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Monte Carlo study of a compressible pseudospin model for„CH3NH3…5Bi2Cl11
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A two-sublattice peudospin model with distance-dependent interaction parameters is constructed for the
ferroelectric phase transition at 307 K and for the isomorphous anomaly at 180 K in pentakis~methylammo-
nium! undecachlorodibismuthate~III ! (CH3NH3)5Bi2Cl11. A series of Monte Carlo simulations involving
continuous degrees of freedom of deformation is performed for the model. The critical temperatures turn out
about 23% lower than those resulting from the mean-field treatment for the three-dimensional fcc lattice in the
absence of coupling with strain. An upward shift in the critical temperature then is found due to the coupling
with the strain. The multiple histogram method is used to obtain the theoretical predictions for the temperature
dependence of the spontaneous polarization, dielectric susceptibility, and specific heat. The existence of a
narrow peak in the specific heat and the ratio of the Curie constants close to 4 are confirmed. Evidence is given
of the usefulness of the Monte Carlo method with fairly small simulation boxes for the studies of isomorphous
anomalies.
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I. INTRODUCTION

Pentakis ~methylammonium! undecachlorobismuthat
~III ! of chemical formula (CH3NH3)5Bi2Cl11, abbreviated
PMACB, undergoes under ambient pressure a ferroec
phase transition atT5307 K. By further cooling, a smooth
isomorphous anomaly marked by a significant increase in
spontaneous polarization at aboutT5180 K has been
found.1 Detailed crystallographic studies2 have indicated a
direct relation between macroscopic properties of the cry
and a gradual orientational ordering of the dipolar methyla
monium ~MA ! cations. Thus, the ordering of a sublattic
called MA~1!, of the methylammonium cations is respo
sible for the ferroelectric phase transition. In turn, the is
morphous anomaly has its origins in the subsequent orde
of another sublattice MA~2! in the field created by the cat
ions of the sublattice MA~1! already ordered.3 The dilatomet-
ric studies4 revealed a strong coupling of the spontaneo
polarization to mainly the ‘‘pancake’’ strain,

«52
1

A6
~2«332«112«22!. ~1!

Based on these observations, a two-sublattice compr
ible pseudospin model has been proposed5 and its parameters
have been fitted to the ensemble of the existing experime
data in the mean-field approximation. Two results of tho
fits are noteworthy:~i! a fairly weak direct coupling of both
sublatticies, and~ii ! the strength of the coupling of the sub
0163-1829/2001/63~22!/224110~6!/$20.00 63 2241
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lattice MA~1! to the strain@Eq. ~1!# indicating a tricritical
point at 307 K. Concomitants of the tricritical point in th
mean-field description are: the factor of24 of the slopes of
the inverse susceptibilities as functions of temperature~or
factor 4 of the Curie constants!6 and a sharp peak, in additio
to a step, in the temperature dependence of the specific
The above hypotheses are still worth being checked exp
mentally. On the other hand, it is interesting to know, ho
far they are inherent in the model and not just a conseque
of its mean-field treatment. To cast a light on this proble
we have performed a series of Monte Carlo~MC! simula-
tions for a model analogous to that treated by the mean-fi
theory in Ref. 5. To the best of our knowledge this is the fi
MC study of a phase transition where, apart from discr
pseudospin degrees of freedom, continuous deformatio
explicitly taken into account. In Sec. II we give the defin
tions of the geometry and of the interactions in the pres
model. This is the simplest possible microscopic mod
which in the mean-field approximation is equivalent to t
one of Ref. 5. The treatment of the numerical data obtai
in the simulations and the resulting predictions for the b
havior of physical quantities are described in Sec. III. T
physical significance of the results and prospectives for
ther investigations are summarized in Sec. IV.

II. COMPRESSIBLE PSEUDOSPIN MODEL
FOR MC SIMULATIONS

Whereas it is enough to make the pseudospin-pseudo
interaction parameters formally dependent on the relev
©2001 The American Physical Society10-1
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strain component« in the mean-field approximation,5 it is
necessary to explicitly define all the force constants and
the distance dependencies of the pseudospin interaction
rameters to meet the needs of the Monte Carlo simulatio
Following the assumptions made in Ref. 5 we consider t
sublattices of pseudospinss iP MA ~1! andq iP MA ~2!. An
insight into the real structure of PMACB@Refs. 1–3# indi-
cates that both sublattices may be putatively approxima
by a distorted face-centered cubic~fcc! structures arranged in
the manner characteristic for the NaCl crystal. Each ps
dospins iP MA ~1! andq iP MA ~2! is supposed to take two
possible orientationss i ,q i561 along the crystallographic
direction ~001!. This lowers the initial cubic symmetry to
tetragonal one even in the disordered phase. Further lowe
of symmetry implied by the orthorhombic structure
PMACB is irrelevant at the level of the present approxim
tions.

To place ourselves at the opposite limit with respect to
inherently infinite-range treatment of the mean-field theor
we have restricted the inter and intrasublattice interaction
the nearest neighbors only. Therefore, the total energy of
system at a given configuration is a sum

H5Hel1Hs ~2!

with the following purely elastic partHel ,

Hel5
1

2 (
i P$s%

(
j P^ i &s

Ks~r i j 2r s!2

1
1

2 (
kP$q%

(
l P^k&q

Kq~r kl2r q!2

1 (
i P$s%

(
l P^ i &q

Ksq~r il 2r sq!2. ~3!

The parametersKs, Kq, andKsq are the displacive force
constants for the nearest-neighboring sites within the sub
ticess, q and for the nearest neighbors belonging to diff
ent sublattices, respectively. The distancesr s5r q5a/A2
and r sq5a/2 are the equilibrium separations between
corresponding neighbors in the lattice, whereasr i j are the
instantaneous distances between the pseudospins. The
tity a is the lattice constant, i.e., the edge of the initial cu
of the NaCl structure. The notation used for the summat
ranges is the following:i P$a% denotes the sites belonging
the sublatticea5s,q; the sign j P^ i &a represents those
sites, which belong to the sublatticea and are at the sam
time the nearest neighbors of the sitei. The form of the
purely elastic part of the lattice energy@Eq. ~3!# implies the
following ‘‘bare’’ 7 elastic constants counted per crystal
graphic asymmetric unit, i.e., per pair of sites (s,q):

c115
2

a
~Ks1Kq1Ksq!,

~4!

c125c445
1

a
~Ks1Kq!.
22411
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Consequently, the ‘‘bare’’ bulk modulus and the elas
constant conjugated with the ‘‘pancake’’ strain« of Eq. ~1!
are as given by Eq.~5! and Eq.~6!, respectively,

c1112c125
1

a
~4Ks14Kq12Ksq!, ~5!

c112c125
1

a
~Ks1Kq12Ksq!. ~6!

The contributionHs to the energy of Eq.~2! describes the
pseudospin-pseudospin interactions.

Hs52
1

2 (
i P$s%

(
j P^ i &s

Js~r i j !s is j2
1

2 (
l P^k&q

Jq~r kl!qkq l

2 (
i P$s%

(
l P^ i &q

Jsq~r il !s iq l . ~7!

The conventions of the summation over the neighbors
Eq. ~7! are the same as in Eq.~3!. The quantitiesJa(r );a
5s, q, sq; are the interaction parameters of the pse
dospins. Their dependence on the instantaneous distanc
tween the interacting pseudospins ensures coupling w
strain. It has been shown in the mean-field approximatio5

that the experimental temperature dependence of the spo
neous polarization in PMACB can be satisfactorily fitte
with the pseudospin interaction parameters given as th
order polynomials of the strain« @Eq. ~1!#. We retain this
kind of dependence in the present study by assuming
following third-order expansion of the interaction paramet
as functions of the separation vectorr of the pseudospins

Ja~r !5J0
a1 f ~ r̂ !@J1

a~r 2r a!1J2
a~r 2r a!21J3

a~r 2r a!3#,
~8!

for all a5s, q, sq. The equilibrium distancesr a are the
same as in the purely translational part of the energy@Eq.
~3!#. To ensure a coupling with the pancake strain of Eq.~1!

we introduce a factorf ( r̂ ) depending on the spatial orienta
tion of the vectorr linking the instantaneous positions of th
corresponding pseudospins, wherer̂ 5r /ur u. In the present
study the factor is

f ~ r̂ !512ucosuu3A2/4, ~9!

whereu is the angle between the separation vectorr and the
crystallographic direction~001!. The angular dependence o
the function Eq.~9! assures a tendency to contraction in t
direction~001! and to simultaneous expansion in the perpe
dicular directions as required by the pancake strain Eq.~1!.

From among all the conceivable models giving rise to
same mean-field as in Ref. 5, the one discussed above
volves the least number of microscopic parameters. In g
eral, there are as many pseudospin-interaction parametJ
as there are crystallographically inequivalent pairs of ps
dospins in the crystal. The mean-field approximation n
glects any distance dependence of these interactions
moreover, imposes their infinite spatial range. Only if t
initial range of interactions is infinite, is the mean-field trea
0-2
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ment correct. Therefore, the present restriction of the ps
dospin interactions to the nearest neighbors amounts
studying the opposite-limit case with respect to the me
field approximation. With this simplification the number
deformation-dependent interaction parametersJ(r) equals 3,
i.e., the number of the parameters used in the mean-
approximation.

The elastic interactions are also the simplest poss
here. The intersublattice force constantsKs and Kq assure
the stability of the crystal with respect to all the macrosco
strains~one force constant per sublattice is sufficient in t
present case of the fcc sublattice whereas at least two f
constants are needed for a simple cubic lattice!. The inter-
sublattice force constantKsq is needed to describe a resi
tance of the structure with respect to mutual displacemen
sublattices also called inner strain.8 In contrast to the mean
field approach there is no possibility of defining a one def
mation to be coupled with ferroelectric order parameters
three dimensions.

Despite its simplicity the model is expected to describe
the electric and thermodynamic phenomena related to
spontaneous polarization and to its reaction to an exte
field applied parallel to the polar axis. More paramet
would be needed to account for dielectric and elastic ani
ropy of the material. However these are not the subject of
present study.

III. NUMERICAL PROCEDURES AND RESULTS

The presence of the continuous degrees of freedom
lated with the displacements of the pseudospins incre
considerably the computation time of the MC simulations
comparison with the usual Ising-type models on rig
lattices.9 Thus, effective algorithms for fitting the paramete
of the model to the known experimental data are of cruc
importance in this case. On the other hand, being not part
larly interested in the very vicinity of the critical point, w
could legitimately restrict our calculations to relatively sm
simulation boxes.

The first step of the fitting was the estimation of the
teraction parametersJ0

a , a5s,q for both sublattices with-
out mutual coupling and without coupling with the strai
i.e., for all the remaining parameters equal to zero. As
estimate of the parametersJ0

a , a5s,q we have used the
fixed point of the reduced Binder cumulantUL51
2^e4&L /(3^e2&L

2),9 where^en&L is the average ofnth power
of the lattice energy, obtained in a simulation run at the b
sizeL. The lengthsLa of the edges of the cubic simulatio
box involved the multiplesL52, 4, 8, and 10 of the lattice
parametera514 Å. With the number 8 of the pseudospin
per elementary cell, the number of the particles in the ab
simulation boxes amounted to 64, 512, 4096, and 8000,
spectively. The periodic boundary conditions were applied
all the cases. The resulting ratiokBTc /J0

s turned out to be
equal to 9.731. The corresponding ratio in the mean-fi
approximation amounts to the number of the nearest ne
bors in the fcc lattice, i.e.,kBTc

MF/J0
s512. Thus, the mean

field approximation over-rates the critical temperature
about 23% in the case of the 3d fcc lattice ~see Ref. 9 for
22411
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analogous values for 2d and 3d simple cubic lattices!.
Knowing the temperature of the ferroeletric phase transit
Tc5307 K and the temperature of the isomorphous anom
Ta5180 K we could obtainJ0

s/kB531.55 K and J0
q/kB

518.50 K.
With the above starting values we introduced the fo

constantsKs5Kq5Ksq5K51000 K/Å2 that have been
held invariable throughout all the computations. These v
ues assure the fluctuations of the strain comparable with
experimental longitudinal elastic constantscii @see Eqs.~5!
and ~6!# in PMACB.10 The shear elastic constantsc44 and
c112c12 are not known experimentally in this material. N
information on the reaction of the material onto inner stra
is available either. This justifies the use of equal values
all the force constants. In fact all the results presented h
do not change if we multiply all the force constants by
factor keeping constant the ratiosJ2

s/K andJ1
s2/K. The state-

ment is valid for a whole class of such models withJ3
s50

~see below!. We present its proof in the Appendix.
As it is known from the mean-field approach,5 the cou-

pling parametersJ1
s and J2

s play the decisive role in the
determination of the actual shape of the temperatu
dependent spontaneous polarization just below the ferroe
tric phase transition. Indeed, the ascent of the spontane
polarization obtained in the simulations with those para
eters equal to zero turned out to be much too weak in co
parison with the experimental data.11 A similar effect was
observed in the phenomenological theory.12 To estimate the
values of the coupling constantsJ1

s andJ2
s needed to obtain

the desired shape of the temperature-dependent spontan
polarization in the present simulations we chose a temp
ture T5297 K below theTc and progressively increased th
coupling constantJ1

s in each simulation run so as to obta
the valuê s& corresponding to the experiment. The coupli
between the sublatticess and q being expected weak, we
neglected the contribution of the sublatticeq to the polariza-
tion at this temperature. The ratioJ2

s/J1
s was held constant

Its value was deduced from the analogous ratio obtaine
the mean-field theory.5 The third-order coefficientJ3

s was put
zero. The number of the Metropolis Monte Carlo steps
each run was equal to 1000. To save the computation t
we performed the calculations for the sizeL54 of the simu-
lation box and used the last configuration obtained fo
given value ofJ1

s as the starting configuration for the subs
quent value. This made the thermalization of the syst
faster. Once a satisfactory agreement with the experime
polarization had been reached we performed a longer si
lation for the box sizeL58. The resulting values wereJ1

s

54298.1 K/Å andJ2
s59210.0 K/Å2. The remaining cou-

pling constants have been chosen by keeping the propor
ality to the corresponding values in the mean-field theo
J1

q5614.0 K/Å, J2
q50 K/Å 2, andJsq52.0 K.

Using these values we performed series of simulation
the temperature range fromT5100 K to T5450 K every 5
K. Again, to save the computation time and to speed up
thermalization we used the final configuration from ea
temperature as the starting configuration for the simulation
the next temperature. Whereas the resulting curve of
0-3
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B. KUCHTA et al. PHYSICAL REVIEW B 63 224110
temperature-dependent polarization forL54 was decidedly
too smooth close to the ferroelectric phase transition po
the corresponding shape forL58 turned out to be close to
the experimental data. However, the critical temperature
shifted up to about 350 K. To finally get the correct critic
temperature we multiplied all the constants of the energy
Eqs. ~3! and ~7! and specified above by a common fact
307/3505 0.877. This is equivalent to enlarging of the tem
perature scale by the inverse of this factor. At each temp
ture a histogram in energy as well as in the polarization
been collected. This allowed us to improve the statistics
using at each temperature the reweighted probability dis
butions from several neighboring temperatures.13 The same
reweighting technique allowed us to generate the probab
distributions at the bridging points so as to obtain the fi
results every 2.5 K. The set of histograms selected for
multihistogram analysis at each temperature encompa
those histograms that had the most significant overlaps
the histograms originally simulated at the temperature clo
to the temperature under consideration. The selection
made by ascribing to each histogram a Gaussian weight
function of the inverse of the overlapping areas. All the
fective histograms were additionally smoothed with the u
of the convolutional smoothing technique.14

The resulting spontaneous polarizationP5^s1gq& with
the ratio of the dipole moments of both sublatticesg50.37
estimated from the experimental results11 is shown in Fig. 1
for the box sizesL54 andL58. The curve obtained with
the box sizeL58 resembles reasonably well the experime
tal results.

Figure 2 represents the simulated specific heat calcul
with the use of the average fluctuations of the energyc
5(^e2&2^e&2)/kBT2. The values obtained agree with tho
given by the formally equivalent expressionc5]^e&/]T.
The behavior of the specific heat for both box sizes is v
similar close to the isomorphous anomalyT'180 K. A large
maximum resembles the experimental curve obtained in
adiabatic calorimetry experiment.13 In the vicinity of the
ferroelectric phase transitiion atT5307 K only the curve for

FIG. 1. Temperature dependence of spontaneous polariza
P5^s1gq& in present model for PMACB with box sizesL54
and L58. Coefficientg50.37 represents the ratio of permane
dipole moments associated with sublattices MA~2! and MA~3!. See
text for parameters of the model.
22411
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L58 is comparable to the experiment.15 Similar to the mean
field fit5 the steplike behavior, characteristic for the seco
order phase transition in the Landau theory, is accompan
by a narrow peak.

The behavior of the dielectric susceptibilityx5$^(s
1gq)2&2^s1gq&2%/kBT obtained in the present simula
tions is shown in Fig. 3. Two curves for each box size a
related to the effect of domain switching. In particular, wh
the simulation is started from the ordered state:s i51 and
q i51 at a sufficiently low temperature, the system sta
close to this state during the whole simulation time. Ho
ever, close to the phase transition the system may jum
the other domain wherês&'^q&'21. Such an effect can
be interpreted in two ways:~i! either as a result of domain
switching in the ordered phase or~ii ! as a result of a fluctua
tion whose spatial extent surpasses the box size in the d
dered phase. In case~i! one has to put̂us1gqu& instead of
^s1gq& that amounts to the hypothesis of equal probabi
of each domain, whilst the quantity of interest concerns o
of the domains only. In case~ii ! the averagês1gq& should
be taken as it follows from the simulation because averag
over fluctuations then is a physical effect. The curves mar
in Fig. 3 as ltp.~low-temperature phase! correspond to the
case~i! and the curves htp.~high-temperature phase! to the
treatment~ii !. The susceptibility htp. becomes very high

on

FIG. 2. Temperature dependence of excess specific hea
PMACB obtained with box sizesL54 andL58.

FIG. 3. Dielectric susceptibility in the present model
PMACB. ltp. ~low-temperature phase!, htp. ~high-temperature
phase!. See text for precise meaning.
0-4
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low temperatures so that the corresponding parts of
curves are not visualized in Fig. 3. The behavior of t
curves ltp. and htp. shows a hysteresis: the maximum in
htp. curve lies lower than the maximum in the ltp. curv
Figure 3 shows that the hysteresis diminishes with increa
box size as it should be in a second-order phase transi
Of course, for comparison with experiment one should ta
those parts of htp. and ltp. curves that correspond to
phase actually existing in the given temperature. The gen
shape of the curve forL58 fits well the measured stati
susceptibility.16 A particularity of the dielectric results is th
factor about24 between the slopes of the temperatu
dependent inverse susceptibilities below and above the fe
electric phase transition atT5307 K.6 Figure 4 shows the
inverse of the susceptibility of Fig. 3. The interesting rat
fitted to the linear parts of the curves are equal24.6 and
23.1 for L54 andL58, respectively.

IV. DISCUSSION

The results described in the previous section show that
Monte Carlo method is particularly well adapted for stud
of isomorphous anomalies, where no infinite-range fluct
tions develop. The results of simulations for PMACB ne
T5180 K agree with experiment even for relatively sm
sizes of the simulation box.

The upwards shift of the critical temperature as a resul
the direct coupling with strain is a new effect which was n
observed in a similar system, where the translational deg
of freedom were eliminated at the expense of introduction
four-body interactions.17 This problem will be treated in
more detail in future.

A precise distinction between the first- and second-or
phase transition was not possible with the box sizes tract
in the present study. Much larger sizes would be neede
allow one to find the sharp dip in the temperature-depend
Binder cumulantUL , which is a signature of the phase
equilibrium temperature.18 However, we conclude on th
second order of the phase transition in the present se
parameters on the basis of the narrowing hysteresis in
dielectric susceptibility.

FIG. 4. Inverse of dielectric susceptibility of Fig. 3.
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The problem, whether a strictly continuous phase tran
tion is at all possible in a model where the square of
order parameter is coupled with a strain, relates to an
hypothesis of fluctuation-induced first-order phase transiti
It was shown by renomarlization-group methods that a fi
order phase transition would occur in a simple cubic latt
in which the square of the Isinig-order parameter w
coupled with isotropic volume expansion«111«221«33.19

The phase transition then was of first order irrespective of
strength of the coupling except for some degenerate cho
of the bare elastic constants. It seems that similar reaso
would produce analogous results in our case despite the
ferent strain symmetry@Eq. ~1!#. This is all the more plau-
sible that a coupling of the square of the order parame
with an elongation«11 @Ref. 20# resulted in a first-order
phase transition for the parameters, which in the mean-fi
approximation would correspond to a tricritical point. Th
coupling constantJ1

s resulting from the present study bein
smaller than the one obtained in the mean-field fit5 corrobo-
rates this finding. The above short review of theoretical p
dictions contradicts numerous experimental results, wh
show a clear continuous phase transition with a we
determined coupling of the type discussed. The reason
the effective continuity of these phase transitions may lie
a suppression of the fluctuations by long-range interacti
as indicated in Ref. 20. On the other hand the limitations
the present simulations may paradoxically correspond to
real experimental situation where smearing out of the ph
transition eventually leading to an apparent continuity m
be caused by structural imperfections, textures etc. No
question arises whether a tricritical point can at all occur
the models discussed. This problem will be studied in futu

The present study confirms that the ratio of the Cu
constants below and above the transition is markedly gre
than 2. Although a very precise estimate cannot be reac
with the box sizes applied, it is now clear that the mod
parameters deduced from those yielding the tricritical po
in the mean-field approximation~see Sec. III! lead to similar
effect of increasing this ratio. The existence of a sharp p
in the specific heat in addition to a step visible in Fig. 2
one more evidence that the features found in the mean-
theory are rather inherent to the model than a result of
approximation although the peak is also predicted
fluctuation-induced first-order phase transition.19,20 A pos-
sible nonexistence of the tricritical point in this kind of mo
els indicates that ratios of the Curie constants different fr
2 are nota priori excluded in the kinds of models.

APPENDIX

Consider a class of models with the third-order terms
expansion Eq.~8! vanishing as done in Sec. III. The set
displacementsuk5ua ig in directiong5x,y,z, of an atom at
the i th site belonging to sublatticea will be abbreviated by
vector uW . Then the energy of Eq.~2! can be written as a
second-order polynomial in variablesuW .
0-5
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H52
1

2
$saJ0aa8sa81saJW1aa8

T sa8uW

1uW Tsa JJ2aa8sa8uW 2uW TKJuW %. ~A1!

Here a and a8 label the pseudospins; summation is und
stood over repeated indices. The quantities with an arrow
vectors, and with double arrows are matrices labeled with
index k. The superscriptT stands for matrix or vector trans
pose. It is clear from Eqs.~3!, ~7!, and~8! that the elements

of the matricesJJ2aa8 and KJ are proportional to the coeffi
cients of second order in Eq.~8! and to the force constants o
Eq. ~3!. Similarly the vectorJW1aa8 is proportional to the lin-
ear coefficients in Eq.~8!.

H52
1

2
$saJ0aa8sa82~uW 2uW 0!T@KJ2sa JJ2aa8sa8#

3~uW 2uW 0!1uW 0
T@KJ2sa JJ2aa8sa8#uW 0%. ~A2!

where

uW 05@KJ2sa JJ2aa8sa8#
21saJW1aa8sa8 ~A3!
g

g

22411
-
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e

The Boltzmann factor exp(2H/kBT) then is a multidimen-

sional Gaussian in variablesuW for every configurations of

the pseudospins. One can see that when the matricesJJ2aa8

and KJ are multiplied by a common factor and the vecto

JW1aa8 by the square root of this factor, then the width of t
Gaussian will be multiplied by the same factor and the d

placementsuW 0 corresponding to the relaxed state at giv
configurations will be multiplied by the square root. Conse

quently, the partition functionZ5(s* exp(2H/kBT)duW will
only change by a factor. Any average value of a prod
^)asa& representing dielectric properties of the material th
will stay constant by such a transformation.
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