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Optical absorption spectra of bipolarons
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The absorption of large bipolarons is investigated using the path-integral method. The response of a bipo-
laron to an external electromagnetic field is derived in the framework of the memory-function approach. The
bipolaron optical absorption spectrum consists of a series of relatively narrow peaks. The peculiarities of the
bipolaron optical absorption as a function of the frequency of the electromagnetic field may be attributed to the
transitions involving relaxed excited states and scattering states of a bipolaron.
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I. INTRODUCTION

The optical and kinetic properties of polar and ionic sol
are substantially influenced by the polaron coupling. La
polarons have been most clearly manifested by investigat
of the transport phenomena in a magnetic field~see the re-
cent review on polarons1!.

When two electrons~or two holes! interact with each
other simultaneously through the Coulomb force and
the electron-phonon interaction, either two independ
polarons can occur or a bound state of two polaron
the bipolaron—can arise~see Refs. 2–7 on large bipola
rons and a comprehensive review8 concerning small bipo-
larons!. Whether bipolarons are stable or not, depen
on the competition between the repulsive forces~the
Coulomb interaction! and the attractive forces~mediated
through the electron-phonon interaction!. Verbist et al.5,6

analyzed the large bipolaron using the Feynman pa
integral formalism.9,10 They introduced a ‘‘phase diagram
for the polaron-bipolaron system on the basis of
generalization of Feynman’s trial action and show
that the Pekar-Fro¨hlich coupling constant as high a
6.8 is needed in three dimensions~3D! to allow for bipo-
laron formation. Furthermore, in Refs. 5,6 it was sho
that the large bipolaron formation is facilitated in 2D
compared to 3D. Experimental evidence for bipolaro
e.g., from the data on magnetization and electric cond
ivity in Ti 4O7, as well as in Na0.3V2O5 and polyacetylene
was discussed by Mott.11

In the framework of the renewed interest in bip
laron theory,2–5,7,8 a preliminary analysis of the absorptio
of large bipolarons without a magnetic field was given12

A variational treatment of both spin-singlet and sp
triplet states of large bipolarons~in 2D! and for suffi-
ciently strong coupling in high magnetic fields has be
presented in Ref. 13. In Ref. 14, the path-integral
proach for a bipolaron5 was generalized to the cas
of a bipolaron in a magnetic field for all values of th
Pekar-Fro¨hlich coupling constant and for all magnet
field strengths. It was demonstrated14 that the magnetic
field favors bipolaron formation. The first investigation
of the optical absorption spectrum of large bipolarons in
magnetic field were performed in Refs. 15,16.
0163-1829/2001/63~18!/184307~7!/$20.00 63 1843
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II. APPROACH

We investigate here the optical properties of a bipola
using the path-integral memory-function technique, dev
oped in Refs. 17,18~see also Ref. 16!. The path-integral
variational principle gives excellent results for the free e
ergy of the electron-phonon systems~see, e.g., Refs. 19,20!.
Hence, these models adequately describe the physical p
erties~including the energy spectra! of the polaron and of the
bipolaron, respectively.

The Hamiltonian of two electrons, interacting with long
tudinal optical~LO! phonons and between each other in
external electric fieldE(t), is

Ĥ5 (
j 51,2

F pj
2

2m
1er j~ t !•E~ t !G1

e2

«`ur12r2u

1(
q

\vLOS âq
1âq1

1

2D1 (
j 51,2

(
q

~Vqâqe
iq•r j

1Vq* âq
1e2 iq•r j ! ~1!

with the interaction amplitudes18

Vq5
\vLO

iq S 2A2pa

V D 1/2S \

mvLO
D 1/4

, ~2!

wherea is the electron-phonon coupling constant,m is the
electron band mass,V is the volume of the crystal,«` is the
high-frequency dielectric constant, andvLO is the LO-
phonon frequency.

We consider the equation of motion for the vector fun
tion R(t) which has the sense of the average coordinate
sponse per one electron

R~ t ![
1

2 K (
j 51,2

r j~ t !L
S

. ~3!

Here, the symbol of averaging denotes the path-integral
erage over trajectories of the electrons~see Ref. 21!
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^F@ r̄ ~ t !, r̄ 8~ t !#&S[
E D r̄ ~ t !E D r̄ 8~ t !F@ r̄ ~ t !, r̄ 8~ t !#exp$~ i/\!S@ r̄ ~ t !, r̄ 8~ t !#%

E D r̄ ~ t !E D r̄ 8~ t !exp$~ i/\!S@ r̄ ~ t !, r̄ 8~ t !#%

@ r̄[~r1 ,r2!# ~4!
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with the action functional

S@ r̄ ~ t !, r̄ 8~ t !#5Se@ r̄ ~ t !#2Se@ r̄ 8~ t !#2 i\F@ r̄ ~ t !, r̄ 8~ t !#,
~5!

whereSe@r1(t),r2(t)# is the action of two interacting elec
trons in an external electric field,

Se@ r̄ ~ t !#5E
2`

` H (
j 51,2

Fmṙ j
2~ t !

2
2er j~ t !•E~ t !G

2
e2

«`ur1~ t !2r2~ t !uJ dt, ~6!

and F@ r̄ (t), r̄ 8(t)# is the ‘‘influence phase’’ of the phono
subsystem16

F@ r̄ ~ t !, r̄ 8~ t !#52(
q

uVqu2

\2 E
2`

`

dtE
2`

t

dt8@rq~ t !2rq8~ t !#

3@Tvq
* ~ t2t8!r2q~ t8!

2Tvq
~ t2t8!r2q8 ~ t8!#. ~7!

This influence phase describes both a retarded interac
between different electrons and a retarded self-interactio
each electron due to the elimination of the phonon coo
nates. It contains the Fourier components of the electron d
sity operator
al
ch

18430
on
of
i-
n-

rq5 (
j 51,2

eiqr j ~8!

and the phonon Green’s function

Tv~ t !5
eivt

12e2bv
1

e2 ivt

ebv21
, b[

\

kBT
, ~9!

whereT is the temperature.
We have calculated the optical absorption coefficient fo

bipolaron in the memory-function approach16–18

G~v!52
4p

cn

n0e2

m

v Im T~v!

@v22ReT~v!#21@ Im T~v!#2
,

~10!

wherec is the velocity of light,n is the refractive index of
the crystal,n0 is the electron density. The memory functio
T(v) has the form16

T~v!5(
q

uVqu2q2

3\ E
0

`

~eivt21!

3Im@TvLO
* ~ t !^rq~ t !r2q~0!&S0

#dt. ~11!

It is expressed in terms of the two-point correlation functi
^rq(t)r2q(0)&S0

of the electron density operators. The co
relation function is calculated as the path-integral aver
@see Eq. ~4!# with the model action functiona
S0@ r̄ (t), r̄ f(t), r̄ 8(t), r̄ f8(t)# :
^F&S0
[
E D r̄ ~ t !E D r̄ 8~ t !E D r̄ f~ t !E D r̄ f8~ t !F exp$~ i /\!S0@ r̄ ~ t !, r̄ f~ t !, r̄ 8~ t !, r̄ f8~ t !#%

E D r̄ ~ t !E D r̄ 8~ t !E D r̄ f~ t !E D r̄ f8~ t !exp$~ i /\!S0@ r̄ ~ t !, r̄ f~ t !, r̄ 8~ t !, r̄ f8~ t !#%

. ~12!
The model system consists of two electrons harmonic
interacting with two fictitious particles and between ea
other. The model action functionalS0@ r̄ (t), r̄ f(t), r̄ 8(t), r̄ f8(t)#
has the form

S0@ r̄ ~ t !, r̄ f~ t !, r̄ 8~ t !, r̄ f8~ t !#

5E
2`

`

@L0~ r̄̇ , r̄̇ f , r̄ , r̄ f !2L0~ r̄̇ 8, r̄̇ f8, r̄ 8, r̄ f8!#dt,

~13!
lywith the Lagrangian

L0~ r̄̇ , r̄̇ f , r̄ , r̄ f !5 (
j 51,2

S mṙ j
2~ t !

2
1

M ṙ f j
2 ~ t !

2
D

2
k

2 (
j 51,2

~r j2r f j !
22

k8

2
@~r12r f 2!2

1~r22r f 1!2#1
K

2
~r12r2!2, ~14!
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whereM is the mass of a fictitious particle,k, k8, andK are
the elastic constants. The oscillator potentials in the Lagra
ian ~14! imitate the electron-phonon interaction and t
electron-electron Coulomb repulsion. In Refs. 5,6, the afo
said model has been first introduced in order to calculate
bipolaron ground-state energy by the Jensen-Feynman v
tional method.9,10 The variational functional of Refs. 5,6 fo
the bipolaron free energy contains four variational para
eters:M, k, k8, andK. It is convenient to use instead of the
four other independent parameters:~i! three eigenfrequencie
of the internal bipolaron motionV i ( i 51,2,3) ~see Ref. 6!,

V15
m1M

mM
~k1k8!, ~15!

V2,3
2 5

1

2 H m1M

mM
~k1k8!2

2K

m
6F S M2m

mM
~k1k8!2

2K

m D 2

1
4

mM
~k2k8!2G1/2J ~16!

and ~ii ! the frequency

v5S k1k8

M D 1/2

, ~17!

which is analogous to the Feynman parameterw in the
single-polaron problem.10 It is seen from Eqs.~15!–~17!, that
the inequalityV1>V2>v>V3 is fulfilled for the variational
frequency parameters. By the variational procedure of Re
the optimal values of those variational parameters are fo
for the physical system of two electrons interacting with t
phonon field and between each other.

In the zero-temperature limitT50, we have derived from
Eq. ~11! the analytical expressions for the real and imagin
parts of the memory function for a bipolaron in three dime
sions:

ReT~v!5
4A2a

3 (
n50

`

(
k50

`

(
l 50

`
@11~21!k1 l #

n!k! l !
s1

ns2
ks3

l

3@ f n1k1 l~v212nV12kV22 lV3!

1 f n1k1 l~2v212nV12kV22 lV3!

22 f n1k1 l~212nV12kV22 lV3!#, ~18!

Im T~v!52
4A2a

3 (
n50

`

(
k50

`

(
l 50

`
@11~21!k1 l #

n!k! l !
s1

ns2
ks3

l

3@gn1k1 l~v212nV12kV22 lV3!

2gn1k1 l~2v212nV12kV22 lV3!#. ~19!

From here on, we use the system of units where\51, m
51, vLO51. The factorssi ( i 51,2,3) in Eqs.~18!,~19!
have the sense of oscillator strengths corresponding to
eigenmodes of the internal motion of a bipolaron. The afo
said factors are expressed through variational frequency
rameters of the bipolaron model functional~15!–~17!,
18430
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V2

22n2

V2~V2
22V3

2!
, s35

n22V3
2

V3~V2
22V3

2!
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~20!

The functionsf n(v) andgn(v) are given by the expression

f n~v!5~21!n
uvun11/2

Bn13/2
e2Av/BQ~2v!

2
G~ n1 1

2 !
pAn11/2B

1F1S 1,
1

2
2n,2

Av

B D , ~21!

gn~v!5
vn11/2

Bn13/2
e2Av/BQ~v!, ~22!

with the parameters

A5
m

mV1
1

a2

V2
1

b2

V3
, m5

V1
22n2

V1
2

,

a5AV2
22n2

V2
22V3

2
, b5An22V3

2

V2
22V3

2
, B5

n2

V1
2

. ~23!

The optical conductivity for a 2D bipolaron is related
that for a 3D bipolaron, which is given by the formulas~18!
and ~19!, by the scaling relation~see Ref. 1!:

Res2D~v,a!5Res3DS v,
3p

4
a D . ~24!

It follows from Eqs.~18! and ~19! that the eigenfrequen
ciesV2 andV3 appear in the optical absorption spectra on
in such combinations (kV21 lV3) that (k1 l ) is an even
integer. This selection rule is determined by the symmetry
these eigenmodes~a schematic picture of the internal motio
of the bipolaron model system see, e.g., in Ref. 16!. The only
normal coordinates of eigenmodes with the frequenciesV2
and V3 ~let us denote these coordinates as vectorsQ2 and
Q3) are antisymmetric with respect to the permutation
electronsr 1�r 2. Both the exact and model Lagrangians a
symmetric with respect to this permutation. As a result
this symmetry, we obtain the selection rule

K )
i 51,2, . . .

)
k5x,y,z

@Q2k
mki~ t i !Q3k

mki8 ~ t i8!#L
S0

50,

when

(
i

(
k5x,y,z

~mki1mki8 !5odd. ~25!

Hence, only the combinations () i 51,2, . . .)k5x,y,z

@Q2k
mki(t i)Q3k

mki8 (t i8)#) with an even number n

5( i(k5x,y,z(mki1mki8 ) can give a nonzero contribution int
the averagêrq(t)r2q(0)&S0

of Eq. ~11!. The operator of an

oscillator coordinateQjk describes quantum transitions b
7-3
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tween energy levels of the corresponding oscillator with
frequencyV j ( j 51,2,3). Consequently, the aforesaid co
binations of coordinates provide the transitions, wh
change the energy of the model system by values (kV2
1 lV3) with even (k1 l ).

III. OPTICAL ABSORPTION SPECTRA

In order to give a physical interpretation of the calculat
bipolaron optical absorption spectra, we refer first to a
scription of those for a polaron in Refs. 17,18. In the polar
optical absorption spectra, for intermediate and largea, there
is an intense~zero-phonon! absorption peak corresponding
a transition from the ground state to the first relaxed exc
state~RES!. The relaxed excited state is created if the el
tron in the polaron is excited while the lattice readapts t
new electronic configuration.18 A shoulder at the low-
frequency side of the RES peak is attributed to one-pho
transitions through the scattering states~ScS!: excitations of
the polaron system characterized by the presence of a fi
number of real phonons along with the polaron.18 A broad
peak, positioned at a higher frequency than the RES pea
attributed to transitions to Franck-Condon~FC! states: inter-
nal excited polaron states for which the lattice polarization
that of the polaron in its ground state.18 This picture is well-
founded physically and is in agreement with the prediction
the aforesaid peaks, which was formulated within the stro
coupling approach.22

In Fig. 1, the real ReT(v) and imaginary ImT(v) parts
of the memory function for a 3D~2D! bipolaron are plotted
as a function of frequencyv for a57 (2.971). These value
of a are close to the minimal possiblea for the bipolaron
formation: amin56.8 (2.9) ~see Ref. 16!. The peaks of the
imaginary part of the memory function are positioned n
the points~explicitly indicated in Fig. 1!

vnkl[nV11kV21 lV311, ~26!

wheren, k, l are the non-negative integers (k1 l 5 even in-
teger!.

Analogously to the case of polaron optical absorption18

the peaks of the bipolaron optical absorption spectra~Fig. 2!
correspond to~i! peaks of ImT(v) and~ii ! roots of the equa-
tion v22ReT(v)50 @the crossing points of solid and do
ted curves in panel~a! of Fig. 1#. Following the physical
interpretation developed in Refs. 17,18, we suggest that
peaks corresponding to zeros of@v22ReT(v)# can be at-
tributed to transitions to bipolaron relaxed excited stat
Due to a larger number of the internal degrees of freedom
a bipolaron, than that for a polaron, there are several type
RES for a bipolaron.

The positions of peaks of the optical absorption coe
cient, corresponding to those of ImT(v), are close to the
valuesvnkl determined by Eq.~26!, so thatvnkl have the
sense of the frequencies of transitions from the ground s
to certain internal states of a bipolaron. Following the phy
cal interpretation developed in Refs. 17,18, we can attrib
these peaks to transitions into Franck-Condon~FC! bipolaron
states@in the case when at least one of the numbers (n,k,l )
Þ0, i.e., forexcitedstates of a bipolaron#. Within the same
18430
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picture, we suggest that the low-intensity peak atv51 is
provided by the transition into the lowestscatteringstate of
a bipolaron. It is worth mentioning that the main resonan
in oscillator strength are RES.

In order to classify peaks of the bipolaron optical abso
tion spectra, we have calculated transition frequencies to
eral bipolaron RES and FC states within the strong-coup
~adiabatic! approach. The results are shown in Table I. T
transitions are classified with respect to the symmetry
states of the internal bipolaron motion and of the motion o
bipolaron as a whole~labeled, respectively, by small an
capital letters within standard denotations of states with
ferent orbital moments!. ‘‘ S ’’ and ‘‘ s’’ denote the states
with the orbital momentuml 50, while ‘‘P ’’ and ‘‘ p’’ are
those with l 51. The trial wave functions are of the sam
type as those used for the treatment of polarons in Ref.

Comparing the peak positions of Fig. 2 with the results
Table I~which are obtained in the framework of the adiaba
approach, and therefore can be applied only approximate!,
we have attributed several optical absorption peaks to t
sitions to RES and FC states of a definite symmetry,
shown at the figure. It should be mentioned, that every R

FIG. 1. Real~a! and imaginary~b! parts of the memory function
T(v) for the optical absorption coefficient of a 3D~2D! bipolaron
for a57 ~2.971!, h50.0037. The optimal values of the variation
frequencies are indicated in the figure.
7-4
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OPTICAL ABSORPTION SPECTRA OF BIPOLARONS PHYSICAL REVIEW B63 184307
FIG. 2. Optical absorption spectra of a 3D~2D! bipolaron for
a57 ~2.971!, h50.0037~a!, for a58 ~3.395!, h50.023~b!, and
for a59 ~3.820!, h50.023~c!.

TABLE I. Transition frequencies~in units of the LO phonon
frequency! to bipolaron RES and FC states calculated within
adiabatic strong-coupling theory.

a RES FC
pS sP pP pS sP pP

7 2.2171 5.9877 5.7282 5.4633 9.9396 12.52
8 2.8957 7.8207 7.4818 7.1328 13.0008 16.36
9 3.6648 9.8981 9.4686 8.9364 16.2629 20.46
10 4.5243 12.220 11.6895 11.1019 20.1550 25.40
18430
peak has a lower frequency, than the corresponding FC p
since the lattice relaxation leads to a lowering of the ene
of the electron-phonon system.

The linewidth of peaks of bipolaron optical absorptio
spectra is determined by the bipolaron recoil in the scatte
process. Every FC peak is described by a funct
gn1k1 l(v2vnkl) of Eq. ~19!, wheregn(v) is given by Eq.
~22!. Consequently, the linewidth of a FC peak can be e
mated, using the following characteristic of the functio
~22!:

s@gn~v!#5A^v2&2^v&2, ^vk&[

E
0

`

vkgn~v!dv

E
0

`

gn~v!dv

.

~27!

Performing the integrations overv analytically, we find that

s@gn~v!#5
B

A S n1
3

2D 1/2

,

where the parametersA and B are given by Eq.~23!. The
ratio A/B is of the same order as@2(M11)#, which is used
for estimation of the bipolaron effective mass.23 Therefore,
the characteristic linewidth of a FC peak corresponding t
definite frequencyv5vnkl can be qualitatively estimated a

Gnkl
(FC)}

1

2~M11!
~n1k1 l 13/2!1/2.

Since the bipolaron effective mass is larger than that o
polaron, the bipolaron optical absorption spectrum cons
of a series of peaks which are narrower in comparison w
those of the polaron absorption spectrum.

Let us defineN(v,Dv) as the number of possible com
binations of (n,k,l ) for which the frequencies$vnkl% occupy
the intervalv<vnkl<v1Dv. The higher isv ~at a fixed
interval lengthDv), the larger isN(v,Dv). Hence, the den-
sity of the FC peaks increases with increasing frequen
Starting from a definite frequency range@whereN(v,Dv)
}GFC(v)Dv#, FC peaks merge into a continuous band.

In the limiting casev@1, the imaginary part of the
memory function~19! asymptotically behaves as

Im T~v!uv@1}2
2a

3
v1/2. ~28!

Hence, the bipolaron absorption coefficient in the limitin
case of high frequencies has the same asymptotic behavi
the polaron absorption coefficient17,18 ~this asymptotic be-
havior was also derived in Ref. 24 for the weak-coupli
polaron optical absorption!:

G~v!uv@1}v25/2. ~29!

This behavior has a clear physical explanation: in the hi
frequency limit, only one-phonon scattering processes giv
contribution into the optical absorption by the electro
phonon system. In this limit, the optical absorption coe
cients for bipolarons and polarons at arbitrary coupli
7-5
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strength are described byone and the sameasymptotic de-
pendence. It was emphasized in Refs. 17,18,24, that the
quency dependence~29! of the polaron optical absorptio
coefficient atv@1 differs from the Drude-like dependenc
G (Drude)(v)uv@1}v22.

For the bipolaron, the optical absorption spectrum tu
into a continuous band at substantially higher frequenc
than for the polaron, due to a comparatively large effect
mass of a bipolaron. This frequency region is not presen
in Fig. 2. The bipolaron absorption coefficient in this regi
is very small when compared with that shown in Fig. 2.

IV. SUM RULES AND CONCLUSIONS

From the general analytical properties of the mem
function, for the real part of the optical conductivity per o
electron

Res~v!52
e2

m

v Im T~v!

@v22ReT~v!#21@ Im T~v!#2
~30!

the following sum rule was derived in Ref. 25:

pe2

m*
1E

«→10

`

Res~v!dv5
pe2

2m
, ~31!

wherem* is the polaron effective mass. For the bipolar
optical absorption, the same equation~31! is valid with m*
the bipolaron effective mass. Our numerical test of the s
rule ~31! has confirmed, that Eq.~31! is fulfilled within the
chosen relative accuracy~up to 1023).

In Ref. 26, the ground-state theorem for apolaron has
been derived which relates the polaron ground-state en
to the first moment of the optical absorption spectra. T
extension of this theorem to the bipolaron can be perform
in the same way as in Ref. 26. The analog of Eq.~25! from
Ref. 26 for abipolaron is

E0~a2 ,h!2E0~a1 ,h!

52
3m\

pe2 Ea1

a2da

a E
0

`

Im x j j ~v,a,h!dv, ~32!

wherea1 anda2 are two arbitrary values ofa, h5«` /«0 is
the ratio of the high-frequency and static dielectric consta
x j j (v,a,h) is the current-current correlation function.26 For
a bipolaron, we chooseh and botha1 and a2 within the
region of the bipolaron stability. The function Imx j j (v) for a
bipolaron is expressed through the memory functionT(v) as

Imx j j ~v!5
2v2 Im T~v!

v422v2 ReT~v!1uT~v!u2
. ~33!

In Fig. 3, the ground-state theorem~32! is illustrated numeri-
cally. The solid curve shows the difference between
18430
re-

s
s,
e
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y

m

gy
e
d

s,

e

ground state energiesE0(a2 ,h)2E0(a1 ,h) ~calculated by
the variational method using the variational functional
Ref. 6! for two values ofa at h50. The valuea1 is taken
a157. The dashed curve shows the values of the right-h
side of Eq.~32!. As seen from Fig. 3, there exists an exce
lent agreement between the quantities entering the inde
dently calculated left-hand and the right-hand sides
Eq. ~32!.

In the present paper, we have treated the bipolaron op
absorption within the memory-function path-integral a
proach. The derived optical absorption spectra demonstra
rich structure of relatively narrow peaks, which is clear
related to the internal states of a bipolaron. We have att
uted those peaks of the bipolaron optical absorption spe
to transitions from the ground state to~i! scattering states,~ii !
relaxed excited states,~iii ! Franck-Condon states. Every RE
peak is shifted to a lower frequency with respect to the c
responding FC peak. This interpretation is performed wit
a unified approach to the polaron and bipolaron proble
which takes its origin in Refs. 17,18. The sum rules, dev
oped for the polaron optical conductivity,25,26are extended to
the case of a bipolaron.
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FIG. 3. Illustration of the ground-state theorem~32! for the bi-
polaron optical absorption. The index ‘‘1’’ denotes the ground-st
energies calculated by the variational method@the left-hand side of
Eq. ~32!#, while the index ‘‘2’’ denotes the ground-state energi
calculated by integration of the bipolaron optical absorption spe
@the right-hand side of Eq.~32!#.
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2V. L. Vinetskii, Zh. Éksp. Teor. Fiz.40, 1459~1961! @Sov. Phys.
JETP13, 1023~1961!#.

3H. Hiramoto and Y. Toyozawa, J. Phys. Soc. Jpn.54, 245~1985!.
4J. Adamowski, Phys. Rev. B39, 3649~1989!.
5G. Verbist, F. M. Peeters, and J. T. Devreese, Solid State C

mun.76, 1005~1990!.
6G. Verbist, F. M. Peeters, and J. T. Devreese, Phys. Rev. B43,

2712 ~1991!.
7F. Bassani, M. Geddo, G. Iadonisi, and D. Ninno, Phys. Rev

43, 5296~1991!.
8A. S. Alexandrov and N. F. Mott, Rep. Prog. Phys.57, 1197

~1994!.
9R. P. Feynman, Phys. Rev.97, 660 ~1955!.

10R. Feynman,Statistical Mechanics~Benjamin, Massachusetts
1972!.

11N. F. Mott,Metal-Insulator Transitions~Taylor and Francis, Lon-
don, 1990!.

12J. T. Devreese, G. Verbist, and F. M. Peeters, inPolarons and
Bipolarons in High-Tc Superconductors and Related Material,
18430
-

ni-

-

B

edited by E. K. H. Salje, A. S. Alexandrov, and W. Y. Lian
~Cambridge University Press, Cambridge, 1995!, p. 385.

13V. M. Fomin and J. T. Devreese, Solid State Commun.96, 79
~1995!.

14F. Brosens and J. T. Devreese, Solid State Commun.96, 133
~1995!.

15J. T. Devreese, V. M. Fomin, and F. Brosens, Solid State Co
mun.96, 613 ~1995!.

16J. T. Devreese and V. M. Fomin, Phys. Rev. B54, 3959~1996!.
17J. Devreese, J. De Sitter, and M. Goovaerts, Phys. Rev. B5, 2367

~1972!.
18J. T. Devreese, inPolarons in Ionic Crystals and Polar Semicon

ductors~North-Holland, Amsterdam, 1972!, pp. 83–159.
19Y. Osaka, Prog. Theor. Phys.22, 437 ~1959!.
20R. W. Hellwarth and P. M. Platzman, Phys. Rev.128, 1599

~1962!.
21R. P. Feynman, R. W. Hellwarth, C. K. Iddings, and P. M. Pla

man, Phys. Rev.127, 1004~1962!.
22E. Kartheuser, R. Evrard, and J. Devreese, Phys. Rev. Lett.22, 94

~1969!.
23E. P. Pokatilov, V. M. Fomin, J. T. Devreese, S. N. Balaban, a

S. N. Klimin, Phys. Rev. B61, 2721~2000!.
24V. L. Gurevich, I. G. Lang, and Yu. A. Firsov, Fiz. Tverd. Tela4,

1252 ~1962! @Sov. Phys. Solid State4, 918 ~1962!#.
25J. T. Devreese, L. F. Lemmens, and J. Van Royen, Phys. Re

15, 1212~1977!.
26L. F. Lemmens, J. De Sitter, and J. T. Devreese, Phys. Rev.8,

2717 ~1973!.
7-7


