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Spin-triplet superconductivity in repulsive Hubbard models with disconnected Fermi surfaces:
A case study on triangular and honeycomb lattices

Kazuhiko Kuroki* and Ryotaro Arita
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We propose that spin-fluctuation-mediated spin-triplet superconductivity may be realized in repulsive Hub-
bard models with disconnected Fermi surfaces. The idea is confirmed for Hubbard models on triangular~dilute
band filling! and honeycomb~near half-filling! lattices using fluctuation exchange approximation, where triplet
pairing order parameter withf-wave symmetry is obtained. Possible relevance to real materials is suggested.
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I. INTRODUCTION

A fascination toward spin-triplet superconductivity has
long history, but recent experimental suggestions for trip
pairing in a heavy fermion system UPt3,1 organic conductors
(TMTSF)2X(X5ClO4,2PF6

3!, and a ruthenate Sr2RuO4,4,5

have renewed our interests in mechanisms of triplet su
conductivity. In particular, it is fairly intriguing to investi
gate whether electron-electron repulsive interactions can
to triplet superconductivity. Ferromagnetic-spin-fluctuati
mechanism has been proposed from the early days, but to
knowledge, realization of triplet superconductivity~at sizable
temperatures! has yet to be established theoretically for r
pulsive electron models with renormalization effects of t
quasiparticles taken into account. The lifetime of the qua
particles is important since this is a factor dominatingTc .

Recently, the present authors with Aoki have investiga
the possibility of triplet pairing in the Hubbard model for
variety of lattice structures and band fillings using fluctuat
exchange~FLEX! approximation.6 A naive expectation is
that triplet superconductivity may be realized when the ba
is away from half filled and the density of states~DOS! at the
Fermi level is large, since ferromagnetic fluctuations beco
strong in such a situation. In Ref. 6, however, it has turn
out that the transition temperature (Tc) of triplet supercon-
ductivity, if any, is too low to be detected as far as the ca
surveyed there are concerned. A typical case is a square
tice with appreciable next-nearest-neighbor hoppings and
lute band fillings. First let us briefly review this situation as
reference for the results presented later.

II. FORMULATION

We consider the Hubbard model, H
5(^ i , j &s5↑,↓t i j cis

† cj s1U( ini↑ni↓ , on a square lattice
shown in Fig. 1, wheret(51) is the nearest andt18(5t28
here! is the next-nearest-neighbor hopping. In the FLE
calculation,7–9 ~i! Dyson’s equation is solved to obtain th
renormalized Green’s functionG(k), wherek[(k,i en) de-
notes the two-dimensional~2D! wave vectors and the Mat
subara frequencies,~ii ! the effective electron-electron inte
action V(1)(q) is calculated by collecting random-pha
approximation~RPA!-type bubbles and ladder diagrams co
sisting of the renormalized Green’s function, namely,
0163-1829/2001/63~17!/174507~5!/$20.00 63 1745
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summing up powers of the irreducible susceptibilityx irr(q)
[2(1/N)(kG(k1q)G(k) (N:number ofk-point meshes!,
~iii ! the self-energy is obtained asS(k)[(1/N)(qG(k
2q)V(1)(q), which is substituted into Dyson’s equation
~i!, and the self-consistent loops are repeated until con
gence is attained. Throughout the study, we ta
64364 k-point meshes and the Matsubara frequenciesen
from 2(2Nc21)pT to (2Nc21)pT with Nc up to 16 384
in order to ensure convergence at low temperatures.

To obtainTc , we solve the eigenvalue~Éliashberg! equa-
tion for the superconducting order parameterf(k),

lf~k!52
T

N (
k8

f~k8!uG~k8!u2V(2)~k2k8!, ~1!

where the pairing interactionV(2), which mediates pair scat
tering from (k,2k) to (k8,2k8)@[(k1q,2k2q)#, is
given as

Vs
(2)~q!5

3

2 F U2x irr~q!

12Ux irr~q!G2
1

2 F U2x irr~q!

11Ux irr~q!G ~2!

for singlet pairing, and

Vt
(2)~q!52

1

2 F U2x irr~q!

12Ux irr~q!G2
1

2 F U2x irr~q!

11Ux irr~q!G ~3!

FIG. 1. The left panel shows the hopping integrals for squ
(t185t28) or triangular (t2850) lattice. In the right panel,l t is plotted
as a function of temperature for the Hubbard model on a squ
lattice with t185t2850.4, U56, andn50.3 ~dash-dotted line!, or on
an isotropic triangular lattice witht1851, U58, andn50.15 ~solid
line!. In the latter case, a spline extrapolation to lower temperatu
is also plotted~dashed line!.
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for triplet pairing. In either case, the first~second! term rep-
resents the contribution from spin~charge! fluctuations.Tc is
the temperature at which the maximum eigenvaluel reaches
unity. We denote the eigenvalue and the order paramete
triplet ~singlet! pairing asl t (ls) andf t(fs), respectively.

In Ref. 6, t8, U, and the band fillingn ~Ref. 10! were
varied in search of triplet superconductivity, butl t remained
below ;0.2 in the tractable temperature range as typica
displayed in Fig. 1~dash-dotted line!. The main reason why
triplet pairing instability is weak is becauseuVt

(2)u is only one
third of uVs

(2)u when spin fluctuation is dominant as can
seen from Eqs.~2! and ~3!.

III. TRIPLET PAIRING MECHANISM FOR SYSTEMS
WITH DISCONNECTED FERMI SURFACES

Here, we propose that the above difficulty for spi
fluctuation-mediated triplet pairing in the Hubbard mod
can be overcome under certain conditions. Let us fi
present our idea. We consider a situation~see Fig. 2! where
~i! the Fermi surface~FS! is disconnected~preferably well
separated! into two pieces which are located point symmet
cally aboutk50, and ~ii ! the spin structure is pronounce
around a wave vectorQ in such a way that two electron
with zero total momentum can be scatteredwithin each piece
of the FS~this process will be called intra-FS pair scatteri
hereafter! by exchanging spin fluctuations having mome
tum ;Q. Now, according to the BCS theory, the quant
2@(k,k8PFSV(2)(k2k8)f(k)f(k8)#/@(kPFSf2(k)# @the
numerator being;2(kPFSV(2)(Q)f(k)f(k1Q)# has to
be positive and large in order to have superconductivity h
ing an order parameterf. Then, pair scatterings from (k,
2k) to (k1Q,2k2Q) for singletpairing, mediated byre-
pulsive Vs

(2)(Q), have to accompany a sign change in t
order parameterfs(k) @Fig. 2~a!#. Hence the nodes offs(k)
must intersect the FS. Fortriplet pairing, by contrast, pairs
can be scattered within a region having the same sign
f t(k) becauseVt

(2)(Q) is attractive. In this case, since the
gap nodes@which exist due to triplet pairing symmetr
f(k)52f(2k)# do not intersect the FS@Fig. 2~b!#, the
entire FS can be exploited for pairing, so that triplet pairi
may be enhanced. Quite recently, a related proposal has

FIG. 2. Basic idea of the present mechanism is presen
Intra-FS pair scattering~dashed curves! is mediated byV(2)(Q)
within each piece of the disconnected FS~closed solid curves!. The
dashed straight lines represent nodes of the order paramete
singlet ~a! and triplet~b! pairing.
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raised by Kohmoto and Sato for systems with both phon
and spin fluctuations present,11 as discussed later.

IV. ISOTROPIC TRIANGULAR LATTICE

The above conditions are not satisfied for thet-t8 square
lattice because it has a connected FS. As an example
system in which the above conditions are indeed satisfi
we consider the Hubbard model on an isotropic triangu
lattice with dilute band fillings. The band dispersion forU
50 is given by«n(k)52@coskx1cosky1cos(kx1ky)# when
we represent an isotropic triangular lattice by settingt5t18
5112 and t2850 in Fig. 1. Superconductivity on an isotrop
triangular lattice has been studied by several authors,13–16but
their interest was mainly focused onn;1. In Ref. 6, the
possibility of triplet superconductivity was studied at quar
filling ( n50.5), where ferromagnetic fluctuations becom
strong because the Fermi level lies right at the posit
where the DOS diverges. However,l t was again found to be
small, which, in the present context, is because the FS
connected. If we setn,0.5, on the other hand, the FS
disconnected into two pieces, which are centered resp
tively at k5(2p/3,2p/3) and k5(4p/3,4p/3). Here we
taken50.15, where the two pieces of the FS are well se
rated. In Fig. 3, we plot the FLEX result foruG(k,ipkBT)u2
~a! and the spin susceptibility x(k,0)[x irr(k,0)/@1

d.

for

FIG. 3. uG(k,ipkBT)u2 ~a!, x(k,0) ~b!, andf t(k,ipkBT) ~c! are
plotted for the Hubbard model on a triangular lattice witht1851,
U58, n50.15, andT50.01. The right panels are contour-plots
the left panels.
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2Ux irr(k,0)# ~b! againstk for U58 andT50.01. The FS as
identified from the ridge inuG(k,ipkBT)u2 is indeed discon-
nected into two pieces.x(k,0) is sharply peaked atk50 as
seen in Fig. 3~b!, indicating ferromagnetic fluctuations.17

This is partially because the FS is small, but it is also
cause the Fermi level forn50.15 is still not too far away
from the peak position of the DOS. In this case,ls is shown
to be small, which is becauseVs

(2)(Q) can only mediate pair
scatterings in the vicinity of the nodes whenQ;0.

If we turn to triplet pairing, the order paramete
f t(k,ipkBT), plotted againstk for T50.01 in Fig. 3~c!, has
f-wave (f x323xy2-wave in the notation of theC6 symmetry
group! symmetry with three sets of nodal lines@kx
[0(mod 2p), ky[0, andkx1ky[0#. Comparing Figs.3~a!
and~c!, we can see that these nodes do not intersect the
Accordingly, l t ~Fig. 1, solid line! is strongly enhanced
compared to the case for thet-t8 square lattice. A spline
extrapolation to low temperatures suggests a possible
but finite Tc .

V. HONEYCOMB LATTICE

As another example, we next propose that the Hubb
model on ahoneycomblattice ~Fig. 4! should also be inter-
esting. Since there are two sites~A and B! in a unit cell, this
is a two-band system. The noninteracting band dispers
«hc(k)56A«D(k)13 has two pairs of vertex-sharing con
at k5(2p/3,2p/3) and k5(4p/3,4p/3), so again the FS
becomes disconnected, this time for fillings close ton51.

In the multiband version of FLEX,18,19 the quantitiesG,
x, S, and f have 232 matrix forms, e.g.,Gab(k,ivn),
wherea,b denote A or B sites. The band representation
the Green’s function and the order parameters is obtaine
using the relation between the annihilation operators of
per ~u! and lower~l! band electrons (ck

u , ck
l ) and those of A

and B site electrons (ck
A , ck

B). As for x, we diagonalize the
232 matrix xab to obtain x65(xAA1xBB)/2
6A@(xAA2xBB)/2#21uxABu2.

In Fig. 5, we plotuGl(k,ipkBT)u2 ~a! andx1(k,0) ~b! for
n50.95, U58 andT50.01. SincexAB(0,0) is found to be
negative, the peak aroundk50 in x1(k,0) is an indication
of antiferromagnetic fluctuations, as expected for a nea
half filled bipartite lattice system. Note thatx1(k,0) has a
broad structure compared to the case for the triangular la
@Fig. 3~b!#.

If we turn to ls andl t as functions ofT in Fig. 6~a!, l t
is again large, but this timels is in fact larger. We can

FIG. 4. For the honeycomb lattice shown in the left panel,
employ the topologically equivalent structure shown in the righ
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trace this to the broad spin structure, for which spin fluctu
tions with relatively large momentum can be exchang
to mediate singlet pairing at wave vectors away fro
the nodes. Nevertheless, we can still observe thatl t is
enhanced abovels/3 ~recall that uVt

(2)u;uVs
(2)u/3), which

should be due to the fact that the nodes infs
l intersect

the FS, while those inf t
l do not as seen by comparing Fig

5~a! and ~c!/~d!.
We have found thatufABu.(,)ufAAu for singlet~triplet!

pairing, meaning that singlet~triplet! pairing mainly takes
place on different~same! sublattices. This is in fact consis
tent with the antiferromagnetic alignment of the spins. Th
we can intuitively expect that triplet can dominate over s
glet if we introduce a level offset,DAB , between A and B
sites. In Fig. 6~b!, we plotls andl t for the same paramete
values as in Fig. 6~a!, except for a finiteDAB55. Triplet
pairing indeed dominates over singlet pairing at low te
peratures, and here again a possible finiteTc for triplet su-
perconductivity is suggested. The intuitive picture can

FIG. 5. uGl(k,ipkBT)u2 ~a!, x1(k,0) ~b!, f t
l(k,ipkBT) ~c!, and

fs
l (k,ipkBT) ~d! are plotted for the Hubbard model on a hone

comb lattice withU58, n50.95, DAB50 andT50.01.
7-3
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KAZUHIKO KUROKI AND RYOTARO ARITA PHYSICAL REVIEW B 63 174507
paraphrased in the momentum space that the peak stru
of x ~not shown! becomes sharper whenDABÞ0.

VI. DISCUSSION

At this point, let us stress that the present study should
be regarded as a simple confirmation of the earlier propo
that anisotropic pairing interactions may lead to spin-trip
superconductivity.20 As opposed to this expectation, we ha
found in Ref. 6 that anisotropic pairing interaction~driven by
ferromagnetic spin fluctuations! alone do not lead to triplet
superconductivity~with an appreciableTc) in the Hubbard
model, as already mentioned.

In fact, the pairing interaction~or the spin susceptibility!
in the triangular lattice forn50.5, a case with a connecte
Fermi surface, is more sharply peaked aroundk5(0,0) ~thus
being more anisotropic and more favorable for trip
pairing! than for n50.15, but the triplet pairing is much
more enhanced in the latter case. This means that h
the absence of the gap nodes on the Fermi surface pla
more important role than the anisotropy of the pairing int
action. Thus the present study opens arenewedpossibility of
realizing triplet pairing in systems having a disconnec
Fermi surface.

VII. RELEVANCE TO SUPERCONDUCTIVITY
IN REAL MATERIALS

Finally, let us make some remarks concerning poss
relevance to real materials. As for a possible triplet sup
conductor UPt3, if we examine the FS calculated by ful
potential linearized augmented plane wave~FLAPW!
method,21 we notice that there are two disconnected pock
~band 37 in Ref. 21!,22 which, in our view, is favorable for
triplet pairing. It would be an interesting future problem
investigate in detail the applicability of the present mec
nism.

Disconnected FS can arise similarly in graphite interca
tion compounds~GIC!, except that the FS is cylindrica
~quasi-2D!.23 This is because graphite is a system wh
honeycomb sheets of carbon atoms are stacked. Altho
spin fluctuations in GIC may not be strong enough
induce superconductivity purely electronically, the disco

FIG. 6. l t ~solid line! and ls ~dash-dotted line! are plotted as
functions of temperature for the Hubbard model on a honeyco
lattice with U58, n50.95, andDAB50 ~a! or DAB55 ~b!. In ~b!,
spline extrapolations to lower temperatures are indicated by da
lines.
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nectivity of the FS itself should be favorable for triple
pairing, so a cooperation between certain phonon modes
~weak! spin fluctuations might lead to triplet supercond
tivity ~even in the absence ofDAB considered above!.
Namely, if attractive intra-FS pair scatterings mediat
by phonons are present, antiferromagnetic spin fluctuati
as considered here would work constructively with phono
to enhance intra-FS pair scatterings for triplet pairing, wh
the converse is true for singlet pairing. Experimental
although triplet pairing has not been claimed to our know
edge, a large value ofHc2 ~extrapolated toT50) observed
in C4KTl1.5

24 is in fact reminiscent of a large Hc2 in
(TMTSF)2X.2,3

Application to solid-state surfaces may also be of intere
For example, it is known that Si(111)-(A33A3)-B surface
takes a triangular lattice structure,25 while Si(111)-(A3
3A3)-Ag has a honeycomb lattice structure with inequiv
lent A and B sites.26 Moreover, it has been propose
experimentally,27 and in fact been reinforced theoretically,28

that K/Si(111)-(A33A3)-B is a Mott insulator, meaning
that electron correlation is strong in this system. In fa
electron correlation is expected to be strong
Si(111)-(A33A3) surface because the bandwidth of t
surface states is rather narrow due to large interorb
spacings. Then, if we can adjust the Fermi level so as
make the FS disconnected,29 an occurrence of triplet super
conductivity might be expected according to the pres
theory.

As for (TMTSF)2X and Sr2RuO4, Kohmoto and Sato
have recently proposed that disconnectivity~quasi-one di-
mensionality! of the FS, along with the presence of sp
fluctuations originating from the nesting of the FS, plays
essential role in stabilizingphonon-mediatedtriplet p-wave
pairing.11 Our study is related to this proposal in that disco
nectivity is important, but in these systems, as seen in
hmoto and Sato’s argument, the dominant spin fluctuati
have wave vectors thatbridge the two pieces of the FS, s
that they mediateinter-FS pair scatterings30 rather than
intra-FS ones. Thus ourpurely spin-fluctuation-mediated
pairing mechanism does not directly apply to these materi
although we do believe that the disconnectivity of the
may be playing a certain role in realizing triplet superco
ductivity.
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