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Phonon-induced hole-hole effective interactions in the cuprates
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We have studied the phonon-induced effective interactions between charge ¢awiessin a three-band
model of the Cu@ plane of high-temperature superconductors. For the phononic part we have included two
oxygen phonon modes, breathing and buckling, and two types of electron-phonon interactions: namely, the
ionic coupling, for which the displaced oxygens influence the energy level on copper, and the covalent
coupling, for which the Cu-O hopping is modified by the displaced oxygens. Using a cell-perturbation method
we have calculated the effective interaction between hdgs, as induced by the electron-phonon couplings.
We have found that the attractive interaction between holes, due to the breathing mode, is maximum in the
presence of finite electron correlation. Furthermore, the presence of the buckling mode enhances the attractive
interactions. We show that the calculated value¥gf are of the same order as the values of the electronic
pseudogap\, found in the normal state of the cuprates. We demonstrate that the isotope effect, related to the
substitution'®0— 180, changes the calculated valuesvgf, in a way consistent with the experimentally found
isotope effect ofA. Finally, we have evaluated the superconducting transition temper&tuaed found a
qualitative agreement with the experimental phase diagrams of the cuprates.
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I. INTRODUCTION interaction between holes, provided the covaleqph cou-
pling is included?®-23
Despite great theoretical and experimental effdte na- One of the key features of high-temperature supercon-

ture of the pairing mechanism in high-temperature supercordUctors is the existence of a pseudogap in the electronic ex-
ductors is still not understood. In principle, there are twoCitation spectra above the superconducting transition tem-

possible mechanisms: electronic and phononic. The first ongerqtureTc, .e., in the normal sta}te.. The appearence of
would result from strong correlation on copper idrs gaplike phenomena at a characteristic temperafifre T,

. has been found in a variety of compounds and by different
whereas the second mechanism would be due to largﬁethodsz.“'ZE_’Then, various possible mechanisms have been

electron-phonong-ph) coupling in these compoundé.Pure aroposed in order to explain the origin of the pseuddgap.
electronic mod_els cap_ture many W_ell-estabhshed features q{uge isotope effect associated with the exchang&®of by
t_he cuprates, Ilke_ antlferromagnetl_c or@emha}rge fluctua- 184 (Ref. 279 undoubtedly points to the importance of the
tions and the stripe phase formatibrand anisotropy and ejectron-lattice interaction in this phenomenon.
symmetry of the superconducting stétdowever, other phe- In this paper we consider the influence of electron corre-
nomena, like the site-selective isotope effédtequency |ation on the effective interaction between holes in a guO
anomalies in neutron and Raman spectrosc8pyor tun-  plane, as induced by both the breathing and buckling modes.
neling measurement$, point directly to the importance of As a method, we employ the cell-perturbation approach,
the e-ph interaction. They also clearly demonstrate the sigused previously with success in studying electronic proper-
nificance of particular in-plane, oxygen-related oscillatibhs. ties of the cupraté8 as well as the bismuthatéThis paper
Therefore, it seems natural to assume that both crucids organized as follows. The model Hamiltonian and the cell-
factors, i.e., electron correlation and strazmgh interaction, perturbation method are introduced in Sec. Il. In Sec. Ill, we
are present and that both play an important role. Particularlypresent the obtained numerical values of the effective inter-
in presence of a strongph coupling, strong electron corre- actionVy,. Namely, we study(i) the effect of strong elec-
lations may lead to new effects, absent in the standard BC8oN correlation orV,, and(ii) the isotope substitution®0
theory. Here, one should mention the anomalous behavior of> °0 effect onVy,, and we show(iii) how the calculated
the isotope effect, which strongly depends on dopfg.  values ofV,, may change the values @ (superconducting
Also, it was established that electron correlations enhancfansition temperatuyeFinally, Sec. IV gives the summary
phonon-induced superconductiviyand are responsible for @nd conclusions of the paper.

the d-wave symmetry of a superconducting Order, '\, ne \AMILTONIAN AND CELL-PERTURBATION

parameter”*® Detailed studies of effective models with the METHOD
e-ph coupling revealed the importance of the oxygen buck-
ling mode in the pairing mechanistf'° Using a more real- We consider a three-band model of the Guganes,

istic three-band model of the CyQlane, we showed that which includes explicitlyd,>_,2 orbitals on copper ang,;,
the oxygen breathing mode would also generate an attractiv@g,) orbitals on oxyger?
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g 4 q ment should include anharmonicity, which is undoubtly
HZZI ealup zIn+ > 8pn,~p+2 Uan; inj present in the apical oxygen phonon motfe$herefore, in
: ! ' this paper we restrict ourselves to the in-plane electronic and
m _ . phononic degrees of freedom.
ts > (U + Ui+ 2+ w3Z)) In order to use a cell-perturbation method, we perform
! canonical transformations for all oxygen-related operators
(both electronic and phononidhus transforming the Hamil-
+ > (=DMt ul(d] p ,+H.c) tonian (1) into a new representation in which all operators
Who are centered on copper sites. After the transformation to a
new basis is done, the Hamiltonian is split into two parts: a
+ 2 (= 1)Nikty(p] Pi o+ H-C), (1) diagonal part, which includes only operators related to a
Lke single copper site, and terms representing interaction be-
wherei runs over all Cu sites; of a two-dimensional tetrag- tween sites:
onal lattice with primitive vectors. andb, j andk run over
all oxygen sites locatetfor giveni) atr;+a/2 andr;+b/2, _ _ , .
and the sum ovdris for the four oxygen sites aroumd, i.e., H=Ho*H, Z h0|+i2j i @
at positionsr;xa/2 and r;x=b/2. Operatorsdﬁa and p;”g
(di » andp; ,) create(annihilate holes in 3l,2_,2 orbitals
on Cu andp, orbitals on O, respectively. The parameteys hoppings between cells and; are intercell static interac-

ande, are the on-site energies on Cu andtg),andt,, are . ) X .
P X . LA PP tions. The details of this procedure together with the expres-
nearest-neighbgiNN) Cu-O and O-O hopping integrals, and sions forhy;, T,; , andV,, are presented elsewh 228 Here

Ugq is the on-site Coulomb repulsion energy on copper. The 2 i . . :
numbersM, and N;=0 or 1, according to the used phase we would like to stress that with this choice of reference

. systemH, contains already a big fraction of the many-body
convention. correlation anae-ph effects, all treated on equal footing. As a
The Hamiltonian(1) includes two types of oxygen pho- P ’ 4 9-

non modes, namely, the breathing and buckling modes, wit ext stgp, a Sir‘gle.'ce” Hamiltonietnbi is ;olve_d, using the
frequenciesu, and w,, respectivelym is the oxygen ionic exact diagonalization technique and which yields the eigen-

mass. Consistently with the phonon modes chosen, there ayglues e, and e|genvector$v,|>, with v representing all
two types ofe-ph coupling. First, the copper on-site energyquantum numberglectronic and phononjcFor simplicity,

: . . .we limit ourselves only to three lowest-energy cases: the
is modulated by the oxygen displacements from their equi- : X
librium positions: along the Cu-O bon@lisplacemenu, , zero-hole stat0ii), the one-hole statfg,i), and the two-

eph stengi) and perpendiculary o he plandsplace- [0 SOt SEeSH) o aler st e much fioher
mentz , e-ph strength\ ;). These interactions are diagonal in 9y g y

_ . . 33 . . . _

the sense that the oxygen coordinates are coupled to the tol%\mang R'(.:e (ZR) singlet. . Then the Hamiltonian is ex

. d_ d d pressed in the cell basis by means of the Hubbard
occupation number at coppem;=n;,+n; . Second, we

also consider the intersite coupling, in which the NN Cu_ooperator§14
hopping is modulated by the displacematsin such a way

where hg; is the Hamiltonian of theth cell andh;;=T;;
+V;j; is a part describing interactions between cellg;are

that a longeshortej Cu-O bond results in a smalléarge) H=2 2 e X"+ X (tiF7+uifro)xrxr?,
Cu-O hybridization; here the coupling strength is denoted by o I apys 5
Ngp- Therefore, we write )
0 where X{"=|a,i)(y,i|. The effective Hamiltonian param-
edlU,z]=eq+(— 1)U+ a2, 2 eters
tpd U] =thg— (= 1)SNgpuy, 3 tP70=(a,i|(B.]ITij| v.)]8.), (6a)
0 0 . . . .

where the bare parameters are denotegljaandt,, andS vﬁﬁy(5=<a,l (B, Vi | 7.)] 8.0) (6b)

(=0 or 1) is an appropriate phase factor.

Here we would like to comment on two terms, which areare the hopping amplitudes and static interactions between
not present in the starting Hamiltonidh). First, in a more cells, respectively. A similar approach for transforming the
refined treatment, the on-site Coulomb repulsion energy oiamiltonian, the so-called standard-basis operator method,
the oxygen ions, denoted &k,, would be included® Since  was developed in Ref. 35. Out of all the matrix elements
U, is much smaller that4 and, moreover, we are mostly representing static interactiori§b), the most important are
interested in the small doping region, then the effecgf ~ the diagonal ones between the NN sitésj.e., v?
may be safely neglected in our approach. The second absert(«,i|(B,j|Vij|a.i)|.j), wherea,=g or S herei and}]
term is connected with the so-called apical oxyg&nshich  denote NN sites.
play an important role in determining some properties of the In the insulating case there is, on average, one hole per a
cuprates. Including apical oxygen phonon modes createSuG, cell, so the energy of hole-hole interactionNg 9,
some numerical problems, related to the bigger size of thevhereN is the number of all NN pairs of sites in the plane.
Hilbert space. Even more important is that an accurate treatn a doped material, there are additionaly interactions be-
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0.24 - T repulsive and decreases with increadihg With increasing
K o] Ngp, the possibility of an attractive interaction arises. For
. T A =0[eV/A] ] fixed, nonzero\4,, there is an interval ot 4 for which Vi,
0.16 — i =1[eV/A] A becomes attractive. For strongeyy,, that interval gets wider
N 2 and the attraction becomes stronger. The overall conclusion
_ . is that for the effective interaction between the charge carri-
E 0.08 L ‘ A, =0 [ev/A] ] ers to become attractive, the optimum is a moderate value of
< P ] correlation, though for larger values of tleeph coupling,
> ] this optimum value of correlation gets smaller. The physical
1 reason for this is that for small values df;, the interaction
____________ is repulsive because holes are localized on copper ions and
.................. ~ ] the effect of the covalent coupling is much reduced. When
A =3 [eV/A] . :
dp ] correlations are very strong, holes are localized on oxygens,
L and the effect of Cu-O hopping is again considerably sup-
6 9 12 pressed. The presented results demonstrate that for the pa-
U [eV] rameters chosen, the most favorable conditions for supercon-
d ductivity are when correlations are neither too weak nor too
FIG. 1. Effective hole-hole interaction between the charge carStrong.

0.00

-0.08
3

riers, Vi, as a function of the on-site copper correlation enevgy For the highT cuprates, the actual value 0f; is around
and for different values of the electron-phonon couplings and 8 eV (Ref. 30 and such a value of the correlation should be
N - All the curves are fohy=3 AleV. considered as not giving the maximum phonon-induced at-

traction between the charge carriers. Therefore, we do not
tween one-hole states and ZR-singlet state¥, and be- claim that, from the superconductivity point of view, the
tween two ZR-singlet states>S. Having calculated all these correlations in the cuprates are optimal. But there is no doubt
interactions, we can evaluate the effective interaction bethat the obtained values &f,,, are the attractive ones and
tween two doped holes into a Cy(lane. We assume a that the phonon-induced effective interactivi, supports
small doping of the system, in which overlap between holesuperconductivity. Second, a more accurate determination of
pairs is negligible. When two doped holes are far apart, eacthe e-ph interaction couplings involved, particularly,,
of them interacts with four holes around with enetgd?, so  might give higher values and thus lead to even more favor-

the total energy of interaction in the system is able conditions for superconductivity to occur. The results
S presented in Fig. 1 also demonstrate that the stronger the
E.=8v>% (N—-8)v%. (7)  eph coupling, the greater the optimum valueldf. This is

When they are on NN sites, they interact with three one-hol@/SC demonstrated when the effect of the buckling mode is

states and with each other through® and there is an extra Studied by puttingh,#0. The overal picture is similar,
one-hole bond in the plane, so the energy is though we see that the diagoreaph coupling, related to the
’ buckling mode, stabilizes the attractive interactions further-

Enn=0"+ 6059+ (N—7)099. (8  more.

The effective net interaction between two doped holes can be
calculated as the difference in energy in these two cases: B. Isotope effect ofVy,

) We have also examined how the oxygen ion substitution
160180 changes the values of the calculated effective in-
teractions. For simplicity, we have assumed that the phonon

Vin=Enn— Ex=055+199—2059,

IIl. EFFECTIVE INTERACTION frequencies scale like- y1/m [see Eq(1)]. This simplifica-
BETWEEN CHARGE CARRIERS tion seems reasonable, as the copper ions are much heavier

We study the dependence of the effective hole-hole inter@d the ionic effective mass should be very close to the mass
action on electron correlationiy. As in our previous of oxygen. We have repeated all thg calculatlons but with
works2%-23we have fixed the values of the paramet@s- scaled values of the phonon frequenmgsandwb. Figure 2
ceptU,), according to the so-called standard Leiamely, ~ Presents the obtained values\gf, as a function olly. The
we adopt the following valuese,— e4[0,01=3.5, t,J0] MSet of Fig. 2 shows the calculated differenceVyy
=1.3, andt,,=0.65 (all in eV). We have also fixed the =Vhn(0) = Vin(T0) for two considered values of the oxy-

values of one diagona-ph couplingh y=3 eV/A (Ref. 37 gen ionic mass. These values should be considered as the
and the phonon frequengies hw.=40 meV isotope effect results fovy,,. The isotope effect is negative
a )

fwp=70 meV1o-12 for moderate values of the electron correlation, approxi-
mately forU4 in the interval between 4 and 8 eV. For very
small and very large correlations, the isotope effectgf is
positive.

In Fig. 1 we plotVy,;, as a function ofUy, for different Now, we would like to discuss the obtained results and
values of\ g4, and\,. For\q,=0, the interaction is always their connection with the experimental results for the

A. Role of electronic correlation
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FIG. 3. Superconducting transition temperatligeas a function
FIG. 2. Effective hole-hole interactions,;, between the charge

of hole concentratiorx for three different values of the phonon-

induced effective interactioW,,. Only d-wave symmetry results
are presented.

carriers as functions of the on-site copper correlation energgnd

for two values of the oxygen ion mass. Both the curves are for
=3 eV/IA, \gp=3 eV/A, and\,=1 eV/A. In the inset, the iso-
tope effect values\ Vi=Vyy(*°0) = Vipn(°0) are shown. should be specified. Following their work on the one-band

effective Hamiltoniarf® Feineret al*° argued that the effec-
pseudogap@. The typical observed values of the pseudogapive hoppings of different ranges {or NN, t" for next NN,

A are between 10 and 60 mé¥/Looking at Figs. 1 and 2 we t” for next-next NN should be a crucial factor that differen-
see that the obtained values \¢f;, are exactly of the same tiates between the cuprates. However, for qualitative esti-
order of magnitude. It is remarkable that such a simplemates, we adopt some average values, naniely.4 eV,
model as considered in this paper could give a hole-hol¢’ = —0.06 eV, and”=0.2%%|t is well known that thes-ph
interaction of the same order As It is physically reasonable coupling leads to retardation effects, known also as the band
to expect that the hole-hole interactidf, would be of the  narrowing. This effect may be quite strong, particularly if the
same order ad, although to calculaté, values of the ef- average over the ground-state phononic wave function is
fective NN hopping should be known. Finding the values ofmade®® In the cell-perturbation method, a large portion of
the effective hopping is a highly nontrivial task and is be-thee-ph coupling effects is already in the zeroth-order terms.
yond the scope of the present papeAlso, our isotope ef- This is particularly true for the copper-oxygen hopping
fect results forVy,, (Fig. 2) agree qualitatively with the ex- terms, i.e., those proportional tgy [see Eq(1)]. That is the
perimental data’ first reason why we expect the retardation effects to be much
The obtained values df,,, and AV,,, should be consid- reduced in our approach. Moreover, as we demonstrated for
ered only as the qualitative ones, as the exact values of theubic bismuth superconductdi$retardation effects should
model parameters, mainly4 and all thee-ph couplings, are  be much reduced if a more accurate phonon wave function is
still unknown to a better precision. However, we have demused, for example, from a finite-cluster evaluation. There-
onstrated clearly that the considered model captures the efre, for the qualitative predictions we are making, we as-
sential physics of the CuQplane, particularly with respect sume that the effective hopping integrélandt’ have fixed
to the generation of the effective interactions between thealues, namely, those derived by the cell-perturbation
charge carriers. method, as applied for the electronic Hamiltonian alhe.
We admit that using a more accurate phononic wave function

_ . would produce some band narrowing, which eventually
C. Superconducting transition temperature

might lead to higher values of.. With this in mind, the
Finally, we have also evaluated the values of the superebtained values of ;. should be considered as a lower bound

conducting transition temperatufie., using the mean-field that follows from the considered model.

HubbardX-operator techniqu&:*® which proved useful for Figure 3 presents the calculated values Tof of the
studying properties of strongly correlated systems. To calcud-wave symmetry, as relevant for the cuprates. Our model
late T., we adopt the approximate one-bantf-J model, essentially reproduces the correct shape of the experimental
which includes the effective hoppings,t’) and antiferro- phase diagram of the cuprates. There is a finite region with
magnetic interactionJ). This model is completed by the nonzero transition temperature, aiid at optimum doping
phonon-derived static interactioNy,,,, which within the has the correct value around 100 K. Another interesting fea-
X-operator technique is added @ thus forming the total ture is a very high sensivity df . to small variations oV,
pairing interaction. We have fixed=0.2 eV which is of By changingVy,;, from 0 (no phonon-induced interactipto

the order of the experimental value. To complete the set of-0.02 eV(physical value for the cuprates, as seen in Fig. 1
parameters, the effective hopping between different site3 increases from about 60 to about 90 K. That means that
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even though the electronic antiferromagnetic interaclian  and buckling. Additionally, to previously found results about
not sufficient to giveT, high enough, a small admixture of the importance of these phonon modes, here we demonstrate
the phonon-induced interactior,, makes a high supercon- that in the presence of the electron-phonon interaction, the
ducting transition temperature possible. We believe that coelectron correlation should be neither too small nor too big,
operation of the electronic and phononic mechanism in théf attractive effective interactions between the charge carriers
spirit just described might be a driving force of high- are to be expected. In that sense, for fixed values of the
temperature superconductivity. electron-phonon couplings, there exists an optimum value of

Here we do not study the direct isotope effect, related tdhe electron correlation, for which the attractive interaction
T.. We think that such a study would require a more sophisgets a maximum. This result gives important limitations to
ticated treatment. For example, one should take into accoumxisting models of high-temperature superconductors. We
variation of bothJ andV,,, with hole concentration, the ef- have also demonstrated that the obtained values of the effec-
fect which we neglect in this paper entirely. Such a treatdive interaction and its change with oxygen m&sotope
ment, which would be a next step to the first approximationeffec) are consistent with the measured pseudogap values.
we make here, with concentration-dependent parametergjnally, we have demonstrated that the total effective inter-
might give slightly different values off;, especially for action, built up of the antiferromagnetic interactidand the
higher doping. However, we think that the general overallphonon-induced interactiov,,,,, would give a qualitatively
picture would survive and the obtained phase diagram shouldnd semiquantitatively correct phase diagram of the cuprates.
have a similar shape.
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