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Optical absorption spectra of bipolarons
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The absorption of large bipolarons is investigated using the path-integral method. The response of a bipo-
laron to an external electromagnetic field is derived in the framework of the memory-function approach. The
bipolaron optical absorption spectrum consists of a series of relatively narrow peaks. The peculiarities of the
bipolaron optical absorption as a function of the frequency of the electromagnetic field may be attributed to the
transitions involving relaxed excited states and scattering states of a bipolaron.

DOI: 10.1103/PhysRevB.63.184307 PACS nuni®er63.20.Kr, 71.38-k, 71.38.Mx

I. INTRODUCTION Il. APPROACH

We investigate here the optical properties of a bipolaron
The optical and kinetic properties of polar and ionic solidsusing the path-integral memory-function technique, devel-
are substantially influenced by the polaron coupling. Largeoped in Refs. 17,18see also Ref. 16 The path-integral
polarons have been most clearly manifested by investigationgariational principle gives excellent results for the free en-
of the transport phenomena in a magnetic fiedde the re- ergy of the electron-phonon systettsee, e.g., Refs. 19,20
cent review on polaroris He.nce', these models adequately describe the physical prop-
When two electrongor two holes interact with each e_rt|es(|nclud|ng the_ energy speciraf the polaron and of the
other simultaneously through the Coulomb force and vidliPolaron, respectively. _ . _
the electron-phonon interaction, either two independent '!'he Har_mltonlan of two electrons, interacting with Io_ngl—
polarons can occur or a bound state of two polarons—tudlnal opt|cal(_LO_) phono_ns and between each other in an
the bipolaron—can aris¢see Refs. 2—7 on large bipola- external electric fieldE(t), is
rons and a comprehensive revfewoncerning small bipo-
larong. Whether bipolarons are stable or not, depends p?
on the competition between the repulsive forcéhe A= [—J+erj(t)-E(t)
Coulomb interaction and the attractive force¢mediated i=12[2m
through the electron-phonon interactiorVerbist et al>®
analyzed the large bipolaron using the Feynman path- +2 fioo
integral formalisn™''° They introduced a “phase diagram” a
for the. pplaron—bipolaron syste'm on the basis of a +Vr ége—iq-rj) 1)
generalization of Feynman’'s trial action and showed
that the Pekar-Fidich coupling constant as high as
6.8 is needed in three dimensiof@D) to allow for bipo-  With the interaction amplitudé$
laron formation. Furthermore, in Refs. 5,6 it was shown
that the large bipolaron formation is facilitated in 2D as 5 22 12 4 s
compared to 3D. Experimental evidence for bipolarons, V.= f"LO( ”O‘) ( ) )
e.g., from the data on magnetization and electric conduct- 4 g \4 Mw o
ivity in Ti,O;, as well as in NgsV,0O5 and polyacetylene,
was discussed by Mott.
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) . . wherea is the electron-phonon coupling constamtjs the
In the frzirg];a;/vork of the renewed interest in bipo- gjaciron band mas¥, is the volume of the crystak,, is the
laron theory?=>"8a preliminary analysis of the absorption high-frequency dielectric constant, and,o is the LO-
of large bipolarons without a magnetic field was giv¥én. phonon frequency.
A variational treatment of both spin-singlet and spin-' e consider the equation of motion for the vector func-

triplet states of large bipolaronéin 2D) and for suffi-  tion R(t) which has the sense of the average coordinate re-
ciently strong coupling in high magnetic fields has beensponse per one electron

presented in Ref. 13. In Ref. 14, the path-integral ap-

proach for a bipolaroh was generalized to the case

of a bipolaron in a magnetic field for all values of the _

Pekar-Frtilich coupling constant and for all magnetic R(t)=§<j21‘2ri(t)> ' ®)
field strengths. It was demonstratédthat the magnetic s

field favors bipolaron formation. The first investigations

of the optical absorption spectrum of large bipolarons in aHere, the symbol of averaging denotes the path-integral av-
magnetic field were performed in Refs. 15,16. erage over trajectories of the electrqsse Ref. 21
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f Dr(t) f Dr/(1)F[r(t),r' (t)]exp{(ilA)S[r(t),r' (1)1}

(FLr(t),r' (t)])s= [r=(ry,ry)] (4)

J Dr(t) f Dr'(t)exp(i/#)S[r(t),r (1)1}

with the action functional ,
pg= > € ®)
=12

S[r(t),r' (0]=Sr(t)]1=SLr' (O ]—iAP[r(t),r' (1],

(5) and the phonon Green'’s function

iwt —iwt

Where_Se[rl(t),rz(t)] is the a_ction of two interacting elec- T, ()= € + € , Ei, 9
trons in an external electric field, 1-e Pe ebo—1 kgT

. mr2(t) whereT is the temperature.

Sdr(t)]= [ > L —er;(t)-E(t) We have calculated the optical absorption coefficient for a
—» (512l 2 bipolaron in the memory-function approaénh'®
2 41 nge? o IMT(w)
~ oo db (6) I(w)=———

£x|r1(t) —15(1)] N M [w2-ReT(w)2+[IMT(w)]?’
and ®[r(t),r'(t)] is the “influence phase” of the phonon (10
subsystertf wherec is the velocity of light,n is the refractive index of

the crystal,ng is the electron density. The memory function
T(w) has the forr®

| q| q
T(w)=2, (e“t-1)
X[T5 (=t )p—q(t') q j

—qu(t—t')p'_q(t’)]. (7) X|m[TZ)LO(t)<Pq(t)P—q(0)>so]dt- (11)

P |V |2 * t ’ '
PLr(H.r'(H]=-2 ﬁ_qumdtfxd‘ [pg(D)=pg(D)]

This influence phase describes both a retarded interactidh 'S expressed in terms of the two-pc_)lnt correlation function

between different electrons and a retarded self-interaction di°a(t)P-q(0))s, of the electron density operators. The cor-

each electron due to the elimination of the phonon coordirelation function is calculated as the path-integral average
nates. It contains the Fourier components of the electron defisee  Eg. (4)] with the model action functional

sity operator Sol T (1), re(t),r' (1),r{(1)] :

f DI () f DI (1) f DrL(1) f DI7(1)F ex{(i/4) SolT(0, 1 (0,7 ()T T}

(F)s,= (12)

f DI () f DI (1) f Dr1(1) f DI (8 expl (/) SolT(0).T7 (D). (1, TH (D) T}

The model system consists of two electrons harmonicallwith the Lagrangian
interacting with two fictitious particles and between each

other. The model action functiongh[r (t),r¢(t),r'(t),r/(t)] o mra(t)  Mr2(t)
has the form Lo(r,re,r,r)= >, 12 21
=12
SolF (1), 1¢(1),r"(1),r{(D)] k K’

_Ej;z(rj_rfj)z_?[(rl_rfz)z
o B G R R |

+(ry—r )2]+5(r —ry)? (14)
(13) 2 f1 2 1 2)
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whereM is the mass of a fictitious particl&, k', andK are 02— 2 02— 2 2— (2
the elastic constants. The oscillator potentials in the Lagrang-s,=———,  s,= 22 > 53=+32.
ian (14) imitate the electron-phonon interaction and the Q7 0,(Q35—-Q3) Q3(Q5-Q3)

electron-electron Coulomb repulsion. In Refs. 5,6, the afore- (20)

said model has been first introduced in order to calculate th¢pe functionsf (w) andg,(w) are given by the expressions
bipolaron ground-state energy by the Jensen-Feynman varia- " "

tional method”*° The variational functional of Refs. 5,6 for |12
the bipolaron free energy contains four variational param- fo(w)=(—1)" T e AYBE(—w)
eters:M, k, k', andK. It is convenient to use instead of them B
four other independent paramete(i$three eigenfrequencies r |
of the internal bipolaron motiof; (i=1,2,3) (see Ref. § _ (n+ 5) = 1E—n _ Ao 21)
7TAn+1/ZBl 1 2 ! B/’
+M
O,= -~y (k+k"), (15 i1/ e
) Oh(w)= Bn+3/2e O (w), (22
1 M 2K M-—m
2 _ ’ ’
Qz,rg[m“‘“‘ )~ ﬁi[(wuﬁk )— ﬁ) with the parameters
) a? b2 Qi— V2

4 1/2
+ —(k—k’)? 16 =+ — =—
L )} ] (16) A le+Qz+Qs' n=—g

1
Qg—vz VZ—Q§ V2

112 a= > b= >—— B=—. (23
(17) 05-035 05-05 01

and (ii) the frequency

k+k'

U= M

The optical conductivity for a 2D bipolaron is related to
that for a 3D bipolaron, which is given by the formulds)
and(19), by the scaling relatioisee Ref. }:

which is analogous to the Feynman parameteiin the
single-polaron problen? It is seen from Eqs(15)—(17), that
the inequalityQ);=Q,=v = is fulfilled for the variational

frequency parameters. By the variational procedure of Ref. 6, 37

the optimal values of those variational parameters are found Re(fzo(w,a):Reﬂso( w, gl (24)
for the physical system of two electrons interacting with the

phonon field and between each other. It follows from Eqgs.(18) and (19) that the eigenfrequen-

In the zero-temperature limit=0, we have derived from  ¢jes(), and(, appear in the optical absorption spectra only
Eq. (12) the analytical expressions for the real and imaginaryi, sych combinationskQ,+1Q3) that (k+1) is an even

parts of the memory function for a bipolaron in three dimen-jnteger. This selection rule is determined by the symmetry of

sions: these eigenmodda schematic picture of the internal motion
e " of the bipolarqn model system see, e.g., in Rej. I&e only
ReT(w)= 4\/501 E E E [1+(-1) ]s”sks' normal coordinates of eigenmodes with the frequen€lgs
3 =EhiENSS n'k!l! 1923 and Q; (let us denote these coordinates as vec@ysand

Q3) are antisymmetric with respect to the permutation of
X[frikri(@0—=1=nQ1—kQ,—1Q3) electronsr ;=r,. Both the exact and model Lagrangians are
L B B symmetric with respect to this permutation. As a result of
Fnr (- o=17n0; —kQ,=10,) this symmetry, we obtain the selection rule
—2f k(=100 —kQ,—1Q3)], (18

I1 HZ[Q;“kka;“éi(tm ~0,

4\/§a o o0 o0 [1+(_1)k+|] i=12,... k=x,y
ImT(w)=——3 > > > e ssks) %
=0 K=0 <0 ki when
X[On+kri(@=1-n0; —kQ,—1Q3)
Ok (—0—1-n0;—kQ,—1Q5)]. (19 Z (5 (M Mia) = 0dld 29

From here on, we use the system of units whigrel, m Hence, only the combinations TI(_;, Ilx_xy,
=1, w p=1. The factorss; (i=1,2,3) in Egs.(18),(19 My Miirsr .

have the sense of oscillator strengths corresponding to tt{eQZK (ti)Q3k (tH D) , with ) an even numbgr n
eigenmodes of the internal motion of a bipolaron. The afore=ZiZk=xy,2(Mki+M;) can give a nonzero contribution into
said factors are expressed through variational frequency pabe averag&pq(t)p—q(0))s, of Eqg. (11). The operator of an
rameters of the bipolaron model functiordb)—(17), oscillator coordinateQ; describes quantum transitions be-
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tween energy levels of the corresponding oscillator with the 400 "
frequency(); (j=1,2,3). Consequently, the aforesaid com- I ®— . a
binations of coordinates provide the transitions, which 2001
change the energy of the model system by valuieQ ,( I [\.\{\f\/\ {\,/
+1€Q3) with even k+1). 0\ ¥ ‘ | v ¥
IIl. OPTICAL ABSORPTION SPECTRA 3 20r ’ ‘ zﬁf “fzgﬂ
B a0l |2 e _’0“0;37'
In order to give a physical interpretation of the calculated E I Qy+1 n=t
bipolaron optical absorption spectra, we refer first to a de- 600 |- 2041 | ©,=7.966
scription of those for a polaron in Refs. 17,18. In the polaron i Q,=4542
optical absorption spectra, for intermediate and largthere 800 F Q,=0.695
is an intenseézero-phonopabsorption peak corresponding to I v=1228
a transition from the ground state to the first relaxed excited -1000 L L
state(RES. The relaxed excited state is created if the elec- 0 3 10 15 20
tron in the polaron is excited while the lattice readapts to a 800
new electronic configuratiof. A shoulder at the low- L b
frequency side of the RES peak is attributed to one-phonon 7001 [ o=
transitions through the scattering stat8g9: excitations of [
. - 600 -
the polaron system characterized by the presence of a finite A
number of real phonons along with the polaf8m broad 500
peak, positioned at a higher frequency than the RES peak, is § [ 2041 Q0+ 041 2Q Q)+
attributed to transitions to Franck-Cond@#C) states: inter- = Yrly ' O+t ]
nal excited polaron states for which the lattice polarization is E 300 1 2 T o
that of the polaron in its ground stat&This picture is well- | - 2@4Q)+1 Frg 4
founded physically and is in agreement with the prediction of 200
the aforesaid peaks, which was formulated within the strong- [
coupling approacf? 10or ’\
In Fig. 1, the real R&(w) and imaginary InT(w) parts o - / .
of the memory function for a 3M2D) bipolaron are plotted 0 5 10 15 20
as a function of frequency for =7 (2.971). These values ® (in units of @)

of « are close to the minimal possibte for the bipolaron
formation: ayi,=6.8 (2.9) (see Ref. 1B The peaks of the FIG. 1. Real(@) and imaginary(b) parts of the memory function
imaginary part of the memory function are positioned nearr(w) for the optical absorption coefficient of a 3RD) bipolaron

the points(explicitly indicated in Fig. 1 for a=7 (2.971, »=0.0037. The optimal values of the variational
frequencies are indicated in the figure.
wnk|5n01+k92+lﬂ3+ 1, (26)
wheren, k, | are the non-negative integers#|= even in-  picture, we suggest that the low-intensity peakwat 1 is
tegel. provided by the transition into the lowestatteringstate of

Analogously to the case of polaron optical absorptfon, a bipolaron. It is worth mentioning that the main resonances
the peaks of the bipolaron optical absorption spe(ig. 2) in oscillator strength are RES.
correspond tdi) peaks of Iml (w) and(ii) roots of the equa- In order to classify peaks of the bipolaron optical absorp-
tion w?—ReT(w)=0 [the crossing points of solid and dot- tion spectra, we have calculated transition frequencies to sev-
ted curves in panefa) of Fig. 1]. Following the physical eral bipolaron RES and FC states within the strong-coupling
interpretation developed in Refs. 17,18, we suggest that th@diabati¢ approach. The results are shown in Table I. The
peaks corresponding to zeros[@h’—ReT(w)] can be at- transitions are classified with respect to the symmetry of
tributed to transitions to bipolaron relaxed excited statesstates of the internal bipolaron motion and of the motion of a
Due to a larger number of the internal degrees of freedom fobipolaron as a wholdlabeled, respectively, by small and
a bipolaron, than that for a polaron, there are several types afapital letters within standard denotations of states with dif-
RES for a bipolaron. ferent orbital momenjs “S ” and “s” denote the states

The positions of peaks of the optical absorption coeffi-with the orbital momentunh=0, while “P " and “ p” are
cient, corresponding to those of Mfw), are close to the those withl=1. The trial wave functions are of the same
valuesw, determined by Eq(26), so thatw,, have the type as those used for the treatment of polarons in Ref. 18.
sense of the frequencies of transitions from the ground state Comparing the peak positions of Fig. 2 with the results of
to certain internal states of a bipolaron. Following the physi-Table I (which are obtained in the framework of the adiabatic
cal interpretation developed in Refs. 17,18, we can attribut@pproach, and therefore can be applied only approximately
these peaks to transitions into Franck-Con@®@) bipolaron  we have attributed several optical absorption peaks to tran-
stategin the case when at least one of the numberk,() sitions to RES and FC states of a definite symmetry, as
#0, i.e., forexcitedstates of a bipolardnWithin the same shown at the figure. It should be mentioned, that every RES
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FIG. 2. Optical absorption spectra of a 3BD) bipolaron for
a=7 (2.97), »=0.0037(a), for «=8 (3.399, »=0.023(b), and
for «=9 (3.820, =0.023(c).

TABLE I. Transition frequenciegin units of the LO phonon

PHYSICAL REVIEW &3 184307

peak has a lower frequency, than the corresponding FC peak,
since the lattice relaxation leads to a lowering of the energy
of the electron-phonon system.

The linewidth of peaks of bipolaron optical absorption
spectra is determined by the bipolaron recoil in the scattering
process. Every FC peak is described by a function
Ons k(0= w,) of Eq. (19), whereg,(w) is given by Eq.
(22). Consequently, the linewidth of a FC peak can be esti-
mated, using the following characteristic of the function
(22):

o)

0 gp(w)dw

ol Gn(0)]= (@D —(@)2, (k)=
fo gn(w)dw

(27)
Performing the integrations over analytically, we find that

1/2
J’_ —
ntsl
where the parametes and B are given by Eq(23). The
ratio A/B is of the same order 42(M +1)], which is used
for estimation of the bipolaron effective maSsTherefore,
the characteristic linewidth of a FC peak corresponding to a
definite frequencyw = w, can be qualitatively estimated as

B
ol gn(w)]= K

1
(FC) 1/2
| BN ocz(M+l)(n+k+l+3/2) .

Since the bipolaron effective mass is larger than that of a
polaron, the bipolaron optical absorption spectrum consists
of a series of peaks which are narrower in comparison with
those of the polaron absorption spectrum.

Let us defineN(w,Aw) as the number of possible com-
binations of @,k,l) for which the frequenciesw,} occupy
the intervalo<w, <+ Aw. The higher isw (at a fixed
interval lengthA ), the larger isN(w,A w). Hence, the den-
sity of the FC peaks increases with increasing frequency.
Starting from a definite frequency rang@here N(w,A w)
«['e(w)Aw], FC peaks merge into a continuous band.

In the limiting casew>1, the imaginary part of the
memory function(19) asymptotically behaves as

2a
IMT(®)],51%— ?w”? (28)

Hence, the bipolaron absorption coefficient in the limiting
case of high frequencies has the same asymptotic behavior as

frequency to bipolaron RES and FC states calculated within thethe polaron absorption coefficiéht? (this asymptotic be-

adiabatic strong-coupling theory.

a RES FC
pS sP pP pS sP pP

© 00 N

havior was also derived in Ref. 24 for the weak-coupling
polaron optical absorption

['(@)]ys1%0 %2 (29)

2.2171 59877 5.7282 5.4633 9.9396 12.5210 This behavior has a clear physical explanation: in the high-
2.8057 7.8207 7.4818 7.1328 13.0008 16.3627 frequency limit, only one-phonon scattering processes give a
3.6648 9.8981 9.4686 8.9364 16.2629 20.4673 contribution into the optical absorption by the electron-

10 45243 12.220 11.6895 11.1019 20.1550 25.4065Phonon system. In this limit, the optical absorption coeffi-

cients for bipolarons and polarons at arbitrary coupling
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strength are described mne and the samasymptotic de- 0
pendence. It was emphasized in Refs. 17,18,24, that the fre-
quency dependenc@9) of the polaron optical absorption L [Eo(oc,n) ) Eo(al’n)]l
coefficient atw>1 differs from the Drude-like dependence |  \_ -—---- [E (o) - E(0,,n)],
IO )] 51 072,

For the bipolaron, the optical absorption spectrum turns
into a continuous band at substantially higher frequencies,
than for the polaron, due to a comparatively large effective
mass of a bipolaron. This frequency region is not presented
in Fig. 2. The bipolaron absorption coefficient in this region
is very small when compared with that shown in Fig. 2.

'
—
T

[E (e, ) - E(o, W],

IV. SUM RULES AND CONCLUSIONS o, = 7
. : B3r n=0
From the general analytical properties of the memory
function, for the real part of the optical conductivity per one
electron
e? oImT(w) '47 0 72 74 76 78 2.0
Reo(w)=——— 5 5 (30 ' ' ' ' ' ’
M[w—ReT(w)]*+[IMT(w)] o

FIG. 3. lllustration of the ground-state theoréB®) for the bi-
polaron optical absorption. The index “1” denotes the ground-state
energies calculated by the variational metlithae left-hand side of
me? (= me? Eq. (32)], while the index “2” denotes the ground-state energies

+ J Reo(w)dw= om D calculated by integration of the bipolaron optical absorption spectra
[the right-hand side of Eq32)].

the following sum rule was derived in Ref. 25:

m* e—+0

wherem* is the polaron effective mass. For the bipolaron .
optical absorption, the same equati@1) is valid with m* ~ ground state energieSy(«z,7) — Eq(a,7) (calculated by

the bipolaron effective mass. Our numerical test of the sunih€ variational method using the variational functional of

rule (31) has confirmed, that Eq31) is fulfilled within the ~ Ref. 6 for two values ofa at 7=0. The valuea, is taken
chosen relative accuradyp to 10°3). a;=7. The dashed curve shows the values of the right-hand

In Ref. 26, the ground-state theorem forpalaron has side of Eq.(32). As seen from Fig. 3, there exists an excel-
been derived which relates the polaron ground-state energif”t agreement between the quantities entering the indepen-
to the first moment of the optical absorption spectra. Thelently calculated left-hand and the right-hand sides of

extension of this theorem to the bipolaron can be performe&d: (32)- . .
in the same way as in Ref. 26. The analog of E2§) from In the present paper, we have treated the bipolaron optical
Ref. 26 for abipolaron is absorption within the memory-function path-integral ap-
proach. The derived optical absorption spectra demonstrate a
E _E rich structure of relatively narrow peaks, which is clearly
ola@z,7) = Eolas, ) related to the internal states of a bipolaron. We have attrib-
3mh (aoda (= uted thqge peaks of the bipolaron optical apsorption spectra
=— _zf _f Im xjj(w,a,7)dw, (32) totransitions from the ground state(ip scattering statesii)
meJa; @ JO relaxed excited state§iji ) Franck-Condon states. Every RES
peak is shifted to a lower frequency with respect to the cor-
wherea; anda, are two arbitrary values af, n=e../eqis  responding FC peak. This interpretation is performed within
the ratio of the high-frequency and static dielectric constantsa unified approach to the polaron and bipolaron problems,
xjj(w,a,7) is the current-current correlation functi8hFor  which takes its origin in Refs. 17,18. The sum rules, devel-
a bipolaron, we choosey and bothe; and e, within the  oped for the polaron optical conductivity?®are extended to
region of the bipolaron stability. The function jj)(w) fora  the case of a bipolaron.
bipolaron is expressed through the memory funcili¢m) as
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