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Dynamic impedance of two-dimensional superconducting films near the superconducting transition
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The sheet impedances,Z(v,T), of several superconductinga-Mo77Ge23 films and one In/InOx film have
been measured in zero field using a two-coil mutual inductance technique at frequencies from 100 Hz to 100
kHz. Z(v,T) is found to have three contributions: the inductive superfluid, renormalized by nonvortex phase
fluctuations; conventional vortex-antivortex pairs, whose contribution turns on very rapidly just below the
Kosterlitz-Thouless-Berezinskii~KTB! unbinding temperature; and an anomalous contribution. The latter is
predominantly resistive, persists well below the KTB temperature, and is weakly dependent on frequency down

to remarkably low frequencies, at least 100 Hz. It increases withT ase2U8(T)/kBT, where the activation energy,
U8(T), is about half the energy to create a vortex-antivortex pair, indicating that the frequency dependence is
that of individual excitations, rather than critical behavior.
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m

h
ce
it

s
k

he
o

in
n
lin
-

th
, i
iti
s
it

e
h
e

nc
is

is
su
is
ow
or
x

re

tly
ac-

on

He

curs

es
nd
er-
t-
ys

s of

ree-
low
fre-
he

pro-
eti-
ed
x

ct-
-
rs-
r to
in-
e
ry
al

nd
I. INTRODUCTION

For the past twenty years the superconducting to nor
~S-N! transition in two-dimensional~2D! films and Joseph-
son junction arrays has been a very active area of researc
the broad context of understanding the effects of redu
dimensionality on phase transitions. Interest has been rev
ized by the quasi-two-dimensional nature of high-TC cuprate
superconductors. The paradigm for identifying and discu
ing the transition is the static Kosterlitz-Thouless-Berezins
~KTB! theory,1,2 and its extensions to dynamics,3–5 which
identify thermally excited vortex-antivortex pairs as t
agents of dissipation and focus on them, setting aside n
vortex ~longitudinal! phase fluctuations and fluctuations
the amplitude of the order parameter. Previous experime
studies have concentrated on power laws and critical sca
to test the validity of KTB theory in the narrow critical re
gion.

In this paper, we present a comprehensive study of
sheet impedance of superconducting films in zero field
which we pay particular attention to behavior below the cr
cal region, in order to better understand the 2D S-N tran
tion, and to establish a phenomenology for comparison w
cuprates. Consistent with KTB, we find an abrupt increas
sheet inductance and a concurrent rapid increase in s
resistance at the KTB transition temperature. But even w
below this temperature there is an anomalous impeda
primarily resistive, that is not present in KTB theory. Th
impedance becomes apparent at low frequencies~below 100
kHz! where the inductive impedance of the superfluid
small. Its frequency dependence is weak, but extends to
prisingly low frequencies, down to at least 100 Hz. It
possible that the S-N transition actually occurs well bel
the KTB unbinding temperature, and is mediated by a m
subtle, longer-lived, excitation than the classic vorte
antivortex pair.

Many previous studies of the S-N transition in 2D we
scaling analyses of nonlinear dc current-voltage (I -V)
0163-1829/2001/63~17!/174505~9!/$20.00 63 1745
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characteristics,6–10 and thus cannot be compared direc
with our measurements. While these papers generally
knowledge good agreement with KTB theory, Piers
et al.11 have revisited the scaling analyses of manyI -V mea-
surements, as well as dynamic measurements on 2D
films, and they find that when the dynamical exponent,z, is
taken to be an adjustable parameter, the best scaling oc
for z55.660.3, not the KTB value,z52. Piersonet al. dis-
count the notion that deviations ofI -V curves from KTB at
low current densities arise from finite-size effects, or vortic
generated by the ambient field, or by vortex pinning, a
conclude that the 2D S-N transition occurs below the univ
sal KTB prediction,TC . ~A recent experimental and theore
ical study of finite size effects in Josephson junction arra
can be found in Ref. 10.!

There have been several previous studies of dynamic
2D superconductors, including indium-oxide12 anda-MoGe
films,13 wire networks,14 and Josephson junction arrays.15,16

Where our data overlap these studies, there is good ag
ment. In particular, all studies find that at temperatures be
the KTB unbinding temperature, the sheet impedance is
quency dependent at remarkably low frequencies. T
present work expands on these studies.

The frequency dependence of the sheet impedance
vided by vortex-antivortex pairs has been explored theor
cally in some detail. Ambegaokar and co-workers extend
the static KTB theory in the context of vortex-antivorte
dynamics in superfluid He films.3 Halperin and Nelson ex-
tended this work to vortex-antivortex pairs in supercondu
ing films.4 Minnhagen5 pointed out that Ambegaokar’s ex
pressions for the sheet conductivity violate the Krame
Kronig relationship, and he has developed a model simila
that of Ambegaokar that remedies this problem. The M
nhagen phenomenology~MP! provides an expression for th
vortex dielectric function, which determines the imagina
conductivity contributed by vortex antivortex pairs. The re
conductivity is determined by Kramers-Kronig transform.

The present work explores in detail the frequency a
©2001 The American Physical Society05-1
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TURNEAURE, LEMBERGER, AND GRAYBEAL PHYSICAL REVIEW B63 174505
temperature dependence of the sheet impedance,Z(v,T), of
a model 2D superconductor, amorphous MoGe, at norm
state sheet resistancesRN up to 900V, and, for comparison
an amorphous-composite In/InOx film with RN near 4000V.
That these rather different materials share the same qua
tive features indicates that the anomalous sheet impedan
general, not peculiar to a particular system. It follows th
there exists an anomalous fluctuation that dominates the
frequency behavior ofZ below TC , defined experimentally
as the temperature where the sheet resistance and induc
increase very rapidly, consistent with vortex pair unbindin
This fluctuation must involve phase slips, hence vortices
some configuration. In Sec. IV we show that the conv
tional understanding of vortex-antivortex pairs does not c
ture their dynamics.

Before examining the data, it is useful to recall some
the principles and notations surrounding fluctuation effe
Thermal fluctuations become important in 2D supercondu
ors, ~films and Josephson junction arrays!, when kBT be-
comes comparable to the mean-field superconducting ene
U00:

U00~T![~f0/2p!2L0
21~T!, ~1!

wheref0[h/2e is the flux quantum. The mean-field invers
sheet inductance,L0

21(T), in Eq. ~1! is proportional to the
mean-field areal superfluid density,nS0(T), and it vanishes
at the mean-field transition temperature,TC0 . U00(0) is typi-
cally one or two orders of magnitude larger thankBTC0 , so
thermal fluctuations become important very nearTC0 , where
nS0(T) is one or two orders of magnitude smaller th
nS0(0). In 2D films, thicknessd!j(T), wherej(T) is the
Ginzburg-Landau~GL! coherence length,U00(T) is the
mean-field condensation energy,VC@BC

2 (T)/2m0#, in a co-
herence volume,VC[4j2(T)d. One can also write:U00
5\2nS0(T)/4m, wherem is the electron mass, to make e
plicit the relationship betweenU00 and superfluid density. In
square Josephson junction~JJ! arrays,U00 is the mean-field
Josephson coupling energy,J, of one junction; for triangular
and honeycomb arrays,U00 differs from J by a geometric
factor near unity.17 When U00 is written in terms of shee
inductance, as in Eq.~1!, the expression is the same for film
and arrays.

For our films,U00(T) can be obtained by extrapolation o
low temperature data using the weak coupling BCS result
nS0(T)/nS0(0). A more useful energy,U0(T), can be ob-
tained from Eq.~1! by using the inductance of the bac
ground superfluid in place of the mean-field inductance. T
background superfluid density, which is lower than t
mean-field superfluid density due to the presence of non
tex fluctuations, cannot be measured directly. Howev
since the contribution of vortex-antivortex pairs is small e
cept very close to the unbinding temperature, below the c
cal region it is sufficient to calculateU0(T) using the mea-
sured sheet inductance, exclusive of the anomalous par
the critical region,U0 is estimated to be about 25% small
thanU00, based on numerical simulations of Josephson ju
tion arrays17 and measurements on MoGe films.18
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Regardless of details, one would expect the S-N transi
to occur nearkBT/U00(T)51. The full KTB renormalization
group theory predicts the S-N transition atkBT/U(T)
5p/2, where the superconducting energy,U(T), is calcu-
lated via Eq.~1! but with the effective sheet inductanc
L(T), including vortex-antivortex pairs, in place of th
mean-field inductance. Numerical simulations of square,
angular, and honeycomb JJ arrays17 find thatL0 /L is about
0.6 at the KTB transition temperature, so that the transit
occurs atkBTC /U00(TC)'0.9. Consistent with this, we hav
found that the inverse sheet inductance of thea-MoGe films
discussed below drops precipitously atkBT/U00(T)'0.9,
when the anomalous component of the sheet impedanc
set aside.18 Furthermore, fluctuations suppress the inve
sheet inductance to about 60% of its mean-field value
before the rapid drop. On this basis, we argue that the
pedance of our films should be interpreted as the expe
impedance of superfluid plus vortex pairs, plus an anomal
contribution.

It is straightforward to identify the anomalous impedanc
Za(v,T). Below TC , as discussed below, vortex-antivorte
pairs should be inductive at our experimental frequencies
all of the sheet resistance,R(v,T), is anomalous. The
anomalous part,La(v,T), of the experimental sheet induc
tance,L(v,T), can be identified from its dependence onv,
since the inductance of the background superfluid plus bo
vortex-antivortex pairs,LSF(T), is independent of frequenc
at temperatures and frequencies of interest here. Theo
focus on the sheet conductance,G(v,T)5s1(v,T)d
2 is2(v,T)d[Z21(v,T), especially the peak inG1(v,T)
vs T, so we present our data in this form, too. But in o
view, at temperatures below the very narrow critical regi
below TC, the impedance,Z(v,T) is more transparent be
cause the impedances of the superfluid background and
mal vortex pair excitations are in series, in analogy with t
impedance of pinned vortices.19

The outline of this paper is as follows. In Sec. II, th
experimental method and sample properties are discusse
Sec. III, experimental results are presented and features c
mon to all films are highlighted. Section IV outlines conve
tional properties of individual vortex-antivortex pairs an
then argues that unbinding of conventional pairs is resp
sible for the rapid changes inZ at and above the experimen
tal TC , but cannot account for the anomalous impedan
belowTC . Section V summarizes our results for the anom
lous impedance and shows how they compare to data in
literature.

II. EXPERIMENTAL METHOD AND SAMPLE
PROPERTIES

The sheet impedance,Z(v,T), was determined at fre
quencies,f 5v/2p, from 100 Hz to 100 kHz using a two
coil mutual inductance technique with the drive and pick
coils coaxial and pressed against opposite sides of the fil20

The drive coil radius is much smaller than the film dime
sions, so the magnetic field it produces is concentrated n
the center of the film. By means of a lookup table contain
over 10 000 pairs of mutual inductance,M, and Z values,
calculated for the geometry of the actual film and coils, t
real and imaginary parts ofZ were determined from the in
5-2
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DYNAMIC IMPEDANCE OF TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 63 174505
phase and quadrature components ofM. Great care was take
to ensure thatZ was independent of the excitation amplitud
Measurements also were performed as a function of per
dicular magnetic field to identify the field range over whi
Z was independent of field.21 All data presented here wer
taken with the ambient field nulled sufficiently so as not
affect the film’s impedance.

Table I lists film properties. 6 mm radiusa-Mo77Ge23
films with thicknesses down to 21.5 Å were grown on o
dized Si, with Ge buffer layers below and above. The bea
of these films is that, fluctuations aside, they are nearly p
fect weak coupling BCS superconductors in the respect t
as shown in Refs. 18 and 21, their mean-field sheet ind
tances have the same BCST dependence, that is
L0

21(T/TC0)/L0
21(0) vs T/TC0 is the same for all, even

though L0
21(0) and TC0 vary substantially with thickness

Data also are presented for a 10 mm diameter In/InOx film
~film I in Table I!. The superfluid density for this film doe
not follow the weak coupling BCS theory as well as MoG
films do, and in that sense it is less ideal.

III. EXPERIMENTAL RESULTS

In this section data are presented for the complex cond
tivity and impedance of several films. We emphasize tha
great deal of effort went into ascertaining that data w
taken in the linear response regime, where the sheet im
ance was independent of the magnetic field produced by
rent in the drive coil, and into checking that the residu
ambient field was negligibly small.21

A few comments about experimental uncertainties are
order. The experiment measures the magnetic field produ
by induced currents in the sample. The current density d
not vary through the thickness of our very thin films. Assu
ing that the film is homogeneous on a length scale m
shorter than the 1 mm radii of the drive and pickup coils,
experiment yieldsZ(v,T) directly. Uncertainty in the film
thickness,d, enters only when we calculate the resistivi
r[Zd. Signal-to-noise decreases asv decreases because th
measured pickup voltage is proportional tov. Signal-to-

TABLE I. Film parameters, FilmsB, C, F, and G are amor-
phousa-Mo77Ge23, and film I is amorphous-composite In/InOx . d
is the nominal film thickness.L21(0) is the measured inverse she
inductance extrapolated toT50 from T5400 mK. The normal
state sheet resistance,RN(15 K), is nominal for the MoGe films
~Ref. 31! and measured for the In/InOx film. The uncertainty inTC0

is about 15% ofTC02TC for the MoGe films and somewhat large
for the In/InOx film.

Film B C F G I

d ~Å! 61 46 27.5 21.5 190
L21(0) ~nH!21 ~64%! 13.29 9.55 4.21 2.57 0.692
RN ~V! ~65%! 287 387 674 885 4150
TC0 ~K!5.559 5.043 3.881 3.167 3.048
TC ~K! ~65 mK! 0.021 4.920 3.734 2.999 2.685
(TC02TC)/TC0

~615%!
0.024 0.038 0.053 0.12
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noise decreases asT exceedsTC and the field produced by
currents in the sample becomes small. Uncertainty inR
grows near the low temperature tail ins1 . Here small un-
certainties~less than 1°! in the phase of the mutual induc
tance are responsible. Since the dissipation peak extend
lower temperatures asv is reduced, the sheet resistance
known with less accuracy for high frequencies at lower te
peratures.

Figure 1 showsm0vs vs T and Fig. 2 showsL21(v,T)
andR(v,T) at 190 Hz<v/2p<50 kHz for a-MoGe film C.

FIG. 1. T dependence ofm0vs for MoGe film C measured at
f 50.19, 1, 2, 5, 10, and 50 kHz.m0vs2 increases monotonically
with frequency, andm0vs1 peaks at higher temperatures as fr
quency is increased.

FIG. 2. T dependencies ofL21 andR for MoGe film C, calcu-
lated from data in Fig. 1.
5-3



s
t

y

d
-

tu

-

n
ar
ns
n-

c

e
u-
us
m-

ms.

ee

-

f

TURNEAURE, LEMBERGER, AND GRAYBEAL PHYSICAL REVIEW B63 174505
Consider data at 50 kHz. At about 4.92 K,R begins to in-
crease very rapidly, andL21 begins to drop. We define thi
temperature to be the experimentalTC , and we associate i
with the unbinding of vortex-antivortex pairs. BelowTC ,R
is small, less than 1026RN , but it should be immeasurabl
small. Figure 3 shows that forT,TC , R exhibits activated
behavior with an activation energy of 3.5U0(T), about half
the energy needed to create a vortex-antivortex pair, as
cussed below. It is possible thatR vanishes at a phase tran
sition well belowTC , but if so, the transition occurs whenR
is below our sensitivity. Finally, we note thatR depends
weakly on frequency down to 190 Hz, with no sign of sa
ration.

L21 increases slowly withv due to the frequency depen
dence ofLa . La can be extracted by fittingvL with an
ordinary inductive term,vLSF(T), which is strictly propor-
tional tov and includes the inductances of the superfluid a
conventional vortex pairs, and an anomalous p
vLa(v,T), with a power law frequency dependence. It tur
out thatR andvLa(v,T) have the same power law depe
dence over several decades of frequency, and therefore
consistent with being Kramers-Kronig transforms of ea

FIG. 4. m0vs measured at 50 kHz and the normal state sh
resistance for In/InOx film I. The uncertainty in bothRN andm0vs2

is about 10%.

FIG. 3. ln(R) vs U0 /kBT for film C at f 550 kHz. The linear fit
indicates thatR(T) is Arrhenius with an activation energy o
3.5U0 .
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other. This lends confidence to the separation ofL into two
components. Results for MoGe filmsB, F, andG are similar
to C.21

Similar results are found for In/InOx film I. Figure 4
showsm0vs1 and m0vs2 at 50 kHz and the normal-stat
resistance,RN(T). RN→0 at the same temperature that s
perfluid appears, indicative of an electrically homogeneo
film, even though the microstructure is an amorphous co
posite. Figure 5 showsm0vs(v,T) and Fig. 6 shows
R(v,T) and L21(v,T) for 200 Hz< f <100 kHz. The im-
portant qualitative features are the same as for MoGe fil

t

FIG. 5. T dependence ofm0vs for In/InOx film I at f 50.2, 0.5,
1, 2, 5, 10, 50, and 100 kHz.m0vs2 increases monotonically with
frequency near the transition, andm0vs1 peaks at higher tempera
tures as frequency is increased.

FIG. 6. T dependencies ofL21 andR for In/InOx film I, calcu-
lated from data in Fig. 5.
5-4
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DYNAMIC IMPEDANCE OF TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 63 174505
At 50 kHz,R begins to increase rapidly at the same tempe
ture (TC'2.685 K) whereL21 begins to drop, and there i
an anomalous impedance belowTC that is frequency depen
dent down to at least 200 Hz. We note that Ref. 12 foun
similar frequency dependence forL21 in an In/InOx film.
They did not present data forR. A minor quantitative differ-
ence between In/InOx and a-MoGe is that for
In/InOx ,R(v,T) increases withT with an activation energy
of about 2.2U0(T).

The frequency dependence of the anomalous impeda
is weak and extends to remarkably low frequencies. To
plore frequency dependence in detail, measurements w
made at fixedT for MoGe film B while sweeping the fre-
quency. Noise at lowv was reduced by averaging thousan
of measurements over periods of about 10 min. Figur
shows results at four temperatures. The top panel shows
L decreases and approaches a constant asv increases. The
inset of the top panel shows a fit of log(L2LSF) to const
1(b21)log(f), where LSF was adjusted to obtain the be
straight line. The best fit hasb50.125, so the anomalou
reactance isvLa5A(T)v0.125. The bottom panel in Fig. 7
showsR vs f ~solid symbols! at four temperatures, andvLa
vs f at T55.406 K~open circles!. For all temperatures,R and
vLa are proportional tovb, with b50.1360.02. For In/InOx
film I, b'0.2060.05. Our main point is thatZa(v,T)5R
1vLa is a weak function ofv at surprisingly low frequen-
cies.

We interpretLSF(T) as the expected superfluid indu

FIG. 7. Top panel showsL vs f for four temperatures. The inse
shows thatLa5L2LSF}v20.875. The bottom panel showsR ~filled
symbols! for the same 4 temperatures as well asvLa for one tem-
perature~open circles!. All five of these impedances are propo
tional to v0.1360.02.
17450
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tance, including vortex-antivortex pairs. Figure 8 illustrat
that LSF

21 is not much larger than the measuredL21 at the
highest experimental frequency, typically 50 or 100 kH
The lower curves areL21(T) measured at 10 kHz and 5
kHz, and the dashed curve isLSF

21(T) which has been calcu
lated from the 10 kHz and 50 kHz data sets and the assu
tion that vLa5A(T)v0.14. For T,TC , the dashed curve is
quite close to the 50 kHz data, so errors in extrapolation
small.

IV. EXPECTED BEHAVIOR OF VORTEX-ANTIVORTEX
PAIRS

In this section, we construct a simple model of vorte
antivortex pairs coexisting with a background superfluid a
tated by nonvortex thermal phase fluctuations. The mo
provides estimates for various important parameters suc
the density of vortices at the unbinding transition, the wid
of the critical region, and the contribution of vortex
antivortex pairs to the sheet impedance below the crit
region. It supports our conclusions that the unbinding tran
tion for conventional vortex-antivortex pairs occurs as e
pected, and that there is an anomalous dissipative mecha
that cannot be described with conventional vortex-antivor
pairs. Since interactions among pairs are important only
very narrow region near the unbinding transition,22 and our
main focus lies below this region, we will neglect interpa
interactions. Our estimations for vortex-pair properties
more accurate if we calculate the characteristic superc
ducting energy introduced in Eq.~1! by replacing the mean
field sheet inductance with the inductance of the backgro
superfluid, which is suppressed by nonvortex thermal ph
fluctuations, but is smooth through the pair-unbinding tra
sition. We denote this energy asU0 .

To begin, we review how fluctuation effects evolve wi
increasing temperature. At a low temperature, s
kBT/U0(T)'1/20, small amplitude, non-vortex phase flu
tuations suppress the background superfluid dens
nS,B(T), below the mean-field density,nS0(T), by perhaps a

FIG. 8. Example of the extrapolation procedure used to ob
LSF

21(T) for film C. The solid lines are measurements atf 510 and
50 kHz. The dashed line is the extrapolation to high frequen
which is LSF

21.
5-5
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TURNEAURE, LEMBERGER, AND GRAYBEAL PHYSICAL REVIEW B63 174505
percent,23 and the areal density,np(T), of vortex pairs is
negligible. AsT increases, nonvortex phase fluctuations
crease in intensity, ultimately suppressingnS,B(T) to 70–
75 % of nS0(T) at the unbinding transition. These bac
ground phase fluctuations are an essential part of the s
because they are responsible both for generating vor
antivortex pairs and for driving their Brownian motion. The
are considered in some detail in Ref. 24. For reference, s
nS,B(T)'0.75nS0(T) at the unbinding transition, KTB
theory predicts a transition atkBT/U0(T)'0.75p/2'1.2.

To estimate the density of vortex-antivortex pair exci
tions, we need their energy relative to the Meissner state.
calculation is straightforward. The energy has three p
tions: ~1! EM , associated with suppression of, and gra
ents in, the magnitude of the order parameter;~2! EK , the
kinetic energy of supercurrents, and~3! magnetic field en-
ergy, which is negligible.EM is given by25,26

EM5~pU0/2!E
0

`

dr r @~12g2!212~¹g!2#, ~2!

whereg(r ) is the normalized order parameter andr is the
distance from the center of the vortex divided by the coh
ence length,j. For a single vortex in the highk limit, EM
52.45U0 . ~Ref. 27 used half of this value.! The energyEK
is calculated from the sheet supercurrent density,KS(r ):

EK5pm0l'E
0

`

dr rg2~r !KS
2~r !, ~3!

where l'[l2/d and l is the magnetic penetration dept
Within the London model for a single vortex, the sheet s
percurrent densityKS(r ) outside the core is proportional t
1/r for j!r !l' , and proportional to 1/r 2 for r @l' .28 To
getKS(r ) andg(r ) in the core of a single vortex, we solve
the GL differential equation numerically as has been do
previously.25

To calculate the energy of a vortex and antivortex se
rated by a distancer, one should solve the GL differentia
equations, but this has not been accomplished since the
muthal symmetry of one vortex is broken for a pair.EM for
a vortex-antivortex pair is approximately twiceEM for a
single vortex. To determineEK for a vortex-antivortex pair,
we integrated the kinetic energy density of the supercurre
associated with a pair,21 assuming that the suppercurrent p
terns for a single vortex could be added. Figure 9 shows
calculated energy of a pair as a function ofr. To a good
approximation,Epair increases logarithmically withr:4,5

Epair~r!5EC,pair~r0!12pU0 ln~r/r0!, ~4!

wherer0 is the size of the smallest pair that is well define
We taker052j(T). Figure 9 shows that Eq.~4! is a very
good approximation forr.3j. Pairs smaller than 2j are
effectively fluctuations in the order parameter amplitud
since there is very little current associated with them. Giv
that the energy of minimum sized pairs is uncertain we t
EC,pair(r0) to be the value of the logarithmic asympto
~dashed line in Fig. 9! evaluated atr0 . This yields
17450
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EC,pair(2j)56.22U0 . This procedure gives the correct e
ergy for pairs larger than about 4j and much smaller than
l' , which is the range of interest here.

The density of vortex pairs,np(T), can be estimated by
assuming that all pairs are of the minimum size,r0 , and
calculating the probability of finding a pair in each 2r0
32r0 cell of the film:

np5@1/4r0
2#N0e2EC,pair~r0!/kBT/@11N0e2EC,pair~r0!/kBT#,

~5!

whereN0 is the number of independent ways that the p
can be oriented in the cell. Roughly, the vortex can be in a
quadrant of the cell, and the antivortex can be in any of
other three quadrants, soN0'12. Certainly,N0 should be
larger than unity. Our conclusions are insensitive to its p
cise value. The fraction,f N , of the film area that is ‘‘nor-
mal’’ is approximately the fraction occupied by vorte
cores: f N'np4j2. We would expectf N to be roughly one
percent at the transition; certainly it must be much less t
the 2D percolation value of 50%, and to decrease very r
idly below the transition. Consistent with this expectatio
from Eq. ~5! we estimatef N50.001 atkBT/U0'0.7, and
f N50.01 at kBT/U0'1 with parameters,r052j, EC,pair
56U0 and N0512. Thus, just above the unbinding trans
tion, where all pairs are unbound and resistive, we expect
sheet resistance to be a few percent ofRN , a reasonable
value.7 We will combine Eq.~5! with the estimated imped
ance of individual vortex pairs to compare to the measu
sheet impedance.

We now estimate the upper limit of the critical region a
the pair unbinding transition temperature. The upper limit
the critical region is the temperature where the rms size
noninteracting pairs diverges. The probability that a pair h
a separationr.r0 is determined by the increase in free e
ergy with separation, (2pU02kBT)ln(r/r0), which leads to
an rms pair size1

FIG. 9. Calculated energy of a vortex-antivortex pair in a highk
~k[l/j!, 2D superconductor.EM is the energy from suppressio
and gradients of the magnitude of the order parameter,EK is the
kinetic energy of the supercurrents associated with the pair.
dashed line is the logarithmic asymptote of the pair energy, and
value atr52j yields a core energy of 6.22U0 for a pair of mini-
mum size,r052j.
5-6
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^r2&1/2/r05@pU0 /kBT21#1/2/@pU0 /kBT22#1/2, ~6!

that diverges atkBT/U0(T)5p/2. Vortex pair unbinding oc-
curs at a slightly lower temperature, where pairs overlap
much that it is impossible to say which vortex is paired w
which antivortex. If we take the criterion to be@np^r

2&#1/2

'0.4, then withN0512 andEC,pair56U0 , unbinding occurs
at kBT/U0(T)'1.3. As noted above, KTB theory finds a
unbinding transition atkBT/U0(T)'1.2, very close to our
simple estimate. Evidently details are not important. T
critical region above the unbinding transition occupies te
peratures, 1.2,kBT/U0(T),p/2. SinceU0'0.75U00 near
TC, then for our films the critical region extends approx
mately one-third of the way fromTC to TC0 .

A typical experimental resistance at the upper edge of
critical region is a few tenths of a percent of the normal-st
resistance.7 This suggests that at the transition, vortex co
occupy somewhat less than 1% of the film area. We
incorporate this important observation into the model by
ting N0 in Eq. ~5! be closer to 3 than to 12. Thus, the mod
is consistent with the measured unbinding temperature
resistance above the critical region.

Let us now consider the inductance of vortex pairs bel
the critical region. In JJ arrays vortex-pair and nonvor
fluctuations together suppress the inverse inductance to a
60% of its mean-field value just below the unbinding tran
tion. If nonvortex fluctuations suppress the inverse ind
tance of the background superfluid to 75% of its mean-fi
value, then the additional inductance of vortex-antivor
pairs is about 25% of the measured inductance. Our sim
model is consistent with this result. To estimate the vort
pair inductance, first, we note that a typical vortex-antivor
pair is small. The probability,P(r), that a given pair has a
separation greater thanr is

P~r!5~r0 /r!2pU0 /kBT22. ~7!

Thus, atkBT/U051, i.e., only slightly below the unbinding
transition, the probability for a pair to be ten times larg
than its minimum size, i.e.,̂r2&1/2/r0510, is already abou
1024. The probability of unbound pairs, witĥr2&1/2'l'

'1000r0 , is less than 10212 and therefore negligible fo
kBT/U0,1.

We estimate the impedance of a bound pair as follows
pair with separationr has a dipole moment,rf0 , and polar-
izes in response to the average background supercurrentK s ,
~taken to be along thex direction and sinusoidal in time!.
The impedances of the background superfluid and vo
pairs are in series as long as the pairs are not too c
together, which is the simplified case under considera
here. The ac supercurrent requires an average electric
Es,x52 ivLsKs,x , whereLs is the inductance of the supe
fluid. In thermal equilibrium, each dipole has an averagy
component:@(rf0)2/kBT#Ks . The net polarization,Py(v),
is proportional toKs,x , hence toEs,x(v)/ iv:

Py~v!5xp~v!Es,x~v!/2 iv, ~8!

where the low-frequency susceptibility,xp , is
17450
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xp5np^r
2&f0

2/@LskBT~12 ivt!#. ~9!

t, an average equilibration time that depends on^r2&1/2, is
estimated below. The average electric field due to polariz
pairs arises from their velocity alongy

Ep,x52 ivPy~v!5xpEs,x , ~10!

so the sheet impedance of background superfluid and vo
pairs is

Z~v,T!5Es,x~11xp!/Ks,x52 ivLs«p , ~11!

where the real and imaginary parts of the inverse vortex p
dielectric function, «p

21, are related by Kramers-Kronig
transform.5 The pair impedance,

Zp5Rp~v,T!1 ivLp~T![Ep,x /Ks,x

' ivnp^r
2&f0

2/kBT~12 ivt!, ~12!

is inductive atv!1/t and resistive forv@1/t.
t is the time for a typical vortex-antivortex pa

to sample all possible orientations relative toKS , i.e.,
1/t'D/^r2&, where D is the vortex diffusion con-
stant. With the expression, D528e2j2kBTRN /\2p
5(7j2/p)(kBT/\)(RN /RQ),3,4 with RQ[\/4e2'1 kV, and
^r2&1/2'2j, we have

1/t5~7/4p!~kBT/\!~RN /RQ!. ~13!

With typical values,RN5300V and T55 K, we find 1/t
'1011rad/s, which is five orders of magnitude larger th
our maximum experimentalv, 63105 rad/s, so vortex pairs
are expected to be inductive belowTC , regardless of the
simplicity of the model.

For film C, kBT/U0(T)'1.0 at 4.903 K, and
LSF(4.903 K) is about 1.2 nH, so the contribution of vorte
pairs should be about 0.3 nH. From Eq.~12! and np^r

2&
'0.01, the estimated inductance of vortex pairs is about
nH. Of course,np^r

2& may be an order of magnitude small
than 0.01, and the estimated inductance of pairs would t
be near 0.06 nH. Given the uncertainties, we consider thi
be good agreement and further confirmation that the
served drop inLSF

21 represents the unbinding of a low densi
of conventional vortex-antivortex pairs. Figure 10 shows t
the drop inLSF

21 is consistent with the universal prediction o
KTB theory.

Finally, we show that the resistance of vortex pairs sho
be much smaller than what we observe. Motion of pairs s
ject to an ac supercurrent would cause dissipation due
viscosity, and give rise to a small resistance,Rp . From Eqs.
~12! and ~13!

Rp /vLp5~4p/7!~\v/kBT!RQ /RN . ~14!

Clearly the quadratic frequency dependence predicted foRp
is stronger than is observed forR below the unbinding tran-
sition. For a quantitative comparison, we need to pick a p
ticular frequency, arbitrarily taken to be 50 kHz. For filmC,
Eq. ~14! yieldsRp /vLp'1026. If we takeLp50.3 nH, then
Rp should be about 10210V, which is six orders of magni-
tude smaller than the measured sheet resistance just b
the transition. Thus the dissipation of conventional pairs
5-7
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undetectable at our measurement frequencies. The an
lous impedance belowTC remains to be explained.

V. DISCUSSION OF Za„v,T…

Experimentally, the anomalous sheet impedanc
Za(v,T)5R(v,T)1 ivLa(v,T), of a-MoGe and In/InOx
films are quite similar in their most important features:~1!
Over the experimental frequency range, 100 Hz to 100 k
Za has a weak dependence onv, being roughly proportiona
to v to a smallT-independent power;~2! consistent with the
weak frequency dependence,Za is mostly resistive:R/vLa
'8, independent ofv and T; ~3! Za has an ArrheniusT
dependence, with an excitation energy of about 3.5U0 in
a-MoGe and 2.2U0 for In/InOx . These similarities argue
that the observed behavior is generic to 2D superconduc
and not due to microstructure.

Since the anomalous impedance is dissipative, it invol
vortices and antivortices in some configuration. The Arrh
ius T dependence ofZa(v,T) suggests that the dissipativ
excitations are not interacting, so the frequency depende
is intrinsic to each excitation and not a result of critical b
havior. The frequency dependence is the most puzzling
ture because it persists below the conventional unbind
transition, and to such low frequencies. On the first point,

FIG. 10. LSF(0)/LSF(T/TC0) vs T/TC0 for four films. The inter-
section of dashed line and data is where the KTB vortex-pair
binding transition is predicted to occur. As normal-state sheet re
tance increases~top to bottom!, the transition occurs further below
the mean-field transition temperature,TC0 , and at a higher fraction
of the T50 inverse sheet inductance.
17450
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note that we were able to measure a nonzero sheet resis
down tokBT/U0(T)'1/3, well below the conventional tran
sition atkBT/U0(T)'1.2. When Piersonet al.11 reanalyzed
the I -V data of van der Zantet al.29 on a Josephson junctio
array, allowing the dynamical exponentz to be a free param-
eter, they found that the transition occurred atkBT/U0(T)
'0.5, also well below the conventional transition. Our e
periment would require data at lower frequencies and te
peratures to determine whether there is an S-N transi
below the unbinding temperature.

On the second point, we note that the excitation energy
about 3.5U0 suggests that the anomalous excitation has s
tial dimensions of a single vortex, a few coherence leng
Characteristic times associated with this distance are m
shorter than the experimental time scale of 10 ms. The t
for an electron or phonon to travel a coherence length ba
tically is very short. Vortex diffusion sets a time scale
\/kBT for typical films, which is very short. Another char
acteristic vortex time is the time for a vortex-antivortex pa
to annihilate, in the absence of Brownian perturbations. T
time is proportional to the square of their initial separatio
r(0): tannih'(LSF/RN)@r(0)/j(T)#2, which is about
equal to\/kBTC for our films, and is too short to account fo
frequency dependence at 100 Hz.

Other experiments have observed similar anomal
low-frequency behavior in films: Fioryet al.12 down to 14
Hz in an In/InOx film similar to ours, and Festinet al.30

down to 0.1 Hz in a YBCO film. The phenomenon is n
confined to continuous films. In a triangular Josephson ju
tion array atkBT/U0'1/2 ~T53.27 K; TC'3.70 K; RN /L
'33106 rad/s). Theronet al.15 observed a 40% increas
in sheet inductance~0.7 to 1 nH! as frequency decrease
from 10 to 0.16 kHz. For comparison, in filmC at kBT/U0

'1/2 (T54.83 K; TC54.92 K; RN /L'331011rad/s!, we
observed an increase of 70%~0.9 to 1.5 nH! as frequency
decreased from 10 kHz to 0.19 kHz. The quantitative sim
larity is striking, considering the physical differences b
tween films and arrays. Theronet al. concluded that the dif-
fusion of field-induced vortices in their arrays wa
anomalously sluggish.

It has been suggested that the anomalous excitation m
be single thermally excited vortices created at the edge
the films.32 We do not have a model for the dynamics
these vortices, so further measurements would be neede
assess their contribution to the measured sheet impedan

VI. CONCLUSION

The sheet impedances of 2D superconductinga-MoGe
and In/InOx films exhibit features expected from the pre
ence of thermally excited vortex-antivortex pairs, especia
rapid increases in resistance and inductance at the same
perature due to pair unbinding. In addition, below the u
binding transition, there exists an anomalous, dissipative
citation with dynamics that extend to frequencies well bel

-
s-
5-8
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characteristic frequencies for vortex pairs. The anomal
excitation seems to exist in arrays of Josephson junctions
well as films. Its ArrheniusT dependence suggests that slo
dynamics are a property of individual excitations rather th
arising from interactions among conventional vorte
antivortex pairs. Identifying this excitation remains as an i
portant challenge to the community. Understanding this
citation will improve our insight into the T50
superconductor-to-insulator transition and bolster confide
in our ability to interpret the sheet impedance of cupr
superconductors.
l
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