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Rotational and vibrational spectra of quantum rings
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Many-body spectra of quantum rings confining a few electrons are determined by exact diagonalization
techniques. Surprisingly, a model of localized electrons accurately describes such systems at rather high
electron densities. Group-theoretical methods provide the necessary tools to uncover rotational and vibrational
structures in the spectra.
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One can confine the two-dimensional electron gas
semiconductor heterostructures electrostatically or by e
ing techniques such that a small electron island is form
These man-made ‘‘artificial atoms’’ provide the experime
tal realization of a text-book example of many-particle ph
ics: a finite number of quantum particles in a trap. Mu
effort was spent on making such ‘‘quantum dots’’ smal
and going from the mesoscopic to the quantum regime1,2

Far-reaching analogies to the physics of atoms, nucle
metal clusters were obvious from the very beginning. T
concepts of shell structure and Hund’s rules were found1 to
apply — just as in real atoms. In this paper, we report
discovery that electrons confined in ring-shaped quan
dots form rather rigid molecules with antiferromagnetic o
der in the ground state. This can be seen best from an an
sis of the rotational and vibrational excitations.

While the independent-particle picture was successfu
describing the electronic structure for rather large part
densities, for more dilute systems or in stronger magn
fields correlation effects are of crucial importanc
Configuration-interaction~CI! calculations, which have a
long tradition in quantum chemistry and cluster physi
were then much used.3 Although these so-called ‘‘exact’
calculations are numerically demanding and limited to
smallest sizes, they still are able to provide significant insi
into the many-body phenomena that occur in these finite
mion systems with reduced dimensionality. In this paper
apply CI techniques to investigate the electronic structure
quantum ringsthat contain up to seven electrons. Usually t
confinement of small, two-dimensional quantum dots is t
very good approximation harmonic. Correspondingly,
model quantum rings as they are realized in the laborato4,5

by a potential of the formV(r )5 1
2 m* v0

2(r 2r 0)2. For mod-
erate confinement this potential corresponds to an harm
dot with its center removed. Ground and excited states oN
electrons trapped in the potentialV(r ) are determined from
numerical diagonalization as a function of the total angu
momentum. Surprisingly, at electron densities and stren
of the ring confinement where one should expect elect
liquid behavior, a model that assumeslocalization of the
electrons in the ring is successful in analyzing the ma
body spectra. Group-theoretical methods familiar from m
lecular physics provide the necessary tools to uncover r
tional and vibrational structures in the spectra. The s
sequence and energies of the low-lying states for given
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gular momentum can be understood from the symmetry
sociated with the electronic ground-state configuration. I
intriguing that the success of the simple rigid-rotor model
the low-lying states isnot limited to a regime where the
system becomes one-dimensional. The fact that the elect
behave as if they were localized in the ring is reflected i
remarkable agreement of the CI results with the Heisenb
model. Localization at large electron densities has ear
been discussed in parabolic quantum dots, where the in
pretation is not yet conclusive.6

We write for the Hamiltonian

H5(
i 51

N F2
\2

2m*
¹ i

21V~r i !G1(
i , j

N
e2

4p«0«

1

ur i2r j u
, ~1!

where m* and « are the effective mass and the dielect
constant of the corresponding semiconductor material.
parameters that determine the properties of the quantum
are the number of electronsN, the radius of the ringr 0 and
the strengthv0 of the harmonic confinement in the radi
direction. The quantitiesr 0 and v0 can be related to the
approximate values for the conventional parameters that
scribe the infinite system: the one-dimensional density
rameterr s describes the particle densityn51/(2r s) along the
ring ~thus r 05Nrs /p). The parameterCF is dimensionless
and measures the degree of one-dimensionality.CF essen-
tially describes the excitation energy of the next radial mo
\v0, which is defined to beCF times the one-dimensiona
~1D! Fermi energy. We thus obtain \v0

5CF\2p2/(32m* r s
2). The higher the value ofCF , the more

the radial modes are frozen in their ground states. Thus,
ring is narrower for largerCF . For the CI calculation, the
spatial single-particle states of the Fock space are chose
be eigenstates of the single-particle part of the Hamilton
H. We expand them in the harmonic oscillator basis. Acco
ing to their eigenenergies, from 30 to about 50 lowest sing
particle states are selected to span the Fock space. Typi
this means that for lower angular momentum states sev
radial quantum numbersn50,1,2,3 are included, wherea
the higher angular momentum statesl 566, . . . ,610 have
only n50. To set up the Fock states for diagonalization,
sample over the full space with a fixed number of spin-do
and spin-up electrons,N↓1N↑5N. From this sampling, only
those states with a given total orbital angular momentum
a configuration energy~corresponding to the sum of occu
©2001 The American Physical Society23-1
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FIG. 1. ~Color! Density along the radial direc
tion for N56 and different parametersr s and
CF . The confinement is moderate forr s52 and
CF54 ~green!. The degree of one-dimensionalit
is enhanced forCF510 ~red!. The low-density
regime is displayed forr s56 andCF525 ~blue!.
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pied single-particle energies! less than the specified cuto
energyec are selected. The purpose was to choose only
most important Fock states from the full basis and her
reducing the matrix dimension to a sized&23105. To ob-
tain all the eigenstates with different total spin, we have
setN↓5N↑5N/2 for even particle numbers (Sz50, all states
with different total spin have this component!, and analo-
gously N↓5N↑61 for odd numbers. Once the active Fo
states have been specified, the Hamiltonian matrix is ca
lated. For diagonalization we use the Arpack library9 suitable
for large, sparse matrices. Finally, the total spin of each
genvector is determined by calculating the expectation va
of theŜ2 operator. The many-particle states are character
by the total orbital angular momentumM and the total spin
S. The lowest energy at given angular momentumM defines
the so-called ‘‘yrast’’ line, a terminology that was introduce
in nuclear physics many years ago.

To begin with, let us look at the energy spectra of a ri
with six electrons at a density corresponding tor s52aB* .
~Throughout this paper, we use effective atomic units. T
ing GaAs as an example, the units of length and energy
aB* 59.8 nm and a.u.* 512 meV.! For CF54, the strength of
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the ring confinement is moderate, as can be seen from
density distribution displayed in Fig. 1. The system para
etersN, r s , andCF in this case are chosen such that the rin
resemble quite closely structures as they can nowaday
made in the laboratory. For the six-electron ring, Fig.
shows the 50 lowest states for all angular momenta fr
M50 up toM56. The spin configurations are given for th
low-lying states. The ground state forM50 has spinS50
and is followed by a state withS52, thenS51 and, close in
energy, anotherS50 state. A large energy gap separat
these low-lying states from higher bands with a much
creased density of states. We note that the sequence of
of the states below the gap forM50 is repeatedat M56.
~The energy difference between the twoS50 states atM
56 is slightly reduced, as in a not-very-narrow ring rotati
expands the ring.! Inspecting the grouping of the states b
low the gap for each of the differentM values more closely,
we see that in a similar way, the states forM51 follow the
same sequence as those forM55, and theM52 spectrum is
repeated atM54. These sequences of states clearly rev
the spectrum of a dynamical system that can be describe
least approximately, in terms of independent rotation, vib
-

st
FIG. 2. ~Color! Many-body spectra of a quan
tum ring with N56 electrons (r s52aB* and CF

54). The energy difference between the yra
states forM50 and M56 is 0.143 a.u.* . The
spin S is given for the low-lying states~as also
indicated by different colors of the levels!.
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FIG. 3. ~Color! Spectra of a narrow low-
density quantum ring with six electrons (r s56
and CF525), showing the seven lowest vibra
tional bands. For the vibrational ground state w
show theM50 levels in an magnified scale t
demonstrate that the energy ratios are the sam
in the much wider rings shown in Figs. 2 and 4
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tion and intrinsic spin degrees of freedom. This becom
particularly clear when repeating the above calculation fo
much lower particle density in a more narrow ring. We sh
in Fig. 3 the six-particle spectra forr s56aB* and CF525.
~The particle density for these parameters is displayed in
1.! The spectra now indeed consist of narrow bands. T
lowest band is the vibrational ground state and consists
the rotational levels. The different spin levels become alm
degenerate, as localization has reached a degree where
spin interactions become less important. Nevertheless,
sequence of spins and their relative energetic order is sim
to the higher density results shown in Fig. 1, as a plot of
low-lying levels at an enlarged energy scale forM50 dem-
onstrates.

We now show that the above spectra can be understoo
terms of the standard effective Hamiltonian employed in
interpretation of the rotational and vibrational spectra of p
nar, polygonal molecules composed ofN identical spin 1/2
fermionic atoms.7 The standard description is very slight
modified in order to enforce the planarity and the on
dimensionality of the molecule considered here:

He f f5
\2M2

2I
1(

a
\vana1J(

i , j

N

Si•Sj , ~2!

where I is the rigid moment of inertia of theN ‘‘atoms’’
located at theN vertices of an equilateral polygon,va are the
vibrational frequencies, andna (50,1,2, . . . ) thenumber of
excitation quanta of the different normal modes of vib
tions; for oddN there are1

2 (N21) twofold degenerate nor
mal modes, while for evenN there are1

2 N21 twofold de-
generate and one nondegenerate modes. The last term i
~2! describes the nearest-neighbor spin-spin interaction
is a result of the exchange term in the interaction of
neighboring fermions~antiferromagnetic Heisenberg mode!.
In the expression~2! we have ignored the contribution of
possible spin-orbit term.

For theN56 molecule discussed in Figs. 2 and 3, theC6v
symmetry classification of the normal modes is~in order of
20532
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increasing vibrational frequency! E1 ~twofold degenerate!,
E2 ~twofold degenerate!, andB1 ~nondegenerate!.8 The rota-
tional states carry symmetry forM[0 (A1 or A2), M[1 or
5 (E1), M[2 or 4 (E2), M[3 (B1 or B2), where the
congruent sign in all these terms refers to congruent~mod 6!,

FIG. 4. ~Color! Low-lying ~rotational! spectra of quantum rings
with N55, 6, and 7 electrons: Comparison between the Heisenb
model ~left columns in each of the spectra for given M! and exact
diagonalization~right!. The spins of the levels are marked by di
ferent colors.
3-3
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and the total wave function must haveC6v symmetryB2 in
order to fulfill the requirement of antisymmetry between
the electrons. Thus the spin multiplets occurring for the lo
est states at each value of the angular momentumM are
determined by the condition that the product of spin a
orbital C6v representations must yield theB2 representation
for the total wave function. As we learned from the abo
analysis, the lowest band is of rotational nature, while
bands above the energy gap represent vibration in additio
rotation. The three vibrational modes of such a system h
energy ratiosv1 :v2 :v351:A7/3:A3, in excellent agree-
ment with the three lowest excitations forM50 shown in
Fig. 3. The three highest states have then energies 2v1 , v1
1v2, andv11v3. Figure 4 quantitatively compares the sp
dependent part ofHeff, Eq. ~2!, ~i.e. The Heisenberg mode!
to the rotational band of the CI spectra described above.@In
the latter case the center-of-mass motion associated to
orbital angular momentum (M2-term! is subtracted from

FIG. 5. ~Color! Schematic view of the spin configurations in
six-electron ring for different values ofS.
L.

dy
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each level. The moment of inertia is determined to make
lowest-energy eigenvalue corresponding toM5N equal to
that of M50. The resulting values ofI are very close toI
5Nmr0

2 obtained for strictly localized electrons. The scale
the Heisenberg result is determined to get the same b
width as in the CI case.# Figure 4 displays for electron num
bersN55,6, and 7 atr s52aB* andCF510 the spectra of the
states below the first gap that~as analyzed above! all are of
rotational nature. ForN57, corresponding to the larger pa
ticle number, there are now more states as we have m
possibilities for the different spin configurations. The abo
comparison shows that indeed the electrons in a ring can
rather accurately described as localized electrons:The whole
rotational spectrum close to the yrast line can be determin
by a spin model combined with a rigid center-of-mass ro
tion. It should be noted that the results shown in Fig. 4 a
calculated for a ring with a finite width. On making the rin
narrower, the remaining small disagreement between
Heisenberg model and exact calculation vanishes.

We finally mention that the pair correlation function do
indicate antiferromagnetic coupling of the electrons in t
ground state.~See configuration schematically shown in t
top left corner of Fig. 5.! However, the correlation is not a
clear as expected from the rotational structure in the ene
spectrum. In the limit of an infinitely long one-dimension
Heisenberg model the spin-spin correlation decreases
1/r i j . Consequently, even in the more narrow rings, wh
the rotational and vibrational spectra show a clear locali
tion of electrons, the pair correlation function shows on
rather weak spin-spin correlation.10,11

In conclusion, we reported rotational and vibration
many-body spectra of quantum rings confining up to se
electrons. We saw that surprisingly, localization occurs
the internal structure of the ground-state many-body w
function. For even electron numbers, antiferromagnetic
dering was found for the ground state. Such so-called s
density waves in quantum rings actually were predicted
density-functional theory.12 The many-body spectra of th
reported exact diagonalization calculations, their analysis
group-theoretical methods and further the comparison to
Heisenberg model confirm that indeed the simple mean-fi
picture~as it is provided by density-functional theory! can to
a rather large degree correctly map out theinternal symme-
try of the many-body wave function.

Note added.We have also recently learned about relat
work by Borrmannet al.13 confirming our observation.
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