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Magnetoelastic excitations in spin-Peierls systems
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From the random-phase approximation to the spin-Peierls transition, two parameter regimes of phonon
softening and hardening are present. Magnetoelastic excitations are discussed in detail for phonons coupled to
the exactly solvable model ofXY spin chains for both regimes, leading to a modified interpretation of the
30-cm21 mode in CuGeO3. Frustrated Heisenberg chains coupled to phonons satisfactorily describe the pre-
transitional quasielastic scattering in CuGeO3. A real-space interpretation of the quasielastic scattering is given
justifying effective Ising-model approaches.
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I. INTRODUCTION

The combined approach of the random-phase approxi
tion ~RPA! for the spin-phonon coupling, and bosonizati
for the spin dynamics applied by Cross and Fisher1 to de-
scribe the spin Peierls-transition, is consistent not only w
the phonon softening in materials as TTFCuBDT as initia
believed but also with the hardening of the Peierls-act
phonon modes in CuGeO3.2,3 The applicability of RPA is
supported by the good agreement of mean-field results
experiments4–6 and the Ginzburg criterion.5–7

In the parameter regime where phonon hardening occ
the RPA calculations predict the appearance of spec
weight in the center of the phonon spectrum (v;0) as a
precursor of the phase transition. The precursor has b
observed experimentally in CuGeO3 and its temperature
dependent intensity in neutron8,9 and x-ray10,11scattering ex-
periments has been shown to be satisfactorily reprodu
within RPA.12 We discuss in this paper the details of t
precursor such as its momentum-space dependence,9,8,11 the
extracted correlation lengths,9–11 its frequency dependence
and its real-space interpretation.

The relevant magnetic-correlation function in the RP
approach is the dynamic dimer-dimer correlati
function.1,2,13 The determination of dynamic correlatio
functions is not evident even for exactly solvable on
dimensional models.14,15 The XY model is an exception16

and since there are similarities to the Heisenb
model,17–19,12it is an appropriate model to derive qualitativ
results exactly. Our studies of the coupling of phonons toXY
spin chains show that the quasielastic scattering is the
cursor of a new magnetoelastic excitation appearing at
phase transition. In the regime of phonon softening
mixed magnetoelastic nature of the ‘‘soft phonon’’ also b
comes apparent.

The spin-phonon coupled HamiltonianH5Hs1Hp
1Hsp relevant for spin-Peierls systems has been derived
plicitly for CuGeO3.5 It consists of three parts. One is th
Heisenberg spin-chain Hamiltonian
0163-1829/2001/63~17!/174417~12!/$20.00 63 1744
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Hs5J(
l

Sl•Sl1 ẑ1J2(
l

Sl•Sl12ẑ ~1!

with the superexchange integralsJ andJ2 between nearest
neighbor and next-nearest-neighbor~NNN! Cu d orbitals, re-
spectively, and spin 1/2 operatorsSl at the Cu sitel in the
three-dimensional lattice.ẑ is a unit vector along the spin
chain direction. The harmonic phonon part

Hp5(
q,n

\Vn,q~bn,q
† bn,q1 1

2 ! ~2!

contains the dispersionsVn,q for the relevant phonon modes3

labelednP$1,2,3,4% and Bose operatorsbn,q
† andbn,q . The

spin-phonon coupling term is given by

Hsp5
1

AN
(

q
Y2q(

n
gn,q~bn,2q

† 1bn,q!. ~3!

N is the number of unit cells in the lattice. The couplin
constantsgn,q depend on the polarization vectors of phon
mode n and the Fourier-transformed dimer operator is d
fined as

Y2qª(
l

eiqRlSl•Sl1 ẑ . ~4!

To compare with neutron or x-ray scattering data the p
non dynamic structure factorS(q,v) has to be determined. I
is given via the imaginary part of the retarded normal co
dinate propagatorDn

ret(q,v),

S~q,v!52
1

p

(
n

Im Dn
ret~q,v!

12exp~2b\v!
. ~5!

We introduced the inverse temperatureb51/(kBT). The re-
tarded normal-coordinate propagator is obtained thro
analytical continuation of the Matsubara propagator onto
real frequency axis
©2001 The American Physical Society17-1
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Dn
ret~q,v!5 lim

e→0
Dn~q,ivn→\v1 i e!, ~6!

where the latter is given in RPA~Ref. 13! by

Dn~q,ivn!5Dn
(0)~q,ivn!

3

12x~q,ivn! (
n8Þn

gn8,qgn8,2qDn8
(0)

~q,ivn!

12x~q,ivn!(
n8

gn8,qgn8,2qDn8
(0)

~q,ivn!

~7!

with bosonic Matsubara frequenciesvn52pn/b\. The un-
perturbed propagator is

Dn
(0)~q,ivn!52

2\Vn,q

vn
21\2Vn,q

2
. ~8!

The dimer-dimer correlation function

x~qz ,ivn!52
1

NE0

b

dt eivnt^Yq~t!Y2q~0!& ~9!

depends only on momentaqz along the spin chains. Since th
exact determination ofx(qz ,ivn) in the case of the Heisen
berg model is impossible, we first study the case of theXY
model in Sec. II. In Sec. III we then turn to the application
the RPA results on CuGeO3, where a combination of ana
lytical and numerical results is used to determine the dim
dimer correlation function as accurately as possible.

II. MAGNETOSTRICTIVE XY MODEL

It is commonly accepted that the basic features of
spin-Peierls transition are well described by a on
dimensional~1D! spin model coupled magnetoelastically
the three-dimensional phonon system. The neglect of m
netic interchain coupling and frustration effects is certai
justified if the spin-phonon interaction dominates these s
interactions and causes the dimerization. Concerning the
system, Caron and Moukouri20 showed that the simpleXY
spin chain model withJ250,

Hs5J (
l[ l z51

N

~Sl
xSl 11

x 1Sl
ySl 11

y !, ~10!

contains the relevant physics of a spin-Peierls system ma
because its excitation spectrum exhibits the requisite de
eracy with the ground state.21 Furthermore, renormalization
group studies show that theXY model is the fixed point
towards which the interaction flows in a bosonized repres
tation of the Heisenberg model.17,18 We thus expect theXY
model to yield qualitatively the correct results with reno
malizations from theSz term in the Heisenberg model. Th
line of argumentation also holds for frustrated Heisenb
chains, at least for undercriticalJ2,Jc50.2411J.18,22,23

In general, the mixed dimensionality of magnetic a
spin-phonon interactions makes a theoretical treatment d
17441
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cult. However, within the RPA~mean-field! approach, the
spin-phonon-coupling results obtained for a purely 1D ph
non system will be the same as those for a 3D phon
system,24 whose polarization vectors satisfyen,qz• ẑẑ5dn,1

and whose dispersion along the chain is

Vq
2[V1,q• ẑ

2
5 1

2 Vp
2 @12cos~q!#, ~11!

i.e., only one acoustic-phonon branch couples to the m
netic system. In Eq.~11!, the longitudinal wave numberq
5qz is given in units of the reciprocal lattice spacing 1/c.

A. Uniform phase

In solving the magnetostrictiveXY model it is convenient
to transform the spin operators (Sx,Sy) to operators of spin-
less fermions (dl

(†)) via the Jordan-Wigner transformation.25

Then, in the uniform phase aboveTSP, we start from the
following ~Fourier-transformed! Hamiltonian

H5Hp1Hs1Hsp5(
q

Vqbq
†bq1(

k
Ekdk

†dk

1
1

AN
(

q
gqY2q~bq1b2q

† ! ~12!

with

Ek5cos~k!, ~13!

gq5S lVp
2 p

Vq
D 1/2

~12eiq!, ~14!

l5
g2

2pmVp
2

, g5
dJ

dr U
r 5c

, ~15!

andq,kP] 2p,p] ~in this section, we drop the factors\, kB
and define all energies in units ofJ). The dimer operator~4!
is now

Y2q5(
l

eiql~Sl
xSl 11

x 1Sl
ySl 11

y !

5 1
2 (

k
~ei (k2q)1e2 ik!dk

†dk2q . ~16!

Inserting Eq.~11! we see that the ground-state and th
modynamic properties of the model~12! are governed by
two independent control parameters:~i! the dimensionless
coupling constantl and ~ii ! the ratio of phononic to mag
netic energy scaleVp . l is independent of the ion massm
becauseVp

2 ;1/m. It will turn out that the transition tem-
perature and the static dimerization is a function ofl alone.
For a constantl, Vp is a measure for the mass of the ion
small values ofVp describe the adiabatic regime and lar
values describes the antiadiabatic regime.

For the model~12!, the RPA Matsubara Green’s functio
~7! becomes
7-2
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D~q,ivn!5D (0)~q,ivn!
1

12D (0)~q,ivn!P~q,ivn!
,

~17!

where the self energy is defined as

P~q,ivn!5gqg2qx~q,ivn!. ~18!

The dimer-dimer correlation function~9! is

x~q,ivn!5
1

4pE2p

p

dk@11cos~2k1q!#Kk,q~ ivn!,

~19!

with the Lindhard kernel

Kk,q~ ivn!5
f k1q2 f k

ivn1Ek1q2Ek
, ~20!

where f k51/(ebEk11) is the Fermi distribution function.
Having calculated the Matsubara propagator we can

ily obtain the retarded Green’s function on the real freque
axis according to Eq.~6!. A structural instability is always
connected to a pole ofD ret(q,v) at v50, leading to a spon-
taneous transition to a broken-symmetry ground state aT
50. At finite temperature, the instability condition for a la
tice distortion with wave numberq is

1

2l
5E

2p

p

dk@11cos~2k1q!#Kk,q~0!, ~21!

which is the same result as derived by Lima and Tsallis26 in
the adiabatic limit (m→`). It turns out that thep mode is
the first ~and only! one that gets unstable. Therefore, t
lattice will dimerize below a transition temperatureTSP,
which can be obtained from the numerical solution of E
~21! at q5p. The inverse-transition temperature is shown
Fig. 1 together with the results obtained from high- and lo
temperature expansions

FIG. 1. Inverse spin-Peierls transition temperaturebSP vs cou-
pling constantl ~solid line!. The dot-dashed~dashed! curve denotes
the high-~low-! temperature approximation.
17441
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bSP5
1

lp
, l@1, ~22!

bSP51.19 expS 1

8l D , l!1, ~23!

respectively.

B. Dimerized phase

Below the transition temperatureTSP the system is in a
less-symmetric but lower-energy configuration. The lattice
dimerized, which causes the unit cell to double up in si
which in reciprocal space means thatq,kP] 2p/2,p/2]. To
include a static dimerizationd in our Hamiltonian explicitly,
we perform a unitary transformation

H̃5eSHe2S, ~24!

with

S5
1

4
dA N

pVp
~bp2bp

† !. ~25!

In a next step, we redefine the Fourier-transformed ferm
operators27

ck5A2

N (
l 51

N/2

e2 i (2l 21)kd2l 21 , ~26!

c̄k5A2

N (
l 51

N/2

e2 i (2l )kd2l , ~27!

and remove the nondiagonalc-c̄ cross terms by a canonica
~Bogoliubov! transformation

ck5
1

A2
~gk1bk!, c̄k5

1

A2
~gk2bk!e

iQk, ~28!

where

Qk5arctan@Ald tan~k!#. ~29!

For the phonon part, we now have two modes denoted bn,
an acoustical (n50) and an optical (n51), where in the
reduced Brillouin zone the phonon operators are

bn,q5H bq1np , q<0

bq2np , q.0,
~30!

and the dispersion is

Vn,q5Vq1np . ~31!

Finally the Hamiltonian describing the dimerized phase ta
the form
7-3



-
o

si

e
ing

es

o.

al

er

r a

nd
e

th
en

MICHAEL HOLICKI, HOLGER FEHSKE, AND RALPH WERNER PHYSICAL REVIEW B63 174417
H̃5Hp1Hs1Hdp1Helast1Hsp

5(
q,n

Vn,qbn,q
† bn,q1(

k
Ek~gk

†gk2bk
†bk!

2dANVp

16p
~b1,01b1,0

† !1
Nd2

16p

1
1

AN
(
n,q

gn,q~Yn,2q
b 2Yn,2q

g 2Zn,2q
gb 1Zn,2q

bg !

3~bn,q1bn,2q
† !, ~32!

with the operators

Yn,2q
g 5(

k
@~21!nei (k2q)1e2 ik#Tk,n,qgk

†gk2q , ~33!

Zn,2q
gb 5(

k
@~21!nei (k2q)1e2 ik#Tk,n11,qgk

†bk2q ,

~34!

and

gn,q5S lVp
2 p

Vn,q
D 1/2

@12~21!neiq#, ~35!

Ek5Acos2~k!1ld2sin2~k!5Ek
g52Ek

b , ~36!

Tk,n,q5 1
4 @eiQk2q1ak2q~21!ne2 iQk#. ~37!

The phase factorak2q is 1 for normal (uk2qu,p/2) and
21 for umklapp (uk2qu.p/2) processes. Accordingly, in
stead of one fermion band as in the uniform case, we n
have two bands separated by a gap proportional tod. The
operatorsY and Z describe intraband and interband tran
tions, respectively~see Fig. 2!.

FIG. 2. Fermion band structure in the dimerized phase~left
panel!. The dashed arrows indicate the processes described byY
andZ operators. The right panel shows the temperature depend
of the dimerizationd for l50.1.
17441
w
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The parameterd is not yet defined. Due to the invarianc
of the trace under canonical transformations the follow
relation holds for all values ofd

052
]

]d

1

b
ln~Tr e2bH̃!

5(
k

ld

Ek
^gk

†gk2bk
†bk&H̃2ANVp

16p
^b1,01b1,0

† &H̃

1
Nd

8p
1 K ]

]d
HspL

H̃

. ~38!

To determined, we demand that the phonon coordinat
have expectation value zero with respect toH̃,

^b1,01b1,0
† &H̃5

!

0. ~39!

This means that we have generated a HamiltonianH̃ with
q50, n51 modes shifted byd in a way that the expectation
value of theb operators under the new Hamiltonian is zer
Therefored is the equilibrium position of thep mode under
the original HamiltonianH ~the static dimerization!,

d}^bp1bp
† &H . ~40!

If the calculations are not done in Fourier but in re
space, it can easily be shown28 that thed determined by this
prescription is directly proportional to the magnetic ord
parameter used by other authors,29

d}K 1

N (
l

~21! l~Sl
xSl 11

x 1Sl
ySl 11

y !L
H̃

. ~41!

From Eq.~38!, besides the trivial solutiond50, finite-d so-
lutions can be obtained from the gap equation

154lE
2p/2

p/2
tanhS bEk

2 D
Ek

sin2~k!dk, ~42!

which shows the typical behavior of an order parameter fo
second-order phase transition~cf. inset of Fig. 2!.

As the Y and Z operators depend on the phonon-ba
index n, Eq. ~7! for the phonon Green’s function must b
modified. An additional termC(q,ivn) in the denominator
appears. The RPA propagator becomes

Dn~q,ivn!5Dn
(0)~q,ivn!

3

12 (
mÞn

Pm~q,ivn!Dm
(0)~q,ivn!

12(
m

Pm~q,ivn!Dm
(0)~q,ivn!1C~q,ivn!

,

~43!

with

e
ce
7-4
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C~q,ivn!5D0
(0)~q,ivn!D1

(0)~q,ivn!

3@P1~q,ivn!P0~q,ivn!

2Q1~q,ivn!Q0~q,ivn!#, ~44!

Pn~q,ivn!5gn,2qgn,q@xn
g~q,ivn!1xn

b~q,ivn!

1zn
bg~q,ivn!1zn

gb~q,ivn!#, ~45!

Qn~q,ivn!5gn,2qgu12nu,q@ x̂g~q,ivn!1x̂b~q,ivn!

1 ẑbg~q,ivn!1 ẑgb~q,ivn!#. ~46!

Here

xn
g~q,ivn!5E

2p/2

p/2 dk

4p
@11ak1q~21!n cos~Qk1Qk1q!#

3@11~21!n cos~2k1q!#Kk,q
gg ~ ivn!, ~47!

x̂g~q,ivn!52E
2p/2

p/2 dk

4p
sin~Qk1Qk1q!ak1q

3sin~2k1q!Kk,q
gg ~ ivn! ~48!

denoteY-Y ~intraband! and

zn
gb~q,ivn!5E

2p/2

p/2 dk

4p
@12ak1q~21!n cos~Qk1Qk1q!#

3@11~21!n cos~2k1q!#Kk,q
gb ~ ivn!, ~49!

ẑgb~q,ivn!52E
2p/2

p/2 dk

4p
sin~Qk1Qk1q!ak1q

3sin~2k1q!Kk,q
gb ~ ivn! ~50!

denoteZ-Z ~interband! correlation functions, respectively
both depending on a generalized Lindhard kernel

Kk,q
gb ~ ivn!5

f k1q
g 2 f k

b

ivn1Ek1q
g 2Ek

b
. ~51!

Note that Eq.~43! simplifies substantially for theq50, n
51 mode as for vnÞ0, q→0, all terms containing
D0

(0)(q,ivn) vanish.

C. Numerical results

The mechanism driving the spin-Peierls phase transi
is best understood by examining the phonon dynam
structure factor. Here we concentrate on the unstablep mode
~which is folded back to theq50, n51 mode in the reduced
Brillouin zone!. When we calculateS(p,v) for an interact-
ing electron- ~spin-! phonon system, we typically find
broad distribution of spectral weight. It is clear that a phon
can only be absorbed by the fermion system if its energy
momentum equal the ones of a fermionic excitation. The
fore, in the uniform phase forq5p we found a band of
damped excitations forv,2. In the dimerized phase, ther
17441
n
al

n
d
-

is a gap in the electronic spectrum~cf. Fig. 2! so that damped
excitations exist only in the energy interval 2Ald,v,2.
On the other hand, sharp peaks in the structure factor co
spond either to those~bare! phonon modes that are outsid
the fermionic band and thus excluded from scattering p
cesses by energy conservation or tonew quasiparticle exci-
tations of the coupled spin-phonon system.

In the high-temperature limit (T→`), the correlation
functionx(p,v) vanishes. Therefore we get a sharp peak
v5Vp corresponding to the noninteracting phonon. As t
temperature is lowered, two distinct regimes appear depe
ing on the frequency of thep phonon. For low values of
Vp , i.e., in theadiabatic regime, the high-temperature pea
moves towards lower energies and substantially broadens
til it reaches zero, where it stays and gets larger in magnit
until a divergence appears atT5TSP ~Fig. 3!. This is called a
soft-mode scenario. Below the transition, the peak move
towards higher energies.

For large values ofVp , i.e., in theantiadiabatic regime
we found a completely different behavior usually termed
central-peak scenario. Here the high-temperature peak do
not soften, it gets even harder. However, with lowering t
temperature a maximum inS(p,v) arises atv50 related to
quasielastic scattering processes. The height of this p
structure increases with decreasing temperature until it
verges atT5TSP, where S(p,v)}v22 ~Fig. 4!. For T
,TSP the structure factor consists of three parts: a delta p
slightly above Vp that can be attributed to the origina
p-phonon mode, the scattering continuum in the ran
2Ald,v,2, and a pronounced peak below the continuu
which is the central peak that moved fromv50 to higher
energies. Let us point out that the magnetostrictive Heis
berg model shows the same qualitative behavior. This mo
will be studied in more detail in Sec. III, also in relation
the experimental findings for CuGeO3 at T.TSP.

Here we complete our study of the magnetostrictiveXY
model by examining the pole structure of the retarded pro

FIG. 3. Dynamical structure factorS(p,v) in the soft-mode
regime (Vp50.5,l50.1). In the uniform phase the high
temperature peak softens until it reaches zero atT5TSP ~upper
panel!. In the dimerized phase it gets harder again~lower panel!.
7-5
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gator ~for q5p) in the whole complexv plane. The pre-
scription~6! can easily be generalized for a complexv in the
upper half plane. In the lower complex plane, however,
are faced with the problem thatx(q,v) has a branch cut on
the real axis atvP@22;2# ~in the uniform phase!. This
means that there are two possibilities to continueD ret ana-
lytically to the lower half plane, i.e., there exist tw
branches. The first branch is analytical everywhere on
complex plane, except atvP@22;2#, the second every
where exceptvP] 2`;22]ø@2;`@ . They are both of
course identical in the upper half plane. The first branch
directly obtained by evaluating the integral in Eq.~19! for a
v with Im v,0. We get the second by extrapolation fro
the upper half plane for RevP@22;2# ~this is done by a
fourth-order power series!. It turns out that the first branch
will yield purely real poles with Rev.2, the second branch
corresponds to poles with negative imaginary parts
Rev,2.

When lowering the temperature in thesoft-mode regime
~see Fig. 5! the real part of the high-temperature pole d
creases fromVp to 0 at a temperature larger thanTSP. The
modulus of the imaginary part grows with decreasing te
peratures and reaches a maximum at the temperature w
the real part becomes zero for the first time. Then it
creases again. AtT5TSP we havev50 as expected. Fo
lower temperatures the pole is real and its value increa
until it saturates atT50.

In the central-peak regime~see Fig. 6! the high-
temperature polev1 gets harder. A second polev2, which is
purely imaginary forT.TSP appears and causes the instab
ity at T5TSP. For T,TSP this pole is real and increasing a
T→0.

Although the interpretation of the real and imaginary p
of a complex singularity as energy and damping of a qu
particle is doubtful in the presence of a branch cut,30 exam-

FIG. 4. Dynamical structure factorS(p,v) in the central-peak
regime (Vp52.1, l50.1). The high-temperature peak does n
soften, it gets even slightly harder. A peak atv50 appears in the
uniform phase that becomes a singularity atT5TSP ~upper panel!.
In the dimerized phase, it moves towards higher energies co
sponding to a second excitation~lower panel!.
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ining the pole structure still gives a qualitative understand
of the mechanism driving the phase transition. Most notab
the purely imaginary structure factor just aboveTSP signals
quasielastic scattering, i.e., the existence of diffusive mo
in both, the adiabatic and antiadiabatic regimes. Of course
get a complete picture, it is also necessary to take into
count the spectral weight of the continuum seen in the str
ture factor.

D. Application to CuGeO3

As discussed above we expect theXY model to qualita-
tively, correctly describe the effects on CuGeO3, albeit with
quantitative corrections. To make contact with the expe
mentally observed magnetoelastic excitation spectrum
CuGeO3, in the numerical calculations we fix the energ
scale byJ5150 K and useTSP514 K together with a pho-
non frequency ofVq0

/2p56.53 THz, which corresponds t

the dominant Peierls-activeT2
1-phonon mode.5 This gives

the control parametersVp52.09 andl50.057. For the spin

t

e-

FIG. 5. Real and imaginary part of the pole of the retard
Green’s function in the soft-mode regime (Vp50.5,l50.1).

FIG. 6. Poles of the retarded Green’s function in the cent
peak regime (Vp52.1,l50.1). The~real! high-temperature pole
v1 does not soften, as shown in the inset. Instead a second polv2

appears, which is purely imaginary in the uniform phase and g
real in the dimerized phase.
7-6
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gap atT50 we get 2D52AldJ54.422 meV compared to
an experimental value of 2D54.2 meV.31 The ground-state
exchange alternation isdJ5Ald50.1645. Other method
give values from 0.01 to 0.2.5

As expected for CuGeO3, we are in the central-peak re
gime. Thus we have a second excitation forT<TSP. In re-
cent inelastic-light scattering~ILS! experiments a peak in th
spectrum at 30 cm21 was observed and interpreted as a s
glet bound state of two antiparallel magnons.31 One could
now speculate that the excitation below the scattering c
tinuum we found in the structure factor, is the phonon co
tribution of this new magnetoelastic excitation. A compa
son of the theoretical and experimental32 data for the position
and intensity of this peak is given in Fig. 7. Theory a
experiment show the same overall behavior, although
decrease of the peak position is much more pronounce
the theory.

Here the spin-phonon coupling gives rise to an effect
spin-spin interaction,33 which in the dimerized phase, lead
to a phonon-induced bound state in the magnetic-excita
spectrum just below the fermionic scattering continuum.
signature of this bound state appears in the phonon struc
factor as shown in Fig. 4 proving itsmagnetoelasticcharac-
ter. In the case of dimerized Heisenberg chains the Jord
Wigner transformation of the spin part gives directly a fou
fermion interaction term16 leading to a peak in the dimer
dimer correlation function atA3/2 times the band gap.34,35

Due to the phonon-induced effective spin-spin~fermion-
fermion! interaction, the energy of this bound state will b
shifted in the order of(nugn,q0

u2/(\Vn,q0
)'0.1J,13 which is

a 10% effect. Analogous to theXY case, this bound state wi
appear in the phononic-structure factor. This supports
interpretation of the peak at 30 cm21 observed with
inelastic-light scattering as the singlet bound state w
slightly shifted energy as shown in Fig. 7. The quasiela
scattering is the precursor of this excitation. Moreover,

FIG. 7. Temperature dependence of the energy of the sec
magnetoelastic excitation obtained from the magnetostrictiveXY
model ~solid line! compared to experimental data for the 30-cm21

mode of CuGeO3 ~symbols! ~Ref. 31!. The inset shows the rescale
spectral weight of this excitation vs temperature~solid line! com-
pared to experiment~symbols! ~Ref. 32!.
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hardening of the Peierls-active phonon modes observe
CuGeO3 ~Ref. 3! is qualitatively well described within the
RPA scheme,2,12 i.e., those initially elastic excitations als
have a magnetic character.

To summarize, in this section we have performed a co
prehensive study of the magnetostrictiveXY model, which is
the minimal model capable of describing the spin-Peie
scenario in the whole phonon-frequency range. The fo
was on the antiadiabatic central-peak regime being relev
for CuGeO3.

III. QUASIELASTIC SCATTERING IN CuGeO 3

In order to describe experimental results on CuGeO3 more
accurately, the spin system to include is the frustra
Heisenberg model,36,22,37,38 which is coupled to the four
Peierls-active phonon modes. Frequencies and coupling
stants of the Peierls-activeT2

1 phonons are discussed in d
tail in Refs. 3 and 5. The CuGeO3 samples used for compar
son with experiment in this section undergo the spin-Pei
transition at T514.3 K, the theoretical calculations ar
adapted to match via the coupling constants. The wave v
tor of the modulation in the ordered phase isq0
5(p/a,0,p/c), wherea andc are the lattice constants alon
the crystallographicx and z direction, respectively. We se
J/kB5150 K, which is together with a value ofJ2 /J
50.24 among those discussed as valid for CuGeO3.5,39

Quasielastic scattering has been observed in neut
scattering experiments9,8 up to 16 K and in x-ray scattering10

up to 40 K orkBT'0.3J. The constantskB and\ are explic-
itly given in this section for a more transparent unit conv
sion.

The dimer-dimer correlation function as given in Eq.~9!
has been calculated for Heisenberg chains in the unifo
phase by Cross and Fisher1 with bosonization techniques. In
the analytically continued form one has

xCF~qz ,v!5

2x0S kBT

J D
0.35kBT

I 1
Fv2vsUqz2

p

cU
2p~kB /\!T

G
3I 1

Fv1vsUqz2
p

cU
2p~kB /\!T

G ~52!

with the spin-wave velocity40 vs5c(J21.12J2)/(p\) and

the functionsI 1(k)5(8p)21/2G( 1
4 2 1

2 ik)G21( 3
4 2 1

2 ik). The
result has the general form of spin correlation functions
tained from conformal field theory.41–43 The choice of the
value of J250.24J<Jc allows for the application of the
field-theoretical results. ForJ2.Jc the spectrum of the spin
system is gapped.23

The prefactorx0(kBT/J) is assumed constant in fiel
theory but has been shown by Raupachet al. using density-
matrix renormalization-group studies to be temperature
pendent in the static case and forqz5p/c.44 Recent numeri-
cal studies suggest that the approximate result Eq.~52!
describes the exact dimer-dimer correlation function be
when rescaling the energy asx(qz ,v)5xCF(qz ,gTv),
where the scaling functiongT depends on the NNN coupling

nd
7-7
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J2. We use in this work, thegT as given in Ref. 12 for
J2 /J50.24. Please note that none of the results prese
herein depend qualitatively on the inclusion ofgT .

The approaches to the dimer-dimer correlation funct
are limited to undercritically frustrated, uniform~nondimer-
ized! Heisenberg chains. This section is thus limited to ov
critical temperaturesT.TSP.

A. Frequency dependence

The frequency dependence of the dynamical structure
tor Eq. ~5! for the parameters relevant for CuGeO3 is shown
in Fig. 8. Below T;3TSP spectral weight appears in th
center of the spectrum. Expanding the complexxCF(p/c,v)
to second order13 in v in Eq. ~7!, the dynamical structure
factor can be determined for\v!kBTSP to diverge as
S(q0 ,v)uT5TSP

;v22 at the phase transition.

By analogy to theXY model discussed in the previou
section ~compare Figs. 4 and 6 and Sec. II D! this is the
precursor of the magnetoelastic mode appearing at the p
transition. The Peierls-active phonons~only the lowest is
shown in Fig. 8! harden as the temperature is lowered a
the temperature dependence of the intensity of the quasi
tic scattering is consistent with neutron- and x-ray-scatter
experiments.12

B. Momentum dependence

The momentum-dependent scattering rate of inelastic n
trons or x-rays can be obtained by convoluting the dynam
structure factor, Eq.~5!, with a Gaussian of the width of th
experimental energy resolutionsv and a Gaussian of th
width of the experimental momentum resolutionsqz

. The
limitation to the chain direction is imposed since the dim
dimer correlation function, Eq.~52!, only introduces az-axis
dispersion,

FIG. 8. Frequency dependence of the structure factor from
~5! appropriate for CuGeO3. As the temperature approaches t
spin-Peierls transition, quasielastic scattering appears. Inset: la
scale representation. The phonon is the lowest of the four Pei
active modes, see Refs. 3 and 5.
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I ~qz ,v!5
1

2psvsqz

E
2`

`

dv8

3exp@2~v82v!2/~2sv
2 !#E

BZ1
d3q

3exp@2~qz82qz!
2/~2sqz

2 !#d~qx2p/a!

3d~qy!S~q8,v8!. ~53!

The first Brillouin zone~BZ1! is that in the disordered high
temperature phase.

Figure 9 shows plots ofI (qz,0) for different temperatures
in comparison with neutron scattering data from Ref. 8. P
rameters are chosen appropriately for CuGeO3 as discussed
above, the resolutions are\sv'0.05J andsqz

'0.06/c. The

value ofsv is given by the experimental setup,2 sqz
is ob-

tained from the resolution-limited Bragg peak at 4 K.8 The
agreement with experiment is satisfactory. Note that the c
cal region has been estimated via the Ginzburg criterion5 to
beTSP60.4 K. Within this region the theoretical divergenc
of the intensity12 is suppressed by critical fluctuations.

The experimental scans run along@p/a(112p),p/b(8
22p),p/c(112p)#. p is the running parameter,qy58p/b
assures that there is no significant magnetic contribution
the signal.8 Sincec,a,b and since the correlations alon
qz are clearly dominant,9,10 the data are still eligible for com
parison with the theoretical data alongqz .

C. Correlation length

When correcting the momentum-dependent quasiela
scattering shown in Fig. 9 for experimental resolution t

q.

er-
ls-

FIG. 9. Quasielastic scattering from neutrons~symbols, back-
ground subtracted, scaled with a unique factor for all temperatu!
compared with theory from Eq.~53! ~full lines! for different tem-
peratures.~a! Due to critical fluctuations the experimental intensi
does not diverge at the transition and reaches the value of the
oretical results only somewhat below the transition. In~b! tempera-
ture is still in the critical region,~c! and ~d! show excellent agree
ment. The experimental scans run along@p/a(112p),p/b(8
22p),p/c(112p)#, see Sec. III B.
7-8
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data can be fitted nicely by Lorentzians.9,11 For T2TSP

<0.1 K a second length scale appears that can be fitte
an additional Lorentzian squared contribution. It is attribu
to surface-strain effects11,45 not included in the RPA treat
ment.

From the width of the fits the correlation length can
extracted. The corresponding theoretical correlation lengt
obtained accordingly from Eq.~53! settingsqz

50. Figure 10
shows the importance of the energy resolution when disc
ing the temperature dependence of the extracted correla
length. The symbols mark the experimental data, o
squares are from x-ray data in Ref. 10, full circles are n
tron data in Ref. 9. The neutron data are shifted byDT
51 K in order to match the different critical temperatures
the samples.

The energy resolution in neutron scattering is of the or
of a few meV while x rays integrate over a much larg
energy interval.\sv'0.05J simulates the resolution of dif
fracted neutrons2 and \sv'0.5J is relevant for x-ray scat-
tering. The x-ray resolution is probably even larger, but
interval 20.5J,\v,0.5J covers the full width of the rel-
evant magnetic spectrum.12

The following conclusions can be drawn from the resu
presented.

~i! The energy integration in x-ray scattering allows f
the determination of the correlation to much higher tempe
tures than neutron scattering.12

~ii ! The momentum and frequency dependence ofS(q,v)
cannot be factorized yielding the different magnitude of
theoretical results for\sv50.05J and \sv50.5J, shown
by the full lines in Figs. 10~a! and 10~b!, respectively.

FIG. 10. Inverse correlation length along the magnetic cha
from RPA compared with experimental data from Refs.
~squares! and 9~circles!. The lower resolution curves~a! are lower
than those with largers modeling the x-ray experiment~b!. The
largers values are sensitive to the inclusion of the phonon disp
sion into theory~dash-dotted lines!. Including a Lorentzian shape o
the spin-phonon coupling constants as a function of~q! leads to a
saturation of 1/j at lower values~dashed lines!.
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~iii ! The large energy integration makes the x-ray resu
sensitive to phonon-dispersion effects. The results in Re
suggest a small dispersion for the lowest Peierls-active p
non that we model byV1(qz)'V1,q0

(110.7ucqz2pu2) for

ucqz2pu!1 with \V1,q0
'J. While for a resolution of

\sv50.05J the correlation length is basically independe
of the dispersion@dash-dotted line in Fig. 10~a!#, the \sv

50.5J data clearly are altered@dash-dotted line in Fig.
10~b!#.

~iv! The coupling constantsgn,q in Eq. ~3! depend on the
polarization vectors of the phonon modes.5 Dephasation ef-
fects suggest a suppression ofgn,q away fromq0. We model
this suppression in the normal-coordinate propagator,
~7!, by a Lorentzian alongqz ,

gn,qgn,2q'
12cos~qzc!

2

~c/k!2

~c/k!21~qzc2p!2
ugn,q0

u2.

~54!

The full and dash-dotted curves in Fig. 10 are obtained in
limit c/k→`. Settingc/k50.5 yields the dashed curves i
Figs. 10~a! and 10~b!. The saturation of the correlation lengt
at higher temperatures suggests a value ofc/k,0.5 for
CuGeO3.

~v! Close to the phase transition, neither the phonon d
persion nor the coupling constant’sqz dependence are im
portant. The RPA results yieldjc;(T2TSP)

0.5 in agreement
with detailed x-ray investigations by Harriset al.45

~vi! The curves obtained forJ250 ~not shown! lie about
30% below those forJ2 /J50.24 ~Fig. 10! suggesting that
a5J2 /J>0.24 for CuGeO3.5,39

The overall agreement of the description of the expe
mental data on the quasielastic scattering in CuGeO3 is quite
satisfactory. This suggests that indeed it is the precurso
the magnetoelastic mode discussed in the previous sect

IV. REAL-SPACE INTERPRETATION

An open question is the appropriate real-space interpr
tion of the quasielastic scattering, especially in the cent
peak regime. To obtain a qualitative picture we consider
effective action in RPA as was derived, for example, in R
13. We limit ourselves here to a single phonon mode a
only consider the physics within a chain of magnetic-C
ions. The action then reads in the static limit

SRPA5b(
qz

\Vqz
ufqz

u21b(
qz

gqz
g2qz

2

3xCF~2qz,0!uf2qz
* 1fqz

u2. ~55!

The phonon fieldsfqz
and fqz

* are directly related to the

Bose operatorsbq andbq
† in the minimal model discussed i

Sec. II.
The first term of Eq.~55! simply corresponds to the pho

non HamiltonianHp in Eq. ~12! of the minimal model. The
second term of Eq.~55! is the relevant correction term

s

r-
7-9
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Within the approximations made and neglecting the mom
tum dependence of the polarization vector the coupling c
stants are given by

gqz
g2qz

2
5@12cos~qzc!#~gCu

z !2
\

2Vqz
mCu

, ~56!

gCu
z is the change ofJ with the Cu elongation andmCu is the

Cu mass.5

The appropriate transformation of the reciprocal-sp
fields fqz

* to real-space elongation fieldsul z
is

f2qz
* 1fqz

5A2Vqz
mCu

\L (
l z

e2 iqzclzul z
, ~57!

the conjugated momenta are given by

f2qz
* 2fqz

5
1

iA 1

2\Vqz
mCuL

(
l z

e2 iqzclzpl z
. ~58!

The qz dependence of the dimer-dimer correlation functi
xCF(qz,0) is satisfactorily approximated by a Lorentzian

xCF~qz,0!'

2x0S kBT

J D
kBT

~c/jD!2

~c/jD!21~qzc2p!2
. ~59!

The dimer length scale was defined as

jD
2150.53

2p

\vs
kBT. ~60!

Introducing the dispersion as given in Eq.~11! and apply-
ing Eqs.~56!–~60! to Eq. ~55! the action becomes

SRPA'b(
l z

pl
2

2mCu
1

Vp
2 mCu

8
~ul2ul 11!2

2b (
l z ,l z8

V~ l z ,l z8!ul z
ul

z8
. ~61!

The dimer-dimer correlation-induced potential

V~ l z ,l z8!5V0Fd l z5 l
z8
1

d l zÞ l
z8

2
~21! u l z2 l z8u

3exp@2c~ l z2 l z8!/jD#S 11cosh
c

jD
D G ~62!

with amplitude

V05~gCu
z !2

1.06pc

\vs
x0S kBT

J D ~63!

is alternating in space and decaying on the length scal
jD;T21. The amplitude of the potential is determined
x0(kBT/J) of which the temperature dependence is shown
Ref. 44. It is enhanced forT,J/kB and appears to vanish fo
T→0 for J250 while it might even diverge forJ2 /J
17441
-
-

e

of

n

>0.241. The potentialV( l z,0) is plotted for different tem-
peratures forJ2 /J50.24 in Fig. 11. Note thatV( l z ,l z8) is
translational invariant.

This potential enhances local dimerization on the len
scalejD . It is crucial to distinguishjcÞjD ~see inset of Fig.
11!. The correlation length of the spin-Peierls transitionjc
describes fluctuations to be associated with the cohe
three-dimensional ordering of the local dimerized areas
scalejD . This coherent dimer ordering in CuGeO3 has been
described very successfully via effective Ising-based me
field models.13,6,7,46In this sense the spin-Peierls transition
CuGeO3 can be considered as a order-disorder transit
where the objects that order are only induced by the s
system as the temperature is lowered substantially be
J/kB . The coherent ordering leads to tricritical behavio6

with a tricritical to mean-field crossover temperature
TCR2TSP'0.1 K coinciding with the appearance of larg
length-scale fluctuations.11

A straightforward determination of the magnetic dim
correlation length in Eq.~60! with the parameters for
CuGeO3 as discussed above yieldsjD(TSP)'0.7c. Consid-
ering the momentum dependence of the coupling const
as discussed in Eq.~54! rescales the magnetic dimer corr
lation length roughly asj̄D'AjD

2 1k2. Forc/k50.5 one has

j̄D(TSP)'2c, which then is basically temperature indepe
dent. The order of magnitude is reasonable.

Note that this real-space interpretation is consistent w
the pretransitional pseudogap behavior discussed in the
text of Peierls transitions.47–49

V. CONCLUSIONS

We discussed in detail magnetoelastic excitations in s
tems of phonons coupled to spin chains within the rando
phase approximation. TheXY model allowed for an exac
determination of the temperature dependence of the pole

FIG. 11. Spin-phonon-coupling induced dimerization poten
as given in Eqs.~62! and ~63! for different temperatures andJ2 /J
50.24. The inset shows the inverse dimer-correlation length a
Eq. ~60!, dashed line, in comparison with the spin-Peierls corre
tion length, full line, identical to the full line in Fig. 10~a!.
7-10
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he dynamical structure factor in the disordered as well a
he dimerized phase in both the soft-phonon and the cen
eak regime. The model of frustrated Heisenberg cha
oupled to phonons applied to the spin-Peierls sys
uGeO3 correctly describes the details of the quasielas
cattering such as its frequency dependence, momen
pace dependence, and the extracted correlation lengths
mportance of the experimental energy resolution is emp
ized.

The quasielastic scattering can be interpreted as the
ursor of a new magnetoelastic excitation in the dynam
honon structure factor forT,TSP that increasingly splits
ff from the scattering continuum as the temperature is lo
red. In alternating Heisenberg chains relevant for CuG3

his leads to a renormalization of the singlet bound state
bout 10%. In alternatingXY chains the position and tem
erature dependence of this excitation can be calculated
licitly and compares favorably with the 30-cm21 mode

ound in inelastic-light scattering experiments, thus yield
v

y

c

:
e
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a qualitatively modified explanation of this signal.
The real-space interpretation of a spin-phonon-induce

alternating elastic potential supports the applicability o
Ising-like approaches to the spin-Peierls transition. The sp
phonon-induced, alternating elastic potential driving the tra
sition underlines the mixed magnetoelastic character
quasielastic scattering.
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