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Free volumes in glasses and their relation to compressibilities
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Because of the disordered structure, glass has many voids in which no atoms exist. This is characterized by
the structural-free volume. It is expected that the larger the structural-free volume, the larger would be the
compressibility. This is verified for some alkali silicate and silver borate glasses; i.e., both the structural-free
volume and the compressibility decrease monotonously with increasing alkali or silver content. Also found is
that the compressibility is different for different alkali species. This implies the presence of another free
volume that originates from the atoms in themselves. The atomic-free volume is defined fors-electron metals
as alkalis and is related to the compressibility.
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I. INTRODUCTION

Because of the disordered structure, glass has many v
in which no atoms exist. The concept of ‘‘free volume’’ ha
been used1–6 as a measure of the amount of voids, althou
it arises originally from the treatment of diffusion of th
constituents in a liquid.1 It is our experience that ionic con
ductivity of a rapidly quenched glass from the melt is high
than that of a slowly cooled one.7 This implies that the mo-
bile ions conduct through the free volume, the space wit
which no atoms exist.

Doweidar8 assumed that the volume of an alkali silica
@xR2O(12x)SiO2# glass is filled with volume unitsV4, V3,
andV2, whereV4 ~or V3 or V2! is a volume spanned by
SiO4 tetrahedron having four~or three or two! bridging oxy-
gen atoms. The difference betweenV4 andV3 or between
V4 and V2 should be one or two volume units of@R1

1(1/2)O2# that is given by

D5VR1 1~1/2!VO2, ~1!

with V35V41D, ~2!

V25V412D. ~3!

From the densities at 25 °C he calculatedV4, V3, andV2 as
a function ofx for different alkali species. He found that the
are independent ofx and that, althoughV4 is almost fixed for
different alkalis,V3 and V2 increase steadily with an in
crease in ionic radii.

In the recent Letter,9 the experimentalD values were re-
produced theoretically by assuming that ions R1 and O2 are
cubes, rather than spheres as Doweidar did. Therefore
glass constituents may be represented by the cubes of
ume (2r i)

3 ~r i being the atomic radius of atomi!, the mini-
mum volume of an atom with which the atom can esca
steric interferences from its neighbors. The~structural-! free
volume was then defined as the volume, within 1 cm3 of a
glass, which is unoccupied by the constituents, by9

Vf
s512(ni~2r i !

3, ~4!

whereni is the number of atomic speciesi within 1 cm3 of a
glass. This is quite a rough approximation, by neglect
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ionicity of the constituents and the glass structure. Moreov
it varies, depending on the values ofr i chosen. Nevertheless
it can be a measure of the true free volume, at least in
first approximation.

When Vf
s was calculated for several alkali silicate an

borate glasses,9 Vf
s always decreased with an increase in

kali content. SinceVf
s reflects the volume of voids in glass

we may expect that the larger theVf
s , the more easily would

the glass be compressed when it is subjected to an exte
pressure. The purpose of this paper is to discuss the rela
ship between the free volume and the compressibility. D
ing the course of study, we come to notice the presenc
another type of free volume, inherent in the atoms the
selves, besides the structural one. This is named ‘‘atom
free volume,’’ and is discussed for atoms of 1A and 2A ato
groups.

II. RESULTS AND DISCUSSION

Figure 1 showsVf
s as a function ofx for xLi2O(1

2x)SiO2 ~abbreviated as LS! and xNa2O(12x)SiO2~NS!
glasses using the densities from Ref. 10 andr i values from
Ref. 11. Similarly to the previous report,9 Vf

s was found to
decrease monotonously with an increase in alkali cont
Therefore, we expect that the compressibili

FIG. 1. Structural-free volume (Vf
s) as a function ofx in

xLi2O(12x)SiO2 ~LS! andxNa2O(12x)SiO2 ~NS! glasses.
©2001 The American Physical Society02-1
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k@52(]V/]P)/V, whereV is the glass volume andP the
applied pressure#, would decrease with an increase inx, or
increase with an increase inVf

s . Figure 2 showsk as a func-
tion of Vf

s for LS and NS glasses. Thek values are from Ref.
10. Similar curves are obtained forxAg2O(12x)B2O3
glasses using the data from Ref. 12~Fig. 3!. Although being
scattered, the data fit our expectation that a glass with la
free volume would be more compressible. The curves m
shift to the right or left depending on the values ofr i chosen,
but the trend that NS is more compressible than LS does
change.

Why is k different for different alkali species in glasses

FIG. 2. Compressibility~k! as a function of structural-free vol
ume (Vf

s) in xLi2O(12x)SiO2 ~LS! and xNa2O(12x)SiO2 ~NS!
glasses.

FIG. 3. Structural-free volume (Vf
s) versusx and compressibility

~k! versusVf
s in xAg2O(12x)B2O3 glasses.
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identicalVf
s? Consider, for example, an alkali silicate glas

The SiO2 glass has the highestVf
s and the highestk. By the

addition of R2O molecules,Vf
s ~andk! decreases by breakag

of Si-O-Si bonds into Si-O2R1R1O2-Si. Since the network
former is rigid as compared to the modifiers, the differen
in compressibility for different alkali species that are res
ing near the sites of breakage would be responsible for
observed difference ink between LS and NS. This implie
that the overall free volume of a glass is given by

Vf5Vf
s1Vf

a , ~5!

whereVf
a is the atomic free volume of the atoms that cons

tute a glass.
Alkali metals have body-centered cubic~bcc! structures at

room temperature. In a bcc structure, the fractional volu
of void per unit cell is 0.320 when atoms are assumed to
spherical, or20.299 when cubic. That is, the structural-fre
volume (Vf

s) is constant for different alkali metals, irrespe
tive of the shape of atoms chosen, ifVf

s is defined as the
volume, within 1 cm3 of an alkali metal, in which no atoms
exist. The compressibility is by definition the compression
a solid by unit pressure rise per unit volume. Therefore,
the assumption ofk}Vf

s , Vf
s thus defined cannot explain a

increase ink with atomic numbers of alkalis.13 There is even
a question whether alkali metal has a structural-free volu
or not. Since atoms in an alkali metal are closely pack
pressurization inevitably induces compression of ato
themselves. It is assumed hereinafter thatVf

s arises solely
from the sample’s structural disorder. In the following, let
discussVf

a for severals-electron metals.
The atomic radii tabulated in the textbooks were obtain

~mainly! from x-ray diffraction of condensed matters. In th
routine of research, we pay little attention to the differen
betweenr, an atomic radius that is obtained from interatom
spacings in a condensed matter, anda, an atomic radius in
free space. Since it is hard to estimatea experimentally, the
estimation ofa based on classical electrostatics will be ma
for some simple elements.

Suppose electron charge2e is homogeneously distrib
uted on the surface of a hollow sphere of radiusa. The cal-
culated electric potential,f(r ), is illustrated in Fig. 4~A!. If
a is equal to Bohr radius,r B, the energy the charge2e has is

2ef~r B!5me4~4p«o\!2, ~6!

which is exactly twice the ionization energyI of the hydro-
gen atom, wherem is the electron mass and«o is the permit-
tivity of free space. This implies that the energy the cha
2e on the surface of a hollow sphere of radiusr B has would
be reduced to half when the positive charge1e is placed at
the center of the sphere. Figure 4~B! illustrates the corre-
sponding potential distribution. Although the potential
zero on the surface of the sphere, the average potential o
sphere is

^f&5E f~r !dt/~4pr B
3/3!52e/8p«or B , ~7!

which is identical withI /e of the hydrogen atom.
2-2
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The above discussion allows us to derive atomic radii
atoms in free space as follows: Consider an atom that
one or two electrons in the outermosts orbital whose inter-
actions with other electron~s! are assumed to be small. The
the atomic radius in free spacea may be related to the firs
ionization energy of the atomI by

e2/4p«oa52l , ~8!

or by

a~Å !57.1999/I ~eV!. ~9!

The atomic radii thus obtaineda would expand tor when
atoms are gathered together to a condensed matter, by r
sive interactions of the valence electrons with electrons
nearby atoms. From the difference inr and a, Vf

a may be
defined by

Vf
a5c~r 32a3!, ~10!

wherec is a parameter characteristic of an atom group.
assume that an atom in the condensed state can be
pressed fromr to a under conventional pressures. For e
ample, the Cs metal has largerVf

a than the Li metal, so it
would have larger compressibility than the Li metal. Figure
showsk as a function ofVf

a for two atom groups~1A and
2A!. Thek values are from Ref. 13. Although being scatter
a little, the data lie around the straight lines that pass thro
the origin, to give

k5c8Vf
a5c9~r 32a3!, ~11!

wherec8 and c9 are the parameters. One of the reasons
small k values for the 2A atom group as compared to
may be that the number of free-electrons per atom that c
tribute to the bulk modulus~the reciprocal of the compress

FIG. 4. ~A! The electric potentialf as a function of distancer
from the center of the hollow sphere of radiusa, on the surface of
which the electron charge2e is homogeneously distributed.~B!
The electric potentialf for the hollow sphere of radiusa having
2e on the surface and1e at the center.
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ibility ! is plural in the former as compared to single in t
latter. It is to be noted that the correlations are poorer
other atom groups.

The difference ink between NS and LS glasses~Fig. 2!
may be related to the difference inVf

a between Na and Li
metals. Since the atomic~and ionic! radius of Li is smaller
than that of Na, the nuclear attraction on the valence elec
of Li is not so much screened by inner-shell electrons. The
fore, the valence electron is more strongly bound to
nucleus so that interactions with electrons of nearby ato
would be less favorable, whence we obtain smallerVf

a and
smallerk. It is to be noted that the Li metal is eight time
more compressible than Si. This may be the reason whyk in
alkali silicate glass depends strongly on the alkali specie

Finally, let us consider alkali metals a little further. Figu
6 showsk as a function ofl 3, the volume of a unit cell. Tha
the data points lie around the straight line crossing the or
and that the lattice constantl is equal to (4/))r for a bcc
lattice mean thatk satisfies the relation

k5c-r 3, ~12!

wherec- is a parameter. From Eqs.~11! and ~12! it is ex-

FIG. 5. Compressibility~k! as a function ofVf
a/c @Eq. ~10!# in

solid elements of 1A and 2A atom groups.

FIG. 6. Compressibility~k! as a function ofl 3, the volume of a
unit cell for alkali metals.
2-3
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pected that the ratior /a is constant for different alkali met
als. Contrary to our expectation, the ratio increases stea
from 1.14 ~Li ! to 1.44 ~Cs! ~Fig. 7!. This increase may be
caused by an increase in atom-atom repulsions with an
crease in atomic number.

FIG. 7. The ratior /a ~r anda being the atomic radii of atoms in
a condensed matter and in free space, respectively! as a function of
r for alkali metals.
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III. CONCLUSION

Suppose the free volumeVf characterizes a space in
condensed matter in which no atoms exist.Vf is defined@Eq.
~5!# as the sum of the structural-free volumeVf

s due to the
sample’s structural disorder, and the atomic-free volumeVf

a

due to the difference in atomic radii of the atoms in a co
densed state and in free space. We expect that a sa
having largerVf is more compressible when it is subjected
an external pressure.

For several ion-conducting glasses, the relations betw
Vf

s and the concentrationx of network modifying cations and
between the compressibilityk andVf

s were tested. It is found
that, asx increases,Vf

s decreases and concomitantlyk de-
creases, as expected. Also found is thatk is dependent not
only on Vf

s but also on alkali species, or onVf
a .

When atoms are gathered together, the atomic radii
pand by atom-atom interactions. This expansion definesVf

a

by Eq. ~10!. For simple atoms as alkalis, the atomic radii
free space are estimated using classical electrostatics. Tk
values as a function ofVf

a for 1A and 2A solid elements lie
near the straight lines passing through the origin.
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