PHYSICAL REVIEW B, VOLUME 63, 214510

Resonances in one and two rows of triangular Josephson junction cells
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We present an experimental and analytical study of resonances in the current-voltage characteristics of
single and double row triangular Josephson arrays. The magnetic-field dependences of the voltage positions of
the resonances have been measured for various cell inductances and junction critical currents. In double row
arrays, we have observed a peculiar resonance, whose voltage position decreases with magnetic field. We
derive the spectrum of linear electromagnetic waves propagating in the arrays. In the double row array, the
spectrum consists of many branches that differ by the behavior of the Josephson junctions transverse to the bias
current direction. The measured magnetic-field dependence of the resonance voltages is mapped to the linear
mode spectrum and good agreement between experiments and model is found.
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[. INTRODUCTION sephson ladder with four junctions per elementary dej.
1(a)] has been calculated in Ref. 3 in the linear approxima-
The driven Josephson junction ladders and arrays havéon, and a good agreement between the measured magnetic-
recently attracted wide interest due to many fascinating phefield dependence of the step voltages and Efswas found.
nomena observed in such systems. They show vorteXhis system has a remarkable property thatf&t0.5 an

propagatiort;? various current-voltage resonanéésonlin-  “out-of-phase” state of the currents is formed. As the am-
ear dynamic localized modé$,and may also be practically plitude of the resonant step reaches a maximum, the direc-
useful as high-frequency oscillatofg. tion of the mesh currents flowing in adjacent cells alternate

A peculiarity of quasi-two-dimensional arrays, i.e., Jo-from one cell to another, and the so-called “checkerboard”
sephson ladders, and two-dimensional arrays, is the presensgucture of the alternatingad currents appeafs’ The ac
of Josephson junctions in both the longitudinal and transeurrents compensate each other on the horizontal junctions
verse directions to the bias currefgee sketches in Figs. and the total alternating voltage along the ladder is close to
1(a)—(c)]. In these systems, the Josephson phase dynamics4sro. This property is an obvious drawback if one wants to
more complex than in the rather well studied case of one-
dimensional parallel array<’ due to the higher degree of

o~

freedom appearing from the presence of the junctions trans- T PV VI
verse to the bias. For example, the spectrw(m) of the - -
linear electromagnetic wavéEW’s) propagating in the lad- (@ X X X X

ders[Fig. 1(a)] containstwo branches:*’ Similar behavior

. . . . 3 x n x A x N
has been extensively studied in vertical stacks of long Jo-
sephson junctiontsee Ref. 9 and references thejeinhere b AW oA 4
the inductive coupling between the junctions leads to the X
splitting of the dispersion relation. The splitting has been (b) 0%  oX 1) Xow X
found also in coupled one-dimensional parallel ardyas ’
we turn to the case of two-dimensional arrays, the number of ) (}‘ Py Py § A
branches in the spectrum(q) increases. This feature has I, - i
been recently confirmed by a systematic numerical study on 7
dynamical states in underdamped arr&ys. (c) K\ Vg 4 =
¢ =

It is well known that, in the presence of a magnetic field,
the nonlinear interaction between the Josephson current J=2 X0, X0, X%, X

wave and the excited EW’s leads to resonant steps in the Xz g k=0
current-voltage characteristics of extended Josephson '\47,,, - (4/\%1
systems:1¥14 The measured magnetic-field dependence of j=1 X0, ¥Xe, Xo., X
the voltages of the resonant steps can be mapped to the spec- % k=1
trum w(q) by the relationship 11 v 1 1
b
zhw(q) —f (1) FIG. 1. Sketches of Josephson ladders wih four and (b)
res= g+ dA7Hh three Josephson junctions per cell, and of a two-row afTaye; |

_ ) ) and ¢; ; 1; denote the Josephson phases of the vertical junctions of
where f=®, /P, is the magnetic flux threading the cell celli in row j; ¢; , denotes the Josephson phases of the horizontal
normalized to the magnetic-flux quantum, and it is referredunction of celli in line k. The magnetic field is applied perpendicu-
to as frustration parameter. The spectrurtg) for the Jo- lar to the plane of the cells and induces a mesh cuirent
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use the ladder as an oscillator. To overcome it, Yukon and TABLE I. The arrays parameters &t=4.2 K.

Lin proposed to use atriangular arrangement of Josephson

junctions along the laddé¢Figs. 1b) and(c)]. In this case, at Sample® 1 2 3 4 5 6
f=0.5an “in-phase” state with all the ac currents flowing in - of rows 1 1 1 1 1 5

the same d|rect|c_)n can be realized for the junctions transNo. of cells per row 10 12 10 10 10 12
verse to the dc bias current. So far, the detailed study of thgeII area ) 126 160 126 180 240 160
EW'’s dispersion in triangular Josephson ladders and arrays Aem? 30 1050 50 50 50 1050
has not been carried out, as well as the study of the depeljlg( cm’) 0 6 o

dence of the resonant steps on the magnetic field. Thus AL S 5 L L 22 5
this paper we present measurem.en_ts of the resonant Stepsaij the studied samples have three junctions per cell.
the current-voltagel € V) characteristics of single and double

row triangular Josephson arrays. For both systems, we cal-
culate the spectrum of linear EW's and map it on the'S AL parametef’ and therefore the value of the cell

magnetic-field dependence of the step voltages. The paper fductance?’ The relation between the two values was found
arranged as follows: in Sec. Il our experimental observationto beL~0.7L. However, in order to make a systematic com-
are presented. In Sec. I, we introduce the model based onparison of all studied arrays, the, values reported here
set of equations, and derive the spectrum of linear EW’srefer to the cell inductance estimated from E2). To get

Finally, Sec. IV contains a discussion of the obtained resultyarious values ofg, , we have used samples either with
and conclusions. different critical current densities and same cell size, or have
varied the cell sizé\ from 126 to 24@.m? for similar arrays
located on one chip. Thus the parameggervaried between
0.5 and 5, at the temperatuiie=4.2 K. The investigated
arrays and their parameters are summarized in Table I.

In order to investigate the dynamical behavior of triangu- The measured-V curves of the triangular ladders show
lar arrays in the presence of an external magnetic field, wavell defined resonances, grouped in two different voltage
have chosen linear arrays made of one row and two rows, aggions. Figure @) shows an enlargement of theV curve
shown in Figs. (b) and(c). Arrays of various critical current of a ten cell row withg, ~0.5 atf=0.3. HereS; and S,
densities and sizes of the elementary cells have been medenote the upper and lower voltage resonances, respectively.
sured. The arrays were made of Nb/AI-AIMNb under- The steps of typ&, andS, are stable in approximately the
damped Josephson tunnel junctions, arranged in a triangulaame range of frustration. Changesfoihduce a periodic
lattice. The junction area is designed to b@®?. The stud- modulation of the voltage¥, , of the steps. In particulaB,
ied critical current densities ar¢,~50 Alcn? and j.  andS, approach the maximum voltage &t 0.5 (and other
~1000 A/cnt. The junction capacitanc@ is about 300 and half integer values and tend to the minimum value of volt-
450 pF, respectively. The bias currept is uniformly in-  age at integef. Figure 2Zb) shows theV, i(f) dependences
jected in each node of the array via on-chip resistors and
extracted as shown by arrows in the sketchiéBhe voltage Voltage (uV)
is measured in the direction along the bias, across each indi- 500 250 O 250 500
vidual row. The measurements have been performed using T e e
the acquisition software of Ref. 16. Experiments have been
performed in the presence of a magnetic field applied per- g
pendicular to the cell plane. Following the standard notation, = ]

[
E
O

II. EXPERIMENTS WITH TRIANGULAR JOSEPHSON
JUNCTION LADDERS AND ARRAYS

1 £=0.3

we express the magnetic field in terms of the frustrafion @)

The self-inductance of one cell can be roughly estimdtes

L=1.2500VA, @ °
604 _ g — |
where ug is the free space permeability, ardis the cell == ﬂizf 3
hole size. The value of is needed for calculating the pa- S0 = — — = T/
rameter B, =2wLI./®y wherel, is the junction critical f 80_'
current. The value given by E{R) underestimates the actual g’ ) ® S
inductance of the cell, as it is an asymptotic value valid only 2 !

\
Jr’

when the width of the superconducting electrodes forming
the cell is larger than the hole sizeOn the contrary, our
arrays are in the opposite limit. We have compared the cal-

culated valudEq. (2)] with the valuel obtained from the
magnetic-field dependence of the critical current of a single F|G. 2. (a) I-V characteristic of a one-row array &t 0.3; (b)
cell with two junctions, i.e., a superconducting quantum in-step voltage dependencesfsf S, andS, (sample 1; dashed lines
terference devicéSQUID). The ratio of the minimum to the represent the well-defined resonances of the Steplere 8, =0.5
maximum critical currents of the SQUID reflects the value ofandT=4.2 K.

o

y I — y
0.0 0.2 04 0.6 0.8 1.0
frustration
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FIG. 4. Filled symbols: Maximum voltage of the stépsandS,
measured af=0.5 in arrays having three different values of cell

in the range 0—0.5. The single row array has 12 cells angl a . )
~5 (sample 2. Straight arrows indicate the transition from the stepmdUCtanceL (samples 3, 4, b _Thgse arrays have te_n cells, .

: ~50 Alen? andw,~7 GHz. Solid lines are the theoretical predic-
to the McCumber branch. Inset: the voltage across the array at thte [Eq. (9)] for tﬁe upper and lower resonances 05
bias pointl,~32uA is smoothly tuned from 0 to 5V as f 1on 1Eq. PP ¢ 0.5.

changes.

FIG. 3. Sequence db; steps recorded while slowly changifig

B) have very similat-V curves. At the same critical current,
the rows switch simultaneously to the finite voltage state,
in the range 6<f<1. The stepS, has a typical resonant with the same voltage. Similar to the case of single row
behavior. It clearly shows distinctly different voltages-  arrays, in the presence of frustration we distinguish the steps
derlined by the dashed lines of Figib2] that correspond to S, and S,. In Fig. 5 these steps are plotted fat 0.4. No
the minima of the differential resistance on the step. How-hysteresis is observed in this case. The steps are found to be
ever, we have noticed that the resonant regime of theStep periodically modulated by the magnetic field, in a similar
is realized only in the case of log, , i.e., for small discrete- way as it is described above for the single row array. More-
ness. In arrays with either largég or largerL (both these over, their maximum voltages approached at0.5 are simi-
quantities lead to an increase gf) the resonant behavior lar to that observed in the single row array with the same

disappears and the st& changes continuously with discreteness paramet&ample 2, i.e., with the same cell
The voltage and the differential resistance of the Sgp size (A=160um?) and critical current density j{
have almost a continuous dependencd éor all the inves-  =1050A/cnt). The interesting feature observed in the two

tigated B, parameters. In general, the differential resistanceow arrays is the presence of a third step, marke&am

of the stepS, is higher than that of,. This feature is en- Fig. 5. The peculiarity of this resonance is that it is stable at
hanced in the samples with large , as Fig. 3 shows for the frustration values corresponding to an integer number of
case of a single row array of 12 cells agd~5. At a con-  fluxons per cell {=0,%1,...). Atthese values of, an in-
stant bias current chosen on the s&p by changingf we

could continuously tune the voltage across the array, along

the periodic pattern shown in the figure inset. 200 S, r—=jf‘—’3¢
The maximum voltage of the stef® and S, i.e., the — g S

voltage value approached &+ 0.5, depends on the cell in- - ﬂ—ﬁ :

ductance. We have compared the maximum voltages of three i 150 -

triangular laddergsamples 3, 4, bdesigned with different = S,

cell sizes A=126, 180, and 240m?, respectively and g f=0.1

same junction area, and fabricated with the same critical cur- E

rent density [.~50A/cn?). The data reported in Fig. 4 © 100

show a tendency for the maximum voltages of b8thand =04

S, to decrease as thg,_ (cell size increases. Both the ex- ——&——r1wA

perimental and theoretical curves show that this effect is 50 ——& —>—r1owB

T T T T T
0 100 200 300
Voltage (uV)

more pronounced for the step, than for the stefs;. In-
creasing temperature also leads to a reduction of the maxi-
mum step voltages, similarly to the results reported in Ref.4.
In experiments with two row array$ig. 1(c)], we have FIG. 5. I-V characteristics for the two row array showing the
used a common bias current for both rows, and have indesiepss, ands, at f = 0.4 (open and filled circlés and the extra step
pendently measured the voltage across each of them. Figugg at f=0.1 (open and filled squarksData refer to the voltages
5 shows the typical-V characteristics of an array made of measured independently across the individual rows, noted as A and
12(cells)x 2(rows), sample 6. Both row@enoted as A and B. Straight arrows indicate the hysteretic path. Samplg,6s5.
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the applied magnetic flux, respectively. First, we derive the

300_."'--- esesene equations of motion for the “triangular” Josephson ladder of
250 - s, s, Fig. 1(b). We recall the fluxoid quantization in the ceill
200 4 27D,
1 S, Pir1— @it gi=— D (3
0

Due to nonzero cell inductandg ®;, and®d,,, are related

Voltage (uV)
@
S
1

—

[

o
1

..".' ®eq by
50- -.. S
{. ‘ D= Dyt LI, @
(1]
°T — wherel; is the mesh current in the céll By making use of
00 02 04 06 08 10 Kirchhoff's current law, we get
f v

FIG. 6. Measured dependences of the maximum voltages of the CVi+ =) +lsingi=1p,—1;+1;_1, (5)

stepsS,;, S,, andS; as a function of frustration for the two row

array(sample 6. Data refer to the voltage measured across one rowvhere V' is the voltage across the vertical junctianAll

(A), another row(B) exhibited simultaneously the same voltage junctions have capacitan€® resistanceR, and critical cur-

state. rent I.. Since the current flowing through the horizontal
branch is the mesh curreht, for the horizontal junctions we

crease ofl, above the array critical current induces both obtain

rows to jump simultaneously to the sté@e Further increas- Vi
ing of 1, causes the tr§n3|tlon frqr‘63 to the McCumber C\'/ih+ —I+|cSin¢i=|i- (6)
branch. Thel-V curve is hysteretic and a decrease|gf R

alongS; eventually reaches an instability point with a certain . . . . .
retrapping current, at which the array returns to the zero Fma_lly, the equations of motion for the vertical and hori-
voltage state. Sometimes, by decreadipgat the instability zontal junctions of the row read as

point the two rows split and while one row goesue- 0, the

- . 1
other row undergoes a transition to higher voltages and then ¢; + a¢; + sing;= y+—(¢; 11— 2¢;+ @i 1+ i+ i 1)
L

to V=0, with a slightly lower retrapping currefihis behav- B
ior is shown in Fig. 5. 1 ot

The dependences of the maximum voltages of the steps g+ ath+ sing=— (@i — @i 11— i) — ——. (7)
Si, Sy, andS; onf are shown in Fig. 6. In contrast 8 and BL BL

S,, the stepS; moves to lower voltages When approaching Here, the time unit isoglz hCl(2el;), the inverse plasma
f=0.5. We note that the voltage modulation is more pro'frequency. The parametera=1/\3. determines the

nounced Iﬁr t?e stepStl andﬁz thaz ;0}253' Moreovelr, In- i damping” of the junctions and the parametgr defines the
creasing the temperature above 4. causes only a Sli9ifjscreteness of the array/js the frustration defined above,

reduction of the step voltage. Above=0.2 the ste$; dis- and y=1,/1, is the normalized bias current.
appears and th_e stefg ands, b?"ome St‘f’lble' Alth(_)ugh not To derive the spectrum of EW’s, we assume a whirling
shown in the figure, the step, is stable in the entire frus- o) tion along the vertical junctions and oscillations with a

tration rangef =0, ..., 1. small amplitude for the horizontal junctions. Moreover, the
phase of the vertical junctions increases from cell to cell due

IIl. MODEL AND SPECTRUM OF LINEAR to the presence of frustration. Thus the solutions of Efjs.
ELECTROMAGNETIC WAVES can be written as
The derivation of the equations of motion for a triangular Pn=ot+2mfn+ pe!l@tr2man,
array is done in a way similar to the case of one-dimensional ot 2mqn)
(1D) arrays(two junctions per celf and laddergfour junc- Yn=ye : (8)

tions per cell* The junctions are described by the resis-yherew andgq are, respectively, the angular frequency and
tively and capacitively shunted junctiéRCSJ model.-"We o waye number of the EW in the array. In the limit of small

neglect mutual inductances and consider only the self i”ducamplitudego and ¢, we obtain the spectrum of electromag-

tances of the cells. We denote wigh; and ¢; 1, respec-  petic wave propagating along the array. This spectrum con-
tively, the superconducting phase differendg@®sephson gists oftwo branchesw, (q) andw_(q) given by
phasesacross thevertical junctions of the cell in the rowj

(j=1,2) and withy; , the phase differences across tiwi- _ [ [2_~
zontaljunction of the celli in the linek (k=1,2,3). For the Ws=wpNFENFTG, ©
one-row case the index¢@ndk are unnecessary and there- where  F=1/2+1/(283,) + (2/8,) sirf(mq), and g
fore omitted. With®; and ®.,, we denote the induced and = (4/8,)sir’(mq). The two modes are plotted in Fig. 7 for
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120
1004 300 -
80- v1 11+ ribbon state
s checkerboard state
3 ]
gn 60+ 3-junction cell <200t INTTEAL
= 1 ----- 4-junction cell = ot
> 404 & e
- [=)] XA 30
d ” - ~ N E TEREERE
204 4 5, N S 100} 1
) \ >
0 ' : . ' I . ' ' : w
0.0 0.5 1.0
frustration o L v
. . . . 0 0.1 0.2 03 0.4 05
FIG. 7. The two linear modes in a single row array with three f
junctions per cell(continuous ling and four junctions per cell
i <A > &,
(dashed ling B, =1. ok T x B
— | < = | ¢«
the caseB, =1. This dispersion relation differs from that ¥ <_'T‘> i 4 N _>\l> <—>
derived in Ref. 3 for the case of “square” Josephson ladders — ' <« <« Vs
[four instead of three small junctions per elementary cell, ;
Ribbonstate Checkerboardstate

Fig. 1(a@)] only by a constant factor. The horizontal junctions

play an essential role in the array dynamics, and lead to twWo fiG. 8. Calculated spectrum for the linear modes in the two-row
linear resonances in the dispersion relation. If, instead of thgrray and sketches of the ac mesh current distributicid1.5.
horizontal junction, simply a superconducting link is placed,

that is, the case of well-known 1D parallel array, owiye 4 6 4 4
linear mode exist$? wb— _5 +1 |+ | —+ —— —co§g 2 —sin29
i0i 2 2 2
Thus what should we expect when two rows of cells join BL Bo Bt Bt 2 Bt 2

together in a 2D array? In order to describe the spectrum of
linear modes in the two-row array, we use the time-

dependent Josephson phases of vertieg(t) and ¢; . 1;(1) These branches correspond tdtzbon state’ as the Joseph-

and horizontaly; ((t) junctions. Similar to the one row case, . ) ; -
Vii(0) | son junctions of the middle row are not activg,&0). The

we derive the set of equations by means of the Kirchhoff’ . . .
current law and the fluxoid quantization. Assuming a whirl—s!ower ribbon l:rr]anches dlspiays_ ar(q) depindegce Wr:j'C.h th
ing solution along the vertical junctions and oscillations with NCr€ases as theé wave Veclor increases. As observed in the

a small amplitude for the horizontal junctions, we obtain theSXperiments, the upper branch displays a different behavior

spectrum of linear modes from the system of seven Iinea\“”’[h respect to the lower bra_nches, @, INCreases as the
equations: wave vector decreaséalternatively, the voltage increases as

the frustration decreases

The other four solutions of the system of Eq%0) in-
volve oscillations of the junctions in the middle row and
therefore correspond to eheckerboardstate (at f=0.5).
These four branches are determined by the equation

(11)

— BLo?@i 1= @ir11(1+e ') =20 1= oj 1~ -1 €7'Y,
—BLo?@ir11= @i A(1+EN) =20 11+ Y1+ Pojva,

— BLo?@i o= @i 1AL+ = 20; o+ o1t P €71,

. (—wz-l-i)ﬂz(l—wz-l—i —2}
—BLw?@ir1.0= @i A1+ €N) =20 10— thoj1— P Bt BL
(10 9 q
EP I B ) PR N BSOS o |
IBL(_w2+1)‘/’1,i:(‘Pi,2eiq_(Pi+l,2_ ¢1,i)a . 2w BL ©')(1-eh)|=2(1-e?) 00522'

_ (12)
BL(— 0+ 1) ¢_1;=(¢i 189~ i 11— ¥_1)),

As in the ribbon case, the upper branch of the checker-
board state has a different dependence aith respect to
BLw? the lower checkerboard branches. All the linear modes cal-

culated for the double row array are plotted in Fig. 8. As one
By solving the system of Eq$10), we obtainseverbranches can see, the qualitative behavior of these linear modes is in a
in the w(q) dependence. Three branches are determined byood agreement with the experimental data reported in Fig.
the equation 6. Thus the linear approximation used for modeling the dy-

1 1-w?)(e9-1
( —w?+ 1+ E)(¢—l,i+ )= ¢0,i+1w-
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namic behavior of the frustrated arrays is sufficient to quanbe mapped to the spectrum of EWig. 8). Moreover, the
titatively explain the most essential features observed in thebserved peculiar resonanc®;{ appears at the small values

experiments. of frustration f, and its voltagedecreaseswith f. Two
branches with the similar behavior are also found in the spec-
IV. DISCUSSION AND CONCLUSIONS trum w(q) of EW’s (Fig. 8), one corresponding to the check-

) ) ) erboard and the other to the ribbon state. Unfortunately, mea-
In the previous section we derived the spectrwfm) of  gyrements ofi-V curves do not allow us to distinguish

EW’s for triangular Josephson ladders and for double row,enyeen these branches and, correspondingly, between the
arrays. In the Josephson ladder cgBgy. 1(b)], we obtain  rinhon and checkerboard states. A distinction can be, in prin-
two branchesy..(q) (Fig. 7). The excitation of the EWs that ¢iple done by detecting radiation from the array due to prop-
account for these branches leads to resonant steps In\the erly coupled ac voltage.

curves(Fig. 2. Although the current amplitude of the reso- |y conclusion, we have studied the dynamical states of
nant steps depends on the array parameters in a rather Cofangular arrays of Josephson junctions in the presence of a
plicated way, the voltage positionsf the steps can be magnetic field. As expected, the number of exhibited reso-
mapped to the spectrum of linear EW’s by making use of théyances increases with the number of degrees of freedom of
Eq. (1). Indeed, we obtain a good agreement between thgne system. We found that in one-row arrays there are two
magnetic-field(frustration f) dependence of the step volt- states, and that in two-row arrays three states are observed.
ageqFig. 2b)] and the calculated spectrum. (Fig. 7). The  The proposed analytical model allows us to obtain the spec-
dependence of the maximum voltages on the discreteneggm of linear modes, both for single and double row trian-
parameter3, shown in Fig. 4, displays also a good agree-gy|ar arrays. The voltage position of the observed resonances

ment with the theoretical prediction. Thus the I|m|t|ng Opera'is mapped to this Spectrum and good agreement between
tion voltage(i.e., frequencyfor each mode can be controlled experiments and theory is found.

by the geometrical inductance and/or by the critical current
density.

The calculated spectrum of EW'’s for the double row tri-
angular Josephson array contassvenbranches(Fig. 8). We thank Stanford Yukon and Giacomo Rotoli for valu-
Three of them correspond to the ribbon state, while the othable and stimulating discussions. We are grateful to Marcus
ers are due to the checkerboard state. However, the expe&chuster for his critical reading of the manuscript. Samples
mental data show that only three branches are excited in th@ere made in part at Research Center Jugli€h) and in
Josephson arrays and, correspondingly, only three respart at Hypres® The European Office of Aerospace Re-
nances appear in the current-voltage characteristics. The research and DevelopmefEOARD) and the Alexander von
son for this might be ascribed to internal instabilities of theHumboldt Stiftung are acknowledged for supporting this
states. The observed resonanggs S,, andS; (Fig. 6) can  work.
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