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Number of Raman- and infrared-active vibrations in single-walled carbon nanotubes
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By analyzing the point groups of the~nonsymmorphic! rod-groups of carbon nanotubes we show, for the
first time, to the best of our knowledge, that all achiral carbon nanotubes possess only 8 Raman-active and 3
infrared-active phonon modes. This is in contrast to previously predicted 15–16 and 7-8 active modes, respec-
tively. On the same ground we show that all chiral carbon nanotubes have 14~instead of 15! Raman-active and
6 ~instead of 9! infrared-active phonon modes.
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Since their discovery in 1991~Ref. 1! carbon nanotubes
have attracted enormous attention of both experimenta
and theoreticians for their properties~see, e.g., Refs. 2,3 an
references therein!. The classification of carbon nanotub
symmetries is an essential stage in predicting their phys
properties, among which are active infrared~IR! and Raman
vibrations~see Ref. 4 and references therein!. For example,
there are 15–16 Raman-active phonon modes predicted
infinitely long armchair carbon nanotubes,4 with frequencies
up to about 1600 cm21. Of them 7 modes are intense~in the
low and high frequency zones!, while the rest~in the inter-
mediate frequency zone! have no intensity for infinite
nanotubes,5 but do have some intensity for finite nanotube6

Such predictions have clear fingerprints in Raman scatte
experiments from carbon nanotube ropes.7,8

So far, the determination of optically active phono
modes in achiral carbon nanotubes has been performed
symmorphic rod groups.4,9,10 In order to account for the in
version symmetry operation, unit cells possessing the po
groupsDnh or Dnd for even or oddn, respectively, were
chosen for the (n,0)-zigzag and (n,n)-armchair carbon
nanotubes. However, achiral carbon nanotubes possess i
dition a screw-axis of order 2n andn glide planes.11 Due to
these operations the symmetry of achiral carbon nanotub
described by nonsymmorphic rod-groups, as elucidated
cently by Damnjanovic´ et al.11 Dynamically speaking, the
lower symmetry employed in Refs. 4, 9, and 10 implies t
an additional degree of freedom is, in fact, introduced
choosing therelative position of the two carbon atoms com
prising the hexagonal cell. The higher symmetry identified
Ref. 11 fixes the position of all carbon atoms within t
nanotubes if the position of only one atom is chosen. As w
be shown below, this has a dramatic effect on vibratio
spectra in achiral carbon nanotubes, namely, reducing
number of optically active phonon modes. Especially, it
shown that armchair carbon nanotubes possess on
Raman-active vibrations, which corroborates the recent
perimental data.7,8

Consider the achiral carbon nanotubes possessing th
tation axis of order n, that is the (n,0)-zigzag or
(n,n)-armchair carbon nanotubes. The nonsymmorphic r
group describing achiral carbon nanotubes witheitherodd or
even indexn can be decomposed in the following manne

G@n#5LTz
3@Dnhuz50% ~Dnduz5Tz/4

*Cnv! % Cnv3S2n#,
~1!
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where the reference pointz50 denotes the crossing of hor
zontal,sh , and vertical,sv , reflection planes~see Fig. 1!.
LTz

is the one-dimensional~1D! translation group withTz

5uTzu. The screw axisS2n is an operation which involves th
lattice smallest nonprimitive translation~and rotation!, S2n
5(z→z1Tz/2,w→w1p/n). The subtraction of the poin
group Cnv in Eq. ~1! reflects the set relation between th
point groups Dnhuz50 and Dnduz5zTz0/4 ,

Dnhuz50ùDnduz5Tz/4
5Cnv , for all n’s. A glide planeg is

also presented in Fig. 1. It fulfills the multiplication relatio
g5S2nsv. Note thatg contains a nonprimitive translation o
lengthTz/2. The existence ofn distinct glide planes inG@n#
stems from the last term in Eq.~1!.

The point group of the rod group,G0@n#, is obtained by
setting all translations~including the nonprimitive ones! in
G@n# equal to zero. From Eq.~1! we obtain

G0@n#5Dnhuz50% ~Dnduz50*Cnv! % ~Cnv3C2n!5D2nh ,
~2!

whereC2n[(w→w1p/n) is the rotation embedded inS2n .

FIG. 1. 2D projection of various symmetries in achiral carb
nanotubes~without loss of generality, a zigzag carbon nanotu
segment is presented!: Tz is the primitive translation;S2n is the
screw axis with nonprimitive translation and rotation, denoted
Tz/2 and Cn/2, respectively;g is a glide plane;Dnhuz50 and
Dnduz5Tz/4

stand for the corresponding point-group operatio
among whichsh , sv , and Cn are denoted. Note theTz/4 shift
betweenDnhuz50 andDnduz5Tz/4

, that coexist in all achiral carbon
nanotubes.
©2001 The American Physical Society03-1
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Aiming at characterizing the symmetry of phonons at
G(k50)-point, we would like to discuss the irreducible re
resentations~IRREPS! of G@n# at G. As known from the
theory of space groups,12 these IRREPS are in a one-to-on
correspondence with the IRREPS of the factor group of
wave vectork50, which is isomorfic toG0@n#5D2nh . Re-
call that the character table ofD2nh possesses 2n16
IRREPS,13

Next, we would like to determine the symmetries of t
6N phonon modes at theG point and how many modes ar
Raman or IR active.N is the number of hexagons within
unit cell ~there are 2 carbon atoms per each hexagon!. Recall
that for achiral nanotubesN52n. At this point we have to
differentiate between (n,0)-zigzag and (n,n) armchair car-
bon nanotubes, due to the differences in atom arrangem
inside their unit cells.

The 6N phonon modes transform according to the follo
ing IRREPS for zigzag and armchair carbon nanotubes:

~3!

G6N
arm5Ga

arm
^ Gv52A1g% 2A2g% B1g% B2g% A1u% A2u

% 2B1u% 2B2u% 2E1g% 4E2g% 2E3g% 4E4g% . . .

% ~31~21!n21!E(n21)g% 4E1u% 2E2u% 4E3u

% 2E4u% . . . % ~32~21!n21!E(n21)u , ~4!

where

~5!

and

~6!

stand for the reducible representations of the carbon-a
positions inside the unit cells.14 Gv5A2u% E1u is the vector
representation. Of these modes, the ones that transform
cording toG t5A1g% E1g% E2g ~the tensor representation! or
Gv are Raman or IR active, respectively. Out of the 6N pho-
non modes, four~which transform asGv andGRz

5A2g) have
vanishing frequencies.15 Consequently, the symmetries an
number of optically active phonon modes in zigzag carb
nanotubes are given by
20140
e
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GRaman
zig 52A1g% 3E1g% 3E2g⇒nRaman

zig 58, ~7!

G IR
zig5A2u% 2E1u⇒nIR

zig53 ~8!

and in armchair carbon nanotubes:

GRaman
arm 52A1g% 2E1g% 4E2g⇒nRaman

arm 58, ~9!

G IR
arm53E1u⇒nIR

arm53. ~10!

Thus, the number of Raman- and IR-active phonon mode
fixed for all zigzag and armchair carbon nanotubes, as p
viously predicted by Dresselhaus and co-workers using
subgrouppoint groupsDnh ,Dnd#D2nh .4,9,10 However, due
to the higher rod-group and factor group symmetries th
are much fewer active modes: 8~Raman! and 3~IR!, instead
of 15–16 and 7-8, respectively.4,9,10

It is instructive to trace the origin of the above findings
the restriction of IRREPS from high down to lower symme
try. Let us analyze the single-walled achiral carbon na
tubes with even indexn ~similar analysis can be carried ou
for oddn’s!. The restriction ofG6N

zig andG6N
arm from the point

group D2nh to its subgroupDnh doubles the number of 1D
IRREPS, on the expense of the 6 2D IRREPS of the ty
E(n/2)g andE(n/2)u . Nevertheless, the number of 1D IRREP
corresponding tooptically-activemodes is not affected~for
n.4) by the above splitting. Rather, the 1D IRREPSB1g
and B2u of D2nh transform, upon restriction, as the 1D IR
REPSA1g ~Raman active! and A2u ~IR active! in Dnh , re-
spectively. Consequently, the frequencies ofA1g andA2u are
doubled. Finally, the frequencies of theremaining 2D IR-
REPS, among them areE1g , E2g ~Raman-active!, andE2u
~IR active!, are also doubled, since the 2D IRREPSE(n2 j )g
andE(n2 j )u ( j 51, . . . ,n/221) in D2nh transform, upon re-
striction, asEjg and Eju in Dnh . This correlation analysis
~between IRREPS of a group and its subgroup! gives the
factor of about 1/2 between the number of optically act
vibrations found by the present higher-symmetry analy
and the corresponding number found in Refs. 4, 9, and 1

Our findings corroborate the recent experimental data~see
Refs. 7 and 8! and theoretical predictions of Raman-line i
tensities~Refs. 5 and 6!, where only 7 intense lines wer
identified for armchair nanotubes. For this, examine
atomic displacements of the 7 intense Raman-active mo
of the ~10,10!-armchair carbon nanotube~see Fig. 2 in Ref.
7, or Fig. 10.6 in Ref. 4!. This reveals that they transform
according to G t , not only with respect to the lower
symmetry D10h point group, but also with respect to th
higher-symmetryD20h factor group. In other words, these
out of 16 modes~frequencies! are among the 8 modes whic
we predict to be Raman active, on the basis of the hig
nonsymmorphic rod-group symmetry identified in armch
carbon nanotubes. A completeD2nh-symmetry-based analy
sis of a force-constant model for phonon modes in ach
carbon nanotubes5 will be given elsewhere.

Next, we would like to discuss the number of Raman- a
IR-active vibrations in chiral carbon nanotubes. So far,
determination of optically active phonon modes in chiral c
bon nanotubes has been performed with commutative n
symmorphic rod-groups.4,10,16 The point group of the rod-
group of the (n,m)-chiral carbon nanotube has been sho
3-2
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to be CN , whereN ~the number of hexagons within a un
cell! is a function ofn andm.4,10,16. Recently, chiral carbon
nanotubes were shown to possess in addition perpendic
C2 axes.11 The existence of these ‘‘overlooked’’ symmetr
operations constitutes the geometrical proof that chiral c
bon nanotubes possess the structure of noncommutative
symmorphic rod groups.11 Consequently, the point group o
the rod-group for the (n,m)-chiral carbon nanotube isDN .
As will be presented below, this higher symmetry (CN#DN)
leads to the reduction of the number of optically-active ph
non modes in chiral carbon nanotubes.

Analogously to the treatment given above for achiral c
bon nanotubes, we would like to discuss the IRREPS of
factor group of the wave vectork50, beingDN for chiral
carbon nanotubes. Recall that the character table ofDN pos-
sessesN/213 (N is always even for carbon nanotube!
IRREPS,13

The 6N phonon modes transform according to the followi
reducible representation:

~11!

where

~12!

stands for the reducible representation of the carbon-a
positions inside the unit cell.Gv5A2% E1 is the vector rep-
resentation. Of these modes, the ones that transform acc
ing to G t5A1% E1% E2 and/orGv are Raman and/or IR ac
20140
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tive, respectively. Four of the 6N phonon modes, thos
which transform as Gv and GRz

5A2 have vanishing
frequencies.15 Consequently, the symmetries and number
optically-active phonon modes are given by

GRaman
ch 53A1% 5E1% 6E2⇒nRaman

ch 514, ~13!

G IR
ch5A2% 5E1⇒nIR

ch56. ~14!

Thus, the number of Raman- and IR-active phonon mode
independent of the chiral nanotube indices, (n,m), as previ-
ously predicted by Jishiet al. using the subgroup factor
groupCN#DN .16 However, due to the higher rod-group an
factor-group symmetries, fewer modes are active: 14~Ra-
man! and 6~IR!, instead of 15 and 9, respectively.16

In conclusion, by utilizing the higher-symmetry facto
group D2nh for the symmetry analysis of phonon modes
achiral carbon nanotubes we find that the number of Ram
and IR-active vibrations is about half from what was pre
ously predicted: 8~Raman! and 3 ~IR!, rather than 15–16
and 7-8, respectively. This result corroborates the recent
perimental results and theoretical predictions of Raman-
intensities for armchair carbon nanotubes. Our findings a
allow for the reverse conclusion that vanishing intensities
those vibrational modes previously predicted to be ac
might indicate that the higher nonsymmorphic symmetry
~well! realized in experimental samples of single-walled c
bon nanotubes. Finally, by applying the factor groupDN for
the analysis of optically active vibrations in chiral carb
nanotubes we find that fewer modes are active: 14~Raman!
and 6~IR!, instead of 15 and 9, respectively.
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11M. Damnjanović, I. Milošević, T. Vuković, and R. Sredanovic´,

Phys. Rev. B60, 2728~1999!.
12J. F. Cornwell,Group Theory and Electronic Energy Bands in

Solids~North-Holland, Amsterdam, 1969!.
13D. C. Harris and M. D. Bertolucci,Symmetry and Spectroscopy:

an Introduction to Vibrational and Electronic Spectroscopy
~Dover, New York, 1989!.

14The reducible representations in Eqs.~3!–~6! are given for odd
n’s. For evenn’s, one should interchangeB2g↔B1g , B1u↔B2u

in Eqs.~3! and~5! andB1u↔B1g , B2u↔B2g in Eqs.~4! and~6!.
Such differences would have no fingerprints in the number of
active modes, since these 4 IRREPS correspond to optically in-
active vibrations~for n.2).

15C. Y. Liang and S. Krimm, J. Chem. Phys.25, 543 ~1956!.
16R. A. Jishi, M. S. Dresselhaus, and G. Dresselhaus, Phys. Rev. B

47, 16 671~1993!.
3-3


