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Vacancy-assisted phase separation with asymmetric atomic mobility:
Coarsening rates, precipitate composition, and morphology
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We have investigated the coarsening kinetics and the morphology of precipitates after quenching a dilute
binary alloy into its miscibility gap. Three-dimensional kinetic Monte Carlo simulations with a vacancy-
diffusion mechanism are performed. The atomic diffusion model accounts for the asymmetry of the two
terminal phases with respect to the vacancy concentration and diffusivity. It is shown that, at a fixed low
temperature of about 0.25Tc , this asymmetry has a profound effect on the mechanism responsible for precipi-
tate coarsening and on precipitate morphology. For positive asymmetry~i.e., when the vacancy is mostly
diffusing inside the precipitates!, precipitate diffusion and coagulation are favored. Nearly pure solute precipi-
tates with atomically sharp interfaces are formed in a persistently supersaturated matrix. For negative asym-
metry ~i.e., when the vacancy is mostly diffusing in the matrix!, the evaporation condensation of solute atoms
becomes dominant even at early stages. The lack of interfacial mobility produces disordered, diffuse interfaces,
which then result in highly supersaturated precipitates. These last results offer an explanation to recent atomic
observations of the precipitate morphology in the Cu-Co system. A mean-field model is introduced to
rationalize how the asymmetry parameter controls the distribution of vacancies in a two-phase alloy. This
model predicts that cluster mobility increases when the asymmetry parameter is increased, resulting in an
increase of the coagulation exponent in agreement with the simulations. Furthermore, this model offers a
rationalization for persistent supersaturations of the matrix or the precipitates, and this provides some insight
into the formation of diffuse interfaces.

DOI: 10.1103/PhysRevB.63.184114 PACS number~s!: 64.75.1g, 81.30.Mh, 66.30.2h, 68.35.Fx
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I. INTRODUCTION

When a dilute disordered alloy is quenched into a mis
bility gap, precipitates form and grow in size. This app
ently simple transformation has received considerable at
tion, both from an experimental and theoretical viewpoint1,2

Indeed, the density of these precipitates and their spe
properties, e.g., their sizes, compositions, and shapes
often a dramatic influence on material properties. From
more fundamental viewpoint, it is important to identify th
various reaction stages, the operating mechanisms, and
resulting kinetics.

In this paper we concentrate on the late stages of
reaction during which precipitates coarsen. When coarse
takes place by evaporation of single solute atoms from c
ters and condensation of these atoms onto other clusters
average precipitate volumêl (t)& should display a power
law dependencêl (t)&}tx with a x5d/3 exponent ind di-
mensions@the Lifshitz-Slyozov-Wagner~LSW! regime#.3,4

At low temperatures atom transport between clusters m
become very slow and the coarsening of the precipitates
then take place by diffusion and coagulation of individu
clusters@the Binder-Stauffer~BS! regime#.5 In that case, if
cluster diffusion results from solute-atom transport along
terfaces, the coarsening exponent is predicted to take
valuesd/(31d) andd/(21d) at low and intermediate tem
peratures, respectively.5,6 It should be noticed that the
asymptotic regime is always expected to be the LSW o
since cluster-diffusion coefficients tend to zero when
cluster size increases.
0163-1829/2001/63~18!/184114~15!/$20.00 63 1841
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The above calculations however do not take into acco
the fact that in most crystalline alloys atom diffusion pr
ceeds by a vacancy mechanism~e.g., see Ref. 7!. Analytical
modeling and atomistic computer simulations have sho
recently that the actual mechanism by which atoms diffu
has in fact a strong influence on the leading coarsen
mechanism: when atom diffusion proceeds by direct ato
exchange~Kawasaki dynamics! the evaporation condensa
tion should be predominant, even at low temperatur
whereas the vacancy mechanism should favor the diffus
coagulation mechanism at low enough temperatures.8,9 The
origin of this difference is well understood: it is due to th
fact that at low temperatures, vacancies are not distribu
homogeneously in the solid, which then results in an
hanced mobility at the precipitate-matrix interfaces.

This enhanced mobility at interfaces is however a ve
particular situation as we will show in this work. Indeed, t
kinetic Ising models used by Fratzl and Penrose8 and by
Rautiainen and Sutton9 present many symmetrical propertie
that are not likely to be observed in real alloys, e.g., in
two pure phases, vacancy presents the same formation
ergy and the same migration energy and isolated solute a
mobilities are equal. In the framework of the kinetic Isin
like model, a difference in homoatomic bond energies ma
it possible to account for the asymmetry of atomic mob
ties. This asymmetry parameter can be defined asa*
5(eAA2eBB)/(eAA1eBB22eAB), where e i j is the energy
associated with ani -j pair of atoms. In the above mentione
works a* was set to zero. However when this paramete
allowed to vary, this results in an asymmetry of both vacan
©2001 The American Physical Society14-1
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formation and migration energies~without affecting the equi-
librium phase diagram!. We show in this paper that i
changes many aspects of the coarsening kinetics. For m
metallic alloy systems, the absolute value of this redu
asymmetry parameter is larger than unity,10 which indicates
that asymmetry effects are likely to be important from
practical point of view.

The effect of the asymmetry of homoatomic interactio
on the kinetic path of alloys undergoing phase transform
tions has in fact begun to be studied a few years ago,
mostly in the context of ordering reactions.11–15 More re-
cently, in the case of a binary alloy undergoing phase se
ration on a body-centered-cubic lattice, Athe`neset al.16 have
shown that the asymmetry parameter has a strong influe
on the mobility of small solute-atom clusters~monomers,
dimers, trimers, etc.!. This affects the precipitation kinetic
both during the nucleation stage16,17 and during the coarsen
ing stage.16 The results obtained for these small clusters
dicate that, at a given annealing temperature, a pos
asymmetry parameter favors the diffusion-coagulat
mechanism, while a negative asymmetry parameter fav
the evaporation-condensation mechanism. In this pre
work we will confirm directly this rationalization by analyz
ing the evolution of the whole cluster distribution. In add
tion we will show how the precipitate composition and mo
phology are also controlled by the asymmetry parameter

The paper is organized as follows. The atomistic diffus
model and the kinetic Monte Carlo algorithm are presen
in Sec. II. In Sec. III we successively study the effect of t
asymmetry parameter on the vacancy segregation~Sec.
III A !, on the precipitation kinetics~Sec. III B!, and on the
precipitate composition and morphology~Sec. III C!. As an
application of the results presented in the paper we will c
sider ~Sec. IV! the recent experimental observations on
morphology of Co precipitates in a Cu matrix obtained us
a three-dimensional atom probe.18 In Sec. V, a summary o
results is given.

II. ATOMISTIC KINETIC MODEL

Since the basis of the kinetic model has been describe
several articles,11,19only a brief summary will be given here

Energetics. We consider anA-B binary alloy with a
highly diluted vacancyV concentration on a rigid lattice with
a face-centered-cubic~fcc! structure. To describe the chem
cal ordering processes, the energetics is based on an I
like model that depends on two terms.~i! e5eAA1eBB
22eAB , which is an effective pair interaction between a
oms. For fcc structures, it is small beyond first neighbor20

and we restrict ourselves to first nearest-neighbor inte
tions here.e is directly related to the bulk phase diagram
the system considered. Its sign gives the tendency tow
ordering (e.0) or towards phase separation (e,0). ~ii ! u
5eAA2eBB , which accounts for the difference in vacan
formation energies in the two elements. The system be
highly diluted with respect to vacancies,u does not affect the
equilibrium phase diagram. Its sign gives the tendency of
vacancy to occupyA-rich regions (u.0) or B-rich regions
(u,0).
18411
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Kinetics. The diffusion occurs via vacancyV jumps to-
wards nearest-neighborX atoms, whereX equalsA or B. The
activation energyEVX

act for these jumps is derived from th
broken-bond model previously described in Refs. 11, 19,
21, and corresponds to the energy required to move aX atom
from its initial stable site to theXV saddle point. Notice tha
in this model the contribution of the jumping atom to th
saddle point configuration energy is taken as a constant.
activation energy reads

EVX
act5H E02 1

2 nA~11a* !e if X5A

E02 1
2 nB~12a* !e if X5B,

~1!

whereE0 is the configuration independent term,a* 5u/e is
the degree of asymmetry,nA andnB are the number ofA and
B nearest neighbors of the atomX to be exchanged with the
vacancyV. In order to simplify comparisons,E0 is kept con-
stant whena* is varied. Atom-vacancy exchange freque
cies are calculated using rate theory.

Microscopic parameters. In this work, we focus on alloys
that present a tendency to bulk phase separation. The e
tive pair interactione is set to255.3 meV in order to repro-
duce a moderate positive heat of mixing, typical of t
Cu-Co system, with a critical temperature of the miscibil
gap,Tc'0.8162Ze/4k'1572 K,22 whereZ is the number of
first neighbor atoms~12 in the fcc structure!. The values of
the kinetic parameters areE05585 meV and an attempt fre
quencyn510214 s21 ~these terms only affect the time sca
by a constant factor!.

Concerning the atomic mobility in the two pure phase
we want to stress that the asymmetry parametera* controls
both the difference in vacancy-formation energiesDEf and
the difference in vacancy-migration energiesDEm. Indeed, it
is easy to show that within the present modelDEm52DEf

52Za* e. For fcc metals, these quantitiesDEf andDEm are
also related since they both roughly scale with the differe
in melting temperatures. A compilation of the available e
perimental data shows that, on average, the present m
overestimatesDEm by a factor of 4 for a givenDEf.23 We
also notice that some systems display significant deviati
with respect to this average behavior. To fitDEm for a spe-
cific alloy system, a second asymmetry term can be adde
the activation energies.19 In this work, however, our objec
tive is to study generic effects and the present model, des
its limitations, is therefore appropriate. Finally, let us me
tion that a* also affects impurity diffusion: theA impurity
diffusion coefficient, normalized by the vacancy concent
tion, is larger than theB impurity diffusion coefficient when
a* .0.16

Monte Carlo simulations. In conjunction with this kinetic
atomistic model, Monte Carlo simulations of the kinetic pr
cess are performed by using the residence-ti
algorithm.19,12This algorithm is equivalent to then-fold way
algorithm.12,24,25 The simulation box contains (Lb3Lb
3Lb) sites in the fcc structure with periodic boundary co
ditions with Lb532,64,128. The initial condition consists o
a disordered alloy withNA A majority atoms,NB B minority
atoms and one vacancyV, corresponding to a vacancy con
4-2
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VACANCY-ASSISTED PHASE SEPARATION WITH . . . PHYSICAL REVIEW B63 184114
centration of 3.0531025–4.7731027. To compare results
obtained with different box sizes, simulation time is resca
to give kinetics with an apparent vacancy concentration
4.7731027. The system presents an initial homogeneo
concentrationc55% of B atoms and is quenched at a lo
temperatureT50.258Tc .

Average precipitate size. To study the precipitation kinet
ics in the simulations, the average cluster sizeL(t) is moni-
tored. As possible definitions ofL(t) we use

L (1)~ t !5 (
l 5 l c

`

lnl~ t !Y (
l 5 l c

`

nl~ t ! ~2!

L (2)~ t !5 (
l 5 l c

`

l 2nl~ t !Y (
l 5 l c

`

lnl~ t !. ~3!

nl(t) denotes the number of clusters that containl B atoms,
and where any two first-neighborB atoms are said to belon
to the same cluster. Following the criterion given in Ref.
the cutoff l c in Eq. ~2! is chosen such that the thermal equ
librium cluster numbersnl

eq at the miscibility gap satisfy the
condition

(
l 5 l c

`

nl
eq! (

l 5 l c

`

nl~ t ! ~4!

for the times of interest. In this sense, we have usedl c55
atoms forT'0.25Tc . In this work, we have computed bot
volumes @Eqs. ~2! and ~3!# but we only report theL (1)(t)
behavior~unless specified otherwise!, since both quantities
are very similar.

III. RESULTS AND ANALYSIS

A. Equilibrium-vacancy concentration
for a precipitateÕmatrix system

Our goal in this section is to determine quantitatively t
interdependence betweena* and the local vacancy distribu
tion in an alloy containing coherent precipitates. For t
purpose we derive a simple mean-field model and we ap
it to typical configurations produced by our low-temperatu
Monte Carlo simulations, i.e., a matrix containing nea
pure precipitates containing 10 to 1000 atoms.

Consider anA-B solid solution consisting ofN fcc sites
occupied byN(12c) majority A atoms,Nc minority B at-
oms and a highly diluted number of vacanciesNcv (cv!c).
When coarsening takes place after quenching at very
temperature, the average number of clustersnl is Nc/^ l &,
where^ l & is the average number ofB atoms per precipitate
i.e., ^ l & is the dimensionless average volume of the prec
tates. For simplicity, we neglect cluster-size dispersion
separate the system intonl identical blocks, each of them
consisting of a spherical pureB precipitate of sizê l & atoms
embedded in a nearly pureA matrix containing ^ l &(1
2c)/c atoms@Fig. 1~a!#. Taking advantage of the spheric
symmetry of the configuration, let us decompose the volu
into atomic concentric shells, centered on the precipitate
distinguish four different regions:~1! the shells ofB atoms
18411
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having onlyB first neighbors~precipitate core!, ~2! the shell
of B atoms having bothA and B first neighbors~internal
interface!, ~3! the shell ofA atoms having bothA andB first
neighbors~external interface!, and~4! the shells ofA atoms
having onlyA first neighbors~matrix!. For a given chemical
configuration, the local vacancy concentration at equilibriu
is in general different in these four regions. We thus defi
cv

2 and cv
1 as the vacancy concentrations at the immedi

vicinity of the interface, in the internal and external interfa
shells, respectively, andcv

A andcv
B as the vacancy concentra

tions in the matrix and in the core of the precipitate, resp
tively @Fig. 1~b!#. The average number of vacancies p
block is Ncv /nl5^ l &cv /c and can be written as a sum o
vacancy numbers over the four considered regions in
block,

^ l &
cv

c
5F ^ l & 12c

c
2~^ l 1&2^ l &!Gcv

A1@^ l 1&2^ l &#cv
1

1@^ l &2^ l 2&#cv
21^ l 2&cv

B , ~5!

where the dimensionless volumes^ l 1& and^ l 2& are defined
in such a way that̂l 1&2^ l & and^ l &2^ l 2& are the numbers
of sites in the external and internal interface shells, resp
tively.

In addition to the conservation equation~5!, one can de-
termine relations between local vacancy concentrations
assuming that the vacancy distributions are at local equ
rium in the block. This assumes that vacancies reach e
librium with a characteristic time scale much smaller th
that for the evolution of the average precipitate size. T
simplest approximation is to express vacancy concentrat
as depending only on a segregationlike energy per inequ
lent site, that is, the energy needed to exchange an atom
given site with a vacancy from theA block side.27 Segrega-
tion equilibrium equations for dilute vacancy concentratio
read

cv
1'cv

A expH 2
Z2~11a* !e

2kT J , ~6!

cv
2'cv

A expH 2
@Z1~12a* !12Za* #e

2kT J , ~7!

FIG. 1. Schematic representation of a block. The left sketch~a!
represents a pureB precipitate of sizêl & atoms embedded in a pur
A matrix containinĝ l &(12c)/c atoms. The right sketch~b! shows
the four distinct regions where the local vacancy concentrationscv

i

may differ.
4-3
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JEAN-MARC ROUSSEL AND PASCAL BELLON PHYSICAL REVIEW B63 184114
cv
B'cv

A expH 2
Za* e

kT J , ~8!

where Z2 and Z1 are the numbers ofB and A neighbor
atoms, respectively, of a site located in the external and
ternal interface shells, respectively.

The partial coordination numbersZ2 andZ1 are a func-
tion of the precipitate size. To calculate this dependency,
use a cubo-octahedron geometry that is known to be one
the more stable cluster shapes in the fcc structure and
which all the parameters in Eq.~5! can be defined~see Ap-
pendix A!.28

In addition to Eqs.~5!–~8!, one more equation is require
to fully determine the five vacancy concentrations that
have introduced. In the kinetic simulations presented in
following sections as well as in nearly all atomistic kine
simulations published so far on second-phase precipitatio
has been assumed that the total vacancy concentratio
fixed ~i.e., treating vacancies as conservative species!, thus
providing the required fifth equation. This approximation
valid if one assumes that the excess of vacancies right a
quenching is eliminated well before any significant mod
cation of the composition field, and that the equilibrium v
cancy concentration is independent or only weakly dep
dent on the microstructure of the alloy. Since here we do
concentrate on the early stages of precipitation, it is reas
able to assume that the above assumptions are valid.

From Eqs.~6!–~8! we can now study the influence of th
asymmetry parametera* on the vacancy distribution. Fo
different values ofa* , we plot the local vacancy concentra
tions as a function of̂ l & ~Fig. 2! and the total number o
vacancies in the precipitateNv

l 5@^ l &2^ l 2&#cv
21^ l 2&cv

B

@Fig. 3~a!#. For two typical^ l & values~20 and 200!, we also
plot @in Fig. 3~b!# the probabilities to find the vacancy i
each region,Pv

A , Pv
1 , Pv

2 , andPv
B , obtained from Eq.~5!.

The temperatureT and the concentrationc correspond to the
ones taken in the following sections for the Monte Ca
simulations, i.e.,T50.258Tc andc50.05.

~i! Standard case (a* 50). WhenA and B pure phases
present the same vacancy formation energies, the matrix
the precipitate contain the same vacancy concentrationcv

B

'cv
A . Vacancies tend to segregate at the interface to m

mize the number of heteroatomic bonds and when the
cipitate size decreases, vacancies are preferentially locat
the internal interface shell since the number ofAB bonds is
greater there. In Fig. 2~b!, we indeed observe thatcv

2.cv
1

@cv
B ,cv

A . Furthermore, we note thatcv
2 varies very slowly

for ^ l &,1000 atoms. As a consequence, we obtain num
cally in Fig. 3 that the total number of vacancies in the p
cipitate, Nv

l , is proportional to the number of sites in th
internal interface shell and can be written as

Nv
l '

cv

c
@^ l &2^ l 2&#. ~9!

~ii ! For negative values ofa* the vacancy-formation en
ergy is smaller in theA phase than in theB one and thus
cv

A.cv
B . In Fig. 2~c! the casea* 520.5 is shown atT
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50.258Tc . As expected, we observe that vacancies
rarely found in the precipitate and thatcv

1 ,cv
A@cv

2 ,cv
B .

When a* <21, vacancy depletion occurs both in the pr
cipitate and at the interface,cv

1<cv
A , since breakingAB

bonds becomes energetically less favorable than brea
AA bonds. Regarding the cluster size effect fora* <20.5,
the vacancy depletion in the precipitate is less pronoun
for small precipitate and controls the^ l & dependence of the
total number of vacancy per precipitate. By keeping only
significantcv

A term in Eq.~5! and combining with Eq.~7!, we
find

Nv
l '

cv

12c
@^ l &2^ l 2&#expH 2

@Z1~12a* !12Za* #e

2kT J .

~10!

FIG. 2. Equilibrium local vacancy concentrationsCv
i in a block

as a function of average size precipitate^ l & for: ~a! a* 50.5, ~b!
a* 50, and ~c! a* 520.5 at T50.258Tc and with c50.05. Cv

i

concentrations are scaled to the nominal concentrationcv (Cv
i

5cv
i /cv).
4-4
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VACANCY-ASSISTED PHASE SEPARATION WITH . . . PHYSICAL REVIEW B63 184114
Figure 3 shows that fora* 520.5 the exponential term in
Eq. ~10! becomes dominant at the temperature conside
leading even to a decrease ofNv

l with ^ l & for ^ l &,100 atoms.
~iii ! For positive values ofa* @Fig. 2~a!# vacancies are

now trapped into the cluster and, whena* >1, mostly in the
core precipitate shells.Nv

l exhibits a different precipitate siz
dependence, proportional to^ l & ~see Fig. 3!, which from Eq.
~5! can be written as

Nv
l '

cv

c
^ l &. ~11!

We have shown in this section that the local equilibriu
vacancy concentration for a precipitate/matrix system
pends strongly on the asymmetry terma* . We will now see
that this results in major changes in the precipitation kinet

B. Growth and coarsening of the precipitates

1. Kinetic Monte Carlo results

By performing Monte Carlo simulations with the kinet
atomistic model described in Sec. II, we study the kinetics
phase separation of aA95B5 random alloy after a deep
quench from an infinite temperature to a temperature w
into the miscibility gap atT50.258Tc . This low temperature
has been chosen so as to enhance the differences prod

FIG. 3. ~a! Mean number of vacanciesNv
l into one precipitate

against average-size precipitate^ l & ~solid lines! for a* 510.5, 0,
20.5 atT50.258Tc and withc50.05. Approximations formulated
in Eqs.~9!–~11! are also reported (s). ~b! Probabilities to find the
vacancy in each regionPv

A , Pv
1 , Pv

2 , and Pv
B for ^ l &520 atoms

~solid lines! and 200 atoms~dotted lines!.
18411
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by varying a* . The composition has been chosen so as
start with a very large supersaturation~the solubility limit ca
at this temperature is 7.631025) in order to focus on the
growth and coarsening regimes and also to increase the
tistics on precipitate properties. In Fig. 4, we report on
log-log plot the time evolution of the mean cluster sizeL(t)
as defined in Sec. II for different values of the asymme
parameter a* . Estimation of the exponents x
5d$ ln@L(t)#%/d@ln(t)# are summarized in Table I. In this wor
we do not attempt to measure accurately the coarsening
ponents~this task can be quite difficult29,30!. The variations
of x with a* are, however, large enough so that our sim
estimation is sufficient for our purpose.

Let us first consider the standard case (a* 50). Figure 4
shows that the mean volumeL(t) increases with time ac
cording to aL(t)}tx law with an exponentx'0.52 for a
large range ofL(t) @10,L(t),1000#. When we introduce
some asymmetry we measure different exponent valuesx. At
short times@L(t),100 atoms# for negativea* values, a
smaller exponentx is measured,x'0.33 for a* 520.5 and
x'0.34 for a* 521,21.5. At long times@for 100,L(t)
,1000 atoms#, the exponentx depends on the value ofa*
considered: fora* 520.5, x increases continuously up to

FIG. 4. Monte Carlo time evolution of the average cluster v
ume L(t) (s) at T50.258Tc with c50.05, cv54.7731027, and
for various a* values (a* 521.5,21,20.5,0,0.5). Simulation
boxes contain 1283 fcc sites except fora* 521.5,21 (643 fcc sites
only!. For the sake of clarity, the Monte Carlo time is scaled by
factor f a* : f 21.5543104, f 21583102, f 20.5510, f 058, and
f 0.551. Solid lines represent predictions of the coagulation mo
~see text!.

TABLE I. Coarsening exponentsx of the average precipitate
volume @L(t)}tx#, obtained from the kinetic Monte Carlo simula
tions and from our coagulation model~in Fig. 4!, for the variousa*
values considered. Letters~c! for cluster coagulation-diffusion and
~e! for solute evaporation-condensation indicate which coarsen
mechanisms are present.

Short times Long times Coagulation
a* @L(t),100# @L(t),1000# model

10.5 0.80~c! 0.62 ~c! 0.60 ~c!

0 0.52~c! 0.52 ~c! 0.52 ~c!

20.5 0.33~c1e! . 0.50 ~e! 0.33 ~c!

21.0 0.34~c1e! 0.63 ~e! 0.27 ~c!

21.5 0.34~c1e! NA 0.23 ~c!
4-5
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FIG. 5. Illustration at late
stages of thestairlike ~a!,~b! and
the fountainlike ~c!,~d! evolutions
obtained by plotting Monte Carlo
time variations of all cluster sizes
(d) at T50.258Tc with c50.05
and for variousa* values:~a! a*
50.5, ~b! a* 50, ~c! a* 520.5,
~d! a* 521. Simulation boxes
contain 643 fcc sites and scaling
factors f a* are taken from Fig. 4.
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value greater than 0.5; fora* 521, x exhibits a value close
to 0.63; while fora* 521.5 the kinetics becomes very slo
and limitations in computing times prevent us from explo
ing L(t) values greater than 110 atoms. Finally fora*
50.5, a much larger exponent,x'0.80, is found for 30
,L(t),400 atoms, which decreases to approach a va
close tox'0.62 for 400,L(t),700. Notice that in this lat-
ter case,L (2)(t) differs slightly from L(t) by approaching
the lower exponentx'0.62 faster@whenL(t)5100].

To determine the extension of the nucleation and gro
regimes, we have calculated the evolution of the numbe
precipitates larger thanl c . It starts to decrease as soon
L(t).10 atoms for the considered values ofa* <0 and
when L(t).15 atoms fora* 50.5. Consequently, the mea
sured exponentsx correspond mostly to coarsening regime

To identify the mechanisms responsible for coarseni
we introduce a graphical method that is illustrated at lo
times in Fig. 5. It consists in reporting on a same graph
size evolution of all precipitates. For a simulation box su
that the cluster number is low~typically below 100!, it is
then possible to directly visualize the precipitate kinetics
havior. From Fig. 5, depending on thea* values, one can
distinguish two very different behaviors: astairlike evolution
for a* 50,0.5 and afountainlike evolution for a* 520.5,
21,21.5.

~i! the stairlike behavior@Figs. 5~a! and 5~b!# is a clear
signature of a coarsening regime by diffusion and coag
tion of the clusters. Indeed, it consists of a distribution
horizontal segments, each of them corresponding to at l
one precipitate. When one precipitate of sizel 1 disappears
~right end of one segment!, another of sizel 2 does too at the
same time and a new precipitate of sizel 11 l 2 is formed~left
end of one segment!.

~ii ! The fountainlike behavior@Figs. 5~c! and 5~d!# dem-
onstrates the presence of a coarsening regime occurrin
evaporation and condensation of solute atoms from sm
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precipitates to larger ones~Ostwald ripening!. One can in-
deed clearly observe two types of precipitates, the sma
ones, which decrease rapidly in size and are dissolved
the larger ones, which grow continuously.

At long times, we therefore recover the two well-know
coarsening mechanisms. We show here that the expon
x'0.52 andx'0.80,0.62 obtained, respectively, fora* 50
and a* 50.5 correspond to a cluster diffusion and coagu
tion regime. On the other hand, the exponentx'0.63 mea-
sured fora* 521 is due to Ostwald ripening.

At short times, it is convenient to use smaller simulati
cells in order to distinguish the different trajectories cor
sponding to each cluster. By using 323 site cells, we also
recover pure coagulation regime fora* 50 anda* 50.5. For
a* 520.5, the situation differs from the one at long time
For L'50 atoms, we now observe some coagulation eve
that roughly concern half of the cluster population that d
appears. This therefore suggests that the very small expo
x'0.33 obtained during this stage is partly controlled by t
coagulation regime. Fora* 521 and a* 521.5, coagula-
tion events are also identified at short times. However, t
become rapidly very rare as soon asL.50 atoms.

2. Analysis

Previous theoretical models of the kinetics of phase se
ration have predicted some of the power-law exponentx
that we measure in this work. According to the LS
theory,3,4 the coarsening via evaporation and condensation
single solute atoms is predicted to exhibitx51 at late stages
The Langer–Bar-On–Miller theory,31,2 which is valid even
when the Gibbs-Thomson relation cannot be linearized, h
ever yields x'0.63 at earlier stages of coarsening. Th
value agrees very well with the one obtained in our simu
tions for a* 521.

On the basis of their cluster-diffusion-coagulation mod
~without vacancy!, Binder and Stauffer5 predict x50.5 and
4-6
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x50.6 for low and intermediate temperatures, respectiv
This also compares well with our simulations performed
low temperature~at T'0.25Tc) for a* 50 where we mea-
sure a coagulation exponentx'0.52. Recent two-
dimensional~2D! Monte Carlo simulations with a vacancy
mediated diffusion mechanism and fora* 50 also agree
with the BS theory. In particular, Fratzl and Penrose8 show
that at intermediate temperature the Brownian cluster di
sivity should lead to a coagulation exponentx50.6. In a
recent exhaustive work, Rautiainen and Sutton9 also reported
similar results atT50.5Tc .

These theoretical predictions, however, do not explain
the power-law exponents obtained in our simulations. Thi
particularly true for the low coagulation exponentx
'0.33) obtained fora* 520.5 and for the high coagulatio
exponents (x'0.80,0.62) found fora* 50.5. To understand
why x increases witha* , we propose to estimate the coag
lation exponentsx from our vacancy mean-field model de
veloped in Sec. III A. Cluster Brownian-diffusion coeffi
cients are calculated from the Einstein formula. For a clus
of size ^ l & making jumps of lengthDx at time intervalsDt,
its diffusivity D ^ l & is

D ^ l &5
Dx2

2dDt
, ~12!

whered is the system dimensionality~3 here! andDt is the
average time for one atom of the precipitate to jump. Af
this jump the cluster center of gravity moves by a distan
Dx51/^ l &.5

The main difficulty here consists in estimating the fr
quency 1/Dt that results from the complex kinetic path th
makes the vacancy move cluster atoms. To simplify
problem, Fratzl and Penrose8 proposed to write 1/Dt} @the
number of vacancies in the cluster (Nv

l )] 3@the vacancy
jump frequency in the cluster]3@ the vacancy probability to
cross the interface]. At intermediate temperature, assum
Nv

l }^ l &, these authors obtainedD ^ l &}^ l &21 and the resulting
coagulation exponentx50.6 as predicted by the BS theory

In this work, we improve this approach by explicitly tak
ing into account the fact that vacancy distribution is not u
form at low temperature and is strongly influenced bya*
~see Sec. III A!. Using Eqs.~9!–~12!, and first neglecting the
possible contributions coming from jump frequencies,
now calculate thê l & dependency ofD ^ l & . For a* 50.5, Nv

l

}^ l & ~cluster volume! and thus D ^ l & exhibits the high-
temperaturê l & dependence, i.e.,}^ l &21. For a* 50, Nv

l

}^ l &2/3 ~cluster surface! and D ^ l & decreases faster witĥl &,
i.e., }^ l &24/3. Finally, for a* 520.5, Nv

l varies very slowly
and even can decrease with^ l & @see Fig. 3#. This leads to a
very fast decrease ofD ^ l & with ^ l & ~i.e., }^ l &2y where y
.2 for ^ l &,100).

Following Binder and Stauffer5 and Fratzl and Penrose8

the coagulation rate is given byd^ l &/dt}D ^ l &c
2/d^ l &122/d.

Replacing in this formula the aboveD ^ l & expressions, we plo
in Fig. 4 the predicted time evolution for^ l &, which we com-
pare with the kinetic Monte Carlo results~see also Table I!.
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Qualitatively our model reproduces the new result that
coagulation exponentx increases whena* increases. For
a* 50.5, the coagulation model givesx50.60 as observed a
late stages in the simulations (x'0.62) but does not predic
the large exponentx'0.80 found at short times. The max
mum valuex'0.60 that the model can predict shows t
limitations of the present description. In the model, all p
cipitates are assumed to have the same size, which is no
case in the simulations fora* 50.5 where the cluster-size
distribution presents, at short times, a large contribution fr
the small precipitates. This explains why, as already m
tioned,L (2)(t) differs from L(t) in this case and approache
faster the predicted exponentx'0.62. „Remember that
L (2)(t) @in Eq. ~3!# is dominated by large cluster sizes.… For
a* 50, both model and simulations agree with the BS the
exponentx50.5. For a* 520.5 both our simulations and
our coagulation model yield the same low exponentx
'0.33 at the early stage of the coarsening. Finally, fora*
521,21.5 the coagulation model does not apply since
agulation is no longer the dominant mechanism for coars
ing ~see Sec. III B 1!. It is therefore not surprising that th
predicted exponents are smaller than the ones measure
the simulations.

Notice also that one of the model assumptions is to
the same frequency for any vacancy jump in the precipita
At the interface vicinity this frequency is however high
anisotropic and therefore should modify the average
quency~noted 1/Dt) corresponding to a typical cluster-ato
jump. Moreover, correlated jumps take place at low tempe
ture and should also affect 1/Dt. For instance, recent kineti
Monte Carlo simulations performed by Rautiainen a
Sutton9 for a* 50 and at a very low temperatureT
'0.16Tc have put in evidence, a coagulation exponenx
'0.21 well below the expectedx'0.5 for this symmetric
case. Preliminary extensions of our model, where these
related jumps are taken into account indicate thatx decreases
significantly when the annealing temperature is lowered.32

C. Microstructure of the precipitates

1. Kinetic Monte Carlo results

Cluster and matrix composition. From the kinetic Monte
Carlo simulations presented in the previous section we n
investigate the influence of the asymmetry terma* on the
cluster composition. We calculate three different concen
tions: cB

A , the concentration ofB atoms in theA matrix in-
cluding small B clusters of size belowl c atoms; cA

B , the
concentration ofA atoms in theB precipitates, including the
A dimers, trimers, etc., not connected to the matrix; and

nally cA
B* , which includes bothA atoms counted incA

B andA
atoms bonded to one or two matrixA atoms, i.e.,A atoms
located at the vicinity of the interface.

At the temperature consideredT50.258Tc , the solubility
limit ca is equal to 7.631025. However, when clusters are i
local equilibrium with the matrix, the presence of curve
interfaces increases the solubility ofB in the A matrix, i.e.,
cB

A.ca , and decreases that of A atoms in theB precipitates,
i.e., cA

B,ca . ThuscB
A is a decreasing function of the cluste
4-7



-

.

JEAN-MARC ROUSSEL AND PASCAL BELLON PHYSICAL REVIEW B63 184114
FIG. 6. Monte Carlo solubili-
ties as a function of average clus
ter sizeL(t) for: ~a! a* 50.5, ~b!
a* 50, ~c! a* 520.5, ~d! a*
521, and ~e! a* 521.5 at T
50.258Tc and with c50.05. cB

A

(s): concentration ofB atoms in
the A matrix, cA

B (d): concentra-
tion of A atoms in theB precipi-

tates, andcA
B* (3), which in-

cludes bothA atoms counted incA
B

andA atoms bonded to one or two
matrix A atoms. The horizontal
solid line represents the solubility
limit ca . The two curved solid
lines show thecB

A and cA
B Gibbs-

Thomson predictions from Eq
~13! (cB

A.cA
B).
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size and at low temperature obeys the following macrosco
Gibbs-Thomson law:

cB
A'ca expH 2

2gV

RkTJ , ~13!

where g is the interfacial energy per unit area,V is the
atomic volume, andR is the average precipitate radius. Co
versely,cA

B5ca
2/cB

A increases smoothly with the cluster siz
Equation~13! has been tested by equilibrium Monte Car
simulations; we obtain a very good agreement wheng is
taken as the interfacial energy of the$100% orientation, i.e.,
g524eeV/a2, wherea is the fcc lattice parameter. This i
the value we have used to analyze our kinetic simulationR
is taken as the radius of a spherical precipitate of equiva
volume.

In Fig. 6 we report the evolution of the precipitate a
matrix solubilities as a function of the average cluster s
L(t) and for the considereda* values. We now compare th
kinetic Monte Carlo~KMC! results with the equilibrium
Gibbs-Thomson~GT! predictions.

Considering first the standard case (a* 50) in Fig. 6~b!,
we observe a good agreement between KMC results and
18411
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GT relation. In the simulations,cB
A starts from the initial

solid-solution concentrationc55% and then decreases ra
idly to reach the expected GTcB

A value atLGT'100 atoms.
Considering now the KMCcA

B , although the statistic is les
precise due to the very low concentration measured,
clearly observe that the average KMCcA

B is below ca and
increases slowly with a value close to GTcA

B .
For a* 520.5 @in Fig. 6~c!# the picture is very similar

and differs only in the fact that KMCcB
A reaches GTcB

A for
smaller precipitate size,LGT'30 atoms.

The casesa* 521,21.5 are displayed in Figs. 6~d! and
6~e!. The B concentrationcB

A becomes also close to the G
curve whenLGT'50 atoms fora* 521 andLGT'110 at-
oms fora* 521.5. However, regarding now theA concen-
tration in the precipitates, we observe at early stages an
expected kinetic supersaturation of the clusters. Indeed,
a* 521, a large deviation ofcA

B is found with respect to the
GT prediction, cA

B increases rapidly and reaches atL(t)
'100 a maximum value that is two orders of magnitu
larger than the GT one. ThencA

B decreases very slowly and
is expected that it will reach the GT curve for very larg
L(t). This kinetic-cluster supersaturation is even more p
4-8
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nounced fora* 521.5. Although the kinetics becomes ve
slow and the maximumcA

B value is not yet reached, atL(t)
5110 atoms simulations reveal a supersaturation that is
ready greater than two orders of magnitude.

Finally, in Fig. 6~a! for a* 50.5, the inverse phenomeno
occurs. It is now the matrix that is kinetically supersatura
in B solute atoms.cB

A decreases very slowly and even
L(t)5700 atoms remains roughly one order of magnitu
larger than the GT predictions. On the other hand, clus
are almost pure and their compositioncA

B behaves as ex
pected from the GT equation.

Concerning the above mentionedcB
A deviations, it is in-

teresting to notice that the characteristic sizeLGT presents a
minimum for aa* value close to20.5. The observedLGT
values are summarized in Table II and will be discussed
Sec. III C 2.

Cluster morphology. To study the influence ofa* on the
cluster morphologies, we report the configuration-depend
part of the interface energy per bond in each cluster, writ
as

Eint5
2e

2l (
i

Zi

Z
, ~14!

wherei sums over all thel B atoms of the cluster andZi is
the number ofA first neighbors of thei th B atom. This for-
mula also includes theA atoms dissolved in the precipitate
but in all our results the total number of suchA atoms is so
small that this contribution is negligible. In Fig. 7, we pl
the instantaneous interfacial energies of the clusters at di
ent stages of the kinetic Monte Carlo simulations and
compare them with the interfacial energies of equilibriu
regular fcc polyhedra.28 At late stages, forL(t)5500 atoms
and for the considereda* values@for a* 521.5 L(t)5500
atoms is not available#, precipitate interfacial energies ar
very close to cubo-octahedral and Wulff polyhedral energ
which means that precipitates adopt compact shapes
present essentially$111% and $100% facets with sharp inter-
faces. At earlier stages,L(t)510, 50 atoms, the cluster
shape evolution is different and depends ona* . When a*
>20.5, the clusters present a small excess energy comp
to that of equilibrium clusters. This small excess is howe
quite independent of thea* values. In contrast, whena* <
21, the clusters present a large excess energy, which
creases whena* decreases. Fora* 521.5 some clusters
carry an interfacial energy twice that of the regular polyhe
of the same volume. These large excess energies are ch
teristic of jagged, rough interfaces, and this is confirmed
direct visualization of the precipitates. Another remarka
feature is clearly visible in Fig. 7~e!: the excess interfacia

TABLE II. Average precipitate sizesLGT ~in atom number! at
which the concentration ofB atoms in theA matrix, KMC cB

A @see
Fig. 6#, reaches the Gibbs-Thomson prediction@Eq. ~13!#, at T
50.258Tc , with c50.05 and for the variousa* values considered

a* 21.5 21 20.5 0 0.5
LGT 110 50 30 100 .700
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energy is larger for the larger clusters. As seen in Sec. II
this microstructure is evolving by the evaporatio
condensation mechanism. We can thus identify the sm
clusters as the ones undergoing dissolution and the la
clusters as the growing ones@see also Fig. 5~d!#. We there-
fore conclude that the clusters undergoing dissolution ten
have rather smooth interfaces, whereas the growing clus
develop rough interfaces.

2. Analysis

The kinetic Monte Carlo results obtained in this secti
with varying a* lead us to formulate the following ques
tions: What is the origin of the kinetic supersaturations eit
in the matrix or in the precipitates? What is the origin of t
kinetic roughness of the growing precipitates? Concern
the first question, a partial and qualitative explanation m
be found from our equilibrium vacancy model presented
Sec. III A. Indeed, the supersaturation phenomenon and
vacancy-occupation probability in theA-rich and B-rich
phases are clearly correlated. When vacancies are ma
trapped into the precipitates~for a* >0.5), B atoms in the
matrix diffuse very slowly towards the precipitates and the
fore supersaturation persists in the matrix. Conversely, w
vacancies are essentially located in the matrix~for a*
<20.5), A atoms, if trapped at the precipitate internal inte
faces during the growth process, will afterwards hardly d
fuse and these trapped atoms will lead to supersaturated
cipitates. This simple explanation, however, does
elucidate whyA atoms can be trapped at growing interface
This trapping is also directly relevant to the development
rough interfaces. To answer these questions, both inter
properties and kinetic aspects must be considered.

Let us begin by studying the transient supersaturation
the matrix and the influence ofa* on this supersaturation
The supersaturation is related to the condensation rateB
atoms at the precipitate interface. This rate is proportiona
the probability of finding vacancies at the immediate vicin
of the interface on the matrix side, which exhibits a stro
dependence witha* . We therefore compare this probability
notedPv

1 in Sec. III A and plotted in Fig. 3~b!, to theLGT

values obtained in the simulations~see Table II!, which in-
dicate the characteristic cluster size above which kinetic m
trix supersaturation has disappeared. Qualitatively, thePv

1

curve@Fig. 3~b!# explains well the origin of theLGT behavior
as a function ofa* : the a* value for whichPv

1 exhibits a
maximum (a* 520.3 for L520) is close to thea* value
giving the smallestLGT value. In addition, the asymmetry o
the LGT behavior with respect toa* is also reproduced. Fo
a* ,20.5, Pv

1 andLGT vary slowly witha* (Pv
1 decreases

and LGT increases!, while for a* .0, Pv
1 and LGT exhibit

marked variations witha* . This results in a large persisten
matrix supersaturation fora* 50.5.

We now turn to the mechanism that yields to the sup
saturation of the precipitates, i.e., the mechanism for
trapping ofA solvent atoms in growingB precipitates. The
direct visualization of the configurations allows us to have
first phenomenological understanding of this mechanism
Fig. 8 we report fora* 521 a sequence of snapshots in
4-9
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FIG. 7. Instantaneous interfa
cial energies per bond in eachB
cluster at different stages of th
kinetic Monte Carlo simulations
for L(t)510 (1), L(t)550 (s),
and L(t)5500 (d) atoms, com-
pared to interfacial energies o
equilibrium regular fcc polyhedra
~solid lines!: ~a! a* 50.5, ~b! a*
50, ~c! a* 520.5, ~d! a* 521,
~e! a* 521.5 @here, (d) points
correspond toL(t)5100]. Ener-
gies are calculated from Eq.~14!.
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$111% plane taken from a 3D 643 simulation box. This re-
veals a typical incorporation process of oneA solvent atom:
The A atom is first trapped on the internal side of the int
face and is covered by incomingB atoms later on. This ob
servation is in agreement with the sequential increases m
sured for the solubilitiescA

B* andcA
B @Figs. 6~d! and 6e!#. It

should be noticed that the number of trappedA solvent atoms
responsible for the supersaturation measured in Fig. 6 i
fact very small and in the range of 10 atoms for a 643 cell
with c55% atT'0.25Tc anda* 521. Thus, the presenc
of one trappedA atom that persists during the kinetics show
in Fig. 8 is representative of the supersaturation. By follo
ing the kinetic behavior of these trappedA atoms, we can
draw two important conclusions. The supersaturation build
18411
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is associated with the presence of some interface rough
@Figs. 8~a! and 8~b!#, which is consistent with our interfacial
energy calculations@Fig. 7#. The release into the matrix of
trappedA atom occurs by the complete dissolution of t
precipitate that contains it@Figs. 8~c!–8~f!#. Qualitatively,
this is in agreement with the fact~shown in Sec. III A! that
for a* <21 the vacancy rarely visits the inside of the clu
ters and therefore does not letA atoms escape from them.

Having now a qualitative picture of the supersaturati
mechanism, one can wonder why the trapping mechan
occurs easily fora* <21 and does not happen fora*
>20.5. To elucidate this problem we start from our obs
vation that theA atoms trapped at cluster interfaces are th
covered and trapped inside the clusters by the arrival oB
4-10
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FIG. 8. Sequence of snapsho
in a $111% plane~taken from a 3D
643 simulation box! showing a
typical incorporation process o
one A solvent atom~see text! at
T50.258Tc for a* 521 and with
c50.05, during the kinetics a
L(t)579 ~a!, 81 ~b!, 214 ~c!, 688
~d!, 726 ~e!, 817 ~f! atoms.B at-
oms are represented as da
circles.
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solute atoms. This suggests that for some kinetic reason
vacancy, whena* <21, has a tendency to cover withB
solute atoms theA atoms trapped at the interface~hereafter
referred to as chemical interface defects!, while when a*
>20.5 the vacancy has a tendency to anneal these chem
interface defects. To test this assumption, we estimate
probabilities to observe these two events for two simple c
figurations.

Figure 9~a! shows schematically a typical interfac
chemical defect, which is susceptible to be transformed
an A atom trapped inside the precipitate. This chemical

FIG. 9. SchematicB precipitate interface, where~a! a chemical
defectAdBd is formed. The right sketches represent the two c
sidered mechanisms by which a new solute atom,Bv ~b! or Bi ~c!,
covers partially the defect with a probabilityPc . The vacancy in-
volved (h) may also anneal the defect with a probabilityPa .
18411
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fect can be obtained by exchanging anAB pair from a per-
fect interface. Per interface site, its formation energy depe
on the interface curvature and one. For a cubo-octahedron
precipitate and according to the notation from Sec. III A, th
energy is2(Z2Z12Z211)e and increases with the clus
ter size. When this defect is formed, it consists of anA defect
atom ~notedAd) presenting a low number (Z121) of first-
neighborA atoms and oneB adatom~notedBd).

In Figs. 9~b! and 9~c!, we consider two possible mecha
nisms by which a new soluteB atom covers partially the
defect. ThisB atom may come either from the bulk@notedBv
in Fig. 9~b!# or from the cluster interface@notedBi in Fig.
9~c!#. The coverage mechanism then requires a vacancy t
first neighbor of bothAd andBv ~or Bi). Among the various
kinetic pathways of the vacancy, we consider two of them
Fig. 9 and calculate their probabilities: the vacancy e
changes first withBv ~or Bi) and then leaves the defect re
gion with a probabilityPc ~mechanism to cover the defect!,
the vacancy exchanges first withAd and then withBd , with
a probabilityPa ~mechanism to anneal the defect!

Calculations of probabilitiesPa and Pc are detailed in
Appendix B. To reduce the number of possible configu
tions we simplify the problem by taking a one-dimension

-
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model ~i.e., with spherical symmetry! and by distinguishing
only average residence time per concentric atomic shel
this framework, the calculated probabilities however inclu
reverse-jump probabilities in order to take into account
fact that some jumps are highly correlated.

The Pc /Pa calculation as a function ofT/Tc and a* is
illustrated for^ l &5100 atoms in Figs. 10~a! and 10~b! for the
cases involving aBv and a Bi atom, respectively. AtT
'0.25Tc and for a* <21, both considered cases prese
very largePc /Pa ratios, which, therefore, indicates a stron
tendency to cover the chemical interface defect as obse
in the KMC simulations. Conversely, fora* >0, the anneal-
ing of the interface defect is largely favored sincePc /Pa
values are very small. Finally, the intermediate valuea*
520.5 presents a competition between the two mechani
depending on the type ofB atom considered (Bv or Bi).
Calculations reveal a small tendency to cover the chem
defect with aBv atom and a small tendency to anneal it
presence of aBi atom.

This simple calculation ofPc /Pa provides direct suppor
for the qualitative explanation of the precipitate supersatu
tion origin. It confirms our conclusions made from the dire
visualization of the configurations in Fig. 8 and it predic
the presence of supersaturated precipitates fora* ,20.5 as
observed in the Monte Carlo simulations in Fig. 6. Nume
cally, the drastic decrease ofPc /Pa when a* increases
comes from the fact that in the mechanism to cover the
fect, the exchange of the vacancy with theBv atom becomes

FIG. 10. Pc /Pa probability ratios as a function of the reduce
temperature T/Tc , for various a* values (a* 521.5,21,
20.5,0,0.5) and for a cluster size^ l &5100 atoms. Calculations ar
obtained from Appendix B for the two cases involving: either~a! a
Bv atom @Fig. 5~b!# or ~b! a Bi atom @Fig. 5~c!#.
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highly correlated whena* increases, i.e., the vacancy ten
to jump straight back to its initial position whena* in-
creases.

This model also provides some insight into the buildup
interface roughness since the failure to anneal the ab
chemical defects correspond to a lack of interfacial diffus
that could smooth out interfacial roughness. This lack of
terfacial diffusion can be seen as a generalization of the p
tive Ehrlich-Schwoebel barriers that are known to exist
the migration ofB atoms across descending steps whena*
>21/3.33 The present situation is however more compl
because of the curvature of the interface and because o
many successive configurations that are involved in the tr
ping of the A atoms. In qualitative agreement with th
present calculations, it is observed in the KMC simulatio
~Fig. 7! that diffuse interfaces develop only fora* <21. A
full treatment of the effect ofa* on the kinetic roughening o
growing interfaces is however clearly beyond the reach
this simple model.

IV. DISCUSSION

In the past, most KMC studies of second-phase precip
tion and coarsening have been performed with no interac
asymmetry (a* 50). We show here that the kinetic path o
precipitation is however strongly affected by moderate asy
metries, i.e., in the range of unity. For application to re
alloy systems, one can choose to determine the asymm
from the difference of the pure metal-cohesive energies
the vacancy formation energies, or the vacancy migrat
energies. For metallic alloys different asymmetry parame
will be obtained depending upon the method used, beca
of the well-known failure of pair potentials to reproduc
properly the energetics of these alloys. The main point
however, that quite large values are often obtained,10 for in-
stance, ranging froma* 521.8 to23 for Cu-Co. We there-
fore conclude that for many experimental situations the e
lution of the system cannot be properly reproduced with
taking into account asymmetry effects.

As a direct illustration of the above point, new thre
dimensional atom probe measurements of the compos
and interface properties of Co-rich precipitates growing
723 K in a Cu-rich matrix have revealed unexpected featu
such as the formation of supersaturated precipitates con
ing up to 20% Cu and the formation of disordered, diffu
interfaces extending over 1 nm.18 These unexpected and s
far unexplained features are directly reminiscent of our fin
ings for moderate or large negative asymmetry paramet
The reduced experimental temperature is larger than
used in the present simulations: by fitting the solubiliti
with a subregular solution model this reduced temperatur
estimated to be'0.45Tc .34 The asymmetry parameter fo
the Cu-Co system is however more negative than the va
we used in our simulations. Our mean-field model indica
that both variations (T and a* ) in fact compensate eac
other, and that asymmetry effects for Cu-Co at 723 K
expected to be similar to that observed in our simulations
4-12
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21.5<a* <21. Simulations with an improved kineti
model~see Sec. II! and parameters close to the experimen
conditions are in progress to allow for a quantitative co
parison.

V. CONCLUSION

In this paper we investigate the effect of asymmet
atomic mobilities on the precipitation path in a model bina
alloy. We use an atomistic model where energetics is sim
modeled by first nearest-neighbor pair interactions, a
where diffusion proceeds by atom-vacancy exchanges.
sults obtained using kinetic Monte Carlo simulations sh
that the interaction asymmetry parameter,a* 5(eAA

2eBB)/(eAA1eBB22eAB), has a determinant impact on th
precipitation kinetics and on the characteristics of the p
cipitates that are formed during isothermal annealing. Fo
A95B5 alloy quenched from infinite temperature and a
nealed atT50.258Tc we found the following.

~1! The coarsening of the precipitate is quickly dominat
by the evaporation-condensation mechanism fora* <20.5,
while for a* >0 the coagulation mechanism remains t
dominant coarsening mechanism for precipitate sizes at l
up to 1000 atoms. Furthermore, in the coagulation regi
the volume-coarsening exponent increases from about
for a* 520.5 to 0.62 fora* 50.5.

~2! For a* 50,20.5 the compositions of the precipitate
and of the matrix are in good agreement with the~local!
equilibrium compositions predicted by the Gibbs-Thoms
formula. In the casea* <21, however, a large supersatur
tion of the precipitates is measured~more than two orders o
magnitude!, while in the casea* 50.5 a significant super
saturation of the matrix persists for long times.

~3! In the case where supersaturated precipitates are
served, precipitate/matrix interfaces are shown to carr
large energy excess, which originates from disordered, ro
interfaces.

We have shown that these results can be rational
when one takes into account the effect of the asymm
parameter on the vacancy distribution and migration in
alloy that contains precipitates. Using a simple mean-fi
model we show in particular that by varyinga* one can
force the vacancy to reside mostly in the matrix~for large
negativea* values! or to be trapped in the precipitates~for
large positivea* values!. Furthermore, the vacancy prob
ability distributions display different evolutions with the pr
cipitate size. These combined effects provide a simple qu
tative explanation for the effect ofa* on coarsening
mechanisms and even a quantitative modeling for the coa
lation exponents. We then propose a simple mean-field
netic model to study the effect ofa* on the trapping ofA
atoms at growing precipitate interfaces. The model, in ag
ment with the KMC simulations, indicates that whena*
<21, A atoms are kinetically trapped at growing interface
This provides a simple explanation for the buildup of inte
face roughness and the precipitate supersaturations mea
in the simulations.
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stimulating discussions. This work was supported by
U.S. Department of Energy Grant No. DEFG02-96ER454
through the University of Illinois Materials Research Lab
ratory. The present simulation work has greatly benefi
from the MRL Center for Computation.

APPENDIX A: CUBO-OCTAHEDRON CLUSTER

To quantify the various geometric parameters describin
typical cluster considered in Sec. III A, we have used
simple cubo-octahedral polyhedron in the fcc structure.
this appendix we detail this numerical aspect.

Cluster surface and volume. Considern, the number of
successive atomic shells forming a cubo-octahedron ofB at-
oms embedded in a matrix ofA atoms. The cluster surfac
then containsNs(n)52(5n211) atoms which, by summing
each shell gives a cluster volumeNtot(n)511(n/3)(10n2

115n111) atoms. For numerical application in Eq.~5! we
take ^ l &5Ntot(n), ^ l &2^ l 2&5Ns(n), and ^ l 1&2^ l &5Ns
(n11).

Coordination number. Each shell presents four inequiva
lent types of sites@on vertex, edges,~100! and ~111!
faces#. Taking into account these different sites, thenth
shell shares with the (n11)th one, a number of bond
Nnun11512(3n213n11). To estimate Z2 and Z1 in
Eqs. ~6! and ~7!, we distinguish for a site in a given
shell the number of its first neighbors in adjacent a
same shells. Thus, a site in the surface shell~i.e., the
nth shell! has an average number of first neighbors
the adjacent (n11)th shellZn

15Nnun11 /Ns(n), in the adja-
cent (n21)th shell Zn

25Nn21un /Ns(n), and in the same
nth shellZn

05Z2Zn
12Zn

2 , whereZ512 is the total fcc co-
ordination number. In Eqs.~6! and ~7! Z25Zn11

2 and Z1

5Zn
1 .

APPENDIX B: Pc ÕPa CALCULATION

We detail in this appendix the calculation ofPc /Pa prob-
ability ratio discussed in Sec. III C 2. It requires us to defi
average atom-vacancy exchange frequencies at the vic
of the cluster interface and for the specific configuratio
considered in Figs. 9.

Average frequencies and residence times. Using average
coordination number from the above described cu
octahedron geometry, we report for various atom-vaca
exchanges in Table III the configuration dependent part
the activation energies defined in Eq.~1!. In Table III, indi-
cesp denote the shell where the elementAp , Bp , or Vp is
located. Considering, for example, the exchange betwee
vacancy in thenth shell (Vn) and anA atom in (n11)th
shell (An11), this A atom is surrounded by (Z2Zn11

2 ) A
first-neighbor atoms, and according to Eq.~1!, the frequency
for this exchange is

G$VnAn11%5n expH 2
E02 1

2 ~Z2Zn11
2 !~11a* !e

kT
J .

~B1!
4-13
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TABLE III. Configuration-dependent part of the activation energies@Eq. ~1!# for vacancy-atom exchange
in the vicinity of a cubo-octahedron cluster interface, whereEVB5(e/2)(11a* ) and EVA5(e/2)(12a* ).
Coordination numbers (Zn

2 ,Zn
1 , . . . ) aredefined in Appendix A. Indicesp denote the shell where th

elementAp , Bp , or Vp is located~see Appendix B!. In the lower part of the table, the specific exchanges
the configurations illustrated in Fig. 9 are considered.

Vn21 Vn Vn11 Vn12

An12 @Z21#EVB 2@Z21#EVB

An11 2@Z2Zn11
2 #EVB 2@Z2Zn11

2 21#EVB 2@Z2Zn11
2 21#EVB

Bn 2@Z2Zn
121#EVA 2@Z2Zn

121#EVA 2@Z2Zn
1#EVA

Bn21 2@Z21#EVA 2@Z21#EVA

Ad 2@Z2Zn11
2 21#EVB 2@Zn

122#EVB

Bd 2@Zn11
2 21#EVA

Bv 0 2@Zn11
2 21#EVA

Bi 2@Zn11
2 21#EVA 2@Zn11

2 #EVA 2@Zn11
2 #EVA
te

t

al

th
ro

b-

er
x
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st

r a
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to
g-
te

rob-
t

From Table III, the mean residence timet of the vacancy in
this configuration can be written as

t5@Zn
2G$VnBn21%1Zn

0G$VnBn%1Zn
1G$VnAn11%#21.

~B2!

Let us now consider the specific configurations illustra
in Fig. 9, i.e., a vacancyVn11 that is first neighbor of both
Ad and Bv ~or Bi) atoms. We notet0

v and t0
i , the mean

residence times of the vacancy@respectively, in Figs. 9~b!
and 9~c!# before making any first jump.Vn11 is assumed no
to be first neighbor ofBd and therefore hasZn11

2 B first
neighbors. To simplify the calculation, only the loc
environments of this initial vacancy site and of theAd , Bv
~or Bi) ones are considered. Average coordinations of
other neighbor atoms are given by the cubo-octahed
geometry.

Probability Pa to anneal the defect. As defined in
Sec. III C 2 and illustrated in Fig. 9,Pa is the probability
for a vacancyVn11 to exchange first withAd and then with
Bd . Pa may be written as the product of two relative pro
abilities

Pa5G$Vn11Ad%t03G$VnBd%ta , ~B3!

wheret05t0
v ~or t0

i ) andta is the mean residence time aft
the first vacancy jump. Using the above mentioned appro
mation to calculate average frequencies, the activation e
gies for G$Vn11Ad% and G$VnBd% are reported in Table III
andta is given by

ta5@Zn
2G$VnBn21%1Zn

0G$VnBn%1~Zn
122!G$VnAn11%

1G$VnAd%1G$VnBd%#21, ~B4!

whereG$VnAd% is the frequency of the reverseVn11Ad ex-
change.

Probability Pc to cover the defect. Pc
v (Pc

i ) is the prob-
ability for the vacancyVn11 to exchange first withBv (Bi)
and then with anyA atoms ~see Sec. III C 2 and Fig. 9!.
Considering the mechanism involvingBv , we have

Pc
v5G$Vn11Bv%t0

v3@12G$Vn12Bv%tc
v#, ~B5!
18411
d

e
n

i-
r-

whereG$Vn12Bv% is the frequency of the reverseVn11Bv
exchange andtc

v is the mean residence time after the fir
jump,

tc
v5@~Zn12

2 21!G$Vn12An11%1G$Vn12Bv%

1~Z2Zn12
2 !G$Vn12An12%#21. ~B6!

Similarly, for the mechanism withBi ,

Pc
i 5G$Vn11Bi%t0

i 3@~Zn11
0 21!G$Vn11An11%

1Zn11
1 G$Vn11An12%#tc

i , ~B7!

wheretc
i is the mean residence time after the first jump

tc
i 5@Zn11

2 G$Vn11Bn%1~Zn11
0 21!G$Vn11An11%

1Ĝ$Vn11Bi%1Zn11
1 G$Vn11An12%#21, ~B8!

where Ĝ$Vn11Bi% is the frequency of the reverseVn11Bi
exchange, which differs fromG$Vn11Bi% only by the fact
thatBi has now (Zn11

2 21) B neighbors~due to the presence
of Ad) instead ofZn11

2 .
In Figs. 10~a! and 10~b!, respectively, ratiosPa /Pc

v and
Pa /Pc

i are plotted as functions of the temperature and fo
cluster sizê l &5100 atoms. Notice that in Eqs.~B3!–~B7!
probabilities can be modified by the fact that the vacan
may also perform other correlated~and more complicated!
jump sequences driven by thea* asymmetry term. In par-
ticular, before doing its first jump, the vacancy may return
its initial site after any two reverse jumps and without chan
ing the atomic configuration. It is however interesting to no
that this contribution enhances by the same factor the p
abilities Pa , Pc

i , and Pc
i ,12 and therefore, does not affec

their ratios reported in Fig. 10.
4-14
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