F(Q) —F“{a},Q))] J’[n p)—n{a},p)][nYp’) —n{ }IO)] Bdp.  (17)

XF RewD™ o2(Qy) a2(p.p’)

Even though MgO is quite an extreme example, this workstrategy could be easily generalized to the retrieval of infor-

has shown the possibility to extract simultaneously the basimations from measurements of different nature.

information present in Bragg and Compton scattering. Essen-
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